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Preface

For the 5th International Workshop on Active Inference (IWAI), we gathered in Oxford,
UK on September 9–11, 2024. Around 130 active inference researchers from academia
and industry attended the workshop in the beautiful Corpus Christi College, with a three-
day program packed with two tutorials, six keynotes, a poster session, and seven sessions
of paper presentations.

This volume presents the 17 full papers that were accepted and presented at the
workshop. Out of 54 submissions, 17 full papers were selected through a double-blind
review process. These papers cover a wide range of domains that find applications of
active inference, ranging from robotics, decision-making and control, psychology, and
representation learning, to theoretical advancements of learning and inference as well
as active inference implementations. We also selected 33 contributions to be presented
as posters.

The IWAI 2024 organizers would like to thank the Program Committee for their
valuable review work, all authors for their contributions, Charel van Hoof and Sanjeev
Namjoshi for their excellent tutorials, Emma Holmes, Chris Buckley, Rafal Bogacz,
Pablo Lanillos, Ingmar Posner and Karl Friston for their inspiring keynotes, and of
course all the attendees. We would also like to thank our sponsor VERSES AI, which
made this event possible.

Group picture taken at IWAI 2024, September 10, Oxford, UK
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Towards Interaction Design with Active
Inference: A Case Study on Noisy Ordinal

Selection

Sebastian Stein(B), John H. Williamson, and Roderick Murray-Smith

School of Computing Science, University of Glasgow, Glasgow, Scotland, UK
sebastian.stein@glasgow.ac.uk

Abstract. This paper explores active inference for user interfaces. We
implement an active inference approach for 1-of-N selection, a fundamen-
tal building block of interactive systems. In this setup, users provide noisy
discrete inputs and the interface sequentially identifies an intended tar-
get. This problem has an optimal solution (Horstein’s algorithm) where
the channel noise is iid and known a priori, but is an open problem
where the noise is unknown or varying. We reformulate the problem as
free energy minimisation and derive a practical active inference imple-
mentation. Active inference with a flat noise prior performs comparably
to Horstein with conservative noise assumption in the first interaction
sequence and as well as Horstein with perfectly calibrated noise there-
after, demonstrating fast adaptation. We also show that active inference
can infer the input polarity, offering an extra degree of freedom to users,
and adapt to non-stationary noise. The application of active inference to
interaction is novel, and we hope this example establishes the ground-
work for the community to explore active inference in human-computer
interaction.

Code available at https://github.com/drsstein/iwai2024

Keywords: Active Inference · Computational Interaction Design ·
Ordinal Selection · Adaptive Interfaces · Human Computer Interaction

1 Introduction

Human computer interaction design is increasingly informed and powered
by computational methods: computational interaction [12]. Computational
interaction optimises interfaces with respect to forward models of user behavior
(perception, cognition, motor control, sensor characteristics). This often involves
optimisation [2], simulation [6,11], Bayesian inference [17] or reinforcement learn-
ing [3,16]. Active inference combines many of the appealing aspects of Bayesian
models in interaction design with reasoning over actions that are conventionally
approached via RL, but active inference has yet to be applied in a human-
computer interaction design context.

c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025
C. L. Buckley et al. (Eds.): IWAI 2024, CCIS 2193, pp. 3–15, 2025.
https://doi.org/10.1007/978-3-031-77138-5_1

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-77138-5_1&domain=pdf
https://github.com/drsstein/iwai2024
https://doi.org/10.1007/978-3-031-77138-5_1
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Active inference is a model-based control method that minimises expected
free energy, simultaneously reasoning about the latent state of its environment
and acting to shift the environment state towards some preferred distribution.
Bestowing interfaces with active inference enables them to reason about and
adapt to their users and the environment within which they are embedded,
while the interaction is ongoing.

Active inference is typically applied to model the behaviour of an agent like
a biological system. Here, we characterise the interface as an agent acting under
active inference principles whose goal is to extract intention from a user in the
face of an unknown and corrupting environment. The agent’s goal is to minimise
the entropy over the intentional states of the user; it prefers actions that max-
imise the flow of information from user to system. This is somewhat unfamiliar
as an active inference formulation and care is needed in terminology: the agent’s
pragmatic goal is to extract information about user intention and forward it on,
but it must also gain information about latent states of the user and environment
configuration to do so efficiently; the agent wishes to minimise its future surprise
about the user’s intent. The agent can perceive user actions through sensing, and
can act upon the user through the display. This formulation (Fig. 1) is a general
and powerful way to cast interaction problems as active inference problems.

User Motor
action

Display

Environment

Perception

Sensing

Intention Task
Information

gain

Information

AInf agent

Fig. 1. An active inference agent whose goal is to extract intention from a user’s mind
and pass it to some external task. The agent has sensing to determine environment
states (some of which are influenced by the user) and display channels to influence the
environment (some proportion of which are perceived by the user). The agent acts to
reduce its uncertainty over user intention so that it can propagate this to the task.

In this paper, we explore the potential for active inference in computational
interaction design for noisy ordinal target selection. This is essentially a game
where one player (the user) has a number in their mind, and the other player
(the computer) tries to work out which number is being thought of by choosing
a candidate number and asking the user if the number is higher or lower – with
the twist that sometimes the first player lies (noise). Many common interactions
can be reduced to 1-of-N selection problems of this nature, either using natural
ordering (e.g. alphabets) or imposing an arbitrary order (e.g. a drop-down menu).
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2 Related Work

Bayesian models have been explored in the human-computer interaction liter-
ature, including at design time (via Bayesian optimisation), interaction time
(e.g. via expected information gain) and at evaluation time (Bayesian statistical
analyses). Williamson et al. [19] reviews Bayesian models in human-computer
interaction generally. With regard to Bayesian approaches to interaction time
selection problems, Dasher [18] solved the entropy-coding problem of communi-
cating a specific text sequence with a minimum number of inputs, using a feed-
back model applying arithmetic coding of a statistical language model embedded
in a zooming-based interface. [7] used the idea of Bayesian information gain to
build a map navigation interface that again minimised the number of inputs
required to localise a spatial target. BIGNav formulated the interaction problem
as an agent running optimal experiment upon a user. Both Dasher and BIGNav
assumed negligible noise in the user inputs.

The channel coding problem was explored by Williamson et al. in [20], who
proposed the binary selection model explored in this paper and demonstrated
robust interface designs for brain-computer interfaces that incorporate Horstein’s
posterior matching scheme [5]. This results in very robust interfaces in noisy con-
texts, but is only fully effective for input with known, stationary, independent
and identically distributed Bernoulli noise. Simulation as a tool for exploring,
optimising and analysing human-computer interaction designs is surveyed in
[11], who identify the formulation of explicit generative computational models
of user (and system) behaviour as a critical step in advancing HCI research. In
the active inference literature, [15] explores trust in human–robot collaboration,
cast as “mutual predictability” in an active inference framework. [8] describe
an active inference approach to an adaptive P300-based text entry BCI, which
greatly improved bitrates in communication over a very low capacity speller
interfaces. [1] provides a brief outline of the potential use of active inference in
brain computer interfaces with the active inference agent engaged in minimis-
ing surprise over user intention, following the same line of argument as in this
paper. Grizou [4] discuss machine learning approaches to self-calibrating inter-
faces, where the labelling of controls can be arbitrarily permuted but control can
still be established; as we will see, self-calibration can arise naturally from an
active inference formulation.

3 Problem

The general problem we are interested in is the reliable 1-from-N selection prob-
lem (Fig. 2), using a binary input subject to random corruption. For example,
to pick a number, select a letter, or identify a menu item by pressing one of
two buttons. Accumulating several binary button presses is typically required
to resolve a particular item. We are interested in reliable selection, where users
can select items with arbitrarily low probability of mis-selection at the cost of an
increasing number of binary inputs to identify the target item.
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In this abstract setting we ignore the wall clock time to produce each binary
decision. This includes the time for the user to reason about the correct decision,
the time to actuate the decision and the time to process the feedback from the
system about the new state.

f0 f1
1-f0 1-f1

b'i = 0 b'i = 1

bi = 0 bi = 1

Fig. 2. The ordinal selection problem with noisy binary inputs (adapted from [20]). The
user can emit one of two symbols, each with its own probability of flipping.Ordered
target symbols are arranged on an interval. A cutpoint mi is presented to elicit a
binary “above/below” decision. A probability distribution over targets (green shading)
is maintained during selection.

Although this is an abstract interface model amenable to mathematical mod-
elling, such limited interfaces are practically relevant in brain-computer inter-
faces such motor imagery EEG control [13] and in other assistive technology
input devices such as electromyography where the sensing interface emits binary
symbols with very high error levels but where high-capacity, reliable displays
are available. The feedback channel is essential; although feedforward error cor-
rection (FEC) is commonplace in digital communication, FEC codes are wholly
impractical for human input. Feedback error correction is asymptotically more
efficient but critically also tractable for human users. We focus on the binary
problem for convenience of analysis, but the ideas generalise to any q-ary discrete
input device.

3.1 Ordinal Selection with Noise

Formally, we model an ordinal selection problem, in which the user’s task is
to identify a discrete symbol s ∈ S from an ordered sequence of symbols S
where typically |S| = 2k. We the user emits a sequence b0, b1, . . . bt of binary
symbols bi ∈ {0, 1}. Timing is ignored and users have a forced choice of binary
symbol at each step. There is no explicit selection input like a “click”; decoding is
performed once the intended symbol is sufficiently well identified. Each symbol
has an associated random flip probability f0, f1, f0 giving the probability that
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bi is flipped from 0 to 1 and vice versa for f1. We assume iid Bernoulli noise.
f0, f1 fully characterise the communication channel and are referred to as the
channel statistics. We can model both symmetric iid noise (f0 = f1) and
asymmetric (biased) noise – particularly relevant in brain-computer interfaces
where one input symbol is often significantly more corrupted than the other.
Figure 2 illustrates our model.

3.2 Known Channel Statistics: Horstein Decoding

In the case where f0 and f1 are known in advance and there is an effectively
noise-free feedback channel and we assume that the symbol set is arbitrarily
large, |S| → ∞, then Horstein’s posterior matching feedback algorithm [5] is
known to be optimal. This algorithm operates on an interval of the real number
line 0 ≤ x ≤ 1 and forms a probability density fX(x) over possible values of x.
The density fX(x) is represented as a piecewise linear CDF, and the algorithm
progresses by adaptively proposing a series of cutpoints m0,m1, ...,mt based on
the history of inputs. Each input rescales the CDF about the proposed cutpoint,
giving a closed-form update for the posterior density at each step. Each step
of the algorithm is equivalent to a Bayesian update, taking the previous PDF
as the distribution over the interval and then updating based on the observed
evidence. The cutpoints mi are simply selected at the median density, which is
trivial to evaluate from the piecewise linear CDF.

To convert this to an ordinal selection problem, the interval is subdivided
into subintervals [sl, sh] each corresponding to an element of S such that the
unit interval is completely covered by non-overlapping subintervals. The widths
of each element of interval are set to the prior probability of each symbol si
(with uniform width of size 1/|S| if a uniform prior over symbols is assumed).
The algorithm terminates either when the density concentrates sufficiently in an
interval corresponding to a particular symbol

∫ sh
sl

fX(x) > pk with a simple fixed
threshold pk, or alternatively when the (differential) entropy H(X) decreases by
some threshold hk. To allow for a small degree of mismatch between the true
channel statistics and the estimated statistics, a headroom fh is added to f0, f1 to
product f ′

0, f
′
1; typically fh is in the range 0.01–0.05. Although the Horstein algo-

rithm is optimal over the continuous space, discretising into a symbol sequence
S means that capacity is reduced below the Shannon limit. [20] describes the
details of the algorithm and the setting of thresholds.

The known channel statistics problem is solved by Horstein’s algorithm mod-
ulo details of a particular interface design. However, if f0, f1 are unknown or
changing, or the noise is not iid, the optimal interface for reliable ordinal selec-
tion is an open question. Horstein’s algorithm is also only optimal for large |S|,
but many selection problems are from small symbol sets.

4 Method

We assume a model where we have (potentially time varying) probability dis-
tributions over the channel statistics Pt(F0), Pt(F1) defined by density functions



8 S. Stein et al.

fF0,t(x) and fF1,t(x). Our goal is still to estimate the specific symbol si that
represents a user’s intention. In the unknown channel statistics case, however,
we have to trade-off acquiring information about the channel statistics (channel
probes) and resolving the target symbol. A naïve approach might interleave sym-
bol selection with calibration phases selecting dummy (system-chosen) targets
as channel probes. This is simple but inefficient.

We instead choose to formulate this as an active inference problem. We model
an agent (AInf agent) whose goal is to perform optimal mind-reading via an
unknown channel – to identify the si that represents the user’s intention with
arbitrarily low error rate and in the minimum number of input binary symbols;
this implicitly requires online estimation of f0, f1. AInf agent must trade off
exploration to estimate channel statistics and refine its model of the environment
against exploiting the information from the user to identify the hidden target.

Our model formulates the problem as inferring a belief distribution Qi(xi)
over the unobserved states xi : [si, f i

0, f
i
1], the unknown symbol s and channel

statistics f0, f1 at timestep i. The agent’s observation at each time step i is the
binary symbol oi = bi ∈ {0, 1}. The agent’s only action is to select a cutpoint
mi ∈ R, 0 ≤ mi ≤ 1. The unit interval is mapped onto the ordinal symbols S as
described above, using a uniform division of the interval into symbol subintervals,
and the symbol is presented to the user. In each step i the agent acquires exactly
one binary observation oi and produces one action mi.

The belief is initialised with a prior Q0(x0) and updated using Bayesian
inference. A probabilistic forward model of the environment dynamics
P (xi|xi−1,mi−1) is used to propagate the belief through time after every agent
action mi as in Eq. (1). A probabilistic forward model of the sensor states
P (bi|xi,mi−1) is used to revise this belief after a new user input is observed
as in Eq. (2).

Qi−1(xi) =
∫

P (xi |xi−1,mi−1)Qi−1(xi−1) dxi−1 (1)

Qi(xi) =
P (bi |xi,mi−1)Qi−1(xi)

P (bi |mi−1)
(2)

P (bi |mi−1) =
∫

P (bi |xi,mi−1)Qi−1(xi)dxi (3)

AInf agent selects actions mi by minimising the expected free energy G(π)
over policies π : (mi, . . . ,mi+T−1) with time horizon T and choosing the first
action of the optimal policy (4).

G(π) =
1
T

i+T−1∑

k=i

−EQk
[DKL (Qk(xk)‖Qk−1(xk))]

︸ ︷︷ ︸
Information gain

−EQk
[lnP c

k (xk)]
︸ ︷︷ ︸
Pragmatic value

, (4)

where DKL is the KL-divergence and P c represent the agent’s preferences. In
this scenario, the agents goal of identifying the the user’s intent is aligned with
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maximising information gain over the full belief state; in a more complex scenario
P c could encourage specific user behavior akin to nudging.

5 Implementation

Fig. 3. Interaction between a simulated user with symmetric input error (f0 = f1 =
0.2) and AInf agent with flat symmetric prior assuming no knowledge about input
polarity Q0(f0) = U(0, 1), Q(f1) = Q(f0). Left: Sequence of agent actions (blue), user
input (red arrows), and user target (red dashed). Center: Marginal belief over user
targets. Right: Marginal belief over channel statistics. Note that the belief over user
target and channel statistics is in the continuous domain and is only discretized for
visualisation purposes.

Commonly, the belief Q is approximated using a Gaussian distribution, which
leads to poor approximations of the posterior in this problem. A sequence of user
inputs is usually consistent with distant mutually exclusive beliefs. For example,
successive “below” inputs are consistent with a low target and low error rate,
and simultaneously consistent with a high target and high error rate. To model
multi-modal distributions, we use a particle filter. A set of np = 100 · |S| particles
{(xj , wj)} represent the belief as a mixture of Dirac delta distributions (see Eq.
(5)), where wj ∈ R

+ represent normalised weights
∑

j wj = 1. Particle weights
are updated using (2) after every observation, and particles are resampled when
the effective sample size 1/

∑
w2

j falls below a threshold τw = 0.5 using low
variance re-sampling. The temporal dynamics of the system are assumed to be
stationary with some diffusion σd = 0.001 on the error rate to accommodate
drift, updating xj by sampling from (6).

Q(x) =
∑

j

wj δ(xj) (5)

P (xi+1 |xi,mi) = N (xi, σ
2
d) (6)

Here, the set of possible actions has finite size |S|. We exhaustively evaluate
all |S|T policies with time horizon T = 1. Where unobserved states are indepen-
dent of the agent’s actions, control reduces to solving a Bandit problem. There,
longer time horizons do not improve action selection. The DKL-divergence in
(4) is computed on the Bernoulli distributions wi and wi−1. Figure 3 shows an
example interaction between a simulated user and the agent.
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6 Evaluation

We evaluate the performance of the active inference agent through computational
simulation experiments designed to answer the following research questions:

– RQ1: How quickly can AInf agent infer channel statistics and user targets?
– RQ2: How do AInf agent decisions compare to Horstein’s algorithm?
– RQ3: How well does AInf agent adapt to non-stationary channel statistics?

Fig. 4. Marginal probability of the true channel statistics under the belief distribution.
Mean marginal belief distribution across all 32 user targets and 10 repetitions each
over five successive interaction episodes of 100 steps. The belief converges around the
true channel statistics within 100 to 300 steps, with higher error rates taking longer to
infer.

RQ1: How quickly can AInf agent infer channel statistics and user targets?
We simulated users with symmetric channel statistics f0 = f1 ∈ [0.1, 0.2, 0.3]
and every symbol as target 0 ≤ s < |S| = 32, each interacting with AInf
agent 10 times for 500 steps resulting in 3 × 32 × 10 = 960 simulation runs.
AInf agent belief was initialised assuming error symmetry f0 = f1 and without
assuming knowledge about input polarity Q0(f) = U(0, 1). Within each run,
the agent’s belief over user targets was reset to a flat prior every 100 steps,
while the belief over channel statistics was maintained, simulating five sequential
episodic interactions. We measured the probability of true error f∗ ± ε under
the belief distribution at every step in each run, shown in aggregate in Fig. 4.
Starting from a flat prior, the belief about the true channel statistics increases
over time demonstrating that they are being identified. Smaller error rates are
identified faster than higher error rates. Under RQ3 below we show that AInf
agent target selection behavior is comparable to that under perfect knowledge
of channel statistics after 1–3 episodes.

We evaluate user target inference on the same set of simulations, measuring
the probability of the user’s target under the belief distribution in the first and
subsequent episodes (Fig. 5). User targets are inferred faster when error rates are
lower, and the number of steps required to infer the user target converges after
1–2 episodes, demonstrating the saturating benefit of inferring channel statistics
on target inference.
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Fig. 5. Marginal probability of the true user target under the belief distribution. Shown
are the median and inter-quartile range across all 32 user targets and 10 repetitions in
the first 100 interaction steps, and the median across successive interaction episodes.
Target inference speed converges after 1–3 episodes demonstrating the saturating effect
of inferring the channel statistics.

RQ2: How does AInf agent decision-making compare to the Horstein’s algo-
rithm? We evaluated decision-making performance using speed-accuracy trade-
off curves. We measured the decision accuracy (higher is better) and the number
of interaction steps until a decision was taken (lower is better) under a decision
rule that selects the most likely symbol argmaxQ(s) under the belief distribution
when maxQ(s) ≥ τ for varying thresholds τ ∈ [0, 1].

AInf agent decision-making performance was evaluated on the same simu-
lations as in RQ1 above. We repeated these simulations with different priors over
channel statistics Q0(f) = U(0, 0.5). We shall refer to this set of simulations as
known control polarity and to the original set of simulations as unknown control
polarity, as error rates greater than 0.5 can be interpreted as predominantly, pos-
sibly intentionally, sending the flipped signal. This problem can arises in several
interaction contexts. For example, joystick motion “away from” and “towards”
the user’s body is mapped differently onto “up” and “down” control actions in
aeroplane and helicopter control. Inferring and adapting to polarity in the user’s
mental model of motion-to-control mappings offers an extra degree of freedom to
users [14]. To evaluate decision-making performance of Horstein’s algorithm, we
simulated interactions of users with symmetric channel statistics f0 = f1 = 0.2
and every symbol as target 0 ≤ s < |S| = 32, each interacting with a variant
of Horstein’s algorithm 100 times for 100 steps. Ten variants of Horstein’s algo-
rithm with different headroom (f ′ − f) ∈ [−0.2,−0.1, 0, 0.1, . . . 0.8] were used,
resulting in 32× 100× 10 = 32000 simulation runs. In every run, the belief over
user targets was initialised to a flat prior.
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Fig. 6. Decision-making performance of AInf agent and Horstein’s algorithm with
known control polarity. Median marginal belief probability of the true user target for
f0 = f1 = 0.2, varied assumed headroom f ′ − f for the Horstein algorithm, and
sequential episodes for the AInf agent.

Fig. 7. Decision-making performance of AInf agent and Horstein’s algorithm with
unknown control polarity. Median marginal belief probability of the true user target
for f0 = f1 = 0.2, varied assumed headroom f ′ − f for the Horstein algorithm, and
sequential episodes for the AInf agent.

The target probability over time and speed-accuracy curves are shown for the
known control polarity and unknown control polarity conditions in Figs. 6 and 7,
respectively. In the known control polarity condition, AInf agent target infer-
ence speed and decision-making performance are comparable to Horstein’s algo-
rithm with perfect knowledge of the channel statistics after 200 steps, and out-
performs it slightly thereafter. This demonstrates that inferring channel statistics
online from a flat prior is feasible, and that AInf agent can address the reliable
ordinal selection. Horstein’s algorithm decision-making performance appeared
very sensitive to its headroom. Horstein’s algorithm with negative headroom,
underestimating error rates, and headroom above 50%, i.e. mismatched polar-
ity, failing catastrophically (speed-accuracy curves are near zero accuracy across
all timesteps. Where the headroom was too conservative (f ′ − f = 0.2), over-
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estimating error rates, accuracy was around 10% lower at the same number of
interaction steps compared to the best performing Horstein variant.

Fig. 8. Marginal belief distribution over channel statistics (left) and decision-making
performance (right) of AInf agent with unknown control polarity and non-stationary
channel statistics.

RQ3: How well does AInf agent adapt to non-stationary channel statistics?
Above, we have shown that AInf agent can infer and adapt to unknown chan-
nel statistics assuming those statistics are stationary. To explore how well AInf
agent responds to smooth changes in the channel statistics, we performed a
series of simulations as in the unknown control polarity condition, but with sym-
metric error rate increasing linearly from 0.1 to 0.3 over 5 successive episodes of
100 timesteps. We increased the diffusion scale to σd = 0.01 to make such changes
more likely under the agent’s model. We evaluated how well AInf agent can
track changing channel statistics by estimating the mean marginal belief distri-
bution over error rates across timesteps, and the decision-making performance
via the speed-accuracy curve (see Fig. 8). While the agent is more uncertain
about the channel statistics overall, it continues to provide a good speed-accuracy
trade-off throughout the period of error rate degradation.

In preliminary experiments not shown here for lack of space, we found AInf
agent decision-making performance to remain stable under a wide range of par-
ticle filter hyperparameter settings, including changes to the number of particles
np, resampling threshold τw and amount diffusion scale σd.

7 Discussion

We presented an active inference approach to reliable selection with two noisy
inputs. This is human-computer interaction stripped back to its barest elements,
but still complex enough to represent real interactive systems. We formulate the
interface as an independent agent charged with facilitating the flow of informa-
tion, acting as an active transducer able to reason about the environment and
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user characteristics to optimise this flow. Active inference gives a high-level for-
mulation of the problem that is fully Bayesian and flexible enough to precisely
model this task. Classical information theoretic approaches are only optimal
under assumptions that are rarely met in the messiness of human interactions.

We focused on the control polarity and non-stationary channel statistics, but
it would be quite feasible to relax other assumptions in the active inference for-
mulation. These include the iid noise assumption (for example, modelling bursty
or otherwise correlated noise), time-varying numbers of input symbols or input
symbols with different costs. This scenario often arises in assistive technology [10]
where some inputs may have high physical demands or long refractory periods.

Approximate Bayesian inference using a particle filter is well suited to mod-
elling multi-modal distributions but has a high computational cost. As we move
from the most elementary interactive systems explored in this paper, we will
need to evaluate these more complex tasks with real users. To achieve real-time
(sub-second) closed-loop performance with an active inference approach we may
need to implement amortized inference approaches, such as proposed in [9].

In the ordinal selection task, stationarity in the unobserved state and align-
ment of the agent’s goal with maximising information gain simplified the infer-
ence problem, but time-varying dynamics and exploration-exploitation trade-offs
abound in human-computer interaction tasks. Relying only on forward models
of users and applications, active inference can help make offline and online inter-
action design more transparent and modular. The unifying approach of active
inference holds real promise in human-computer interaction, bringing together
Bayesian models of interaction with explicit reasoning over future actions. While
computational demands and challenging modelling work lie ahead, as we have
demonstrated in this paper, even simple and well-understood interaction prob-
lems can be turbocharged by an active inference perspective.
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Abstract. A reduced sense of agency is a primary symptomof depression.
This study investigates how agency is learned and perceived in a multi-
agent environment, comparing depressed and non-depressed individuals.

Participants explored their control over an on-screen outcome via but-
ton presses across multiple trials, while observing a simulated agent’s
button presses. They rated each agent’s control after each block of tri-
als. Experimental conditions varied which agent had control and the
type/direction of control (positive/excitatory, negative/inhibitory, or
none). We applied an active inference model to the behavioural data to
understand action and perceptual processes in forming agentic beliefs.

Results showed all participants identified the controlling agent but
incorrectly attributed control to the non-controlling agent in the oppo-
site direction. Depressed participants consistently perceived themselves
and others as having less agency, while viewing the other agent as having
positive control across all conditions. The model suggested stronger prior
beliefs about agents having opposing directions of control. Depressed
participants, however, perceived their control to match that of external
agents, while non-depressed participants perceived their control to be
independent of the external agent.

Despite perceiving reduced agency, depressed participants increased
their agentic action over time, suggesting heightened but potentially aim-
less environmental sampling. The model reflected this as a higher prior
for acting and a lower preference for observing outcomes.

This study provides novel insights into how individuals with and with-
out depression perceive agency differently within the same environment
through differing biases in perceptual and action processes. Depressed
individuals may not learn about other agents in the same way as non-
depressed individuals. These findings could inform future therapeutic
strategies and deepen our understanding of depression.
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1 Introduction

Understanding agency - the extent to which individuals believe they have con-
trol over events in their environment - is crucial for effective decision-making and
adaptive, goal-directed behaviour [1]. This sense of control shapes how agents
interact with their world, influencing their choices, motivation, and overall well-
being [2,3]. Various models have been proposed to explain how individuals learn
about their agency, encompassing the processes of perception, learning, and
action.

Associative learning theories suggest that individuals perceive agency based
on the strength of the connection, or associative weight, between their mental
representations of actions and the resulting outcomes [4,5]. In this framework,
learning occurs when a prediction error prompts the updating of associative
weights according to a learning rule. However, these models treat the learner as
a passive recipient of information, with actions being conducted merely to gain
rewards after the environment’s associative structure has been learned.

Bayesian models may offer a more comprehensive framework for understand-
ing agency and learning compared to statistical and associative approaches [6].
While associative models view actions as primarily reward-driven, Bayesian
frameworks recognise that individuals often act in environments where the causal
structure is unknown or uncertain. This perspective acknowledges that agents
engage in information-seeking behaviour, conducting actions not just to achieve
immediate goals, but also to generate data from which they can learn and refine
their understanding of the environment [7,8].

This dual purpose of actions - maximising rewards (exploitation) and max-
imising expected information gain (exploration) - is a key feature of Bayesian
models that sets them apart from simpler approaches [9]. To facilitate explo-
ration, Bayesian models represent beliefs as probability distributions, inherently
capturing information uncertainty in a way that fixed associative weights can-
not [10]. This nuanced representation of uncertainty enables Bayesian models to
account for phenomena that challenge associative theories, such as rapid belief
updates in volatile environments and the integration of prior knowledge with
new evidence [11].

However, Bayesian models have limitations. They often optimise exploration
and exploitation through separate functions, potentially necessitating ad-hoc
parameters for specific tasks and reducing model flexibility [10]. Active infer-
ence, an extension of the Bayesian approach, addresses this by optimising a
single metric: free energy [12]. This unification inherently balances exploration
and exploitation [13], offering a potentially universal model for understanding
behaviours, including agency formation. In active inference, individuals maintain
generative models that guide actions, perception, and learning about the world.
Unlike Bayesian agents, active inference agents possess a more comprehensive
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representation of the causal structure and dynamics of the environment, as their
generative models incorporate beliefs about state transitions over time, as well
as preferences for certain outcomes. This approach views perception and action
as being more interdependent; actions are selected not only to achieve desired
outcomes but also to refine perception by reducing uncertainty and improving
the agent’s model of the world.

The current study investigated how perceived agency develops in the presence
of other agents and why individuals may perceive agency differently within the
same environment. This multi-agent approach more closely mirrors real-world
scenarios, where multiple potential causes may compete to explain observed
outcomes. We collected behavioural data using a complex version of our previous
task [6], involving two agents (one participant and one simulated agent) and a
single outcome. Our sample included individuals both with and without clinical
depression, allowing us to examine variations in perceived agency.

Agency is transdiagnostic of mental health [14]. We chose to examine depres-
sion here because it is associated with a diminished perception of control [15], as
evidenced by psychometric scales [16,17] and empirical studies [18]. Several key
propositions have been suggested to explain why depressed individuals experi-
ence reduced agency. Cognitive biases may lead depressed individuals to believe
they have little or no control over their environment, even when they do [19–
21]. Additionally or alternatively, depressed individuals may attribute greater
control to other agents or external factors, further diminishing their sense of
agency [18,22,23]. Finally the reduced engagement with the environment found
in depressive individuals [24–26] may result in fewer opportunities to confirm
control through clear action-outcome pairings [27], reinforcing the perception
of diminished agency. These propositions are not necessarily mutually exclusive
and may interact in complex ways to shape the reduced sense of agency observed
in depression.

In this paper, we first describe the behavioural task and participant data.
Next, we propose an active inference model of the task. Finally, we present
the results from model fitting to compare the model’s predictions with actual
human behaviour and examine how the parameters vary among individuals with
and without clinical depression, exploring how individuals may perceive agency
differently in the same environment. This research has potential implications for
understanding the cognitive mechanisms underlying depression and could inform
the development of targeted interventions to enhance perceived agency in clinical
populations.

2 Behavioural Data

Information on participants is in Appendix A.

2.1 Task Design

We employed a modified free-operant task (Fig. 1) where participants freely pro-
duced actions, observed a simulated agent’s actions, and integrated this informa-
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tion with the presence or absence of outcomes. Participants rated their perceived
level of control over the outcome for both themselves and the simulated agent
on a scale from –10 to 10. The outcome was a shape, either empty (outline only)
or filled (solid black). Participants were instructed to produce the filled shape
as much as possible.

Each block consisted of 24 trials, lasting 1–3 s each. The simulated agent
acted randomly 50% of the time, unknown to participants. After each block,
participants rated perceived control for both agents. We recorded participants’
actions to evaluate environmental sampling and alignment with inferred control.
The task was delivered through the Gorilla platform [28].

The independent variables were: (i) which agent had control (the real or sim-
ulated participant) and (ii) the programmed contingency between the actions
and outcomes (positive, zero, or negative). Positive contingency referred to their
action causing the outcome, negative contingency referred to their action pre-
venting the outcome, and zero meant their action had no apparent effect on the
outcome. This resulted in five conditions: with the control condition being Zero,
where no one has control, and the four experimental conditions being Self Pos-
itive (SP), Self Negative (SN), Other Positive (OP), and Other Negative (ON).
When one agent had control, the other had zero control. This setup was designed
to elicit any interaction effects between the two agents - for example, do people
tend to believe that when the self has positive agency, the other has negative
agency when in fact the other has none? All contingencies were deterministic,
i.e., when an agent had control, they had 100% control.

Fig. 1. An illustration of the two-agent agency learning task completed by participants.

2.2 Results

Results Regarding Ratings. Figure 2 visualises the average agency ratings
for clinically depressed and non-depressed participants under each experimental
condition. Significant differences in ratings were found as a function of experi-
mental condition, depression status, and self vs other ratings (χ2(19) = 1185.3,
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Fig. 2. The average ratings of agency attributed to the Self (represented by circles)
and Other (the simulated agent; represented by triangles) across the experimental con-
ditions. Ratings were provided by participants classified into two groups: clinically
depressed (depicted in red) and non-depressed (depicted in black). Each point rep-
resents the average rating for a given condition, with error bars indicating the 95%
confidence intervals. (Color figure online)

p< 0.001). Follow-up pairwise comparisons reveal the key trends, which are
described below. Details and results of the statistical analyses are provided in
Appendix B.

In the Zero condition, only the non-depressed group correctly perceived that
neither the self nor the other had any agency. As shown in Fig. 2, the depressed
group perceived more positive control for both the self and other.

Four main trends were identified in the experimental conditions. First, all
participants learned which agent had control but incorrectly attributed control
in the opposite direction to the non-controlling agent (e.g., if the participant was
perceived as having positive control, the other agent was perceived as having
negative control). Second, agency ratings for the self were consistently higher
than for the other agent when the respective agent had control. Third, depressed
participants generally perceived reduced overall agency for both the self and the
other agent, as shown by the red points being nearer to the grey dotted line
(representing value of zero) compared to the black points in Fig. 2.

Finally, within this compressed range of perceived agency, depressed partic-
ipants exhibited a bias toward perceiving more positive control, particularly for
the other agent, across all experimental conditions. This effect is depicted in
Fig. 2 by the red triangle points all being close to or above zero, despite being
closer to zero overall than the non-depressed participants’ ratings. Notably, in the
Other Negative condition, non-depressed participants correctly rated the other
agent as having negative control, whereas depressed participants rated them
close to zero. Moreover, in the Self Positive condition, non-depressed partici-



Agency Perception in Depression via Active Inference 21

pants rated the other agent as having negative control, following the first trend
described, whilst depressed participants rated the other agent as also having
positive control.

On average, collapsing across all conditions, depressed participants rated the
agent at 1.470 (SE = 0.296) and themselves at 1.457 (SE = 0.345), compared
to non-depressed participants, who gave lower, more balanced ratings: -0.159
(SE = 0.210) for the other and 0.232 (SE = 0.231) for the self. This suggests
that non-depressed participants perceive their own agency as slightly positive
and others’ agency as slightly negative, but both averages are quite close to
zero, suggesting more accurate perceptions. In contrast, depressed participants
seem to overestimate positive agency for both themselves and others within
their overall reduced range of perceived agency. This reflects a potential bias
where depressed individuals perhaps struggle to process negative contingencies
effectively, leading to a reduced but positively skewed perception of agency.

Fig. 3. The probability of pressing a button across a series of trials and experimental
conditions for participants in clinically depressed (depicted in red) and non-depressed
(depicted in black) groups. Points represent the average probability of pressing the
button for each trial, with error bars indicating 95% confidence intervals. The lines
represent the linear trends in button-pressing probability across trials for each group.
(Color figure online)

Results Regarding Actions. Figure 3 illustrates the probability of producing
an action (pressing the button), averaged across participants, under each experi-
mental condition. A linear model analysis revealed an interaction effect between
actions taken across time steps by depression group (β = 0.012, SE = 0.001, t =
13.68, p < 0.001). Across all experimental conditions, non-depressed participants
tended to act more in earlier trials compared to depressed participants, and this
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effect is flipped in later trials. Across trials within each experimental condition,
depressed participants increased the frequency of pressing the button (β = 0.005,
SE = 0.001, t = 6.978, p < 0.001), indicated by the upward trend of the red
lines, suggesting they sampled the environment more as the trials progressed.
Conversely, non-depressed participants decreased the frequency of pressing the
button (β = –0.007, SE = 0.001, t = –14.220, p < 0.001), as indicated by the
downward trend of the black lines. Depressed participants tended not to press
in the first trial across all experimental conditions as seen by the low red dots
at trial 0.

3 Active Inference Model

In the first sub-section we describe the active inference model with its fixed
parameters and the parameters varied during model fitting. Hypotheses regard-
ing the parameter values are outlined given the behavioural results obtained.
The active inference generative model used in this study, illustrated in Fig. 4 in
Appendix C, builds on the model presented in our previous paper [6]. Then, in
the next two sub-sections, the model fitting procedure and results are presented,
respectively.

3.1 The Active Inference Model

The active inference modelling was implemented using the JAX-based Python
package, pymdp, which offers efficient and flexible tools for constructing such
models [29]. For parameter inference we have used a PyBefit package which offers
a convenient NumPyro [30,31] wrapper for fitting computational behavioural
models. The detailed code for both the model specification and the fitting process
can be accessed here.

The hidden and controllable states in the model were classified into state
factors, and observations were classified into observation modalities. At any
given time, observations were generated from each modality, hidden states were
inferred from each state factor, and an action (controllable state) was selected
accordingly. The states (s), actions (u), and observations (o) were discrete ran-
dom variables, making all model parameters categorical distributions.

At each time step (t), the focal agent had three observations: whether the
simulated agent pressed the button or not (ootheraction

t ); the action (μ) executed
by the focal agent (oselfaction

t ), which depended on the policy (π; single action
policies) it selected; and the outcome (ooutcome

t ), which could be absent or present
depending on the experimental condition.

Based on these observations, the focal agent inferred four composite hidden
states: Self Positive & Other Positive (SPOP), Self Positive & Other Nega-
tive (SPON), Self Negative & Other Positive (SNOP), Self Negative & Other
Negative (SNON). These were derived from combinations of individual agency
states (positive, negative, zero) for both self and other. These four states effi-
ciently represented all possible agency scenarios and were used to compute

https://github.com/dimarkov/pybefit
https://github.com/riddhipits/pybefit/blob/main/examples/pymdp/simulating_and_fitting_agency_task_IWAI.ipynb
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the model’s equivalent of participants’ ratings: self-ratings as (SPOP+SPON)
– (SNOP+SNON) and other-ratings as (SPOP+SNOP) – (SPON+SNON).

The agent’s generative model included parameters represented by tensors
A, B, C, D, and E. The likelihood tensor A was initialised with probabilities
p1, 0.5, and p2, such that 0.0 < p1 < 0.5 and 1.0 > p2 > 0.5, with p1 and
p2 treated as free parameters to be fit to the data. These values reflected the
agent’s belief about the presence or absence of the outcome given different state
combinations. For instance, at the start of a trial block, the agent might believe
there was a 0.75 probability of observing the outcome when in the SPOP state
with both the focal and other agent pressing the button. The likelihood tensor
represented the agent’s uncertain beliefs, in contrast to the deterministic nature
of the experimental conditions unknown to participants. As beliefs updated over
time, the precision of beliefs over states would increase, resulting in stronger
state beliefs reflected in higher ratings. We hypothesised a lower parameter value
for the depressed group. This lower value would result in a flatter probability
distribution in the likelihood mapping, reflecting less certainty in the relationship
between states and outcomes, and consequently leading to reduced ratings across
all conditions.

The D tensor represented the agent’s prior beliefs about states. Priors for
self and other’s actions were uniformly distributed, while priors for the sagencyt

state factor were determined through model fitting. We hypothesised stronger
prior beliefs for SPON and SNOP states in both groups, reflecting a tendency to
believe that when one agent has positive agency, the other has negative agency.
Additionally, we predicted that depressed participants would show stronger prior
beliefs for the SPOP state compared to non-depressed participants, suggesting
a bias towards assuming both agents have positive control across all conditions.

The state transition tensor (B) represented beliefs about how hidden states
and actions determined subsequent hidden states, P (st|st−1, ut). The experi-
mental condition remained constant over a block of trials, and it was assumed
that the agent knew this (i.e., identity matrix). The B tensor for self-action was
set as a fully controllable state factor, and the one for other-action was set as a
flat distribution to reflect the belief that the other agent could take any action.
Policies (π; action sequences) were inferred according to the possible actions.

The E tensor represented the prior probability of selecting a policy, concep-
tualised as a habit. Policy selection was based on expected free energy (EFE)
calculations, with the influence of habits modulated by gamma. Lower gamma
values flattened the precision of policies under EFE calculations, giving more
weight to E in policy selection. Both the habit value for producing actions and
the gamma value were determined through model fitting. We hypothesised that,
compared to the non-depressed group, participants in the depression group would
have a stronger habit to press the button and a lower gamma value. This would
reflect their tendency to increasingly press the button across trials and experi-
mental conditions.

Furthermore, in this model, the agent had a preference to see the outcome
present as participants were instructed to produce the filled shape (i.e., the
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outcome) as often as possible. The degree of preference was determined by the
model fitting process. As research has shown that depressed individuals exhibit
diminished reward processing [32–34], it was hypothesised that participants with
depression would have a lower preference to see the outcome present compared to
non-depressed participants. This may also explain the slopes in Fig. 3, starting off
with producing actions to produce the outcome according to their preferences
(low for depressed participants), and changing over trials as habit takes over
(increasing for depressed participants).

3.2 Model Fitting Procedure

The model fitting process for both groups employed stochastic variational infer-
ence (SVI), a probabilistic framework that approximates posterior distribu-
tions of model parameters. This approach allowed us to understand parame-
ter variations across groups and identify differences in cognitive processes. The
free parameters included the prior over agency, habit to act (button pressing),
gamma, preference for seeing the outcome present, probability of observing the
outcome present in the likelihood tensor, and the standard deviation used to fit
ratings according to beliefs.

As a parametric prior we used a hierarchical setup, with a Regularised Horse-
shoe prior [35] for group level uncertainty, Gaussian prior for group level mean,
and a Gaussian prior conditioned on group level mean and uncertainty for indi-
vidual subject-specific parameters. The hierarchical setup provides a balance
between group-level trends and individual differences. This hierarchical prior
results in estimates pulled toward group level mean, when individual differences
are non-inferrable from the data, while at the same time allowing for substan-
tial individual differences in parameter estimates when data provides sufficient
evidence.

The fitting process combined this prior with a likelihood function measuring
the alignment between model predictions and observed data. SVI was run for
5,000 iterations, adjusting model parameters to minimise the Evidence Lower
Bound (ELBO). The loss function, which showed good convergence, was plotted
across iterations to assess the fitting process; the plot can be viewed here. Post-
fitting, we analysed the posterior samples to compare parameters between the
depressed and non-depressed groups.

3.3 Results

The model fitting results, summarised in Table 1, revealed interesting trends
in the parameter sets between clinically depressed (n = 25) and non-depressed
(n = 55) agents. These trends align with our hypotheses and offer valuable
insights, despite the unequal and relatively small sample sizes. The full analy-
sis, including 95% credible intervals, Bayesian group differences, and effect sizes
(Cohen’s d), can be viewed here. These findings provide a foundation for future
research into agency perception and learning in depression.

https://github.com/riddhipits/pybefit/blob/main/examples/pymdp/simulating_and_fitting_agency_task_IWAI.ipynb
https://github.com/riddhipits/pybefit/blob/main/examples/pymdp/simulating_and_fitting_agency_task_IWAI.ipynb
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Table 1. Comparison of parameter values between Depressed and Non-Depressed
groups.

Parameter Depressed Group Non-Depressed Group

P (outcome present) for likelihood
tensor

0.547 0.565

Stdev for ratings regarding self 0.288 0.246

Stdev for ratings regarding other 0.305 0.286

Preference to observe outcome
present

0.551 1.689

Habit to press the button 0.687 0.594

Prior for SPOP 0.280 0.159

Prior for SPON 0.288 0.368

Prior for SNOP 0.290 0.303

Prior for SNON 0.142 0.171

All agents held prior beliefs over SPON and SNOP, reflecting a bias where
agency in one direction implies the opposite direction for the other agent.
Depressed agents exhibited a stronger prior belief about the SPOP state, while
non-depressed agents had a stronger prior belief about the SPON state. The
priors also indicated that depressed agents believed both self and others had
more positive control (self: (SPOP + SPON) – (SNOP + SNON) = 0.136; oth-
ers: (SPOP + SNOP) - (SPON + SNON) = 0.140), while non-depressed agents
were less biased, with a slight tendency for self having more positive agency and
others more negative agency (self: 0.053, others: –0.077).

Moreover, the likelihood tensor had slightly lower values for the probability of
outcome being present (i.e., flatter distribution) and higher standard deviations
of the fit around the ratings in the depressed group, indicating less precise beliefs
and reflecting the reduced perceived agency across all conditions.

Additionally, non-depressed agents preferred to observe the outcome present
more strongly than depressed participants, and had a lower habit of pressing
the button. The depressed group also had a lower gamma value, suggesting that
they were more influenced by their habits.

4 Discussion and Concluding Remarks

Our study investigated how clinically depressed and non-depressed individu-
als learn and perceive agency in a multi-agent environment. Using a novel
behavioural task and an active inference model, we gained insights into the com-
plex interactions between agents in relation to agency perception. Our findings
suggest that the presence of another agent may alter how individuals interpret
their own agency and that of others, contributing to the understanding of agency
in social contexts and extending beyond the single-agent scenarios that have been
the focus of much previous research.
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The well-established link between depression and reduced agency percep-
tion [15,18] was reflected in our study. Depressed participants reported reduced
agency for both self and other agents across all conditions. The active inference
model captured this through lower probability values of outcome presence in the
likelihood tensor, resulting in a flatter distribution. This implies that depressed
participants may be less certain about their agency given the same observa-
tions, aligning with findings of reduced certainty or confidence in other cognitive
behavioural tasks [36,37].

Moreover, a key finding is the differential attribution of control to self and
other agents between depressed and non-depressed individuals. Depressed partic-
ipants tended to perceive others as having positive control, aligning with research
linking depressive symptoms to an external locus of control [18,22,23]. Interest-
ingly, they also perceived themselves as having positive control, matching that of
external agents. In contrast, non-depressed participants perceived their control
as independent of the external agent, and in more opposing directions of control.
This pattern may be attributed to several interrelated factors in depressed indi-
viduals: a blurred self-other distinction, which has been associated with increased
mirroring behaviour; a reduced sense of agency; and potentially blunted cogni-
tive processing of complex social scenarios involving theory of mind [38]. These
factors could collectively contribute to more homogeneous attributions of con-
trol.

Our data revealed potential differences in observation preferences and envi-
ronmental engagement. Non-depressed participants showed a higher preference
for observing the outcome, aligning with the link between depression and blunted
sensitivity to goals and rewards [32–34]. Depressed participants exhibited a
trend towards button-pressing, suggesting heightened but potentially aimless
environmental sampling. This relative homogeneity of action patterns across
conditions (Fig. 3) may indicate non-adaptive environmental responses, consis-
tent with findings of disengagement and aimlessness in depression [39,40]. The
increased button-pressing could also be interpreted as a compensatory mech-
anism, where depressed individuals are trying to gain more information about
their environment due to heightened uncertainty. In contrast, non-depressed par-
ticipants tended to press the button less frequently, possibly due to quicker, more
confident learning about agency.

The increased button-pressing observed in depressed participants might also
be explained by differences in perceived control. While depressed participants
viewed their control as matching that of external agents, non-depressed par-
ticipants perceived their control as independent. This perception of equivalent
control with external agents might have driven depressed participants to engage
in more frequent actions, perhaps in an attempt to exert or confirm this perceived
level of influence over their environment.

The tendency for clinically depressed participants to not produce an action
at the first timestep is intriguing. While this could be due to delayed processing
or attention [41], it might also reflect a strategic approach of observing before
acting. This hesitation could be adaptive in uncertain environments, suggesting
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that depressed individuals might be more cautious in novel situations. Further
research could manipulate task instructions to explore whether this hesitation is
strategic or a byproduct of cognitive slowing.

These findings underscore the importance of considering agency percep-
tion within a social context, revealing complexities in agency attribution and
behavioural strategies not apparent in single-agent paradigms. This provides a
more ecologically valid model of how individuals, particularly those with depres-
sion, navigate agency in real-world social environments.

Nonetheless, there are limitations of our study to consider. The simplified
agency representation, with only one causal structure (two potential causes and
one outcome), limits generalisability. Real-world environments often involve mul-
tiple causes and outcomes, which were not explored in this study. The absence
of an emotional context further limits ecological validity. Additionally, while we
identified group-level trends, our study does not account for the heterogeneity
within depressed and non-depressed groups. Moreover, the relatively small and
unequal sample sizes (25 depressed and 55 non-depressed participants) likely
contributed to the lack of definitive statistical evidence for group differences.
Furthermore, our study’s cross-sectional nature limits our ability to infer causal
relationships between depression and agency perception.

Future research should address these limitations by incorporating more com-
plex causal structures, multiple outcomes, and emotionally relevant contexts.
Studies should also explore individual differences within groups, acknowledging
the diversity of experiences within depression. Larger and more balanced sam-
ple sizes would increase statistical power and the ability to detect subtle group
differences. Longitudinal designs could help elucidate the causal relationships
between depression and changes in agency perception over time, perhaps by
including learning of the likelihood tensor (via Dirichlet counts), under different
contexts.

Our novel behavioural task and active inference modelling highlight the intri-
cate relationship between perceptual and action processes that point to the inter-
play between agency inference and depression in multi-agent contexts. While our
results are not definitive, they provide a foundation for future research. By elu-
cidating the mechanisms underlying agency inference in depression within social
contexts, we can better inform therapeutic strategies. Cognitive-behavioural
therapies could focus on helping depressed individuals recognise and challenge
their beliefs about agency in social contexts, focusing on differentiating and high-
lighting the independence of the self and other. Mindfulness-based interventions
might increase awareness of one’s actions and their consequences, potentially
addressing the tendency towards aimless environmental sampling and indepen-
dence of self. Our research approach can be extended to assess agential learning
in multi-agent contexts across various conditions associated with altered senses
of agency [42–45], potentially leading to more tailored interventions across a
range of mental health conditions.
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A Appendix A

A total of 87 participants, self-reporting as free from photosensitive epilepsy,
were initially recruited. Seven participants were excluded due to uniform ratings
across all conditions, indicating a lack of sensitivity to task manipulations. The
final sample for data analysis comprised 80 participants (30 males, 47 females,
2 non-binary, 1 undisclosed; mean age = 32.6 years, SD = 14.8).

Participants were recruited from three sources and completed Beck’s Depres-
sion Inventory (BDI-II, [46]); the table below summarises the demographic infor-
mation from the three sources. The BDI-II is a widely used self-report measure
of depression severity, with scores ranging from 0 to 63. To aid in interpreting
the BDI-II scores, it is worth noting that a score of 13 or above is often used
to indicate the presence of depressive symptoms [46,47]. However, this thresh-
old is not used as a diagnostic criterion in our study and is provided solely for
reference.

B Appendix B

Statistical Analyses and Results for the Behavioural Data
Tests for normality, homogeneity of variances, and independence of observations
were conducted to assess which analysis to conduct to assess if the group means
were statistically different. The Shapiro-Wilk test indicated that the residuals
significantly deviated from normality, W = 0.96601, p < 0.001. Bartlett’s test
for homogeneity of variances indicated significant differences in variances across
groups, Bartlett’s K-squared = 365.12, df = 19, p < 0.001. The independence of
observations was guaranteed by the task design, but a residual plot was created
to verify this. The residual plot showed no clear pattern or trend, suggesting
that the assumption of independence was met. This was further supported by the
Durbin-Watson test, which showed no significant autocorrelation in the residuals
(D-W statistic = 1.95, p = 0.262).

Due to the violations of normality and homogeneity of variances, the Kruskal-
Wallis test was used to compare group means. Results indicated significant dif-
ferences in the rating distributions among the groups defined by the interaction
of experimental condition, depressed vs non-depressed group, and the ratings
of self vs other (χ2(19) = 1185.3, p < 0.001). Follow-up pairwise comparisons
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using the Wilcoxon rank-sum test with Bonferroni correction were conducted to
identify specific group differences.

In the Zero condition, the control experimental condition, only the non-
depressed group perceived that neither the self nor the other had any agency.
As shown in Fig. 2, the depressed group perceived slightly more positive control
for both the self and other, indicated by the higher red points compared to the
black points. Pairwise comparisons partially supported this, revealing that the
ratings provided by the depressed group significantly differed from the ratings
provided by the non-depressed group regarding the self, but the not the other.

In experimental conditions other than Zero, four main trends were identified.
First, both depressed and non-depressed participants correctly learned which
agent had control but perceived the non-controlling agent as having control in the
opposite direction. Recall that in the experimental conditions, when one agent
had control, the other agent had zero control. Pairwise comparisons revealed that
this trend is seen across both groups across all experimental conditions, except
in the depressed group in the Self Positive and Other Negative condition. This
exception may be explained by the bias of other agents having positive control
(the last trend mentioned here).

Second, across all participants, agency ratings for the self were higher than for
others when the respective agents had control. This is reflected in Fig. 2, where,
for example, the rating for the self (circles) in the Self Positive condition was
higher than the rating for the other (triangles) in the Other Positive condition.
This effect is partially reflected in the pairwise statistical analysis, where in the
Positive conditions, the ratings for self were significantly higher in the depressed
group but not in the non-depressed group. Conversely, in the Negative conditions,
the ratings for the self were significantly more negative in the non-depressed
group compared to the depressed group.

Third, the depressed group generally perceived reduced agency of the self and
other. This is reflected in Fig. 2 as, compared to the black points, the red points
are generally closer to the grey dotted line, representing ratings of the value
zero. Pairwise comparisons showed statistically significant differences between
the ratings provided by the depressed and non-depressed groups regarding the
agent that had control in that experimental condition. There were no statistically
significant differences between the depressed and non-depressed groups’ ratings
regarding the agent that did not have control in that experimental condition,
except for Self Positive.

Finally, within the reduced perceived agency ratings, depressed participants
exhibited a bias toward perceiving other agents as having more positive con-
trol across all experimental conditions. This is depicted in Fig. 2 by the red
triangle points all being close to or above zero. Notably, in Other Negative,
non-depressed participants correctly rated the other as having negative control,
however depressed participants rated close to zero. Moreover, in Self Positive,
non-depressed participants rated the other as having negative control, follow-
ing the first trend described, however, depressed participants rated the other as
also having positive control. Pairwise comparisons also support this finding, as
depressed participants’ ratings regarding the other agent did not significantly
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differ across experimental groups, except between Other Positive and Other
Negative. This is contrasted by non-depressed participants’ ratings regarding
the other agent significantly differing across all experimental groups.

Furthermore, on average, collapsing across all conditions, depressed partici-
pants rated the other agent at 1.470 (SE = 0.296) and the self at 1.457 (SE =
0.345), compared to non-depressed participants, who gave lower, more balanced
ratings: -0.159 (SE = 0.210) for the other and 0.232 (SE = 0.231) for the self. This
suggests that non-depressed participants perceive their own agency as slightly
positive and others’ agency as slightly negative, but both averages are quite
close to zero, indicating more accurate perceptions. In contrast, depressed par-
ticipants seem to overestimate agency for both themselves and others, reflecting
a potential bias where they perhaps struggle to process negative contingencies
effectively.

C Appendix C

Supplementary Figures and Tables

Fig. 4. A graphical representation of the active inference-based generative model
of the two-agent agential learning task. The states inferred in the state factor of
agency (sagency

t ) are Self Positive Other Positive (SPOP), Self Positive Other Nega-
tive (SPON), Self Negative Other Positive (SNOP), and Self Negative Other Negative
(SNON). The red outlined state factor indicates that it is controllable by the focal
agent, with the red text beside it showing the two actions the agent can take. The
model’s variables are depicted as circles, while the parameters are shown as squares
and rectangles. Arrows indicate the direction of influence. For a detailed description of
the variables and parameters, please refer to the main text.
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Abstract. Previous active inference accounts of emotion translate fluc-
tuations in free energy to a sense of emotion, sometimes focusing exclu-
sively on valence. However, in affective science, emotions are often repre-
sented as multidimensional. In this paper, we adapt a Circumplex Model
of emotion to the Active Inference framework by demonstrating a map-
ping of free energy into valence and arousal, relating valence to utility
less expected utility and arousal to the entropy of posterior beliefs. Under
this formulation, we simulate artificial agents engaged in a search task
and assign emotional states to them. We show that experimental manip-
ulation of priors and object presence results in commonsense variability
in these assignments.

Keywords: active inference · emotional inference · circumplex model
of emotion

1 Introduction

Emotions are internal states that influence behavior and cognition [1]. A com-
prehensive account of intelligence requires a model of emotion, as emotion is
intertwined with many higher-level cognitive processes. The aim of this paper is
to formalize a model of emotion as a function of free energy. We begin by briefly
reviewing foundational accounts of emotion in psychological and active inference
literature.

1.1 Psychological Accounts of Human Emotion

Categorical and continuous state space accounts polarize psychological schol-
arship on emotions. Ekman’s Basic Emotions model is a prevailing categorical
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account, characterized by casting emotions as discrete rather than organized
along a continuum [2]. He proposed that six emotions—anger, joy, disgust, fear,
sadness, and surprise—comprise the core building blocks of more complex emo-
tional states. Neuroimaging studies cited in support of the Basic Emotions the-
ory associate these core building blocks with specific brain structures, correlating
fear with activation of the amygdala, for example [3].

In contrast, a prevailing continuous state space approach is the Circum-
plex Model [4], which situates emotions in a landscape framed by orthogonal
dimensions of valence and arousal. Under this account, emotions have fluid
boundaries—e.g., when valence remains low and arousal diminishes, anger tran-
sitions to displeasure—as opposed to complexity resulting from compositionality.
Supporting neuroimaging research associates unique brain structures and net-
works with the independent dimensions of arousal and valence. For example,
activity in the amygdala has been correlated with arousal, and activity in the
orbitofrontal cortex has been correlated with valence [3]. Given that arousal
involves reactivity to stimuli, and valence involves appraisal of the value of the
stimuli relative to a goal, this localization of arousal and valence dovetails intu-
itively with their functional roles. Whereas arousal is low-level sensation, valence
may require some form of cognitive evaluation.

Approaches to characterizing emotions as discrete cite the evolutionary plau-
sibility of their theories [5], as well as cross-cultural evidence supporting the exis-
tence of basic emotions [6]. However, there is a lack of consensus about which
basic emotion categories exist—a debate that may be attributed to a lack of
agreement on criteria about what a discrete emotion is in the first place [7].
Indeed, discrete models have a difficult time explaining edge cases naturally
accommodated by a dimensional view, such as fear-based arousal being inter-
preted as attraction [8]. In addition, categorical theories can be folded into con-
tinuous ones by specifying emotions as attractor states in a continuous state
space. Such an approach resolves concerns that referring to emotions as discrete
when labeling them linguistically undermines the plausibility of the Circumplex
Model. Finally, from a pragmatic perspective, the valence axis of dimensional
models are the explanandum of most active inference formulations of emotion.
For the reasons mentioned above, we embrace dimensional models in what fol-
lows.

1.2 Previous Active Inference Formulations of Emotions

In this section, we summarize select Active Inference formulations of emotion.
The work we review addresses valence, but not arousal. We propose that this
omission presents an obstacle to engaging a large body of psychological literature
on emotion. Our formulation aims to address this gap by integrating both valence
and arousal into model of emotions under Active Inference.

Joffily and Coricelli [9] cast valence as an indicator of emotional well-being
that emerges from the interaction between the first- and second-order time
derivatives of free energy. In their framework, emotional valence provides feed-
back on an agent’s learning process. A rapid decrease in free energy, indicating
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increasingly accurate predictions, is associated with happiness and suggests that
the agent should update its models more quickly by increasing the learning rate.
Conversely, negative valence suggests that a slower learning rate is appropriate.
This adaptive mechanism regulates evidence accumulation to optimize learning.
In one-armed bandit task simulations, there was a rapid increase and subsequent
decline in negative emotional states in the presence of volatility. Agents that used
emotional valence to adjust their learning rates better estimated statistical reg-
ularities in more volatile environments. The authors conclude that this indicates
performance is enhanced by leveraging positive and negative valence, evidencing
the adaptive role of emotional experiences. Notably, while their model differenti-
ates some emotion categories, their simulation work leverages the utility of only
the positive or negative valence of those emotions.

Hesp et al. [10] proposed a hierarchical Active Inference model of emotional
valence. In their approach, valence is defined in terms of changes in the expected
precision of the action model, which they term “affective charge”. Here, precision
refers to confidence in the agent’s predictions and actions, which may be regarded
as an internal estimate of model fitness. Lower-level state factors, such as sensory
inputs, are used to inform higher-level valence representations—“beliefs about
beliefs”—which in turn influence the precision of potential action policies. Sim-
ulation studies using a T-maze paradigm showed that positive valence led to
riskier behavior, interpreted as increased confidence in action. When the reward
location was changed, resulting in negative valence, the agent displayed more
conservative exploration, indicating a shift in the confidence and model adjust-
ment. Again, the effect of emotions is cast exclusively in terms of positive and
negative valence, which compromises the generalizability of the findings to more
naturalistic settings.

It is worth mentioning that Smith et al. [11] also explored emotional state
inference under Active Inference. In this work, a combination of exteroceptive
(external sensory), proprioceptive (body position), and interoceptive (internal
sensory) observations are used to infer emotional states, given a hierarchical
model in which valence and arousal are presupposed as part of the lower-level
observation space. The focus in this work is on the learning of explicit, con-
sciously accessible discrete representations of emotional states, based on explicit
feedback supplied by a teacher/experimenter, rather than on the factors that
constitute emotional states themselves and the ways in which these states mod-
ulate behavior. Therefore, this work does not directly inform our approach.

As noted, the models proposed by Joffily and Coricelli [9] and Hesp et al. [10]
focus primarily on valence. We are inspired by their accounts and propose an
approach that incorporates arousal in order to capture emotional inference as
it is conceived within Circumplex Models. We proceed as follows: In Sect. 2,
we motivate mappings of valence and arousal to specific terms within the free
energy functionals of Active Inference, and we demonstrate a transformation of
the resulting valence and arousal dimensions of emotion into the space proposed
by the Circumplex Model. In Sect. 3, we describe the setup of our simulation
study, in which an artificial agent is tasked with finding an object in various
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scenarios. In Sect. 4, we present the results of our simulations, and in Sect. 5,
we discuss the implications of these findings for understanding and formalizing
emotional inference and behavior.

2 From Free Energy to a Circumplex Model of Emotion

We hypothesize that the two dimensions of the Circumplex Model can be derived
intuitively from an Active Inference agent’s free energy levels.

2.1 Active Inference

Active Inference casts perception and action as Bayesian inference [12], where
an agent entertains a generative model of its environment and perceives and acts
in order to minimize free energy, as defined below, with respect to this model. In
general, such an agent’s generative model can be written as the joint probability
distribution over states s and observations o. However, finding the true hidden
cause s given some observation o is typically intractable, as this would require
the agent to exhaustively consider all possible worlds and scenarios therein. To
address this, one can introduce a simpler but approximate posterior distribution
Q(s|o), and minimize the free energy to yield a good approximation:

min
Q(s|o)

F = DKL[Q(s|o)||P (s|o)]
︸ ︷︷ ︸

posterior approximation

− log P (o)
︸ ︷︷ ︸

log evidence

= −EQ(s|o)[log P (o, s)]
︸ ︷︷ ︸

energy

−H[Q(s|o)]
︸ ︷︷ ︸

entropy

= DKL[Q(s|o)||P (s)]
︸ ︷︷ ︸

complexity

−EQ(s|o)[log P (o|s)]
︸ ︷︷ ︸

accuracy

(1)

Here P and Q denote a true versus an approximate probability distribution
respectively. Effectively, by minimizing free energy, an agent aims to find the
model that maximizes accuracy while minimizing the KL divergence between the
approximate posterior and prior distributions, i.e. minimizing model complexity.
One can rewrite this as optimizing an energy-based model while maintaining the
maximum entropy solution for the approximate posterior. This can also be read
as maximizing a lower bound on the model log evidence, the bound given by the
KL divergence between the approximate Q(s|o) and true posterior distribution
P (s|o).

To interact with the environment, an agent also needs to select a sequence
of actions or policy π to execute. In Active Inference, agents select policies that
minimize expected free energy G:

P (π) = σ(−G(π)), with

G(π) =
T

∑

τ=t+1

EQ(oτ |π)
[

DKL[Q(sτ |oτ , π)||Q(sτ |π)]
]

︸ ︷︷ ︸

(negative) information gain

−EQ(oτ |π)
[

log P (oτ |C)
]

︸ ︷︷ ︸

expected utility

(2)
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Here, σ denotes the softmax function, and the expected free energy balances
information gain with a prior preference distribution over future outcomes or
utility, encoded in C.

2.2 From Free Energy to Valence

We depart from the approach of Joffily and Coricelli [9], who collapse features
of valence and arousal when differentiating emotional states by exclusively com-
puting valence from variational free energy and its time derivatives. In addition,
we propose a non-hierarchical approach to valence which, unlike the account in
Hesp et al. [10], does not invoke policy selection. Our proposal derives a psycho-
logically interpretable description of valence as the difference between the utility
of observations given preferred ones and the prior expected utility:

V alence (V ) = log P (ot|C)
︸ ︷︷ ︸

utility

−EQ(ot|st−1,π)

[

log P (ot|C)]
︸ ︷︷ ︸

expected utility

,
(3)

with utility of an observed observation ot at time step t, an expected utility
yielded by the expectation at state st−1.

This formulation conceptualizes valence as the simple positive and negative
experiences humans have when they do and do not encounter what they prefer
to observe. The consequence is that positive valence is associated with a “better
than expected” outcome. Such a specification of positive valence corresponds
straightforwardly to the role of dopamine signaling in the brain, which is known
to encode reward prediction errors [13].

2.3 From Free Energy to Arousal

Empirical evidence links arousal to uncertainty vis-a-vis “increases in amygdala
activity [14], which can be considered a learning signal [15]” (cited in Feldman-
Barrett [16]). Allostasis refers to an internal state of an organism which optimally
predicts incoming messages in an effort to maintain homeostasis in a dynamic
environment. To achieve a homeostatic state, an active agent needs to move
towards an allostatic one, which amounts to updating model parameters to
reduce the uncertainty of its posterior beliefs [17]. The empirical relationship
between arousal, the amygdala, uncertainty, and the imperative to update model
parameters to achieve allostasis motivates casting the entropy H of a posterior
distribution as an index of arousal in a dimensional model of emotion. More
formally, arousal (A) becomes:

Arousal (A) = EQ(s|o)
[ − log Q(s|o)] = H[Q(s|o)] (4)

Our interpretation of H as arousal entails that posterior uncertainty is not
valenced. This is in line with Feldman-Barrett’s claim that arousal is not inher-
ently ‘emotional’, but rather a signal of uncertainty [16]. Our interpretation also
aligns with the lack of simple equivalence between ‘emotional’ and ‘valenced’ in
Circumplex models.
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2.4 Transformation to an Active Inference Emotional State Space

To ground valence and arousal in a Circumplex Model, we transform the Carte-
sian coordinates (V, A) into the following polar coordinates.

r = radius =
√

V 2 + A2

θ = angle = tan−1(
A

V
)

After this transformation, we can represent agents’ emotional states in a cir-
cle, spacing emotions by both degree and distance from origin, i.e., distance
from neutral. The horizontal axis represents the valence dimension, ranging
from sad (negative valence) on the left to happy (positive valence) on the
right, while the vertical axis represents degree of arousal, ranging from alert
(high arousal/uncertainty) to calm (low arousal/certainty). The co-occurrence
of valence and arousal results in the varying degrees on the circle with different
emotion labels [18]. The cited emotion labels are standardly associated with
these orientations on Circumplex Models. Unique to our model, however, the
distance from origin represents the “intensity” of the emotion, understood as
the strength of the affective response.

Figure 1 shows an example plot of the Circumplex Model in question. The
blue trajectory describes the search sequence of a simulated agent who wants to
find an arbitrary object and has a precise and correct prior on where to find it.
The resulting behavior is an agent that finds the shortest path to the expected
object location and promptly locates the object at time step 2. The associated

Fig. 1. Free Energy Transformed Circumplex Model. In this canonical visualiza-
tion of a Circumplex Model, degree measure on the circle maps to different emotional
states. Here we have illustrated the trajectory of an agent that remains in a “calm” state
given arousal and valence values under the free energy formulation introduced above.
As implied by the trajectory, a novel contribution of our account is that arousal and
intensity are not confounded: Distance to origin reflects the intensity of the emotional
state.
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Fig. 2. Illustration of the graph environment and the agent’s factor graph.
(a) Agents are located on a connected graph of locations and need to find an object
that might be present at one of the other locations. (b) A factor graph represents
the agent’s generative model. Two latent state factors that model the agent’s location
and the object’s location, respectively, give rise to two sensory modalities through the
likelihood factors of the agent’s location (A1) and whether the object is visible (A2).
The agent’s location can change conditioned on move actions (B1), but the object is
static in our experiments (B2 = I).

state is “calm” for the entire trajectory. In the next section, we will describe
the simulated model in more detail, and we will illustrate more diverse scenarios
with differing resultant emotional states.

3 Search Agent Simulation

Imagine yourself having lost your wallet. Likely, you will immediately start
searching for it. Given your memory and habitual behavior, you may or may
not have a good idea about where to find it, and you will experience a range
of emotional states as you progress through the corresponding search process.
Variations in this scenario are simulated in the following experiments.

3.1 Generative Model

We equip our agent with the generative model represented by the factor graph
in Fig. 2. The agent has two state factors, one for tracking its own location, and
one for maintaining a belief on the object’s location. We model the environment
as a connected graph of locations the agent can visit (Fig. 2a). At each time step,
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Fig. 3. Simulation of Scenario 3. Grayscale shows the agent’s belief about the
object’s location, whereas red x’s plot the ground truth object location. The agent’s
own location is marked with a blue dot. In this case, the agent first has incorrect precise
prior beliefs on the object location, then they do not see the object there, and they
start searching other locations until it is found.

the agent can select a location to visit, thought movements are constrained to
connected nodes. These transition dynamics are encoded in B1 (see Fig. 2.b). The
agent assumes the object is static and therefore the object’s transition tensor is
the identity matrix, i.e. B2 = I. The agent has two observation modalities. It
can observe its current location A1 = I and whether the object is visible here
with a probability p, i.e. Aoij

2 = p if i = j and o = visible, with element o, i, j
in A2 indicating “the probability of outcome o when agent is at location i and
object is at location j”. In our experiments p = 0.95, so the agent is likely to
observe the object when it is present.

Table 1. Overview of search agent scenarios given levels of object presence
and agent location priors. Scenario 1: Agent has uniform prior beliefs over object
location and object is present in the simulation. Scenario 2: Agent has a correct prior
belief over object location. Scenario 3: Agent has an incorrect prior belief on object
location. Scenario 4: Agent has a state dim “object not here” and object is not present.
Scenario 5: Agent has a state “object must be somewhere” and object is not present.

Scenario Object Presence Location Prior

1 Present Uniform

2 Present Correct

3 Present Incorrect

4 Absent Maybe Here

5 Absent Definitely Here
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3.2 Design

The agent always starts at location 0 and has a preference for the outcome
“object visible”. We simulate 5 different scenarios, varying whether the object
is actually present in the environment, as well as the agent’s priors. These are
summarized in Table 1. We set the agent’s prior beliefs on the initial state about
the object’s location, which can either be uniform (i.e., no idea where the object
is) or precise (i.e., recalling where the object is). In the case of a precise prior,
this can be correct (i.e., the object is actually there) or incorrect (i.e., the object
is either somewhere else or absent). We can also equip the agent’s generative
model with an additional ‘object location’ state dimension, which represents the
object being absent by mapping to an invisible outcome at all locations. This can
be interpreted as providing a prior belief that the object might not be present,
versus that the object must be present somewhere.

Figure 3 shows the agent’s actions and beliefs over time for a given Scenario
3. The belief about the object’s presence at each location is plotted in grayscale,
where black represents a belief of 1—high certainty that the object is there—and
white represents a belief of 0—high certainty that the object is absent.

4 Results

For each of the 5 simulation scenarios, we derived the valence and arousal val-
ues from the agent’s free energy, and logged the associated emotions. Table 2
summarizes the trajectory of the agent in each scenario through emotional state
space. We found that agents’ free energy values generally corresponded to a state
of alert while searching for the object and happy when it was found. Irrespective
of whether the object was located, agents in all scenarios ended in a state of
lower arousal and more neutral valence than when they began.

4.1 Object Location Priors and Emotional State

In Scenarios 1–3, the object is present and the agent ultimately locates it. In
these Scenarios, we find that the agent begins from a calm state only when it
has precise object location priors, irrespective of whether those priors ultimately
prove correct. In other words, precise priors are beliefs held with high confidence,

Table 2. Agent trajectory through emotional state space per scenario.

Scenario Trajectory Narrative

1 Alert = > Calm

2 Calm = > Calmer

3 Calm = > Angry = > Decreasingly alert = > Relaxed = > Calm

4 Alert = > Calm

5 Alert = > Anger < = > Depression
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Fig. 4. Impact of Priors on Emotional State. In Scenario 1 on the left, the agent
has uniform priors and begins alert. In Scenario 3 on the right, the agent begins some-
where between a calm and neutral state, immediately becoming angry upon not finding
the object at the location given by their prior.

resulting in a state of ease with low arousal and neutral valence in the absence
of countervailing evidence. Moreover, when the precise priors are correct (i.e.,
Scenario 2, shown in Fig. 1), the agent is calm during the entire trajectory, which
makes intuitive sense as it predicts that it will find the object soon from the start.

States that are markedly valenced and aroused are triggered only subsequent
to prior assumptions being violated, which is possible when priors are either uni-
form or incorrect (see Fig. 4). For instance, in Scenario 3, the violation of precise
priors generated free energy signals that assign the agent to the highly negatively
valenced and positively aroused emotional state of anger. When the object is
subsequently located, the agent’s free energy values correspond to a nearly 180-
degree “mood change”: Now they are relaxed with high positive valence and low
arousal. In Scenario 1, in which the priors are uniform (i.e., Fig. 4a), the agent
begins in an alert state. Interestingly, agents locating the object after beginning
with uniform priors were not as relaxed when they found it as those who began
with precise priors.

4.2 Missing Objects and Emotional State

In Scenarios 4 and 5, we simulate a search agent who will never find the object
as it is not present in the environment. We conducted these simulations to see
whether and how the agent conducts emotional regulation. In Scenario 4, the
agent’s state factor has a ‘not here‘ bin, in addition to a dimension for every
location. Invoking this factor means that the agent expects not to see the object
at any of the locations it can visit. In Scenario 5, the agent does not have this
dimension, hence it has a structural prior that the object should always be at
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Fig. 5. Impact of object presence on Emotional State. In Scenario 4 on the left,
the agent begins in the alert state, with “maybe here” priors. Similarly, in Scenario 5
on the right, the agent begins alert, with “definitely here” priors. However, in Scenario
4, the agent is ultimately assigned to a state of calm, which can be interpreted as
accepting that there is no object to find. In contrast, the agent in Scenario 5 cycles
between anger and depression when searching all locations and still not finding the
object.

one of the locations. This has some interesting consequences for the emotional
states the agent visits, as illustrated in the contrast between the Circumplex
plots in Fig. 5.

While both agents begin in the alert state, the agent with “maybe here” priors
(Scenario 4) spends less time in strongly negatively valenced states and ends in
a state of much lower arousal upon failing to find the object. A psychological
interpretation of this result is that resignation grows as evidence that the agent
will not find the object increases, given that the agent knows there is a possibility
that the object is simply not around.

By contrast, the agent with “definitely here” priors (Scenario 5) spends more
time in strongly negatively valenced states and ends in a state of strong arousal
upon failing to find the object. Interestingly, both anger and depression in this
agent spike at later time steps (26 out of 43 and 20 out of 40, respectively),
indicating that there is a pull towards neutral arousal resisted when the agent is
convinced that the object must be somewhere. While this agent becomes tran-
siently more calm as its search eliminates possibilities, providing false hope of
finding the object, it ultimately cannot accept an “object not present” outcome,
and it is in a more highly aroused state, i.e., less at peace, when the simulation
terminates. Critically, all emotional states are not being interpreted as “experi-
enced” by the agent, but rather assigned on the basis of intuitive formulations
of free energy in keeping with external literature on the psychology of emotions.
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5 Discussion

In this paper, we proposed the existence of a Circumplex Model of emotion
formulated within the Active Inference framework by casting both valence and
arousal within the parameters of free energy. Simulation studies provided evi-
dence that a model which includes arousal facilitates a commonsense ascription
of emotion trajectories to agents performing basic search tasks.

Considering these scenarios in more detail, uniform and incorrect priors
(Scenarios 1 and 3, respectively) result in agents entering equivalent positively
valenced states upon finding the object. However, the agent in Scenario 3 fin-
ishes considerably less aroused. Indeed, the emotion trajectory of the agent in
Scenario 3 involves a mood swing from the strongly negatively valenced state of
anger to a region of neutral valence. Because this transition cannot be described
in terms of valence alone, this result underscores the importance of representing
arousal in Active Inference accounts of emotion. In addition, the agent in Sce-
nario 3 becomes successively less aroused before finding the object. A description
of emotional states exclusively in terms of valence would not capture the fact
that, after having a prior expectation violated, an agent may return to an emo-
tional state of being alert, a state which dwindles to resignation as the search
task progresses.

This work faces a couple of key limitations. One is that the scenarios are
simple and the range of emotion evidenced is correspondingly narrow. Another
is that our findings are not benchmarked against human data. Instead, we rely
on face validity to make sense of the attribution of emotional states to simulated
agents. Finally, our current model lacks an account of metacognitive awareness,
from which valence more naturally derives. We will address these limitations in
future work.

Though it faces these and other limitations, the account we’ve presented
offers a unique contribution to the literature. Some research suggests that arousal
and intensity are distinct [19], and consistent with this work, our model straight-
forwardly disambiguates the two by positing intensity as distance from the origin
of neutrality—a third characterization of an emotional state. An account of emo-
tional intensity may have implications for other cognitive processes, such as event
segmentation in an anthropomorphic account of episodic memory in simulated
agents, as more intense emotional experiences are more likely to be encoded and
recalled [20].

In future work, we aim to measure how emotion impacts inference and learn-
ing. In addition, we’d like to explore temporal dimensions of emotion and emo-
tional state attribution, e.g., how one state tends to transition to another. Finally,
future work may explore emotions among simulated agents in social contexts.
For example, finely-grained inference of an agent’s own emotions is a prerequi-
site for empathy. Because our account leverages the arousal/valence distinction
to define a granular emotional state space, it may serve as a foundation for
simulating empathy in multi-agent scenarios.
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Abstract. An open problem in artificial intelligence is how systems can
flexibly learn discrete abstractions that are useful for solving inherently
continuous problems. Previous work in computational neuroscience has
considered this functional integration of discrete and continuous vari-
ables during decision-making under the formalism of active inference
[13,29]. However, their focus is on the expressive physical implementa-
tion of categorical decisions and the hierarchical mixed generative model
is assumed to be known. As a consequence, it is unclear how this frame-
work might be extended to the learning of appropriate coarse-grained
variables for a given task. In light of this, we present a novel hierarchical
hybrid active inference agent in which a high-level discrete active infer-
ence planner sits above a low-level continuous active inference controller.
We make use of recent work in recurrent switching linear dynamical sys-
tems (rSLDS) which learn meaningful discrete representations of com-
plex continuous dynamics via piecewise linear decomposition [22]. The
representations learnt by the rSLDS inform the structure of the hybrid
decision-making agent and allow us to (1) lift decision-making into the
discrete domain enabling us to exploit information-theoretic exploration
bonuses (2) specify temporally-abstracted sub-goals in a method remi-
niscent of the options framework [34] and (3) ‘cache’ the approximate
solutions to low-level problems in the discrete planner. We apply our
model to the sparse Continuous Mountain Car task, demonstrating fast
system identification via enhanced exploration and successful planning
through the delineation of abstract sub-goals.

Keywords: hybrid state-space models · decision-making · piecewise
affine systems

1 Introduction

In a world that is inherently high-dimensional and continuous, the brain’s capac-
ity to distil and reason about discrete concepts represents a highly desirable
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feature in the design of autonomous systems. Humans are able to flexibly spec-
ify abstract sub-goals during planning, thereby reducing complex problems into
manageable chunks [16,26]. Indeed, translating problems into discrete space
offers distinct advantages in decision-making systems. For one, discrete states
admit the direct implementation of classical techniques from decision theory such
as dynamic programming [21]. Furthermore, we also find the computationally
feasible application of information-theoretic measures (e.g. information-gain) in
discrete spaces. Such measures (generally) require approximations in continuous
settings but these have closed-form solutions in the discrete case [12]. While
the prevailing method for translating continuous variables into discrete repre-
sentations involves the simple grid-based discretisation of the state-space, this
becomes extremely costly as the dimensionality increases [7,24]. We therefore
seek to develop a framework which is able to smoothly handle the presence of
continuous variables whilst maintaining the benefits of decision-making in the
discrete domain.

1.1 Hybrid Active Inference

Here, we draw on recent work in active inference (AIF) which has foregrounded
the utility of decision-making in discrete state-spaces [8,12]. Additionally, dis-
crete AIF has been successfully combined with low-level continuous representa-
tions and used to model a range of complex behaviour including speech produc-
tion, oculomotion and tool use [13,14,29–31]. As detailed in [13], such mixed
generative models focus on the physical implementation of categorical decisions.
This treatment begins with the premise that the world can be described by a
set of discrete states evolving autonomously and driving the low-level continu-
ous states by indexing a set of attractors (c.f. subgoals) encoded through priors
which have been built into the model (see Fig. 1). While the emphasis of the
above work is on mapping categorical decision-making to the continuous phys-
ical world, here, we approach the question of learning the generative model.
Specifically, we seek the complete learning of appropriate discrete representa-
tions of the underlying dynamics and their manifestation in continuous space.
Importantly, unlike the previous work mentioned here, we focus on instances in
which the mapping between the discrete states and the continuous states is not
assumed to be known. In this case, however, the assumption that higher-level
discrete states autonomously drive lower-level continuous states (i.e. downward
causation) becomes problematic. Any failure of the continuous system to carry
out a discrete preference must be treated as an autonomous failure at the dis-
crete level. Although useful for planning, this decoupling of the discrete from the
continuous components makes it difficult to represent complex dynamics, which
in turn creates difficulties in learning.

1.2 Recurrent Switching Systems

Previous work has demonstrated that models involving autonomous switching
systems are often not sufficiently expressive to approximate realistic generative
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Fig. 1. Previous discrete-continuous active inference models have focused
on the physical implementation of categorical decisions in continuous space.
Here, outcomes from the high-level active inference planner select from a set of discrete
models of continuous dynamics, specified by a prior over their hidden causes. This
mixed generative model effectively generates discrete sequences of short continuous
trajectories defined in terms of their generalised coordinates of motion. The discrete
planner is formulated as a standard POMDP generative model (see Sect. 3.3) with
discrete states sτ and observations oτ . The first action aτ of the selected policy (see
Sect. 3.2) is then passed down to the continuous active inference controller via the
expected observation q(oτ+1|aτ ). This distribution weights a set of fixed point means
{ηm}M−1

m=0 which map the m discrete latent states into continuous state space. The
resulting weighted average, ητ =

∑
m ηm · q(oτ+1,m|a), serves as the mean of a prior

over hidden causes, p(ν) = N (ητ , π−1
τ ), which drives the dynamics of the low-level

continuous latent states x̃t = {xt, x
′
t, x

′′
t } and observations ỹt = {yt, x

′
t, x

′′
t } represented

in generalised coordinates. Inherently, there is a separation of timescales in this open-
loop control setup: the discrete controller sends an action down to the continuous
controller which is then executed in a ballistic manner over several timesteps. After
this low-level inner-loop completes, a process of Bayesian model selection is used to
infer the current discrete state description of the low-level system given the trajectory
of continuous observations ỹt. This is then given as an observation for the discrete
planner at the top. For a full treatment of this model, see [13].

processes [22]. They study this problem in the context of a class of hybrid state-
space model known as switching linear dynamical systems (SLDS). These mod-
els have been shown to discover meaningful behavioural modes and their causal
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Fig. 2. Recurrent switching linear dynamical systems (rSLDS) discover
meaningful discrete states and explain how their switching behaviour
depends on continuous latent states. This class of hybrid state space model
includes a recurrent dependency of the discrete latent state zt+1 on the continuous
latent state xt and control input ut. As in a standard SLDS, the continuous latent
dynamics are conditionally linear (dependent on the current discrete state zt) and gen-
erate observations yt. Note that this figure shows the recurrent-only formulation of the
rSLDS (see Sect. 3.1) in which the discrete latent zt have no dependency on zt−1 as is
present in its canonical form.

states via the piecewise linear decomposition of complex continuous dynamics
[11,15]. The authors of [22] remedy the problem associated with limited expres-
sivity by introducing recurrent switching linear dynamical systems (rSLDS) (see
Fig. 2). These models importantly include a dependency from the underlying
continuous variables in the high-level discrete transition probabilities. By pro-
viding an understanding of the continuous latent causes of switches between the
discrete states via this additional dependency, the authors demonstrate improved
generative capacity and predictive performance. We propose this richer represen-
tation can be useful for decision making and control. This recurrent transition
structure can be exploited such that continuous priors can be flexibly specified
for a low-level controller in order to drive the system into a desired region of
the state space. Using statistical methods to fit these models not only liberates
us from the need to explicitly specify a mapping between discrete and contin-
uous states a priori, but enables effective online discovery of useful non-grid
discretisations of the state-space.

1.3 Emergent Descriptions for Planning

Unfortunately, the inclusion of recurrent dependencies also destroys the neat
separation of discrete planning from continuous control, creating unique chal-
lenges in performing roll-outs. Our central insight is to re-instate the separation
by lifting the dynamical system into the discrete domain only during planning.
We do this by approximately integrating out the continuous variables, natu-
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rally leading to spatio-temporally abstracted actions and sub-goals. Our discrete
planner therefore operates purely at the level of a re-description of the discrete
latents, modelling nothing of the autonomous transition probabilities but rather
reflecting transitions that are possible given the discretisation of the continuous
state-space. In short, we describe a novel hybrid hierarchical active inference
agent [28] in which a discrete Markov decision process (MDP), informed by the
representations of an rSLDS, interfaces with a continuous active inference con-
troller implementing closed-loop control. We demonstrate the efficacy of this
algorithm by applying it to the classic control task of Continuous Mountain
Car [27]. We show that the exploratory bonuses afforded by the emergent dis-
crete piecewise description of the task-space facilitates fast system identification.
Moreover, the learnt representations enable the agent to successfully solve this
non-trivial planning problem by specifying a series of abstract subgoals.

2 Related Work

Such temporal abstractions are the focus of Hierarchical reinforcement learning
(HRL), where high-level controllers provide the means for reasoning beyond the
clock-rate of the low-level controllers primitive actions. [9,10,18,34]. The major-
ity of HRL methods, however, depend on domain expertise to construct tasks,
often through manually predefined subgoals as seen in [35]. Further, efforts to
learn hierarchies directly in a sparse environment have typically been unsuccess-
ful [36]. In contrast, our abstractions are a natural consequence of lifting the
problem into the discrete domain and can be learnt independently of reward.
In the context of control, hybrid models in the form of piecewise affine (PWA)
systems have been rigorously examined and are widely applied in real-world
scenarios [3,6,33]. Previous work has applied a variant on rSLDS (recurrent
autoregressive hidden Markov models) to the optimal control of general non-
linear systems [1,2]. The authors use these models to the approximate expert
controllers in a closed-loop behavioural cloning context. While their algorithm
focuses on value function approximation, in contrast, we learn online without
expert data and focus on flexible discrete planning.

3 Framework

The following sections detail the components of our Hierachical Hybrid Agent
(HHA). For additional information, please refer to Appendix A.

3.1 Generative Model: rSLDS(ro)

In the recurrent-only (ro) formulation of the rSLDS (see Fig. 2), the discrete
latent states zt ∈ {1, 2, ...,K} are generated as a function of the continuous
latents xt ∈ R

M and the control input ut ∈ R
N (specified by some controller)

via a softmax regression model,

P (zt+1|xt, ut) = softmax(Wxxt + Wuut + r) (1)
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whereby Wx ∈ R
K×M and Wu ∈ R

K×N are weight matrices and r is a bias of
size R

K . The continuous latent states xt evolve according to a linear dynamical
system indexed by the current discrete state zt.

xt+1|xt, ut, zt = Azt
xt + Bzt

ut + bzt
+ νt,

νt ∼ N (0, Qzt
)

(2)

yt|xt = Czt
xt + ωt, ωt ∼ N (0, Szt

) (3)

Azt
is the state transition matrix, which defines how the state xt evolves in the

absence of input. Bzt
is the control matrix which defines how external inputs

influence the state of the system while bzt
is an offset vector. At each time-

step t, we observe an observation yt ∈ R
M produced by a simple linear-Gaussian

emission model with an identity matrix Czt
. Both the dynamics of the continuous

latents and the observations are perturbed by zero-mean Gaussian noise with
covariance matrices of Qzt

and Szt
respectively.

Inference requires approximate methods given that the recurrent connec-
tions break conjugacy rendering the conditional likelihoods non-Gaussian. There-
fore, a Laplace Variational Expectation Maximisation (EM) algorithm is used
to approximate the posterior distribution over the latent variables by a mean-
field factorisation into separate distributions for the discrete states q(z) and
the continuous states q(x). The discrete state is updated via a coordinate ascent
variational inference (CAVI) approach by leveraging the forward-backward algo-
rithm. The continuous state distribution is updated using a Laplace approxima-
tion around the mode of the expected log joint probability. This involves finding
the most likely continuous latent states by maximizing the expected log joint
probability and computing the Hessian to approximate the posterior. Full details
of the Laplace Variational EM used for learning are given in [37].

The rSLDS is initialised according to the procedure outlined in [22]. In order
to learn the rSLDS parameters using Bayesian updates, conjugate matrix normal
inverse Wishart (MNIW) priors are placed on the parameters of the dynamical
system and recurrence weights. We learn the parameters online via observing
the behavioural trajectories of the agent and updating the parameters in batches
(every 1000 timesteps of the environment).

3.2 Active Inference

Equipped with a generative model, active inference specifies how an agent can
solve decision making tasks [28]. Policy selection is formulated as a search pro-
cedure in which a free energy functional of predicted states is evaluated for each
possible policy. Formally, we use an upper bound on the expected free energy
(G) given by:
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G1:T (π) ≤−EQ(o|π)[DKL [Q(s|o, π) ‖ Q(s|π)]]
︸ ︷︷ ︸

State Information Gain

−EQ(o|π)[DKL [Q(θ|o, π) ‖ Q(θ|π)]]
︸ ︷︷ ︸

Parameter Information Gain

−EQ(o|π)[ln p̃(o)]
︸ ︷︷ ︸

Utility

.

(4)

where s = {s1, ..., sT } and o = {o1, ..., oT } are the states and observations being
evaluated under a particular policy or sequence of actions, π = a1:T . The inte-
gration of rewards in the inference procedure is achieved by biasing the agent’s
generative model with an optimistic prior over observing desired outcomes p̃(o).
Action selection then involves converting this into a probability distribution over
the set of policies and sampling from this distribution accordingly.

3.3 Discrete Planner

In order to create approximate plans at the discrete level, we derive a high-level
planner based on a re-description of the discrete latent states found by the rSLDS
by approximately ‘integrating out’ the continuous variables and the continuous
prior. This process involves calculating the expected free energy (G) for a contin-
uous controller to drive the system from one mode to another. Importantly, the
structure of the lifted discrete state transition model has been constrained by
the polyhedral partition of the continuous state space extracted from the param-
eters of the rSLDS1: invalid transitions are assigned zero probability while valid
transitions are assigned a high probability. In order to generate the possible
transitions from the rSLDS, we calculate the set of active constraints for each
region from the softmax representation, p(z | x) = σ(Wx + b). Specifically, to
check that the region i is adjacent to region j, we verify the solution using a
linear program,

−bj = min(Wi − Wj)x (5)
s.t. (Wi − Wk)x ≤ (bi − bk) ∀k ∈ [K] (6)
s.t. x ∈ (xlb, xub) (7)

where (xlb, xub) are bounds chosen to reflect realistic values for the problem. This
ensures we only lift transitions to the discrete model if they are possible. After
integration, we are left with a discrete MDP which contains averaged informa-
tion about all of the underlying continuous quantities. This includes information
about the transitions that the structure of the task space allows, and their cor-
responding approximate control costs (see AppendixA.2). Note that after each
batch update of the rSLDS parameters, this discrete planner must be refitted
accordingly.

1 For a visualisation of this partitioning of the state space, see Fig. 4(a).
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Fig. 3. Our Hybrid Hierarchical Agent learns emergent coarse-grained
descriptions of the continuous state-space for planning and control. Like
previous work on mixed generative models in active inference shown in Fig. 1, we have
a discrete active inference planner sitting above a low-level continuous active inference
controller. The discrete planner is constructed as a standard POMDP generative model
(see Sec. 3.3) with discrete states sτ and observations oτ . However, our model departs
from [13] in the generation of coarse-grained variables which instead emerge from the
underlying rSLDS generative model. Here, the states S of the planner are essentially
a re-description of the discrete states Z found by the rSLDS. The transition model
probabilities are then constrained to reflect the adjacency structure of the polyhedral
partitions of the state-space found by the softmax regression component of rSLDS. The
chosen action aτ from the high-level planner selects from a discrete set of continuous
active inference controllers based on both the linear dynamics of the current discrete
state zτ and a control prior for the desired next discrete state. Using the rSLDS gener-
ative model, this prior is a flexibly specified continuous point in the state-space that is
in the discrete region the agent wishes to move into (see Eq. 10). Unlike the models in
[13], the action aτ is temporally abstracted with no pre-defined timescale at the lower
level. Instead, the discrete planner is only re-triggered when the system enters a new
discrete state (i.e. zt �= zt−1). At which point, the planner observes the new discrete
state zτ of the system and constructs a plan accordingly.
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The lifted discrete generative model has all the components of a standard
POMDP in the active inference framework:

P (o1:T , s1:T , A,B, π) = P (π)P (A)P (B)P (s0)
∏

t

P (st | st−1, B, π)P (ot | st, A)

(8)
along with prior over policies P (π) = Cat(E), and preference distribution
P̃ (ot) = Cat(C). Specifically our lifted P (π) reflects the approximate control
costs of each continuous transition and P̃ (ot) reflects the reward available in each
mode. We assume an identity mapping between states and observation mean-
ing the state information gain term in Eq. 4 collapses into a maximum entropy
regulariser, while we maintain Dirichlet priors over the transition parameters B,
facilitating directed exploration. Due to conjugate structure Bayesian updates
amount to a simple count-based update of the Dirichlet parameters [25]. At each
time step, the discrete planner selects a policy by sampling from the following
distribution (Fig. 3):

Q(π) = softmax(−G(π) + lnP (π)). (9)

The policy is then communicated to the continuous controller. Specifically, the
first action of the selected policy is a requested transition i → j and is translated
into a continuous control prior p̃(x) ∼ N(xj , Σj) via the following link function,

xj = argmax
x

P (z = j | x, u) (10)

whereby we numerically optimise for a point in space up to some proba-
bility threshold, T (for details on this optimisation, see AppendixA.6). These
priors represents an approximately central point in the desired discrete region
j requested by the action aj . Note that these priors only need to be calculated
once per refit of the rSLDS. The discrete planner infers its current state sτ from
observing zt. Importantly, the discrete planner is only triggered when the sys-
tem switches into a new mode2. In this sense, discrete actions are temporally
abstracted and decoupled from continuous clock-time in a method reminiscent
of the options framework [34].

3.4 Continuous Controller

Continuous closed-loop control is handled by a set of continuous active inference
controllers. For controlling the transition from mode i to mode j (xi to xj), the
objective of the controller is to minimise the following (discrete-time) expected
free energy functional3:

Gij(π) = Eq(·|x0=xi,π)[(xS−xj)T Qf (xS−xj)+
S

∑

t=0

uT
t (R−Πu

t )ut]+lndetΠ (11)

2 Or a maximum dwell-time (hyperparameter) is reached.
3 As shown in [20] linear state space models preclude state information gain terms

leaving the simplified form seen here.
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Fig. 4. HHA solves nonlinear problems via specifying abstract sub-goals in
state-space. (a) Piecewise linear dynamics of the Continuous Mountain Car state-
space found by rSLDS represented as a vector plot where magnitude of the arrows
indicates how fast the state is changing at that point. Reward location shown (black
triangle). While the rSLDS retrives 5 modes in total, here we plot only the modes seen in
the position-velocity (x) space without showing the control input (u) axis. (b) Example
trajectory (segments coloured by mode) showing the HHA consistently navigating to
the goal. (c) Continuous control input (coloured by discrete action specified by planner
and arrow size indicating magnitude and direction) over same example trajectory in
(b).

where S is the finite time horizon and the quadratic terms derive from Gaussian
preferences about the final state p̃j(xS) ∼ N(xj , Q

−1
f ) and time invariant con-

trol input prior p(ut) ∼ N(0, R−1) (AppendixA.4). Importantly we design the
control priors such that the controller only provides solutions within the envi-
ronments given constraints (for further discussion, see Sect. 5). The approximate
closed-loop solution to each of these sub-problems is computed offline each time
the rSLDS is refitted (see AppendixA.3) using the updated parameters of the
linear dynamical systems, allowing for fast discrete-only planning when online.

4 Results

To evaluate the performance of our (HHA) model, we applied it to the classic
control problem of Continuous Mountain Car. This problem is particularly rel-
evant for our purposes due to the sparse nature of the rewards, necessitating
effective exploration strategies to achieve good performance. We find that the
HHA finds piecewise affine approximations of the task-space and uses these dis-
crete modes effectively to solve the task. Figure 4 shows that while the rSLDS
has divided up the space according to position, velocity and control input, the
useful modes for solving the task are those found in the position space. Once the
goal and a good approximation to the system has been found, the HHA success-
fully and consistently navigates to the reward. This can be seen in the example
trajectories (in Fig. 4b) where the agent starts at the central position [0, 0] and
proceeds to rock back and forth within the valley until enough momentum is
gained for the car to reach the flag position at a position of 0.5. The episode
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Fig. 5. HHA with information-gain explored a wider range of the state-
space. State-space coverage in Continuous Mountain Car after 10,000 steps and best
of 3 runs for (a) HHA with information-gain drive, (b) HHA without information gain
drive and (c) randomly sampled continuous actions baseline. HHA with information-
gain drive also shows comparable performance to (d) a Deep Q-Network with Model-
Based Exploration (DQN-MBE) on the (comparably easier) Discrete Mountain Car
task [17]. Exact parameters for DQN-MBE are given in Table 3 in Appendix A.8.

terminates once the reward has been reached and the agent is re-spawned at the
origin before repeating the same successful solution.

Figure 5 shows that the HHA performs a comprehensive exploration of the
state-space and significant gains in the state-space coverage are observed when
using information-gain drive in policy selection compared to without. Indeed,
our model competes with the state-space coverage achieved by model-based algo-
rithms with exploratory enhancements in the discrete Mountain Car task, which
is inherently easier to solve.

We compare the performance of the HHA to model-free reinforcement learn-
ing baselines (Actor-Critic and Soft Actor-Critic) and find that the HHA both
finds the reward and capitalises on its experience significantly quicker than the
other models (see Fig. 6). Given both the sparse nature of the task and the poor
exploratory performance of random action in the continuous space, these RL
baselines struggle to find the goal within 20 episodes without the implementa-
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tion of reward-shaping techniques. With reference to the high sample complexity
of these algorithms, our model significantly outperforms other baselines in this
task.

Fig. 6. HHA both finds the reward and captilises on its experience signif-
icantly quicker than model-free RL baselines. Average reward (± std) over 6
runs for Continuous Mountain Car (20 episodes, max episode length of 200 steps) for
HHA (our model), Soft-Actor Critic (with 2 Q-functions), and Actor-Critic models.
Note that after 20 episodes, SAC and AC are yet to find the reward and converge on
a solution.

5 Discussion

The emergence of non-grid discretisations of the state-space allows us to perform
fast systems identification via enhanced exploration, and successful non-trivial
planning through the delineation of abstract sub-goals. Hence, the time spent
exploring each region is not based on euclidean volume which helps mitigate
the curse of dimensionality that other grid-based methods suffer from. Interest-
ingly, even without information-gain, the area covered by our hybrid hierarchical
agent is still notably better than that of the random continuous action control
(see Fig. 5c). This is because the agent is still operating at the level of the
non-grid discretisation of the state-space which acts to significantly reduce the
dimensionality of the search space in a behaviourally relevant way.

Such a piecewise affine approximation of the space will incur some loss of
optimality in the long run when pitted against black-box approximators. This is
due to the nature of caching only approximate closed-loop solutions to control
within each piecewise region, whilst the discrete planner implements open-loop
control. However, this approach eases the online computational burden for flexi-
ble re-planning. Hence, in the presence of noise or perturbations within a region,
the controller may adapt without any new computation. This is in contrast
to other nonlinear model-based algorithms like model-predictive control where
reacting to disturbances requires expensive trajectory optimisation at every step
[32]. By using the piecewise affine framework, we maintain functional simplicity
and interpretability through structured representation. We therefore suggest that
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this method is amenable to future alignment with a control-theoretic approach to
safety guarantees for ensuring robust system performance and reliability. Indeed,
such use of discrete approximations to continuous trajectories has been shown
to improve the ability to handle uncertainty. Evidence of the efficacy of this kind
of approach in machine learning applications has been exhibited in recent work
by [5], which examined the problem of compounding error in imitation learning
from expert demonstration. The authors demonstrated that applying a set of
primitive controllers to discrete approximations of the expert trajectory effec-
tively mitigated the accumulation of error by ensuring local stability within each
chunk.

We acknowledge there may be better solutions to dealing with control input
constraints than the one given in Sect. 3.4. Different approaches have been taken
to the problem of implementing constrained-LQR control, such as further piece-
wise approximation based on defining reachability regions for the controller [4].

6 Conclusion

In summary, the successful application of our hybrid hierarchical active infer-
ence agent in the Continuous Mountain Car problem showcases the potential of
recurrent switching linear dynamical systems (rSLDS) for enhancing decision-
making and control in complex environments. By leveraging rSLDS to discover
meaningful coarse-grained representations of continuous dynamics, our approach
facilitates efficient system identification and the formulation of abstract sub-goals
that drive effective planning. This method reveals a promising pathway for the
end-to-end learning of hierarchical mixed generative models for active inference,
providing a framework for tackling a broad range of decision-making tasks that
require the integration of discrete and continuous variables. The success of our
agent in this control task demonstrates the value of such hybrid models in achiev-
ing both computational efficiency and flexibility in dynamic, high-dimensional
settings.
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A Appendix

A.1 Framework

Optimal Control. To motivate our approximate hierarchical decomposition,
we adopt the optimal control framework, specifically we consider discrete time
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state space dynamics of the form:

xt+1 = f(xt, ut, ηt) (12)

with known initial condition x0, and noise ηt drawn from some time invariant
distribution ηt ∼ D, where we assume f to be p(xt+1 | xt, ut) and is a valid
probability density throughout. We use ct : X × U → R for the control cost
function at time t and let U be the set of admissible (non-anticipative, continu-
ous) feedback control laws, possibly restricted by affine constraints. The optimal
control law for the finite horizon problem is given as:

J(π) = Ex0,π[
T

∑

t=0

ct(xt, ut)] (13)

π∗ = arg min
π∈U

J(π) (14)

PWA Optimal Control. The fact we do not have access to the true dynamical
system f motivates the use of a piecewise affine (PWA) approximation. Also
known as hybrid systems:

xt+1 = Aixt + Biut + εt (15)
when (xt, ut) ∈ Hi (16)

where H = {Hi : i ∈ [K]} is a polyhedral partition of the space X × U . In
the case of a quadratic cost function, it can be shown the optimal control law
for such a system is peicewise linear. Further there exist many completeness
(universal approximation) type theorems for peicewise linear approximations
implying if the original system is controllable, there will exist a peicewise affine
approximation through which the system is still controllable [3,6].

Relationship to rSLDS. We perform a canonical decomposition of the control
objective J in terms of the components or modes of the system. By slight abuse
of notation [xt = i] := [(xt, ut) ∈ Hi] represent the Iverson bracket.

J(π) =
∑

t

∫

pπ(xt | xt−1, ut)ct(xt, ut)dxtdxt−1 (17)

=
∑

t

∫
∑

i∈[K]

[xt−1 = i]pπ(xt | xt−1, ut)ct(xt, ut)dxtdxt−1 (18)

Now let zt be the random variable on [K] induced by Zt = i if [xt = i] we can
rewrite the above more concisely as,

J(π) =
∑

t

∫
∑

i∈[K]

pπ(xt, zt−1 = i | xt−1, ut)ct(xt, ut)dxtdxt−1 (19)

=
∑

i∈[K]

∑

t

∫

pπ(xt, zt−1 = i | xt−1, ut)ct(xt, ut)dxtdxt−1 (20)

=
∑

i∈[K]

∑

t

Eπi
[ct(xt, ut)] (21)
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which is just the expectation under a recurrent dynamical system with deter-
ministic switches. Later (see Appendix A.5), we exploit the non-deterministic
switches of rSLDS in order to drive exploration. Equation 21 demonstrates the
global problem can be partitioned solving problems within each region (inner
expectation), and a global discrete problem which decides which sequence of
regions to visit. In the next section, we introduce a new set of variables which
allows us to approximately decouple the problems.

A.2 Hierarchical Decomposition

Our aim was to decouple the discrete planning problem from the fast low-level
controller. In order to break down the control objective in this manner, we first
create a new discrete variable which simply tracks the transitions of z, this allows
the discrete planner to function in a temporally abstracted manner.

Decoupling from Clock Time. Let the random variable (ζs)s>0 record the
transitions of (zt)t>0 i.e. let

τs(τs−1) = min{t : zt+1 �= zt, t > τs−1}, τ0 = 0 (22)

be the sequence of first exit times, then ζ is given by ζs = zτs . With these
variables in hand, we frame a small section of the global problem as a first exit
problem.

Low Level Problems. Consider the first exit problem for exiting region i and
entering j defined by:

πij(x0) = arg min
π,S

Jij(π, x0, S) (23)

Jij(π, x0, S) = Eπ,x0 [
S

∑

t=0

c(xt, ut)] (24)

s.t. (xt, ut) ∈ Hi (25)
s.t. c(x, u) = 0 when (x, u) ∈ ∂Hij (26)

where ∂Hij is the boundary Hi

⋂

Hj . Due, to convexity of the polyhedral parti-
tion, the full objective admits the decomposition in terms of these subproblems,

J(π) =
∑

s

Jζ(s+1),ζ(s)(π, xts , ts+1 − ts) (27)

Ideally, we would like to simply solve all possible subproblems {J∗
ij(x) : i, j ∈

[K] × [K]} and then find a sequence of discrete states, ζ(1), ..., ζ(S), which min-
imises the sum of the sub-costs, however notice each sub-cost depends on the
starting state, and further this is determined by the final state of the previous
problem. A pure separation into discrete and continuous problems is not possible
without a simplifying assumption.

Slow and Fast Mode Assumption. The goal is to tackle the decomposed
objectives individually, however the hidden constraint that the trajectories line
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up presents a computational challenge. Here we make the assumption that the
difference in cost induced by different starting positions within a region is much
less than expected difference in cost of starting in a different region. This assump-
tion justifies using an average cost for the low-level problems to create the high-
level problem.

High Level Problem. We let J∗
ij = minπ

∫

x0
Jij(π, x0)p(x0) be the average cost

of each low-level problem. We form a Markov decision process by introducing
abstract actions a ∈ [K]:

pik(a) = P(ζs+1 = k | ζs = i, a = j, π∗
ij) (28)

and let pπd
be the associated distribution over trajectories induced by some

discrete state feedback policy, along with the discrete state action cost cd(a =
j, ζ = i) = J∗

ij we may write the high level problem:

π∗
d = min

πd

Jd(π, ζ0) (29)

Jd(π, ζ0) = Epπd,ζ0 [
S

∑

s=0

cd(as, ζs)] (30)

Our overall approximate control law is then given by choosing the action of the
continuous controller πij(x) suggested by the discrete policy πd(i(x)), or more
concisely, π(x) = πi(x),π∗

d◦i(x)(x), where i is calculates the discrete label (MAP
estimate) for the continuous state x. In the next sections we describe the methods
used to solve the high and low level problems.

A.3 Offline Low Level Problems: Linear Quadratic Regulator
(LQR)

Rather than solve the first-exit problem directly, we formulate an approxi-
mate problem by finding trajectories that end at specific ‘control priors’ (see
AppendixA.6). Recall the low level problem given by:

πij(x0) = arg min
π,S

Jij(π, x0, S) (31)

Jij(π, x0, S) = Eπ,x0 [
S

∑

t=0

c(xt, ut)] (32)

s.t. (xt, ut) ∈ Hi (33)
s.t. c(x, u) = 0 when (x, u) ∈ ∂Hij (34)

In order to approximate this problem with one solvable by a finite horizon LQR
controller, we adopt a fixed goal state, x∗ ∈ Hj . Imposing costs ct(xt, ut) =
uT

t Rut and cS(xS , uS) = (x − x∗)Qf (x − x∗). Formally we solve,

πij(x0) = arg min
π,S

Jij(π, x0, S) (35)

Jij(π, x0, S) = Eπ,x0 [(xS − x∗)T Qf (xS − x∗) +
S−1
∑

t=0

uT
t Rut] (36)
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by integrating the discrete Ricatti equation backwards. Numerically, we found
optimising over different time horizons made little difference to the solution, so
we opted to instead specify a fixed horizon (hyperparameter). These solutions
are recomputed offline every time the linear system matrices change.

Designing the Cost Matrices. Instead of imposing the state constraints
explicitly, we record a high cost which informs the discrete controller to avoid
them. In order to approximate the constrained input we choose a suitably large
control cost R = rI. We adopted this approach for the sake of simplicity, poten-
tially accepting a good deal of sub-optimality. However, we believe more involved
methods for solving input constrained LQR could be used in future, e.g. [3], espe-
cially because we compute these solutions offline.

A.4 Active Inference Interpretation

Expected Free Energy. Here we express the fully-observed continuous (dis-
crete time) active inference controller, without mean-field assumptions, and show
it reduces to a continuous quadratic regulator. Suppose we have a linear state
space model:

xt+1 = Axt + But + εt (37)

and a prior preference over trajectories p̃(x1:T ) ∼ N(xT ;xf , Q−1
f ), active infer-

ence specifies the agent minimises

G(π) = Eq(x1:T ,u1:T ;π)[− ln p̃(x1:T , u1:T ) + ln q(x1:T , u1:T ;π)] (38)

Note, since all states are fully observed we have no ambiguity term. Where
p̃(x1:T , u1:T ) ∝ p̃(x1:T )p(x1:T | u1:T )p(u1:T ), the central term is the dynamics
model and the prior over controls is also gaussian, p(u1:T ) =

∏

t N(ut; 0, R−1).
Finally, we adopt q(x1:T , u1:T ;π) = p(x1:T | u1:T )

∏

t πt(ut | xt), where we
parametrise the variational distributions as πt ∼ N(ut;Ktx,Σq

t ) (where Kt, Σ
)
t

are parameters to be optimised). The expected free energy thus simplifies to:

G(π) = Eq(x1:T ,u1:T ;π)[(xT −xF )T Qf (xT −xF )−
∑

t

uT
t (R+Πu

t )u]+lndetΠ (39)

Dynamic Programming (HJB). We proceed by dynamic programming, let
the ‘value’ function be

V (xk) = min
π

Eq(xk+1:T ,uk:T |xk,π)[(xT −xf )T Qf (xT −xf )+

T∑

t=k

uT
t (R+Πu

t )ut]+lndetΠ

(40)
As usual the value function satisfies a recursive property:

V (xk) = min
π

Eq(xk+1,uk|xk,π)[uT
k (R + Πu

k )uk + V (xk+1)] + lndetΠ (41)
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We introduce the ansatz V (xk) = xT
k Skxk leading to,

xT
k Skxk = min

π
Eq(xk+1,uk|xk,π)[uT

k (R + Πu
k )uk + xT

k+1Sk+1xk+1] + lndetΠ (42)

Finally we take expectations, which are available in closed form, and solve for
Σk and Kk:

xT
k Skxk = min

Kk,Πk

xT
k KT

k RKkxk + tr(Σu
k (R + Πu

t )) (43)

+ xT
k (A + BKk)T Sk+1(A + BKk)xk + tr(Σx

kSk+1) + lndetΠ
(44)

Solving for Σk and substituting,

Σq
k = (R + Πu

k )−1 (45)

=⇒ Sk = min
Kk

KT
k RKk + (A + BKk)T Sk+1(A + BKk) (46)

Kk = −(R + BT SK+1B)−1BT SK+1A (47)

where Sk follows the discrete algebraic Riccati equation (DARE).
Thus we recover πt(u | x) ∼ N(Ktx,Σk) where Kt is the traditional LQR

gain, and Σt solves Σk = (R + Πk)−1. Here we use the deterministic maximum-
a-posterori ‘MAP’ controller Ktx. However the collection of posterior variance
estimates adds a different total cost depending on the variance inherent in the
dynamics which can be lifted to the discrete controller.

As Belief Propagation. A different perspective is as message passing: we
wish to calculate the marginals p(xk) and p(xk, uk) tilted by the preference
distribution p̃(xk) and control prior p(u) for this we can integrate backwards
using the recursive formula

b(xk) =
∫

b(xk, uk)dxk (48)

b(xk, uk) =
∫

p̃(xk)p(xk+1 | xk, uk)p(uk)b(xk+1)dxk+1 (49)

from which we can extract the control law p(uk | xk) = b(xk, uk)/b(xk). To
proceed we use the variational method to marginalise:

− ln b(xk) = min
q

Eq[− ln p̃(xk, uk)p(xk+1 | xk, uk)b(xk+1) + ln q(xk+1, uk | xk)]

(50)
making the same assumption as above about variational distributions, and intro-
ducing the ansatz b(xk) ∼ N(xk; 0, Sk) leads to the same equation as 42 up to
irrelevant constants.
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A.5 Online High Level Problem

The high level problem is a discrete MDP with a ‘known’ model, so the usual
RL techniques (approximate dynamic programming, policy iteration) apply.
Here, however we choose to use a model-based algorithm with a receding hori-
zon inspired by Active Inference, allowing us to easily incorporate exploration
bonuses.

Let the Bayesian MDP be given by MB = (S,A, Pa, R, Pθ) be the MDP,
where pa(st+1 | st, at, θ) ∼ Cat(θas) and p(θas) ∼ Dir(α). We estimate the
open-loop reward plus optimistic information-theoretic exploration bonuses.

Active Inference Conversion. We adopt the Active Inference framework
for dealing with exploration. Accordingly we adopt the notation ln p̃(st, at) =
R(st, at) and refer to this ‘distribution’ as the goal prior [23], and optimise over
open loop policies π = (a0, ..., aT ).

G(a1:T , s0) = E[
T

∑

t=0

R(st, at) + IGp + IGs | s0, a1:T ] (51)

where parameter information-gain is given by IGp = DKL[pt+1(θ) || pt(θ)], with
pt(θ) = p(θ | s0:t). In other words, we add a bonus when we expect the posterior
to diverge from the prior, which is exactly the transitions we have observed least
[19].

We also have a state information-gain term, IGs = DKL[pt+1(st+1) ||
pt(st+1)]. In this case (fully observed), pt+1(st+1) = δs is a one-hot vector.
Leaving the term Et[− ln pt(st+1)] leading to a maximum entropy term [19].

We calculate the above with Monte Carlo sampling which is possible due
to the relatively small number of modes. Local approximations such as Monte
Carlo Tree Search could easily be integrated in order to scale up to more realistic
problems. Alternatively, for relatively stationary environments we could instead
adopt approximate dynamic programming methods for more habitual actions.

A.6 Generating Continuous Control Priors

In order to generate control priors for the LQR controller which correspond to
each of the discrete states we must find a continuous state xi which maximises
the probability of being in a desired z:

xi = arg max
x

P (z = i|x, u) (52)

For this we perform a numerical optimisation in order to maximise this proba-
bility. Consider that this probability distribution P (z = i|x) is a softmax function
for the i-th class is defined as:

σ(vi) =
exp(vi)

∑

j exp(vj)
, vi = wi · x + ri (53)
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where wi is the i-th row of the weight matrix, x is the input and ri is the
i-th bias term. The update function used in the gradient descent optimisation
can be described as follows:

x ← x + η∇xσ(vi) (54)

where η is the learning rate and the gradient of the softmax function with
respect to the input vector x is given by:

∇xσ(vi) =
∂σ(vi)

∂v
· ∂v

∂x
= σ(vi)(ei − σ(v)) · W (55)

in which σ(v) is the vector of softmax probabilities, and ei is the standard
basis vector with 1 in the i-th position and 0 elsewhere. The gradient descent
process continues until the probability P (z = i|x) exceeds a specified threshold
θ which we set to be 0.7. This threshold enforces a stopping criterion which is
required for the cases in which the region z is unbounded.

A.7 Model-Free RL Baselines

(See Tables 1 and 2).

Table 1. Summary of the Soft Actor-Critic algorithm with multiple Q-functions.

Component Input

Q-network 3 × 256 × 256 × 256 × 2

Policy network 2 × 256 × 256 × 256 × 2

Entropy regularization coeff 0.2

Learning rates (Qnet + Polnet) 3e−4

Batchsize 60

Table 2. Summary of the Actor-Critic algorithm

Component Input

Feature Processing StandardScaler, RBF Kernels (4 × 100)

Value-network 4001 parameters (1 dense layer)

Policy network 802 parameters (2 dense layers)

Gamma 0.95

Lambda 1e-5

Learning rates (Policy + Value) 0.01
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A.8 Model-Based RL Baseline

Table 3. Summary of DQN-MBE algorithm [17]

Component Input

Q-network 1 hidden-layer, 48 units, ReLU

Dynamics Predictor Network (Fully Connected) 2 hidden-layers (each 24 Units), ReLU

ε minimum 0.01

ε decay 0.9995

Reward discount 0.99

Learning rates (Qnet/Dynamics-net) 0.05/0.02

Target Q-network update interval 8

Initial exploration only steps 10000

Minibatch size (Q-network) 16

Minibatch size (dynamics predictor network) 64

Number of recent states to fit probability model 50
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Abstract. Biological organisms constantly face the necessity to act
timely in dynamic environments and balance choice accuracy against the
risk of missing valid opportunities. As formalized by embodied decision
models, this might require brain architectures wherein decision-making
and motor control interact reciprocally, in stark contrast to traditional
models that view them as serial processes. Previous studies have assessed
that embodied decision dynamics emerge naturally under active inference
– a computational paradigm that considers action and perception as sub-
ject to the same imperative of free energy minimization. In particular,
agents can infer their targets by using their own movements (and not only
external sensations) as evidence, i.e., via self-evidencing . Such models
have shown that under appropriate conditions, action-generated feedback
can stabilize and improve decision processes. However, how adaptation
of internal models to environmental contingencies influences embodied
decisions is yet to be addressed. To shed light on this challenge, in this
study we systematically investigate the learning dynamics of an embod-
ied model of decision-making during a two-alternative forced choice task,
using a hybrid (discrete and continuous) active inference framework. Our
results show that active inference agents can adapt to embodied contexts
by learning various statistical regularities of the task – namely, prior pref-
erences for the correct target, cue validity, and response strategies that
prioritize faster or slower (but more accurate) decisions. Crucially, these
results illustrate the efficacy of learning discrete preferences and strate-
gies using sensorimotor feedback from continuous dynamics.

Keywords: active inference · hybrid models · embodied decisions ·
motor inference · motor learning

1 Introduction

The study of value-based decision-making in psychology and neuroscience has
often focused on static settings, in which participants are asked to choose
between a fixed number of choice alternatives (usually two) on the basis of
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known attributes, such as probabilities, utility, temporal delay, or their combi-
nations. These situations are generally characterized in terms of a family of serial
(decide-then-act) models, in which a decision is firstly made upon the accumu-
lation of sensory evidence to a threshold and then reported by acting, e.g., by
pressing a response button. Serial models such as the drift-diffusion model, the
leaky, competing accumulator model, or the race model have been highly suc-
cessful in explaining a wide variety of human behavioral and neural data, during
value-based and perceptual decisions [36,41].

Living organisms, however, often face embodied decisions that differ signifi-
cantly from the value-based decisions widely studied in the laboratory [7,20,44].
Consider a lion chasing gazelles in the savanna or a driver surpassing other drivers
while avoiding collisions. The embodied character of the decisions is mostly evi-
dent from the fact that agents make choices not just about potential outcomes
but also about potential action plans to achieve them – or between compet-
ing affordances for movement, i.e., an affordance competition process [5,8,27].
Environments can also change rapidly and require updating of action plans on
the fly. Thus, agents must implement these plans promptly to avoid losing val-
ued opportunities. Differently from static decisions studied in the laboratory,
embodied decisions can regard an open-ended number of choice alternatives and
features that are not necessarily defined (or known) a priori and that might be
continuous and change over time.

Various empirical studies addressed embodied decisions, both in minimally
embodied setups in which classical decision tasks are augmented to require simple
action dynamics, and in more sophisticated setups that mimic more closely the
competition between movement affordances faced by animals in their lives [4,14,
38,42]. These studies reveal that the serial (decide-then-act) view is insufficient
to fully account for embodied decisions, for two main reasons. First, action and
decision dynamics can unfold in parallel, in such a way that movement dynamics
provide a rich readout of the ongoing decision [13,39]. Second, and perhaps more
importantly, action dynamics can influence choice, e.g., in terms of motor costs
associated with the alternatives [2,10,22,24].

Some of these findings are well accounted for by a novel class of embodied
decision models that go beyond serial assumptions. For example, the affordance
competition model assumes that the brain can specify, evaluate, prepare and
sometimes even execute potential action plans in parallel [5,8,27]; in turn, this
might require distributing the burden of decision-making across several circuits
and networks, therefore implementing choice as a distributed consensus rather
than as a centralized process [6]. Other embodied decision models also incorpo-
rate feedback from action to decision-making, simultaneously optimizing deci-
sion and action processes [4,23]. A recent computational study [35] showed that
embodied decision dynamics emerge naturally under active inference, a compu-
tational paradigm that considers action and perception as subject to the same
imperative of free energy minimization [26]. Key to this model is the recipro-
cal loop between motor planning – during which beliefs about the target to be
reached contribute to selecting an appropriate motor plan – and motor infer-
ence – during which target-directed plans and movements are used as evidence
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to update beliefs about the target to be reached, in parallel to sensory evi-
dence. Under appropriate conditions, this continuous interaction can stabilize
and improve decisions.

However, that study was based on a fixed generative model of the task and
left unaddressed the way agents can learn and update their models. Humans
and other animals show robust learning of the statistical regularities of cognitive
tasks, adapting their strategies and response dynamics over time. For example,
during the Flanker [21] and Posner tasks [29], it is possible to learn the probabil-
ity of the correct response or the probability that some cues predict the correct
response (called cue validity) within a certain experimental block. In these tasks
and many others, participants learn expectations about targets, cues or other
elements, which influence their responses and movements in subsequent trials
[19,43].

For these reasons, in this study we systematically investigate the learning
dynamics of an embodied model of decision-making during a two-alternative
forced choice task, by relying on a hybrid (discrete and continuous) active infer-
ence framework [35]. Our results show that the active inference agent can not
only learn various statistical regularities of the task – namely, prior preferences
for the correct target or cue validity – but also those characteristics peculiar to
embodied models of cognition, i.e., the response strategies that prioritize faster
or slower (but more accurate) decisions.

2 Methods

2.1 The Two-Alternative Forced Choice (2AFC) Decision Task

To study learning in embodied decisions, we designed a two-alternative forced
choice (2AFC) decision task with time-varying information, i.e., wherein evi-
dence for one choice or the other, expressed in terms of sequentially provided
cues, changes throughout each trial (Fig. 1a). The agent’s body is a 3-DoF arm
starting from a position at an equal distance from the two target buttons (red
and green circles), and has to reach the target that will contain more cues (the
smaller grey dots) in it. During the task, one cue after the other appears either in
the left or the right circle (15 in total). The agent can move at any moment, until
a certain deadline. By varying systematically the probability distributions from
which the cues are sampled, we create two types of conditions: easy conditions in
which cues appear in the correct target with an initial probability of 80%, which
then gradually increases to 100% after 8 cues (congruent trials); and difficult
conditions in which cues appear in the correct target with an initial probabil-
ity of 20% which then increases to 100% (incongruent trials). Hence, during
incongruent trials the cues will initially appear in the wrong target. The correct
target (i.e., the circle that will contain the most cues) is sampled randomly at
each trial.

The 2AFC task used here addresses the most important features of classical
decision tasks (e.g., it needs making a choice based on sensory evidence, which
can have different sequential statistics) but in a minimally embodied setting,
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as it requires a reaching movement to respond. The 2AFC task is similar to
the Tokens task designed in [9], except for the fact that only a single cue at
a time is visible by the agent, and that action starts from a point below the
targets, not in between. Furthermore, the 2AFC task presents some analogies
with the classical Eriksen flanker task used to analyze attention mechanisms and
assess the ability to suppress inappropriate responses [12]. In the flanker task,
participants observe a visual target along with congruent or incongruent cues.
The change in the probability distributions from which the cues are sampled in
our task is conceptually similar to the progressive shift of attention toward the
correct target typically observed in the flanker task.

Fig. 1. Embodied decision setup and active inference model. (a) Experimental setup,
during three consecutive discrete time steps τ . The agent controls a 3-DoF arm, which
starts at a home position (blue dot) at an equal distance from the two targets (red and
green circles). The current cue is displayed with a big purple dot, while the old cues are
shown with smaller grey dots. For each trial, the agent has to reach the target it believes
will contain more cues. (b) Factor graph of a hybrid active inference model for embodied
decisions. Variables and factors are indicated by circles and squares, respectively. We
highlighted three pathways related to the learning of the correct target (green arrow),
cue validity (red arrow), and response strategy (blue arrow). (Color figure online)

2.2 Hybrid Active Inference Model for Embodied Decisions

To address the 2AFC task, we implemented a hybrid active inference model –
shown in Fig. 1b – composed of two parts: a discrete model that accumulates
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evidence over the cues and infers the correct target, and a continuous model that
deals with the actual motor execution to reach it (see also [35]).

The discrete hidden states s, encoding the probability that each target is the
correct choice for the current trial, are sampled from a categorical distribution,
i.e., s = Cat(D) =

[
st1 st2

]
, where D are the parameters of a Dirichlet distri-

bution and define the agent’s prior beliefs. These are iteratively inferred from
discrete cues oc by inverting the cue likelihood matrix Ac. This matrix takes
into account some uncertainty αc over the cues with a similar role to the drift
rate in drift-diffusion models:

Ac =
[
1 − αc αc

αc 1 − αc

]
(1)

To compute a motor plan, the hidden states s also generate a particular combi-
nation of hand dynamics oh through the likelihood matrix Ah. Specifically, oh

encodes the probability of reaching the left target, reaching the right target, or
staying, i.e., oh = [oh,t1, oh,t2, oh,s]. A parameter αh controls the weight of the
last dynamics:

Ah =

⎡

⎣
1 − αh 0

0 1 − αh

αh αh

⎤

⎦ (2)

Note that the lower αh, the less certain the agent has to be about the cor-
rect target to start moving. At each discrete step τ , a particular cue oc and a
particular hand dynamics oh are observed and compared with the correspond-
ing predictions. Then, the inference of the discrete hidden states s follows the
equation:

sτ = σw(kd ln sτ−1 + lnAT
c oc,τ + kh ln AT

h oh,τ ) (3)

where kd and kh are scale parameters, and σ is a weighted softmax function,
whose precision ensures fast transitions between discrete states, promoting less
uncertain decisions. In all simulations, we set kd = 1.0. In Eq. 3, we note a
prior coming from the previous step (equal to D at the beginning of the trial),
a sensory likelihood for evidence accumulation, and a likelihood linked to the
hand dynamics. The latter behaves as a sensory signal for the discrete model
(similar to oc) and causes the agent to infer the correct target through its own
movements. This self-evidencing mechanism of motor inference stabilizes the
decision taken [1], a behavior observed in many biological scenarios [23]. See [35]
for more details.

The discrete set of hand dynamics oh is inferred via Bayesian model compar-
ison, i.e., by comparing a prior surprise encoding the dynamics generated by the
discrete model based on its guess, and a log evidence encoding the most likely
hand dynamics corresponding to the current motor trajectory:

oh,τ = σw(ln Ahsτ +
∫ T

0

Lhdt) (4)

For each discrete step τ , the log evidence is accumulated over a continuous
period T . The derivation of Eq. 4 from the free energy associated with each
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discrete observation can be found in [18,25]. Generating predictions about hand
dynamics (as opposed to positions as in conventional hybrid models) allows the
agent to interact with dynamic elements of the environment. As before, σw is
a weighted softmax whose precision controls how fast the transition between
different dynamics occurs – e.g., high and low precisions are respectively related
to abrupt and gradual movement onsets. Each hand dynamics oh,m is linked to
a continuous dynamics function, or potential motor plan fm in extrinsic (e.g.,
Cartesian) coordinates:

f(μh) =

⎡

⎣
ft1

ft1

fs

⎤

⎦ =

⎡

⎣
λ(pt1 − μh)
λ(pt2 − μh)

0

⎤

⎦ (5)

where μh is the belief over the hand position xh, λ is an attractor gain, while pt1

and pt2 are the positions of the two targets – assumed to be known and fixed.
The log evidence Lh,m scores how much the mth potential dynamics is close to
the belief μ′

h over the real dynamics perceived by the agent:

Lh,m =
1
2
(μ′T

h,mpx,hμ′
h,m − fm(μh)T πx,hfm(μh) (6)

− μ′T
h px,hμ′

h + η′T
x,hπx,hη′

x,h) (7)

where fm(μh) is the mth dynamics function with precision πx,h, the posterior μ′
h

encodes the estimated velocity with precision px,h, and μ′
h,m is the posterior of

the mth dynamics. See [16,17] for more details about Bayesian model reduction,
and [31,34] regarding hybrid models in dynamic contexts.

The motor plan to be realized is instead computed via Bayesian model aver-
age, i.e., by weighting each dynamics function with the respective discrete prob-
ability, i.e.,

η′
x,h = oh · f(μh) (8)

Hence, η′
x,h represents an average trajectory that accounts for the probability

of each potential dynamics based on some discrete goal. This desired velocity
enters the update of the continuous hidden states as a dynamics prediction error
εx,h = μ′

h − η′
x,h. The continuous hidden states encode the hand position and

velocity in extrinsic coordinates, and are updated – using the generalized beliefs
˙̃μh = [μh,μ′

h] – through the following rule:

˙̃μh =

⎡

⎣
μ′

h − πη,hεη,h + ∂μh
gT

v πvεv + ∂μh
fT πx,hεx,h

∂μ′
h
g′T

v π′
vε′

v − πx,hεx,h

⎤

⎦ (9)

Here, we note two likelihood terms coming from visual observations yv and y′
v

for both orders which invert the respective generative models and keep the belief
close to the actual hand trajectory; the dynamics prediction error εx,h, affecting
both orders either as a forward or backward message; and a prior prediction
error εη,h that biases the belief over the hand position. The latter comes from
another continuous model encoding proprioceptive trajectories (e.g., expressed
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in joint angles) and performing forward kinematics. As a result, the backward
message automatically performs inverse kinematics, eventually driving action.
See [30,32] for more details about kinematic inference.

3 Results

Here, we describe three simulations addressing different aspects of the learning
dynamics of our embodied active inference agent during the 2AFC task. The
three learning processes are illustrated in Fig. 1b; these comprise learning the
priors over the correct target (green arrow), cue validity (red arrow), and a
response strategy (blue arrow). In the following, we separately analyze each of
them, keeping the rest of the model parameters fixed.

3.1 Simulation 1: Learning Priors over the Correct Target

Many cognitive tasks involve learning statistical regularities; in the 2AFC task,
the most common is perhaps the probability (across trials) of the correct target.
Here, we simulate this learning by relying on the Dirichlet priors (or simply,
counts) d over the discrete hidden states s, i.e., p(D) = Dir(d) [11,15,37,40].
In active inference, learning implies that after every trial, the counts associated
with each target are updated as follows:

dn = ωdn−1 + ηs (10)

where n is the trial number, ω is a forgetting factor of older trials (usually
initialized with a value reflecting high confidence over the prior belief), and η is
the learning rate of new trials. Then, the counts are normalized to compute the
priors D of the correct target for the successive trial. To assess the agent’s ability
to learn the target distribution, we simulate 50 incongruent trials, with two
phases. In the initial learning phase (first 10 trials), cues appear in the left target
with a starting probability of 20%, which then gradually increases to 100%. In the
second reversal learning phase (subsequent 40 trials), the condition is reversed
so that the correct target is the green circle. The counts d are initialized to 0.5,
while the forgetting and learning rates are set to ω = 0.99, η = 0.2.

The results of this simulation are shown in Fig. 2b: during the early trials
of the first phase (dark blue trajectories in Fig. 2a), the agent moves toward
the wrong direction and then changes mind. However, in later trials (dark red
trajectories) it begins to move early toward the correct target, ignoring the accu-
mulation of wrong cues. In parallel, movement onset decreases (Fig. 2b). This
result shows how a strong prior can overcome conflicting evidence. In the second
phase, after the reversal at trial 10, the discrete prior for the left target slowly
decreases, as the Dirichlet counts for the right target increase. In early trials,
movement curvature increases and movement onset is slower, as the agent is
uncertain about the distribution of the cues. In late trials, movement curvature
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Fig. 2. Results of Simulation 1. Statistical learning of the prior for the correct choice
over 50 incongruent trials, composed of two phases in which the correct choice are
the left and right targets, respectively. (a) Hand trajectories in equally spaced trials,
during the first learning phase (top) and the second, reversal learning phase (bottom).
Dark blue trajectories represent early trials, while dark red trajectories are late trials.
Here, kh = 0, αc = 0.4, and αh = 0.4. (b) The five panels show Dirichlet counts d;
discrete priors D; time step of movement onset across trials; discrete hidden state s1
(which is associated with the left target) for learning; and reversal learning, in 5 equally
spaced trials over discrete time τ on a blue-to-red color scale. The vertical dashed lines
indicate the time step when reversal occurs. (c) Every parameter is the same as the
previous simulation, but in this case kh = 0.05. (Color figure online)

decreases and movement onset fastens, as the agent learns the novel contin-
gencies. This result shows that an embodied model can flexibly adapt to novel
contingencies, solving reversal learning tasks.

Finally, Fig. 2c shows statistical learning of the target priors in conditions
identical to the previous simulations, but in this case the agent also exploits
its motor responses to infer the correct choice, i.e., with kh = 0.05 – result-
ing in a completely different behavior. As analyzed in [35], inferring the choice
through one’s own trajectories reinforces the decision taken and stabilizes the
action, resulting in fewer changes of mind and more confident behavior. This
generally optimizes the speed-accuracy tradeoff and decreases the risk of losing
valid opportunities in a dynamic environment. However, as we show in Fig. 2c,
the early presentation of incongruent cues during motor inference can lead to
the formation of wrong habits. In fact, the cues initially appearing in the green
circle reinforce the related decision, from which a habit of reaching the wrong
target gradually emerges over several trials. This result might provide a hint
regarding the emergence of pathological conditions in goal-directed behavior.



80 M. Priorelli et al.

3.2 Simulation 2: Learning Cue Validity

In active inference, not only can statistical regularities over the hidden states be
learned, but also the mapping from hidden states to sensory outcomes, i.e., the
likelihood matrix A. This form of learning is crucial in dynamic environments,
where sensory uncertainty might change depending on the context. For example,
during the Posner task [29], it is common to vary the validity of the cues (e.g.,
the probability that a cue predicts the correct response) across blocks. In more
mundane situations, the repeated observation of high noise on a sensory modality
(e.g., turning off the lights in a room) implies that the agent has to decrease its
confidence about that modality and rely more on other clues (e.g. tactile or
auditory sensations), and this should appear as increased uncertainty in the
related likelihood matrices. This increase (or decrease) of confidence generally
occurs when the agent’s predictions are repeatedly met (or violated).

The adaptation of the likelihood matrix A breaks down to keeping count of
coincidences between states and outcomes. More formally, if we express A by
the following Dirichlet distribution:

p(A) = Dir(a) a = p(oτ |sτ ) =

⎡

⎢
⎣

a00 . . . a0i

...
. . .

...
aj0 . . . aji

⎤

⎥
⎦ (11)

we can update the counts a similar to the learning of the prior D:

an = ωan−1 + η
∑

τ

oτ ⊗ sτ (12)

where ω and η are forgetting and learning rates, and ⊗ denotes the outer prod-
uct (see [37] for more details). As evident, the only difference with Eq. 10 is
that learning is not based on the probability of the hidden states at the end
of each trial, but on every occurrence of state-outcome pairs within trials. This
kind of learning follows the Hebbian rule, according to which “neurons that fire
together, wire together”. In fact, active inference assumes that the concentration
parameters can be associated with the strength of synaptic connections [15].

In our task, variations in uncertainty over the cue mapping become evident
when the difficulty of the trials abruptly changes. To show this, we ran 30 con-
gruent trials (equivalent to a block of the Posner task in which the cue has high
validity) followed by 30 incongruent trials (equivalent to a block of the Posner
task in which the cue has low validity), and analyzed the agent’s behavior dur-
ing learning of the likelihood matrix Ac. The counts ac are initialized with low
values to provide a weak prior on evidence accumulation, αc = 0.44:

ac =
[
1.0 0.8
0.8 1.0

]
(13)

The forgetting and learning rates are respectively set to 0.98 and 0.01, while
the parameter αh controlling the strength of the stay dynamics is kept fixed
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Fig. 3. Results of Simulation 2. (a) Learning of Ac in 30 congruent trials followed by 30
incongruent trials. The first (or second) row plots the values of Ac for 4 equally spaced
trials of the congruent (or incongruent) conditions. (b) Left column: state-outcomes
coincidences ac (top), and likelihood matrix Ac (bottom), for the left target. Middle
column: discrete hidden states s of left target for 4 equally spaced congruent trials (top)
and incongruent trials (bottom). Right column: norm of the estimated hand velocity
μ′

h for 4 equally spaced congruent trials (top) and incongruent trials (bottom). Early-
to-late trajectories are represented on a blue-to-red color scale. Note that for the sake
of clarity we only plotted the dynamics associated with the left target, since the ones
of the right target behave similarly. (Color figure online)

to 0.4. Note that although we let the agent adapt to a generic form of the
likelihood matrix, by sampling both targets as correct choices the initial param-
eterized form defined in Eq. 1 is maintained (but in general this is not needed).
As evident from Fig. 3a, during congruent trials the parameter αc (values on the
antidiagonal) rapidly decreases as the agent’s prediction of the correct target
matches almost every cue – a direct consequence of the accumulation of counts
shown in the first column of Fig. 3b. Instead, repeated exposure of more difficult
(incongruent) trials leads to a slow decrease of αc, since the variability of the
cues is much higher during the first half of the trials. This change of uncertainty
reflects the rate of accumulation and hand velocity, as represented in the second
and third columns of Fig. 3b. In particular, the second column shows that dur-
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ing early congruent trials (displayed in blue), the discrete state st1 associated
with the left target updates slowly, never reaching complete confidence; however,
during late congruent trials (displayed in red in the top panel), the update of
st1 is much more rapid, reflecting the increased confidence over cue validity. A
specular behavior can be seen during incongruent trials (bottom panel), during
which the rapid target estimation reflects the confidence learned in the previous
congruent trials, which however slowly returns to the initial rate of accumulation
as repeated difficult trials are observed. Regarding hand velocity, the third col-
umn of Fig. 3b shows that the agent’s responses (here represented by the belief
μ′

h) are gradually anticipated and increase in magnitude during congruent trials.

3.3 Simulation 3: Learning a Response Strategy

Besides learning the mapping between targets and cues, the agent can also learn
the mapping between targets and motor responses, affecting the adopted strategy
(e.g., moving faster or slower, after observing a few or several cues). Changes in
response strategies are common during cognitive experiments; for example, in
the Posner task, participants often slow down their responses after encountering
incongruent trials [19].

Recall that the discrete hidden states generate predictions oh related to three
hand dynamics, i.e., reaching the left target, reaching the right target, or staying.
In particular, the parameter αh controls the strength of the third dynamics, and
can be seen as the agent’s uncertainty over the strategy to adopt: the higher αh,
the higher the probability of the correct target to initiate a movement. This is the
consequence of the Bayesian model average over the three dynamics computed
by Eq. 8.

Learning the likelihood matrix Ah involves counting the coincidences between
target probabilities and hand dynamics, via Eq. 12. This implies that if the
agent’s hand is moving toward its target choice – as occurs more often dur-
ing congruent trials – the related mapping will increase, leading to a decreased
probability of the other dynamics, i.e. to stay or move to the right target. This
is equivalent to a low uncertainty αh which means that the agent’s urgency to
move increases. Instead, if the agent spends significant time between the two
targets – as occurs more often during incongruent trials – the mapping from
the two targets to the third (stay) dynamics will increase. This means a high
uncertainty αh, which translates to a low urgency to move.

To analyze this behavior, we ran a similar experiment to the previous one,
i.e., 30 congruent trials followed by 30 incongruent trials. The counts ah are
initialized to:

ah =

⎡

⎣
2.0 0.0
0.0 2.0
1.5 1.5

⎤

⎦ (14)

such that the parameter αh is 0.43 – corresponding to a medium urgency to move.
The forgetting and learning rates are respectively set to 0.99 and 0.01, while the
parameter αc is kept fixed to 0.4. As before, the correct choice is sampled from
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Fig. 4. Results of Simulation 3. (a) Learning of Ah in 30 congruent trials followed by
30 incongruent trials. The first (or second) row plots the values of Ah for 4 equally
spaced trials of the congruent (or incongruent) trials. (b) Left column: state-outcomes
coincidences ah (top), and likelihood matrix Ac (bottom), for the left target. Middle
column: discrete hidden states s of left target for 4 equally spaced congruent trials (top)
and incongruent trials (bottom). Right column: norm of the estimated hand velocity
μ′

h for 4 equally spaced congruent trials (top) and congruent trials (bottom). Early-to-
late trajectories are represented on a blue-to-red color scale. (c) Agent’s trajectory (in
dark blue) for early and late trials of incongruent conditions. (Color figure online)

both targets for every trial. The results of this simulation are illustrated in Fig. 4.
During congruent trials, the third row of Ah slightly decreases – meaning a lower
strength of the stay dynamics; as shown in the top panel of the third column
of Fig. 4b – displaying the dynamics of the hand velocity – the increase in the
agent’s confidence results in faster and stronger responses during late congruent
trials (red trajectories). During incongruent trials, the learning is reversed and
the last row of the matrix increases. In this case, the agent adapts its strategy
to the new environmental uncertainty, and starts moving only when the correct
cues are presented. Considering the bottom panel of the third column of Fig. 4b,
if early trials are characterized by two spikes of the estimated hand velocity
μ′

h (corresponding to the initial movement toward the wrong target and the
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change of mind toward the correct one) at about t = 100 and t = 400, late
trials only exhibit a single spike at about t = 500, with a much lower magnitude.
This behavior is evident from Fig. 4c, showing three sample trials during the
incongruent phase; note how the agent learns a more cautious strategy, avoiding
changes of mind in late trials. Finally, notice from the first column of Fig. 4b that
the learning of Ah mainly involves modulation of the correct reaching movements
and the stay dynamics, while the probability of opposite reaching movements
(values on the antidiagonal) remains low.

4 Discussion

Living organisms often face embodied decisions, which require not only selecting
between outcomes but also simultaneously specifying, selecting between and exe-
cuting plans to achieve these outcomes. Embodied decision models have begun
to address these challenges by allowing decision and action processes to proceed
in parallel and influence each other reciprocally [4,23]. A recent hybrid active
inference model [35] successfully addresses embodied choices by using sensori-
motor feedback from continuous dynamics – such as self-information [3] – as
evidence for the decision itself.

In this study, we leverage and extend that model by studying how learning
affects the agent’s behavior. In particular, we focused on three kinds of learning,
namely, learning target priors, cue validity, and response strategies – all of which
have been reported in human cognitive studies [21,29]. In the active inference
model, these three types of learning correspond to keeping Dirichlet counts of
the prior matrix D encoding target probabilities, of the likelihood matrix Ac

(i.e., the mapping between targets and cues), and of the likelihood matrix Ah

(i.e., the mapping between targets and hand dynamics).
Taken together, our simulations show that active inference agents can dynam-

ically optimize the enaction of embodied decisions [28] based on the observed
contexts. First, by learning the statistical structure of the task, the model can
form priors about the correct target, which in turn determines fast and accurate
movements even in case of conflicting sensory evidence. While previous stud-
ies showed that motor inference (i.e., inferring choice alternatives from action
dynamics) helps optimize the speed-accuracy trade-off during embodied deci-
sions [23,35], here we showed that it also affects the formation of habits, which
in some cases can lead to incorrect task execution. Note however that incor-
rect choices generally lead to negative feedback, which might help overcome this
problem during cognitive experiments. Second, we showed that the embodied
decision model can successfully learn the likelihood mapping between observa-
tions (cues) and correct choice alternatives (targets). In turn, this allows the
model to flexibly adapt to conditions in which cues are more or less informative,
as in the case of experimental blocks with different cue validity in the Posner
task [29]. Third, active inference models of embodied decision can flexibly adapt
their response strategy and the urgency to move to task statistics – for example,
by starting movement faster (or slower) in situations where decisions require
fewer (or more) cues, as exemplified by congruent (or incongruent) trials.
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Finally, our results illustrate the efficacy of learning discrete preferences and
strategies using sensorimotor feedback from continuous dynamics. While a few
studies addressed how to realize dynamic inference [31] and dynamic planning
[33,34], learning in hybrid models of active inference is a yet unexplored topic.
A promising research direction for the future would be to extend the present
model with discrete transition distributions, and concurrently learn discrete and
continuous dynamics, which might be key to advancing the use of active inference
in tackling realistic tasks.
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Abstract. Generative or probabilistic modeling is crucial for develop-
ing intelligent agents that can reason about their environment. However,
designing these models manually for complex tasks is often infeasible.
Structure learning addresses this challenge by automating model cre-
ation based on sensory observations, balancing accuracy with complex-
ity. Central to structure learning is Bayesian model comparison, which
provides a principled framework for evaluating models based on their evi-
dence. This paper focuses on model expansion and introduces an online
message passing procedure using Dirichlet processes, a prominent prior
in non-parametric Bayesian methods. Our approach builds on previous
work by automating Bayesian model comparison using message passing
based on variational free energy minimization. We derive novel message
passing update rules to emulate Dirichlet processes, offering a flexible
and scalable method for online structure learning. Our method general-
izes to arbitrary models and treats structure learning identically to state
estimation and parameter learning. The experimental results validate the
effectiveness of our approach on an infinite mixture model.

Keywords: Dirichlet processes · Factor graphs · Infinite mixture
model · Message passing · Probabilistic inference · Scale factors ·
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1 Introduction

The task of generative or probabilistic modeling is fundamental in developing
intelligent agents capable of reasoning about their environment. However, it is
often infeasible for human engineers to manually design these models for complex
tasks because of the involved intricacies. Structure learning addresses this chal-
lenge by automating the construction of models based on sensory observations,
thus alleviating the burden on human engineers.

Structure learning is encapsulated in the task of Bayesian model comparison,
which provides a principled framework for comparing models based on their
evidence. This process facilitates the identification of better models that are
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either smaller or larger than a baseline, known, respectively, as model reduction
[4,14,15] and model expansion [16,31]. These techniques are critical for refining
and optimizing models, thus enhancing their performance and applicability in
various tasks. This paper will focus on model expansion in particular.

In [9] the tasks of Bayesian model comparison [18], selection and combination
[25] have been automated using message passing based on variational free energy
minimization. This paper extends this set of methods with Dirichlet processes
[6,10,26,33], which are one of the most established priors in non-parametric
Bayes. Effectively, we present an online message passing procedure based on
Dirichlet processes which enables the model to grow automatically over time,
providing a natural trade-off between model accuracy and complexity.

Our approach shows similarities with [36], yet offers more flexibility as a result
of our commitment to message passing. Compared to [23], our approach leverages
scale factors [27,29, Ch.6] to track the model evidence rather than performing
a partial mean-field approximation. In contrast to [16,31] our approach is based
on non-parametric priors, allowing for a message passing-based treatment of
both state estimation, parameter learning and structure adaptation, which is
not limited to discrete-space models.

This paper presents a novel and principled approach to online structure learn-
ing using message passing. Specifically, we make the following contributions:

• We present a generic and modular approach similar to the sequential updat-
ing and greedy search algorithm [36] for online structure learning utilizing
Dirichlet processes;

• We derive novel message passing update rules to emulate Dirichlet processes,
based on the mixture node recently introduced in [9];

• We demonstrate our approach on an infinite mixture model [28], with the
potential for generalization to arbitrary models.

To provide a solid foundation for all readers, Sect. 2 introduces Forney-style
factor graphs and message passing, the core methodology behind this paper.
Readers unfamiliar with this methodology and its benefits are encouraged not
to skip this section. Throughout the subsequent sections, we use the infinite
mixture model [28], as specified in Sect. 3, as a running example to elucidate our
approach. It should be noted, however, that the methods presented in this paper
can be easily generalized to more complex graphs due to the inherent modularity
of our approach. Using this model, Sect. 4 details how inference can be executed
to ensure the message passing procedure emulates a Dirichlet process, facilitat-
ing online structure learning. The experimental results validating our approach
are presented in Sect. 5, and Sect. 6 follows with a discussion of the presented
approach, concluding the paper.

2 Technical Background

This section provides a concise review of factor graphs and message passing algo-
rithms, essential for understanding our core contributions. For a deeper under-
standing, we provide references rather than an exhaustive review. In Sect. 2.1,
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Fig. 1. A Forney-style factor graph representation of the factorization in (2).

we introduce factor graphs for visualizing factorizable probabilistic models, after
which Sect. 2.2 covers efficient probabilistic inference through message passing.
Section 2.3 explains how to track model evidence locally with message passing
using scale factors.

2.1 Forney-Style Factor Graphs

A factor graph is a type of probabilistic graphical model. We use the Forney-style
factor graph (FFG) framework from [11] with notations from [21] to visualize
our models. An FFG represents a factorized function:

f(s) =
∏

a∈V
fa(sa), (1)

where s includes all variables, and sa ⊆ s includes the variables of factor fa. In
an FFG, nodes (V) represent factors, and edges (E ⊆ V ×V) represent variables.
An edge connects to a node if the variable is an argument of the factor at that
node. The edges connected to node a ∈ V are denoted by E(a), and the nodes
connected to edge i ∈ E are denoted by V(i). For example, consider

f(s1, s2, s3, s4) = fa(s1)fb(s1, s2)fc(s3)fd(s2, s3, s4), (2)

which represents a factorization whose FFG representation is shown in Fig. 1.
For a detailed review of factor graphs, see [21,22].

2.2 Sum-Product Message Passing

Consider the normalized probabilistic model

p(y, s) =
∏

a∈V
fa(ya, sa), (3)

where y represents observed variables and s represents latent variables. The
subset ya ⊆ y can be empty, such as in prior distributions. Upon observing
realizations ŷ, the model p(y = ŷ, s) becomes unnormalized. Probabilistic infer-
ence involves computing the posterior distribution p(s | y = ŷ) and the model
evidence p(y = ŷ) as the decomposition p(y = ŷ, s) = p(s | y = ŷ)p(y = ŷ).
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Consider integrating over all variables in the model except sj as
∫

p(y =
ŷ, s) ds\j . This integration can be performed through smaller local computations,
whose results are termed messages, which propagate over the graph edges. The
sum-product message �μsj

(sj) flowing from node fa(ya = ŷa, sa) with incoming
messages �μsi

(si) is given by [19]

�μsj
(sj) =

∫
fa(ya = ŷa, sa)

∏

i∈E(a)
i�=j

�μsi
(si) dsa\j . (4)

Edges in the graph are represented by directed arrows to distinguish between for-
ward (�μsj

(sj)) and backward ( �μsj
(sj)) messages. For acyclic models, the global

integration reduces to the product of messages
∫

p(y = ŷ, s) ds\j = �μsj
(sj) �μsj

(sj). (5)

Posterior distributions can be obtained by normalizing the resulting product.
The computed normalization constant represents the model evidence. For deriva-
tions of the message passing update rules, see [37]. Variations of this approach
also yields alternative algorithms such as variational message passing [35], expec-
tation propagation [24], expectation maximization [8], and hybrid algorithms.

2.3 Scale Factors

The previously discussed integration
∫

p(y = ŷ, s) ds\j can be expressed as
∫

p(y = ŷ, s) ds\j = p(y = ŷ)
∫

p(s | y = ŷ) ds\j = p(y = ŷ)p(sj | y = ŷ), (6)

where p(sj | y = ŷ) is the marginal distribution of sj . This means that the
product of two colliding sum-product messages �μsj

(sj) �μsj
(sj) in an acyclic graph

yields the scaled marginal distribution p(y = ŷ)p(sj | y = ŷ). Thus, we can obtain
both the normalized posterior p(sj | y = ŷ) and the model evidence p(y = ŷ) at
any edge or node in the graph.

Theorem 1 [9, Theorem 1 ]. Consider an acyclic Forney-style factor graph
G = (V, E). The model evidence of the corresponding model p(y = ŷ, s) can
be computed at any edge in the graph as

∫
�μsj

(sj) �μsj
(sj) dsj for all j ∈ E and

at any node in the graph as
∫

fa(ya = ŷa, sa)
∏

i∈E(a) �μsi
(si) dsa for all a ∈ V.

This local computation of model evidence is enabled by the scaling of mes-
sages resulting from the equality in (4). Consequently, the messages �μsj

(sj) can
be decomposed as

�μsj
(sj) = �βsj

�psj
(sj), (7)

where �psj
(sj) is the normalized probability distribution of the message �μsj

(sj),
and �βsj

is the scaling factor [29, Ch.6], [27]. These scale factors serve as local
summaries of the model evidence passed along the graph.
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3 Model Specification

In this section, we describe the probabilistic model that underpins our novel
inference approach detailed in Sect. 4. As a running example, we employ the infi-
nite mixture model [28]. This model leverages the unique properties of Dirichlet
processes, allowing the model to expand dynamically over time. Consequently,
it serves as an ideal and principled example for structure learning.

The infinite mixture model works as follows. Consider a single observation
yn, which is modelled by a likelihood model p(yn | θ, cn), with parameters θ. The
model assumes multiple possible options or regimes for the parameters depending
on the cluster assignment probability cn. This cluster assignment probability
cn comprises a 1-of-K binary vector with elements cnk ∈ {0, 1} constrained
by

∑K
k=1 cnk = 1. Depending on the class, the observation is modelled by a

different set of parameters. When the kth class is active, the corresponding set
of parameters is given by θk. As a result, the likelihood model can be further
factorized as

p(yn | θ, cn) =
∞∏

k=1

p(yn | θk)cnk . (8)

The infinite mixture model assumes we have an infinite amount of classes
(K = ∞). Although this might seem computationally intractable, in practice
only a limited number of classes is active as we will show in Sect. 4. The model’s
strength lies in its ability to grow the number of active classes over time, pro-
viding opportunities to expand the model in a principled manner.

In addition to the likelihood model, we define the prior over the cluster
parameters as the base distribution G0 as

p(θk) = G0(θk) ∀ k. (9)

Here independence across the clusters is implied by the characterization of [20]
as

p(θ) =
∞∏

k=1

p(θk), (10)

and will also result into independence across the posteriors over the clusters [34].
The cluster assignment probabilities cn are modeled using a categorical dis-

tribution
p(cn | π) = Cat(cn | π), (11)

with event probabilities π. The prior on the event probabilities is in our case
defined as

p(π) = lim
K→∞

Dir
(
π

∣∣ α

K
1K

)
, (12)

with α representing the concentration parameter and 1K denoting a vector of
ones of length K. Alternative definitions are also possible, e.g. using the Griffiths-
Engen-McCloskey (GEM) distribution or using the stick-breaking representa-
tion, however, for ease of inference in Sect. 4 we use the former. Together, the
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base distribution G0 and the concentration parameter α characterize the under-
lying Dirichlet process.

With all the individual elements identified, the full generative model of the
infinite mixture model can now be constructed for multiple observations. Given
N observations y = {y1, y2, . . . , yN} the total model factorizes as

p(y, θ, c, π) = p(π)︸︷︷︸
(12)

∞∏

k=1

p(θk)︸ ︷︷ ︸
(9)

N∏

n=1

p(yn | θ, cn)︸ ︷︷ ︸
(8)

p(cn | π)︸ ︷︷ ︸
(11)

. (13)

4 Probabilistic Inference

With the model described in the previous section, we will now show how we
can perform inference in this model. Specifically, we are interested in computing
the marginal posterior distributions p(π | y≤n) and p(θk | y≤n)∀ k in the infinite
mixture model. We focus here on online inference, where this inference task
is performed using streaming data, as we highlight the importance of in-the-
field structure learning. Ideally, we wish to solve the discrete equivalent of the
Chapman-Kolmogorov integral [32, Ch.4]

p(θ, π | y≤n) ∝
∑

cn

p(yn | θ, cn) p(cn | π) p(θ, π | y<n) (14)

recursively. However, the infinite dimensionality of cn results in intractable infer-
ence. To circumvent this problem, all inactive components where the posterior
beliefs over the parameters have not yet been updated from the prior belief,
are grouped together. The components or cluster with indices k > K∗, where
K∗ denotes the number of active components, are grouped into a single compo-
nent with concentration parameter limK→∞

∑K
k=K∗+1 α/K = α. This particular

grouping is very beneficial as the problem can now be tackled as a standard model
comparison task as in [9].

Furthermore, to limit the number of excitable components per observation,
the class label cn is constrained to correspond to a single class, such that each
data point can only belong to a single class and therefore has the potential to
initiate no more than a single component, as described in [36]. This constraint
is reflected by constraining the approximate marginal distribution q(cn) [37] to

q(cn) = δ[cn − ek], s.t. k = arg max
k

�μcn
(cn = ek) �μcn

(cn = ek), (15)

where δ[·] denotes the Kronecker delta function and where we pick the compo-
nent cn as the maximum a posteriori estimate. This is similar to the Bayesian
model selection setup as described in [9, Sec.5.2]. Using the Chinese restaurant
metaphor, this constraint enforces that every customer can only sit at a single
table at once. If we would not enforce this constraint, then there would always be
a non-zero probability of the observation originating from the group of inactive
components, which would be sufficient to activate a new component for each
observation.
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Fig. 2. Factor graphs of the initial time slices of the infinite mixture model of Sect. 3.
The edge denoted by θ here denotes the active or selected parameter settings. The
edges connected to θ have been dashed to highlight its extensibility towards arbitrary
observation models. The parameter vector below the Dir-node denotes the simplified
vector of concentration parameters.

Based on this constraint, we approximate the marginal posterior distributions
over θk ∀ k and π with approximate posterior distributions qn(θk) and qn(π),
where the subscript n explicitly indexes the latest observation. Online inference
proceeds using the iterative update procedure for θk as

qn(θk) ∝
{

p(yn | θk)qn−1(θk), if q(cn) = δ[cn − ek],
qn−1(θk), otherwise,

(16)

which effectively states that only the parameters gets updated which have
been most likely to have generated the data. The posterior belief over π gets
updated as
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qn(π) ∝ qn−1(π)
∑

cn

q(cn)p(cn | π)

︸ ︷︷ ︸
�μπ(π)

. (17)

The initial conditions of this recursion find their origin in the model specification
and are specified by

q0(θk) = p(θk), (18a)

q0(π) = p(π). (18b)

The above inference procedure can be automated using an adapted version of
the mixture node from [9] as presented in Table 1. Effectively this node internally
computes the model evidences of the individual combinations of inputs and out-
put using the scale factors from Sect. 2.3, which are an indicator for how likely
a data point yn originated from one particular set of parameters θk. Through
normalization of these evidences and together with the prior on the class label
cn, one can obtain the posterior distribution of the class label. In comparison to
the mixture node as introduced in [9] the only adaptation occurs in the back-
ward messages towards the parameters. This adaptation entails that only the
parameters of the active component are being updated. Figure 2 visualizes the
factor graphs corresponding to the initial time slices of the online training pro-
cedure. From this figure it can also be seen how the mixture node of [9] be used
to represent the infinite mixture model.

The biggest benefit of this approach is that the system is inherently modular.
The likelihood and priors can be extended to arbitrarily complex or hierarchical
models to model more complex phenomena. By adding a temporal dependency
p(cn | cn−1) to the model, one effectively creates a sticky Dirichlet process [12,13].
With the message passing updates rules from Table 1 together with rules derived
in earlier works, e.g. [21,27], one can build arbitrarily complex graphs tailored
to any problem.

5 Experiments

All experiments have been performed using the scientific programming lan-
guage Julia [5] with the state-of-the-art probabilistic programming package
RxInfer.jl [2]. The mixture node specified in Table 1 has been integrated in
its dependency ReactiveMP.jl [1,3]. In addition to the results presented in
the upcoming subsections, interactive Pluto.jl notebooks are made available
online1, allowing the reader to change hyperparameters in real-time.

For online learning of the infinite mixture model as described in Sect. 4,
we generate observations from a two-dimensional normal mixture model with 8
clusters. As a model for these generated observations, we pick the infinite mixture
model of (13). Here, the likelihood model is set to p(yn | θk) = N (yn | θk, I2)
where I2 denotes a two-dimensional identity matrix. The priors over the mean

1 All experiments are publicly available at https://github.com/biaslab/OnlineMess
agePassingDirichletProcess.

https://github.com/biaslab/OnlineMessagePassingDirichletProcess
https://github.com/biaslab/OnlineMessagePassingDirichletProcess
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Table 1. Table containing (top) the Forney-style factor graph representation of the
mixture node of [9]. The edge denoted by θ here denotes the active or selected parameter
settings. (bottom) The derived outgoing messages for the mixture node mimicing a
Dirichlet process. It can be noted that the backward message towards cn resembles a
scaled categorical distribution and that the forward message towards θ represents only
one of the incoming messages �μθk(θ).

parameters θk are set to be uninformative as p(θk) = N (θk | 02, 10I2), where
02 denotes a two-dimensional vector of zeros. The concentration parameter is
initialized as α = 0.1.

Figure 3 shows the inferred class assignments and posterior mean parameters,
together with the posterior concentration parameters, as a function of the num-
ber of observations. From the figure we can validate that the inference procedure
indeed recovers the 8 clusters that were used to generate the data. Furthermore,
the mean parameters have converged to the data generating cluster means.
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Fig. 3. Visualization of the results obtained by performing online inference in the infi-
nite mixture model defined in Sect. 3 using the message passing implementation as
described in Sect. 4. Each row represents the number of observations N . The left col-
umn shows the observations colored by their inferred cluster label and the inferred
component means, denoted by square crosses. The right column denotes the concen-
tration parameters of the approximate posterior distribution qN (π).

6 Discussion and Conclusions

The presented approach in this paper enables model expansion by emulating
Dirichlet processes through message passing. Through the use of scale factors,
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we have effectively extended the task of model comparison to model expansion.
The use of Dirichlet processes guarantees a well-grounded and principled app-
roach to the task of model expansion without any post-hoc treatment. A benefit
of the online nature of the algorithm is that it is well-suited to the development of
intelligent agents, which continuously perceive streams of information. Due to the
online nature of the algorithm, its behavior also naturally depends on the order-
ing of the observations it perceives [36]. This is in contrast to sampling-based
methods, however, these are significantly more computationally demanding.

It is important to note that the presented mixture node does not enforce
any constraints on adjacent parts of the graph and can be used in both discrete
and continuous spaces. A limitation of scale factors is that they can only be
efficiently computed when the model submits to exact inference [27]. Extensions
of the scale factors towards a variational setting would allow the use of the
mixture node with a bigger variety of models. If this limitation is resolved, then
the introduced approach can be combined with more complicated models, such
as, for example, Bayesian neural networks, whose performance is measured by
the variational free energy; see, e.g. [7,17]. This provides a novel solution to
multi-task machine learning problems where the number of tasks is not known
beforehand [30]. Each Bayesian neural network can then be trained for a specific
task, and additional components or networks can be added if appropriate.
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Abstract. Drawing inspiration from animal navigation strategies, we
introduce a novel computational model for navigation and mapping,
rooted in biologically inspired principles. Animals exhibit remarkable
navigation abilities by efficiently using memory, imagination, and strate-
gic decision-making to navigate complex and aliased environments.
Building on these insights, we integrate traditional cognitive mapping
approaches with an Active Inference Framework (AIF) to learn an envi-
ronment structure in a few steps. Through the incorporation of topologi-
cal mapping for long-term memory and AIF for navigation planning and
structure learning, our model can dynamically apprehend environmen-
tal structures and expand its internal map with predicted beliefs during
exploration. Comparative experiments with the Clone-Structured Graph
(CSCG) model highlight our model’s ability to rapidly learn environmen-
tal structures in a single episode, with minimal navigation overlap. This
is achieved without prior knowledge of the dimensions of the environment
or the type of observations, showcasing its robustness and effectiveness
in navigating ambiguous environments.

Keywords: exploration · active inference · topological graph ·
structure learning

1 Introduction

A functional navigation system must seamlessly fulfil three key functions: self-
localisation, mapping, and path planning. This requires both a sensing compo-
nent for spatial perception and a storage capability to extend these perceptions
temporally and spatially [32]. Animals exhibit a remarkable capacity for rapidly
learning the structure of their environment, often in just one or a few visits,
relying on memory, imagination, and strategic decision-making [25,31].

The hippocampus and neocortex play crucial roles in episodic memory, spa-
tial representation, and relational inference. Mammals rely on mental repre-
sentations of spatial structures, traditionally viewed as either cognitive maps
c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025
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or cognitive graphs, conceptualising environmental space as a network of
nodes [1,7,24,32]. Recent research suggests an integrated approach combining
these concepts is more effective [23].

Our approach adopts this viewpoint, proposing a topological map incor-
porating internal motion (Euclidean parameters) to delineate spatial experi-
ences. The neural positioning system, found in rodents and primates, supports
self-localisation and provides a metric for distance and direction between loca-
tions [32]. This system includes place cells, heading direction cells [15], grid
cells [2], speed cells [14], and border cells [29], working together to enable rapid
learning, disambiguation of aliases, and a comprehensive understanding of spa-
tial navigation [5].

Building on these concepts, we introduce a novel model that dynamically
learns environmental structure and expands its cognitive map. Integrating visual
information and proprioception (inferred body motion), our model constructs
locations and connections within its cognitive map. Starting with uncertainty,
the model envisions action outcomes, expanding its map by incorporating
hypotheses into its generative model, analogous to Bayesian model reduction [9]
that grows its model upon receiving new observation, we extend ours upon pre-
dicted beliefs. This process allows our model to efficiently navigate and com-
prehend environmental structures with minimal steps, using an active inference
navigation scheme [17]. Compared to the Clone-Structured Graph (CSCG) [23],
our model rapidly learns environmental layouts more efficiently. An exploration
run is shown in Fig. 1, displaying from left to right the full environment, the
extracted observation and exploration path and the resulting internal map of
the agent.

Fig. 1. From the mini-grid environment [3,30] with different rooms annotated by colour
to the path our agent took -from black to white- to form a successful exploration
correctly linking all the rooms up to the agent’s internal topological graph with the
state associated to each room.
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2 Related Work

While navigating their environment, animals often encounter ambiguous sensory
inputs due to aliasing, resulting in repetitive observations, such as encountering
two overly similar corridors. They must rapidly disambiguate the structure of
their environment to navigate successfully.

Models like the Clone-Structured Graph (CSCG) [12] or Transformers
representations [4] have been proposed to form cognitive maps that disam-
biguate aliased environments through partial observations. However, these mod-
els require substantial training time using random or hard-coded policies. In
contrast, animals adapt their actions based on subtle cues and incentives, learn-
ing to navigate with minimal instances [31].

Animals exhibit decision-making abilities powered by imagination (estimat-
ing actions’ consequences) and a holistic understanding of the environment, nat-
urally imagining un-visited areas and guiding their next steps [2]. This intuitive
decision-making process, considering incentives like food or safety, rapidly directs
them toward their objectives [25].

Integrating observations with proprioception [32] helps animals circumvent
aliasing, using a process similar to active inference for judgement [17]. Active
inference involves continuously updating internal models based on sensory
inputs, enabling adaptive and efficient decision-making. This normative frame-
work explains cognitive processing and brain dynamics by positing that actions
and perceptions aim to minimise free energy, encapsulating causal relationships
among observable outcomes, actions, and hidden states [8,22].

At the core of adaptive behaviour is the balance between exploitation (select-
ing the most valuable option based on existing beliefs) and exploration (choos-
ing options that facilitate learning) [26]. Recent behavioural evidence suggests
humans mix random and goal-directed exploration [11]. Our model adopts
this balance through free energy minimisation, choosing stochastic policies to
enhance environmental understanding. This enables active learning, rapidly
reducing uncertainty over model parameters (i.e. reducing uncertainty over our
beliefs) [26].

By balancing curiosity and goal-directed behaviour through free energy,
our system guides an agent meaningfully and learns in a biologically plausi-
ble way [22]. It achieves few-shot or one-shot learning, similar to mice in a
labyrinth [25]. By projecting the consequences of actions into its internal map,
the agent extends its imagination beyond known territories, improving its navi-
gation ability to explore environments of any dimension.

3 Method

In our study, our agent initiates exploration of the environment without any prior
knowledge regarding the observations and dimensions of the map it is about to
navigate. Subsequently, we will clarify how, at each step, the agent engages in
inferring the current state, a process that integrates both the notion of obser-
vation and proprioception (position perception given a motion). This inference
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task involves updating past beliefs based on the latest observation and motion,
following the principles of a Partially Observable Markov Model (POMDP).
Henceforth, the agent strategically envisions sequences of actions to explore,
termed policies, while concurrently expanding its internal map to accommodate
potential unexplored areas with uncertain priors. Although the agent may know
the relative positions of these areas, it does not foresee observations. This iter-
ative and multi-step process serves as the cornerstone for the agent’s adaptive
learning and navigation strategies within the environment.

3.1 Inference and Spatial Abstraction

In the context of Active Inference (AIF), the process of inferring the agent’s cur-
rent state involves integrating sensory inputs and prior beliefs within a Partially
Observable Markov Decision Process (POMDP). We consider that our inference
mechanism operates at the highest level of abstraction within a hierarchical spa-
tial framework [30], where lower layers handle observation transformation and
the concept of blocked paths, akin to how visual observations are processed
in the visual cortex and motion limitations are perceived by border cells [29].
Figure 1 illustrates the agent navigating through an environment, where doors
signify transitions to different states while walls correspond to obstacles. We
give our agent the notion that doors lead to another location, while walls lead
to the same observation and the pose stays static. At the centre of this Figure,
we see a path taken by the agent depicted along with the observations perceived
by our model, demonstrating how observations are simplified and generalised at
the highest abstraction level into a single colour per room (floor colour). The
internal topological map generated by the agent based on its exploration path
is presented in the final frame of Fig. 1. The underlying POMDP model guiding
this inference process is depicted in Fig. 2, where the current state st (defining a
room) and position pt (the location of that room) are inferred based on the pre-
vious state st−1, pt−1 and action at−1 leading to the current observation ot (the
colour of that room). The generative model capturing this process is described
by Eq. 1, where the joint probability distribution over time sequences of states,
observations, and actions is formulated. Tildes are used to denote sequences over
time.

P (õ, s̃, p̃, ã) = P (o0|s0)P (s0)P (p0)P (a0)
τ∏

t=1

P (ot|st)P (st, pt|st−1, pt−1, at−1)

(1)
Due to the posterior distribution over a state becoming intractable in large
state spaces, we use variational inference instead. This approach introduces an
approximate posterior denoted as Q(s̃, p̃|õ, ã) and is presented in Eq. 2 [27].

Q(s̃, p̃|õ, ã) = Q(s0, p0|o0)
τ∏

t=1

Q(st, pt|st−1, pt−1, at−1, ot) (2)

The classical inference scheme heavily relies on past and current experiences
to localise the agent within its environment, using observation alone, the agent
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Fig. 2. factor graph POMDP of our generative model transitioning from past and
present (up to time-step t) to future (time-step t + 1). The pose pt is inferred from the
previous pose pt−1 and the action from policy π, while the state st determined by the
corresponding observation ot and influenced by the previous state st−1, pose pt and
action at−1. Past actions and observations are assumed observable, indicated by a blue
colour. In the future, the actions are defined by a policy π influencing the new states
and position in orange and new predictions in grey.

would be weak to aliased observations at different locations. By combining obser-
vation with the agent’s proprioception the model is much more robust in dif-
ferentiating ambiguous environments. The internal positioning p0 is initialised
at the start of exploration in the absence of prior information, and is updated
as the agent transitions between rooms (e.i., by passing through a door), thus
as long as the agent is confident in its current state. The POMDP factor graph
showing the association between poses, states and observations is illustrated in
Fig. 2.

If the agent were to be kidnapped and re-localised elsewhere, the observation
o and inferred position p would not match expectations and the confidence in the
state would decrease. If the confidence in the state goes below a given threshold,
the agent stops updating its internal model given new information and focuses
on re-gaining confidence over its state/location.

However, inferring the position p has much more to offer than localisation
robustness, it is key to extending the internal map over unexplored areas yet to
be integrated into the model through parameter learning.

3.2 Parameter Learning

Learning within the Active Inference framework encompasses the adaptation of
beliefs concerning model parameters, such as transition probabilities P (st|st−1)
(e.g. how rooms are connected) and likelihood probabilities P (ot|st) (e.g. what
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a room looks like). These parameters reflect the structural connectivity of the
environment and the expected sensory outcomes given particular states.

Generative models in Active Inference rely on prior beliefs regarding param-
eter distributions, with updates driven by the active inference framework [22].
Unlike traditional discrete-time POMDP, where either transitions or likeli-
hoods probabilities are fixed and updating parameters implies reasoning over
a fixed spatial dimension [13,19,21], our model learns the probabilities of all its
Markov matrices and extends their dimensions dynamically. The state tran-
sitions Bs = P (st|st−1, at−1) and the observation Ao = P (ot|st), position
likelihoodAp = P (pt|st) probabilities are optimised over transitions. The posi-
tion transition Bp = P (pt|pt−1, at−1), however, is not a Markov matrix and
entails an incremental process based on consecutive motions (experimented or
predicted), without any parameters to be learned by belief optimisation.

The optimisation of beliefs of the generative model parameters θ occur after
state inference and involves minimising the free energy Fθ while considering
prior beliefs and uncertainties associated with both parameters and policies, as
defined in [22]:

θ = (Ao, Ap, Bs)
Fθ =EQ(π,θ)[F (π, θ)] + DKL[Q(θ)||P (θ)] + DKL[Q(π)||P (π)]

(3)

With P and Q being respectively the joint distribution and the approximate
posterior of the model. The model updates its parameters based on observed data
and transitions, expanding the observation dimension of A upon encountering
new information as can be seen in [28]. At initialisation, high certainty is assigned
to the likelihood probabilities integrating the first observation. After realising the
parameter update based on priors, the model edits its internal map dimensions
and parameters based on predicted transitions, expanding all parameters in their
state dimensions, thus improving exploration in unexplored environments of any
unknown size.

3.3 Incorporating Spatial Dynamics in Model Parameters

To extend the internal map (our state space), we propose a novel approach where
the agent predicts one-step policy outcomes in all directions considering detected
obstacles. Bp can expand its position dimension given a motion and Ap considers
the probability of being at a given state given the position. When we predict a
new position given no obstacle in a direction, Bp expands. If the expected motion
leads to an un-visited location, st+1 does not exist in the model. The state is
undefined while the position pt+1 is certain, therefore all Markov matrices are
expected to grow in their state dimension to match this new prediction. This
process enables the dynamic expansion of the dimensions of both the observa-
tion and position likelihoods (Ao, Ap) and state transition (Bs) to consider the
novel state st+1 in a process equivalent to [9]. Subsequently, the state transition
probability (Bs) and position likelihood (Ap) can be updated through the same
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Eq. 4, here shown with a transition matrix.

Bπ = Q(st+1|st, π)Q(st) ∗ Bπ ∗ learning rate (4)

With st+1 being a new state if there are no obstacles detected and a new position
is predicted or the same state st otherwise. The learning rate is set higher for
experimented transitions than imagined transitions such that we form new con-
nections weaker toward expected places compared to visited places as we would
expect from animal synaptic learning [6]. Ao has grown in its state dimension,
however, it lacks information regarding the specific observation ot+1 expected
in that location, resulting in a uniform distribution for that state. Such areas
exhibit high uncertainty in their observation likelihood model. Using those prior,
the agent can leverage the Active Inference scheme to determine where to direct
itself to maximise its objective (e.g. forming a comprehensive map of the environ-
ment). While previous models such as [9,28] adjust their internal model growth
to accommodate new patterns of observations, we extend the concept to pre-
dict, un-visited, areas and generate new states holding no observation. Those
unknown states are therefore highly attractive when seeking information gain
and largely improve exploration strategy.

3.4 Policy Selection in Active Inference

Policy selection plays a crucial role in exploring those expected states generated
by the model. The AIF guides the agent’s decision-making process based on the
minimisation of expected surprise and uncertainty. Policy selection, informed
by the AIF, determines the agent’s actions and map extension in response to
sensory inputs and internal beliefs.

Typically, agents are assumed to desire to minimise their variational free
energy (F ), which can serve as a metric to quantify the discrepancy between the
joint distribution P and the approximate posterior Q as presented in Eq. 5.

F = EQ(s̃,p̃|ã,õ)[log[Q(s̃, p̃|ã, õ)] − log[P (s̃, p̃, ã, õ)]
= DKL[Q(s̃, p̃|ã, õ))||P (s̃, p̃|ã, õ)]︸ ︷︷ ︸

posterior approximation

− log[P (õ)]︸ ︷︷ ︸
log evidence

= DKL[Q(s̃, p̃|ã, õ))||P (s̃, p̃, ã)]︸ ︷︷ ︸
complexity

−EQ(s̃,p̃|ã,õ)[log[P (õ|s̃)]
︸ ︷︷ ︸

accuracy

(5)

Active inference agents aim to minimise their free energy by engaging in three
main processes: learning, perception, and planning. Learning involves optimis-
ing the model parameters, perception entails estimating the most likely state,
and planning involves selecting the policy or action sequence that leads to the
lowest expected free energy. Essentially, this means that the process involves
forming beliefs about hidden states that offer a precise and concise explanation
of observed outcomes while minimising complexity.

While planning, however, we use the expected free energy (G), indicating
the agent’s anticipated variational free energy following the implementation of
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a policy π. Unlike the variational free energy, which focuses on current and past
observations, the expected free energy incorporates future expected observations
generated by the selected policy.

G(π, τ) =EQ(oτ ,sτ |π)[log(Q(sτ |π) − log(Q(sτ |oτ , π))]
︸ ︷︷ ︸

information gain term

− EQ(oτ ,sτ |π))[log(P (oτ ))]
︸ ︷︷ ︸

utility term

(6)

The expected information gain quantifies the anticipated shift in the agent’s
belief over the state from the prior Q(sτ |π) to the posterior Q(sτ |oτ , π) when
pursuing a particular policy. On the other hand, the utility term assesses the
expected log probability of observing the preferred outcome under the chosen
policy. This value intuitively measures the likelihood that the policy will guide
the agent toward its prior preferences. In this study, we give no prior preference
to the agent, as it does not know the environment (unknown observations and
map size).

To calculate this expected free energy G(π) over each step τ of a policy we
sum the expected free energy of each time-step.

G(π) =
∑

τ

G(π, τ) (7)

To consider the best policy, we recall that active inference achieves goal-
directed behaviour by selecting policies minimising this expected free energy,
thereby aiming to produce observations closer to preferred outcomes or prior
preferences. This is achieved by setting the approximate posterior over policies
as in Eq. 8 [19]:

P (π) = σ(−γG(π)) (8)

where σ, the softmax function is tempered with a temperature parameter γ,
given as a hyper-parameter, converting the expected free energy of policies into
a categorical distribution over policies. Actions are then sampled based on this
posterior distribution, with lower temperatures resulting in more deterministic
behaviour.

By navigating without a clear preference, we desire the highest information
gain, effectively pushing the agent toward states it anticipates but doesn’t know
what to expect from.

4 Results

We explore experimental scenarios where an agent navigates within a grid envi-
ronment with cardinal motions and still motion. The agents have no direct access
to a map of the environment and visual observations are considered to undergo
hierarchical processing, transforming them from a vector to a single descriptor
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corresponding to one colour per room. They receive localised sensory inputs, cor-
responding to the current room they are in. Sensory inputs which are possibly
repeated at different locations (aliased observations). Given a series of discretised
egocentric observations and actions, the agent must deduce the latent topology of
its environment to assess various navigation options. Learning this latent graph
from aliased observations presents a challenge for most artificial agents [18]. We
contrast our model with CSCG [10], a specialised variant of Hidden Markov
Models (HMM). CSCG employs a probabilistic approach, using sequences of
action-observation pairs without assuming Euclidean geometry. Each observa-
tion corresponds to a subset of hidden states known as clones. Although these
states share the same observation likelihood, they differ in their implied dynamics
encoded in the transition model. By analysing the sequence of action-observation
pairs, specific clones with higher likelihoods can disambiguate the aliased obser-
vations. Initially, CSCG gathers a dataset through maze exploration to learn the
spatial structure [10].

To make the two models more similar for a fair comparison, we include our
model’s current state estimation mechanism in the CSCG approach [19]. More-
over, we decided to see how CSCG would behave if we included the position as
an observation. This effectively removes aliasing and is believed equivalent to the
proprioception of our model when starting without prior, we call that specific
case “CSCG pose ob”. We compared the performance of our model (receiving
only observation as input) to the CSCG receiving only visual observations or
visual observation-position pairs with or without random exploration policies.
The CSCG internal path estimator is based on the Viterbi method [10,16] and is
updated every 5 steps with the sequence of pairs going from the first observation
to the current time-step.

Our environments are composed of several rooms connected in diverse ways
(fully connected 3 by 3 and 4 by 4 rooms environments, T-shaped, donuts-shaped
mazes with and without aliased floor colours). All models receive the room floor
colour as observation. An example of a 3 by 3 rooms environment and extracted
observations per room are presented in Fig. 1 first and second panel. The agents
can move in the four cardinal directions or choose to stay at the present location.

In our exploration runs, across all environments, agents are initially placed
at random starting positions and tasked with learning the environment’s topol-
ogy. Results represent the mean over a minimum of ten successful runs in each
environment. Notably, our agent always achieves successful exploration, while
CSCG occasionally fails due to insufficient steps allotted to learn the topology.
The Oracle model, analogous to an A-star path planning, demonstrates the ideal
scenario where the agent seizes the full topology of the environment by visiting
each position only once. In the case of the T-maze, results are averaged across
all runs considering the starting positions of the models.

Our exploration results can be seen in Fig. 3a. Exploration is deemed com-
plete when the internal belief over the transition between observations aligns
with the ground-truth transition matrix with a minimum certainty of 60% over-
all correct transitions, the threshold was set arbitrarily based on the resulting
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Fig. 3. The average steps are depicted on a logarithmic scale. Remarkably, our agent
achieves all tasks in significantly fewer steps compared to the CSCG model. The oracle
sets the benchmark, representing the minimum steps necessary to visit all rooms once.
Additionally, an aliased room signifies the recurrence of identical observations across
various locations, posing a challenge as it could mislead the agent regarding its current
position.

successful transition representation as the one that can be seen in a 3 by 3
observations map depicted in Fig. 4. The figure shows how well-defined are pos-
sible transitions compared to impossible transitions (due to walls). We also see
that giving unique observations (visual observation-position pair) information
reduces the CSCG training time of about 100 steps in aliased squared environ-
ments and 200 in T-shaped mazes, most probably due to its structure, the agent
stays stuck in an aisle. However using random policy or the Viterbi algorithm for
navigation does not improve exploration, because the agent can not extrapolate
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Fig. 4. Example of a successful transition representation between positions in a 3× 3
grid map. Each state in the plot is paired with its corresponding ground-truth pose for
clarity (pose, state). The intensity of colour in the figure indicates the level of certainty
the agent has about the transition. (Color figure online)

on unseen observations, thus finally leading to almost random action selection.
This demonstrates the benefit of map extension over un-visited areas.

If we compare the number of steps required to learn the structure of the envi-
ronment and the number of steps the agent takes to visit all unknown positions,
we can deduce a few things. Firstly, not having an imagination over possible tra-
jectories disadvantages the CSCG, as it repeatedly visits known rooms, randomly
or not, instead of being attracted to novelty as ours is. Ours has prior over non-
visited states, rendering unknown rooms highly uncertain, and thus attractive to
diminish the agent’s internal model’s parameters uncertainty. Secondly, we see
our agent exploring all rooms with steps closely matching the oracle, this implies
that it could have the potential to learn transitions faster, in a one-shot learning
if we were to increase confidence in imagined beliefs. However, this could also
consolidate misbeliefs about transitions, in those experiments we let the agent
confirm its priors instead of over-trusting them by setting the learning rate of
the model low on predicted transitions. The given exploration seems to follow
biological evidence on mouse behaviour in a maze [25].

We give a qualitative example of the agent behaviour in the T-maze Fig. 5.
Figure 5a shows the full path taken by a line varying from black to yellow, the
agent starts at the bottom of the T-maze. Figure 5b shows the imagined trajec-
tories of the agent (represented by X in the figure) at various steps to read from
left to right and top to bottom. Imagined trajectories are associated with their
expected free energy, the darker, the more desirable the path to the agent. The
agent is purely driven by information gain in those experiments. Our model has
low interest in paths leading into the current room walls and is highly attracted
to unexplored areas. Upon reaching the end of the right aisle (1st image, 2nd

row of Fig. 5b), the unexplored aisle is notably more attractive than the previ-
ously visited one, highlighting the agent’s preference for uncertain observations
over confirming existing beliefs. While returning to the starting point, the agent
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shows interest in paths going through walls. This is because these transitions
become more intriguing as the agent has gained a better understanding of the
environment’s connectivity. A consolidation of its belief can be realised through a
new observation of the walls. Those observations confirm that the agent exhibits
a coherent and effective exploration behaviour akin to how we would explore an
environment, first discovering all areas before delving into specific details.

Fig. 5. Exploration of a T-maze starting at the base of the T. a) depicts the full path
as a line transitioning from black to white. b) showcases, from top to bottom columns
one to two, the agent -represented as an X- imagined optimal policies. Darker colours
indicate higher expected free energy. (Color figure online)

5 Discussion

This study proposes a novel high-level abstraction model informed by biolog-
ically plausible principles mimicking key points of animal navigation strate-
gies [1,32]. By integrating a dynamic cognitive graph with internal positioning
and an Active Inference Framework, our model successfully explores the environ-
ment and learns its structure in a few steps, as expected from animals [25,31],
facilitating adaptive learning and efficient exploration. Moreover, allowing the
internal map to grow with expected beliefs not only creates a map adapted
to any environment dimension, shape or observations but also enhances explo-
ration by creating highly uncertain states where the whereabouts are predictable
but the corresponding observations aren’t. Comparative experiments with the
Clone-Structured Graph (CSCG) model [10] underscore the effectiveness of our
approach in learning environment structures with minimal data and without
prior knowledge of specific observation dimensions. This is mainly due to our
agent’s capacity to imagine actions’ consequences and integrate them into its
beliefs. Moving forward, it would be interesting to increase the prediction range
of new states to integrate into the model and determine the impact on naviga-
tion. Moreover, studying the impact of a perfect memory on future policies and
exploration efficiency, as well as seeing how the agent fares when trying to reach
a defined objective it has prior upon in a familiar or novel environment would
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enhance the research. Finally deploying this model in real-world scenarios such
as StreetLearn [20], based on Google map observations, would approach further
this mechanism to animal behaviour and provide more conclusive evidence.
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Abstract. When collaborating with multiple parties, communicating
relevant information is of utmost importance to efficiently completing
the tasks at hand. Under active inference, communication can be cast as
sharing beliefs between free-energy minimizing agents, where one agent’s
beliefs get transformed into an observation modality for the other. How-
ever, the best approach for transforming beliefs into observations remains
an open question. In this paper, we demonstrate that naively sharing
posterior beliefs can give rise to the negative social dynamics of echo
chambers and self-doubt. We propose an alternate belief sharing strat-
egy which mitigates these issues.

Keywords: Active inference · Belief sharing · Multi-agent systems

1 Introduction

Communication and the emergence of language have been a cornerstone in the
development of human intelligence, as they enable human collaboration at mul-
tiple communal scales [1]. This collaborative capability hinges significantly on
how agents share and process information, particularly requiring their internal
beliefs about the world to be aligned [2,3]. Active inference provides a com-
pelling framework for understanding and designing such collaborative interac-
tions in the interest of building ecosystems of intelligence [4–6]. In this paradigm,
agents minimize variational free energy [7], as each agent maintains a genera-
tive model of the world which it uses to make inferences about hidden states
and to plan actions. Then, communication between agents at the lowest level
can be conceptualized as sharing these internal beliefs, transforming the beliefs
of one agent into observable data for another [8], these beliefs can be shared
directly as we will demonstrate in this paper, but could also be present in the
environment more permanently in the form of scripts [9] and texts [10,11]. This
belief-sharing mechanism is intended to facilitate a more coherent and efficient
joint exploration of the environment.

However, translating and sharing beliefs has its challenges, as the messages
shared are typically colored by one’s personal priors and biases [12]. We found
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that naively sharing posterior beliefs can inadvertently lead to detrimental social
dynamics, such as echo chambers, in which agents reinforce each other’s biases,
and self-doubt, in which agents discount their observations to favor shared, yet
incorrect, beliefs. These phenomena can significantly impair the collective per-
formance of the agents, highlighting the need for more sophisticated strategies
in belief communication. In this paper, we explore these dynamics in depth. We
begin by modeling the communication between agents as belief sharing under the
active inference framework, demonstrating the pitfalls of straightforward belief
sharing. We then propose an alternative strategy that mitigates these issues
by adjusting how beliefs are communicated. Specifically, we advocate for shar-
ing likelihood information rather than posterior beliefs, treating other agents’
observations as additional independent sources of information. This approach
aims to harness the benefits of collaborative inference while avoiding the pitfalls
of misleading belief reinforcement.

Our contributions are threefold: (i) We provide a detailed analysis of how
naive belief-sharing can lead to echo chambers and self-doubt. (ii) We propose a
novel communication strategy that mitigates these issues by sharing likelihoods.
(iii) We validate our approach through simulations, demonstrating improved
performance and robustness in collaborative tasks. The following sections out-
line our active inference model for communication, describe the experimental
setup used to test our hypotheses, present our findings on echo chambers and
self-doubt, and discuss our proposed solution and its implications for designing
collaborative AI systems.

2 An Active Inference Model for Communication

In this section, we provide a summary overview of active inference, and how it
can be adopted to model communication between agents. For a more in depth
overview of active inference we refer the reader to [7].

2.1 Perception and Planning as Inference

Active inference posits that agents entertain a generative model of the environ-
ment they operate in, and casts perception and action as Bayesian inference [7].
In general, the agent’s generative model can be written as the joint probability
distribution over states s, observations o and actions a, with tilde denoting a
time sequence of those over timesteps t:

P (s̃, õ, ã) = P (s0)
∏

t

P (ot|st)P (st|st−1, at−1)P (at−1) (1)

Perception now becomes inferring the posterior distributions of states given
the performed actions and observations. As this is typically intractable, agents
resort to variational Bayesian inference, where an approximate posterior Q(s̃|õ)
is optimized instead, by minimizing the variational Free Energy:
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F = DKL[Q(s̃|õ))||P (s̃|ã, õ)]︸ ︷︷ ︸
posterior approximation

− log P (õ)︸ ︷︷ ︸
log evidence

= DKL[Q(s̃|õ))||P (s̃, ã)]︸ ︷︷ ︸
complexity

−EQ(s̃|õ)[log P (õ|s̃)]
︸ ︷︷ ︸

accuracy

(2)

It is clear that minimizing variational Free Energy is equivalent with maxi-
mizing a bound on the (log) evidence or ELBO [13], and encourages the model
to maximize accuracy with minimal complexity.

To interact with the environment, an agent also needs to select a sequence
of actions or policy π = {at, at+1, ...} to execute. In active inference, planning is
also treated as inference, assuming that agents will prefer policies that minimize
expected Free Energy G. More specifically, policies are selected from

P (π) = σ(−G(π)), with

G(π) =
T∑

τ=t+1

EQ(oτ |π)
[
DKL[Q(sτ |oτ , π)||Q(sτ |π)]

]
︸ ︷︷ ︸

(negative) Information Gain

−EQ(oτ |π)
[
log P (oτ )

]
︸ ︷︷ ︸

Utility

(3)

Here, σ denotes the softmax function, and the expected Free Energy balances
information gain with some prior preference distribution over future outcomes
or utility.

2.2 Communication as Belief Sharing

When agents share a common world and world model, they can benefit from
sharing beliefs among each other [8]. The most straightforward way to realize
this would be to share the agent’s respective posterior beliefs on some shared
modality. In order to achieve this, the agents generative model is expanded as
shown in Fig. 1. In particular, any agent, for example., the primary focal agent,
assumes other agents with a similar generative model will communicate infor-
mation about its beliefs of the world. To do so, we equip the focal agent with an
extra observation modality os

t . Instead of being observed from the environment,
os

t is an observation generated by another agent based on its internal beliefs s′
t.

This approach is the kind of model posited in earlier work [8].
To realize posterior belief-sharing, agents require a likelihood mapping

between posterior beliefs about latent states that are shareable among agents,
i.e., st, and this observation modality os

t . In natural systems, these can be a very
complex likelihood mapping, e.g., language [14] or birdsong [15]. However, in the
case of AI agents, we can decide on the communication channel ourselves. One
particular naive choice is to directly share the sufficient statistics of one’s inter-
nal beliefs s′

t and integrate these with an identity likelihood mapping, as used
in [8]. However, in the remainder of this paper, we will demonstrate the fallacies
of using this approach and propose a different format for shared messages.
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...

...

...

...

Other agent

Focal agent

Fig. 1. Two active inference agents sharing beliefs. The generative model of
each agent is a POMDP, where observations are generated from a hidden state st.
Actions at, generated from a policy π, transition this state. In addition to the typical
observation ot at each timestep t, each agent also receives a shared observation ost that
is generated from the other agent’s internal beliefs s′

t. Blue variables are observed from
the perspective of the focal agent, i.e. they observe their own actions, observations and
the observations shared with the other agent.
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3 Experimental Setup

0

1

2
3

4

5?

?

?

Agent 1

Agent 2

Fig. 2. Illustration of the graph environment and the agent’s factor graph.
(a) agents are located on a connected graph of locations and need to find a rewarding
object that might be present at one of the locations. (b) a factor graph representation of
the agent’s generative model. Two latent state factors that model the agent’s location
and the object’s location respectively, give rise to two sensory modalities through a
likelihood factor: the agent’s location (A1) and whether the object is visible (A2). In
addition, agents can share beliefs about the object location through belief sharing (A3).
The agent’s location can change conditioned on move actions (B1), whereas the object
is kept static in our experiments (B2 = I).

To demonstrate multi-agent belief sharing, we simulate an object-finding
task, where multiple agents search for a rewarding object in the same envi-
ronment, and can potentially share beliefs on where they think the object is.
The setup and generative model for this task is depicted in Fig. 2. The world is
represented by a graph of N locations that can be visited by the agents, and
agents can move between connected nodes in the graph. Each agent has two
state factors, a Categorical(N) variable sl

t which is the belief about the agent’s
location, and a Categorical(N) variable so

t which is the belief about the object
location. An agent can perform one of N move actions a, modeled using the
three-dimensional dynamics tensor B1.

Bi,j,a
1 =

⎧
⎪⎨

⎪⎩

1.0, if a = i ∧ connected(i, j)
1.0, if i = j

0.0, otherwise

where the indices i and j indicate the i-th and j-th location in the environment.
We assume the object is static, i.e. its dynamics B2 are modeled by the iden-
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tity matrix I. The agent has three observation modalities. First, it observes its
location ol

t, with a near identity likelihood mapping to the location state factor:

Ai,j
1 =

{
0.99, if i = j

0.01, otherwise

Second, it observes ov
t whether the object is visible or not. This is governed by

a three-dimensional likelihood mapping A2 where

Av,i,j
2 =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0.2, if i = j ∧ v = not visible
0.8, if i �= j ∧ v = not visible
0.8, if i = j ∧ v = visible
0.2, if i �= j ∧ v = visible

Finally, there is the belief-sharing observation os
t which contains the shared infor-

mation from the other agent.
The agents are initialized with a prior on sl

t set to their starting location,
and a prior on so

t set to the initial belief on where to find the object. This is
typically set uniform to (a subset of) the available locations to foster searching
behavior. The preference C is to have the object visible outcome.

4 Echo Chambers

In a model which shares the posterior beliefs of one agent as observa-
tions of another, Bayesian model updating reinforces redundant priors shared
among them. The consequent simulated behavior mirrors the “echo chamber
effect” wherein messages communicated by like-minded agents are amplified and
returned. Psychological interpretations of the echo chamber effect are illustrated
in the consequences of social media feed algorithms, which are often engineered
to encourage user engagement with sympathetic posts [16]. An algorithmically
curated social media curriculum increases engagement by anticipating a user’s
expected social media observations and fulfilling those expectations. Promoted
content thereby constructs homophilic interaction networks which facilitate the
construction and reinforcement of shared narratives among users. In worst case
scenarios, the result is the unimpeded flow of misinformation on social media
platforms. More generally, shared narratives facilitated by social media feed algo-
rithms result in an increase in confidence of posterior beliefs even when external
evidence is absent or intentionally excluded.

Ignoring new evidence can be adaptive, such as when this strategy facilitates
in-group cooperation [17]. However, negative consequences also result, such as
when outside sources are discredited or distrusted.

Corresponding to the echo chamber effect, one pitfall of belief sharing is that
when agents have established even small prior beliefs on their goal, if those priors
are shared, then an echo chamber forms. The agents, however, reinforce their
prior beliefs through the communication method, resulting in ever-increasing
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Fig. 3. Simulation of an echo-chamber. We initialize both agents with a small
prior belief that the object will be present at location 11 or 13. Then, we let the agents
share their beliefs. Note that this reinforces the belief that the object will be at either
one of the locations. The next columns show the evolution of both agents where they
keep observing the environment. We see that in the transition from time 1 to time 2
the agents increase the belief that the object is at the a priori believed location even
though there is no new evidence to support this belief. Agent location is depicted using
the blue dots in both panels.

beliefs on the goal location even when there is no new evidence to support this
belief. Figure 3 shows a simulation triggering this situation. The agents start
with a small belief that the object will be present at two locations within the
graph to simulate a longer-running experiment where such a situation might
naturally occur. We have restricted the movement of the agents and prohibited
the agents from accumulating more evidence about the object’s actual location.
However, the agents keep increasing their belief on the object being present at
the a priori believed location because of the constant sharing of beliefs. Once
the agents create such an echo chamber, more often than not, they are stuck in
this faulty belief unless they all sufficiently change their belief at the same time.

5 Self-doubt

In an echo chamber, a belief sharing agent’s confidence about their priors is
reinforced in the absence of external evidence. Conversely, self-doubt refers to
a scenario in which the agent’s self-confidence is degraded as a result of belief
sharing. In our simulations, the paradigmatic example is when multiple agents
are fixated on a search task with complimentary plans for exploring the envi-
ronment. If multiple agents participate in the search task, they can get stuck on
faulty beliefs and ignore all evidence that points to the contrary. This can occur
after an echo chamber is formed but could also occur independently. In this sce-
nario, the agents again reinforce each other’s beliefs in such a strong way that
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the agents “doubt” their observations originating from the environment. Figure 4
visually overviews a simulation showcasing this phenomenon. The agents are ini-
tialized with a strong belief on the object location. In this particular simulation,
the agents have a single peaked belief on the object location (location 1 in the
graph), which could occur after an echo chamber situation. The agents are unre-
stricted in their movement as long as they follow the underlying graph structure.
We see that even though eventually all agents visit location 1, they cannot cor-
rectly eliminate that location as a possible object location. The incoming beliefs
of the other agents overrule their sensory observations.

Fig. 4. Simulation of self-doubt for 4 agents. Again, each panel displays the
evolution of the posterior belief as a function of time, where darker colors indicates a
higher degree of belief. Blue dots indicate the agent location. All agents are initialized
with a strong prior belief that the object will be at location 1, as indicated by the dark
shaded area. This reflects a potential situation where all agents have been acting in the
environment for a long time, accruing faulty evidence. In this case the communication
mechanism prohibits the agents from discovering that the object is not there, even
after observing its absence multiple times.

6 To Share or Not to Share?

Given that sharing agents’ beliefs can give rise to the aforementioned issues, it
is worth wondering what information can best be shared to allow multi-agent
cooperation in active inference agents. In particular, the update rule for so

t ,
written in variational message passing notation [18], is of the form

so
t = σ(μ2

→B2
+ μ2

↑A2
+ μ2

↑A3
),

μf
↑Ag

= og
t � ϕ(ag) �i∈pa(g)\f si

t,
(4)
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where σ is the softmax function, μf
↑Ag

the message from observation modality
g to state factor f and ϕ(ag) the digamma function of the Dirichlet counts
corresponding to the parameters of the likelihood model [8]. Effectively, the
update message is comprised of a part coming from a prior given by our beliefs
on the previous timestep μ2

→B2
, a part based on the latest observation μ2

↑A2
,

and a part communicated by the other μ2
↑A3

. When we communicate the other’s
posterior parameters directly through an identity likelihood mapping, we have
μ2

↑A3
= μ2,other

→B2
+ μ2,other

↑A2
. This shows that, indeed, when agents have similar

priors, this gets double counted in the belief update.
To address this, we will now instead share the other’s likelihood message only,

i.e. μ2
↑A3

= μ2,other
↑A2

. This scheme leaves out agents’ prior beliefs about the state
and only shares the agent’s interpretation of the observation, treating the other
agents as extra independent observers for the exact latent cause in the world.
We call this scheme ‘likelihood sharing‘.

Fig. 5. Illustration of the lack of echo-chamber like behaviour when sharing
likelihoods. In this figure, the situation leading to an echo chamber is recreated.
Both agents are initialized with the same prior belief that the object is most likely at
locations 11 and 13; however, because of the sharing of likelihoods, they do not get
stuck in an echo chamber and do not increase the beliefs when there is no new evidence.

In the particular scenario of object-finding agents in a graph world, the agents
share their current location and visibility observation as passed through their
object location A-tensor; each receiving agent can integrate this observation
quite easily into their own posterior belief by using Bayes rule. In effect, each
agent treats the other agents as an extra “pair of eyes” in the search for the
object, inferring their posterior update if they observed what the other agent
had observed.
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In Figs. 5 and 6, the same simulations from earlier are reprised but using the
new likelihood-sharing mechanism. The echo chamber and self-doubt phenomena
are no longer present even when providing the same initial conditions.

Finally, Fig. 7 compares likelihood sharing to belief sharing and not commu-
nicating at all. All methods are tested over all possible combinations of agent
starting locations and object locations in the environment, and each configura-
tion is repeated five times. The trials are evaluated on the percentage of times
the object was found after a maximum of 10 timesteps in the environment. From
the experiments, the likelihood-sharing agents are on par with the naive belief-
sharing agents when they both start from the same uniform prior belief on the
object location. However, when both agents start from a non-uniform prior, i.e.,
a prior where there is 80% belief that the object is at two randomized loca-
tions (differing from the agent’s initial location and the actual object location),
the likelihood sharing agent is better at recovering from these faulty beliefs and
finding the object.

Fig. 6. Alleviation of the self-doubt behavior under likelihood-sharing. As
with the previous depiction of this scenario, the agents are initialized with a strong
belief that the object will be at location 1; nonetheless, due to the different communi-
cated belief, the agent no longer ignores the evidence for the object’s absence.
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Fig. 7. Overview of the average object find rate for each type of agent. We
measured the percentage of finding the object after a maximum of 10 timesteps by
any of the two agents over all possible start configurations in the environment. The
experiments are repeated five times to account for variability in the action selection
process and the randomness in initial prior configurations. We report the results for
three cases. Single Agents, when the agents do not communicate at all; Uniform Prior,
when the agents communicate but each start with a uniform prior belief on the object
location; and finally, Randomized Prior, when the agents communicate, but the prior
is randomized to prefer two random locations other than the agents own location and
the actual location.

7 Discussion

The results presented in this paper highlight the potential pitfalls of belief-
sharing in multi-agent systems under the framework of active inference. Our
findings suggest that naive sharing of posterior beliefs can lead to undesirable
social dynamics such as echo chambers and self-doubt, severely hampering the
agents’ performance in collaborative tasks.

Echo chambers in human societies are well-documented phenomena where
groups of individuals reinforce their preconceptions, often without external vali-
dating evidence. In our simulations, a similar effect occurs when agents continu-
ously share their posterior beliefs. Initial biases can get amplified through repet-
itive belief sharing, leading to overly confident but potentially erroneous shared
beliefs. This results in the agents becoming overconfident in incorrect hypothe-
ses, thereby hampering their search or exploration processes. Similarly, self-doubt
arises when agents’ observations contradict the reinforced shared beliefs, leading
them to disregard their sensory inputs. This mirrors real-world psychological
effects where individuals question their perceptions in the face of strong peer
influence. In our simulations, agents maintained strong incorrect beliefs about
the object’s location despite direct evidence to the contrary due to the influence
of shared but incorrect posterior beliefs.

Our proposed strategy of sharing likelihoods rather than posterior beliefs
mitigates the issues of echo chambers and self-doubt. By sharing interpreted
observations rather than fully formed beliefs, agents can integrate new informa-
tion without being overwhelmed by the potentially erroneous priors of others.
This approach allows agents to utilize each other as additional sensing mech-
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anisms, providing independent evidence that can be more robustly combined
with their observations. By treating other agents’ observations as additional
data points rather than beliefs, the system remains more flexible and resilient
to individual errors. The proposed approach was only validated in simulated
experiments but might also apply to more general and complex scenarios with
further modifications.

Our work suggests that the type of information shared among active inference
agents must be carefully considered to avoid counterproductive dynamics. Future
research can build on these insights by exploring other belief-sharing strategies
and their impacts on system performance. Additionally, exploring these dynam-
ics in more complex and varied environments, including those with adversarial
elements, could provide deeper insights into the performance of different com-
munication strategies. As our approach assumed full and honest collaboration
between the agents, another future avenue of research would be to investigate
the impact of dishonesty and, consequently, the discounting of communications
between untrusted agents.

In conclusion, while belief sharing among active inference agents can enhance
collaborative performance, it also risks reinforcing incorrect beliefs and under-
mining individual observations. Our proposed likelihood-sharing mechanism
offers a promising solution by leveraging the strengths of collective sensing
while mitigating the pitfalls of echo chambers and self-doubt without signifi-
cant changes to the underlying model. Such strategies will be essential for devel-
oping robust, efficient, and adaptive collaborative agents as multi-agent active
inference systems are designed.
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Abstract. We propose an active inference agent to identify and con-
trol a mechanical system with multiple bodies connected by joints. This
agent is constructed from multiple scalar autoregressive model-based
agents, coupled together by virtue of sharing memories. Each subagent
infers parameters through Bayesian filtering and controls by minimizing
expected free energy over a finite time horizon. We demonstrate that
a coupled agent of this kind is able to learn the dynamics of a double
mass-spring-damper system, and drive it to a desired position through a
balance of explorative and exploitative actions. It outperforms the uncou-
pled subagents in terms of surprise and goal alignment.

Keywords: Active inference · Expected free energy minimization ·
Autoregressive models · Bayesian filtering · Adaptive control

1 Introduction

Our society relies heavily on mechatronic systems for manufacturing, energy,
transport, logistics and healthcare. These systems are still largely designed using
physics-driven models, offline system identification and optimal control tech-
niques. However, this design framework leads to systems that tend to be sen-
sitive to “noise”, i.e., sensor and actuator imperfections, external disturbances,
and unmodeled physics (e.g., heat, vibrations). Robustness requires adaptation
to a changing environment by updating a model rapidly, continuously and data-
efficiently. This is exactly what embodied artificial intelligence and cognitive
robotics strive to achieve [14,17]. Reinforcement learning is a prime candidate
framework, but it tends to be costly in terms of computational resources and
training time [3]. A more appropriate framework for resource-constrained mecha-
tronic systems is active inference, which characterizes itself by including optimal
information gain in its data acquisition protocol [21,22]. Here we present scalar
active inference agents that are coupled together to jointly control a mechatronic
system with multiple inputs and multiple outputs [20].

Active inference draws its roots from cognitive science where it is a pro-
cess theory for intelligent behaviour [8]. Many agents with discrete state and
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action spaces have been proposed as models of learning, exploration and curios-
ity [4,5,7,26]. The engineering community wants to use active inference as a
framework for designing intelligent autonomous systems with continuous state
and action spaces [1,2,12,16,23]. A major challenge in designing such agents are
the calculations of the differential entropies involved. Many models assume some
form of Gaussian state transition or likelihood, often with parameters shaped by
neural networks [10,11,28]. We build on recent work using autoregressive models
fit for resource-constrained mechatronic systems [13]. Our contributions include:

– The formulation of a coupled active inference agent consisting of two scalar
agents that share memories (Sect. 3.3).

– An empirical evaluation of coupled versus uncoupled agents on a double mass-
spring-damper system (Sect. 4).

2 Problem Statement

We study the class of multi-joint dynamical systems, characterized by simple
mechanical systems connected in sequence. For example, a double mass-spring-
damper system consists of one mass attached to a base through a spring and an
accompanying damper, with a second mass connected to the first mass through
another spring and damper (Fig. 1 left). Similarly, a double pendulum consists
of a single pendulum attached to a base and another single pendulum attached
to the end of the first pendulum (Fig. 1 right). The task is to find control policies
for each motor such that the multi-joint dynamical system moves to a desired
position. We expect that coupling agents together lets them more accurately
predict joint motion and infer an appropriate control policy sooner.

Fig. 1. (Left) A double mass-spring-damper system where block 1 is attached to a
stationary frame and block 2 is attached to the first block. The dynamics of the system
are determined by the masses mi of the blocks, the stiffness of the springs ki, the
amount of friction ci the dampeners provide and gravity g. (Right) A double compound
pendulum system consisting of two single compound pendulums joined end-to-end. The
dynamics of the system are determined by the masses mi and lengths li of the poles.
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3 Agent Specification

Consider an agent, operating in discrete time, that sends inputs uk ∈ R (a.k.a.
controls, actions) to a system and measures its output yk ∈ R. The agent must
drive the system to a desired output y∗ without knowledge of its dynamics. Since
this active inference agent minimizes expected free energy (EFE) based on an
autoregressive exogenous (ARX) model, we refer to it as an ARX-EFE agent.

3.1 Probabilistic Model

We specify a likelihood function of the form:

p(yk | θ, τ, uk, ūk, ȳk) = N
(
yk | θᵀ [

uk ūk ȳk

]
, τ−1

)
, (1)

where the vectors ȳk ∈ R
My and ūk ∈ R

Mu are buffers containing previous
observations of the system outputs and inputs, where My and Mu are the lengths
of the output and input buffers, respectively. This defines the above likelihood
as an autoregressive model. θ ∈ R

D, where D = My + Mu + 1, are coefficients
and τ ∈ R

+ represents a precision parameter.
The prior distribution on the parameters is a multivariate Gaussian - uni-

variate Gamma distribution [27, ID: D5]:

p(θ, τ) � NG
(
θ, τ | μ0, Λ0, α0, β0

)
= N (θ | μ0, (τΛ0)−1

)
G
(
τ | α0, β0

)
. (2)

The prior distributions over inputs are assumed to be independent over time:

p(uk) � N (uk | 0, η−1) , (3)

with precision parameter η. This choice has a regularizing effect on the inferred
controls (Sect. 3.2).

3.2 Inference

Our inference procedure is separated into a parameter belief update procedure
given observed data, and control estimation given parameters.

Parameters. First, note that, at time k, the control uk has been executed
and is known to the agent. Henceforth, we shall use ûk and ŷk to differentiate
observed variables from unobserved ones. Furthermore, let

xk =
[
uk ūk ȳk

]
. (4)

The parameter posterior distribution is obtained by Bayesian filtering [25]:

p
(
θ, τ | Dk

)

︸ ︷︷ ︸
posterior

=

likelihood
︷ ︸︸ ︷
p
(
ŷk | θ, τ, ûk, ūk, ȳk

)

p
(
ŷk | ûk,Dk-1

)

︸ ︷︷ ︸
evidence

p
(
θ, τ | Dk-1

)

︸ ︷︷ ︸
prior

. (5)
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where Dk = {ŷi, ûi}k
i=1 is the data up to time k. The evidence (a.k.a. marginal

likelihood) is

p
(
ŷk | ûk,Dk-1

)
=

∫
p
(
ŷk | θ, τ, ûk, ūk, ȳk

)
p
(
θ, τ | Dk-1

)
d(θ, τ). (6)

We obtain an exact posterior distribution using the multivariate Gaussian -
univariate Gamma prior distribution specified in Eq. 2 [13]:

p(θ, τ | Dk) = NG(θ, τ | μk, Λk, αk, βk) . (7)

where

μk =
(
xkxᵀ

k+Λk-1

)−1(
xkŷk+Λk-1μk-1

)
, Λk = xkxᵀ

k + Λk-1, (8)

αk = αk-1 +
1
2

, βk = βk-1 +
1
2
(
ŷ2

k − μᵀ
kΛkμk + μᵀ

k-1Λk-1μk-1

)
. (9)

The marginal posterior distributions are Gamma distributed and multivariate
location-scale T-distributed [27, ID: P36]:

p(τ | Dk) =
∫

p(θ, τ | Dk)dθ = G(τ | αk, βk) , (10)

p(θ | Dk) =
∫

p(θ, τ | Dk)dτ = T2αk

(
θ | μk,

βk

αk
Λ-1

k

)
. (11)

The 2αk subscript refers to the T-distribution’s degrees of freedom parameter.

Controls. In order to effectively drive the system to the goal, the agent must
make accurate predictions for future outputs. The predictive probability of the
input, output and parameters at time t = k + 1 is:

p(yt, θ, τ, ut | Dk) = p(yt | θ, τ, ut, ūt, ȳt) p(θ, τ | Dk)p(ut) . (12)

Note that at time t = k+1, the buffers ȳt = [ŷk ŷk−1 . . . ] and ūt = [ûk ûk−1 . . . ]
contain only observed variables (i.e., there are no products between random
variables). To incorporate the goal output, we invert (see Eq. 21) the conditional
dependency in the predictive probability for the output and parameters:

p(yt | θ, τ, ut, ūt, ȳt) p(θ, τ | Dk) = p(yt, θ, τ | ut;Dk) (13)
= p(θ, τ | yt, ut;Dk) p(yt) . (14)

We intervene on the marginal prior distribution over future output, p(yt), with
our chosen goal prior parameters:

p(yt) → p(yt | y∗) � N (yt | m∗, v∗) . (15)

Now, to infer a posterior distribution for the control variable ut, we introduce
an expected free energy functional [7,15],

Fk[q] � Eq(yt,θ,τ,ut)

[
ln

p(θ, τ | Dk)q(ut)
p(θ, τ | yt, ut;Dk)p(yt|y∗)p(ut)

]
, (16)
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with a variational model of the form:

q(yt, θ, τ, ut) � p(yt, θ, τ | ut;Dk)q(ut) . (17)

Inferring the optimal control at time t refers to minimizing the free energy func-
tional with respect to the variational distribution q(ut):

q∗(ut) = arg min
q ∈ Q

Fk[q] . (18)

where Q represents the space of candidate distributions. We can re-arrange the
free energy functional to simplify the variational minimization problem:

Eq(yt,ut,θ,τ)

[
ln

p(θ, τ | Dk) q(ut)
p(θ, τ | yt, ut;Dk)p(yt | y∗)p(ut)

]
=

Eq(ut)

[
Ep(yt,θ,τ | ut;Dk)

[
ln

p(θ, τ | Dk)
p(θ, τ | yt, ut;Dk)p(yt|y∗)

]

︸ ︷︷ ︸
Jk(ut)

+ ln
q(ut)
p(ut)

]
.

(19)

Using Jk(ut) = ln(1/ exp(−Jk(ut))), the expected free energy functional can be
expressed as a Kullback-Leibler divergence

Fk[q] = Eq(ut)

[
ln

q(ut)
exp

(
− Jk(ut)

)
p(ut)

]
, (20)

which is minimal when q∗(ut) = exp
(

− Jk(ut)
)
p(ut) [19]. Thus, we have an

optimal approximate posterior distribution over controls.
The only unknown distribution in Jk(ut) is the distribution over parameters

given the future output and control (see Eq. 13). It can be related to known
distributions through Bayes’ rule:

p(θ, τ | yt, ut;Dk) =
p(yt | θ, τ, ut, ūt, ȳt) p(θ, τ | Dk)∫

p(yt | θ, τ, ut, ūt, ȳt)p(θ, τ | Dk)d(θ, τ)
. (21)

The distribution that results from the marginalization in the denominator is the
posterior predictive distribution p(yt | ut;Dk) and can be derived analytically
within our model specification [13]:

p(yt | ut;Dk) �
∫

p(yt | θ, τ, ut, ūt, ȳt)p(θ, τ | Dk)d(θ, τ) (22)

= T2αk

(
yt | μᵀ

kxt,
βk

αk

(
xᵀ

t Λ−1
k xt + 1

))
, (23)

for xt =
[
ut ūt ȳt

]
. If we replace p(θ, τ |yt, ut) in the expected free energy function

with the right-hand side of Eq. 21 and use Eq. 12, then it can be split into two
components:

Jk(ut) = Ep(yt | ut;Dk)

[
− ln p(yt | y∗)

]

− Ep(yt,θ,τ | ut;Dk)

[
ln

p(yt, θ, τ | ut;Dk)
p(θ, τ | Dk)p(yt | ut;Dk)

]
. (24)
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One may recognize the first term as a cross-entropy, describing the dissimilarity
between the posterior predictive distribution and the goal prior distribution [19].
The second term is the mutual information between the parameter posterior and
the predictive distribution, describing how much information is gained on the
parameters upon measuring a system output [19]. Solving the expectations yields

Jk(ut)=C+
1

2v∗

(
(μᵀ

kxt−m∗)2+
βk

αk-1
(xᵀ

t Λ−1
k xt+1)

)
− 1

2
ln(xᵀ

t Λ−1
k xt+1), (25)

where C are constants that do not depend on ut [13].
Unfortunately, the functional form of q∗(ut) does not appear to be a member

of a known parametric family. This means we do not have access to analytic
solutions of the moments of this distribution. If only its most probable value
is of interest, then the most straightforward approach is maximum a posteriori
(MAP) estimation. The MAP estimator can be written as a minimization over
a negative logarithmic transformation of q∗(ut):

ût = arg max
ut ∈ U

q∗(ut) (26)

= arg min
ut ∈ U

Jk(ut) − ln p(ut) , (27)

where U = {u ∈ R | umin ≤ u ≤ umax} refers to the space of affordable controls.
It can be used to incorporate practical constraints such as torque limits. If an
approximate uncertainty over the controls is required, then the above MAP
estimate can be extended to a Laplace approximation [6].

3.3 Coupling

The above ARX-EFE agent is scalar and can only operate on single-input single-
output systems. We can of course naively group multiple such agents together
to operate on a multi-input multi-output system, as is sometimes done with
Gaussian processes [29, Sec. 9.1]. But that ignores correlations between outputs
which is important for prediction of motion in mechanical systems. We propose
to couple agents together by virtue of incorporating additional signals into the
autoregressive data buffers (i.e., memories) xt. For agent j �= i, sharing the
output buffer between agents would take the form of:

p(yi,k | θi, τi, ui,k, ūi,k, ȳi,k, ȳj,k) = N
(
yi,k | θᵀ

i

[
ui,k ūi,k ȳi,k, ȳj,k

]
, τ−1

)
. (28)

Through sharing data buffers, the prediction for one system component will
depend explicitly on another component. However, this solution poses a problem
for when the agent wants to extend its time horizon to t > k+1. In principle, due
to the independence assumptions on the prior p(ut) and the variational control
posteriors q(ut), the joint control posterior distribution can be formed as:

q∗(ut, . . . , ut+T ) =
T∏

t=1

p(ut) exp
(

− Jk(ut)
)
. (29)
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For a single agent, the output buffer for t > k+2 can be filled with the maximum
a posteriori value of its prediction at t = k +1 [13]. This solution can be applied
recursively so the time horizon can be extended arbitrarily far. However, in a
coupled setting, agent 1 has to use agent 2’s prediction for k + 1. But agent 2’s
prediction depends on agent 1’s action. Thus, the coupled agents must solve a
nested optimization procedure, iteratively alternating between two scalar opti-
mization procedures. This means coupling becomes computationally expensive
for time horizons t > k + 1.

3.4 Optimization

The optimization problem in Eq. 27 can be solved in a number of ways. Firstly,
using modern automatic or algorithmic differentiation tools, the gradient and
Hessian with respect to ut can be obtained. Iterative procedures such as gradient
descent or (quasi-)Newton methods, will then return approximate minimizers.
The most straightforward way to enforce control space constraints is to utilize
an interior-point method [9]. Such a method imposes a log-barrier function,
which increases an objective function drastically as it approaches the constraint
boundary.

Alternatively, one could quantize the control space U , calculate Eq. 27 for
every possible value and select the minimizer. For a single time-step and a scalar
control, this procedure may actually be computationally cheaper as it does not
require iteration. It does come at the cost of a quantization error for the esti-
mated ût, and, of course, it does not scale well for longer time horizons due to
the curse of dimensionality (the discretization interval becomes a tensor).

4 Experiments

4.1 System Description

We perform an experiment1 on a double mass-spring-damper system. Its equa-
tion of motions are the following second-order ordinary differential equations
(ODE) [18]:

[
m1 0
0 m2

] [
z̈1
z̈2

]
=

[
−(c1+c2) c2

c2 −c2

] [
ż1
ż2

]
+

[
−(k1+k2) k2

k2 −k2

] [
z1
z2

]
+

[
u1

u2

]
, (30)

where each block i has displacement (or position) zi, velocity żi, acceleration z̈i,
mass i, damping coefficient ci, spring coefficient ki, and external force (control)
ui. In our experiments, we choose c1 = c2 = 0.1, k1 = k2 = 1.0, and m1 = m2 =
1.0. To update the state of the system, we numerically solve the ODE using
the second-order Størmer-Verlet integration method [24]. This method involves
updating the displacement of the mass as follows:

zt+1 = zt + Δtżt +
1
2
Δt2z̈t, (31)

1 Code found at https://github.com/biaslab/IWAI2024-CARXEFE.

https://github.com/biaslab/IWAI2024-CARXEFE
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where z̈t is calculated from the equations of motion in Eq. 30. The initial state
of the system is the fixed point z0 = [0.0, 0.0, 0.0, 0.0]. By reducing the step
size Δt and correspondingly increasing the number of updates niter, we can
reduce the risk of numerical instabilities. In our experiments, we choose Δt =
0.01 and niter = 120. The observed measurement yt at time t of the system
is the position zt plus measurement noise ε ∼ N (0, σ2

εIMy
), where IMy

is an
identity matrix of size My × My, and σ2

ε is the variance of the noise. We use
σ2

ε = 1×10−5. We discretize the control space U into nU = 999 discrete controls,
U = {umin + k(umax−umin)

nU−1 | k = 0, 1, 2, . . . , nU − 1}, using control limits umin =
−1.0, umax = 1.0. A multi-joint dynamical system has control space UDu and
observation space R

Dy with dimensions Dy > 1 and Du > 1, respectively. Since
we couple ARX-EFE agents with single input and single output, we require
Dy = Du agents to control and observe the system. In the case of a double
mass-spring-damper system, Dy = Du = 2.

4.2 Comparisons

We compare a set of coupled ARX-EFE agents, referred to as CARX-EFE agents,
with a set of uncoupled ARX-EFE agents. CARX-EFE and uncoupled ARX-EFE
agents differ in the size M of the history vector xk. For each buffer type, we use
a history size of 2. Thus, an uncoupled ARX-EFE agent has a memory size
M = 4 (2 each for a history of its own observations and controls). CARX-EFE
has a memory size of M = 6, as we additionally include a history of observations
of the other agent. Each agent has a set of parameters (μ0, Λ0, α0, β0, η0). By
initializing μ0 as a zero matrix and Λ0 as an identity matrix (each of size M),
we ensure initial conditions for optimization that give each element in xt equal
importance to calculate the control objective in Eq. 25. We further choose α0 =
2.0, β0 = 3.0, and η0 = 0.001. The parameters of the goal priors for each agent
are (m1,∗, v1,∗) = (1.0, 1.0) and (m2,∗, v2,∗) = (2.0, 1.0).

4.3 Results

Figure 2a shows the displacements of the two masses (z1 for mass m1 on the
left and z2 for mass m2 on the right) as a function of time for the coupled
agents (top row) compared to the uncoupled agents (bottom row). The black
scatter points show the observations that the system generated, while the agent’s
one-step ahead predictions are shown as purple lines, accompanied by ribbons
indicating one standard deviation of the prediction variance. The goal prior,
indicating the desired displacement over time, is shown in green with a ribbon
reflecting one standard deviation of the goal prior variance. The CARX-EFE
agents demonstrate rapid stabilization around the goal prior, with displacements
converging towards the goal prior within the first 20 time steps. After reaching
the goal prior, oscillations around it diminish over time, resulting in a stable
state where both displacements remain within a narrow range of the desired
values, as indicated by the low prediction variance. In contrast, the uncoupled
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Fig. 2. Comparison of predictions and controls of a set of CARX-EFE agents (top rows)
versus a set of uncoupled ARX-EFE agents (bottom rows). Each column represents an
agent controlling the first and second mass, respectively.
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ARX-EFE agents oscillate more wildly (until around time step 45) and have more
difficulty maintaining close adherence to the goal prior. They exhibit a prolonged
oscillatory phase, where oscillations are more persistent and take significantly
longer to dampen. The higher prediction variance further highlights the increased
uncertainty and instability in the performance of uncoupled ARX-EFE agents
compared to CARX-EFE. The control signals (Fig. 2b) provide further insight
into the observed differences in stabilization performance. Both sets of agents
start with a brief initial phase of inactivity, during which the control signals
remain at zero, keeping the system in its initial, stable state. Following this
inactivity phase, both sets of agents apply non-zero control inputs characterized
by relatively large oscillations where they learn the input-output relationship
before moving to the goal prior. After reaching the goal prior, the control pulse
width of one agent in each set gradually converges to specific values (0.0 for the
coupled agent, 0.4 for the uncoupled agent), while the other agent in the set
alternates between a high and a low control value of the control space U . These
oscillations are more narrow for the agent in control of mass m2, compared to
the uncoupled ARX-EFE agent controlling mass m1.

Figure 3 compares the model performance of both agent sets over time,
divided into two subplots: goal alignment (Fig. 3a) and surprise (Fig. 3b). Each
subplot is further split into two rows, showing the performance of agents con-
trolling the first and second mass, respectively. Goal alignment, quantified as
− log p(yt | y∗), measures how closely the agent’s predictions align with the
desired outcome (goal prior). As illustrated in Fig. 3a, the CARX-EFE agents
consistently achieve better goal alignment over time, compared to the uncou-
pled ARX-EFE agents. Both agent sets exhibit initial peaks in the alignment
error, reflecting difficulty in achieving goal alignment during the early stages of
control. For the uncoupled agents, these peaks are notably larger and more fre-
quent, reflecting greater initial instability and less effective goal adherence. Over
time, the CARX-EFE agents maintain more stable and lower error values, sug-
gesting a more robust alignment with the desired system state. Prediction error,
measured by − log p(yt | ut), reflects the agent’s ability to minimize surprise by
accurately predicting system behavior based on control inputs. Figure 3b demon-
strates that the CARX-EFE agents outperform the uncoupled ARX-EFE agents
by consistently achieving lower surprise values. This suggests that CARX-EFE
agents are more effective in learning the system dynamics and predicting the
outcome of their actions, which in turn helps maintain better goal adherence. In
contrast, the uncoupled agents, initially struggling with higher surprise values,
demonstrate less accurate predictions over time.

Overall, CARX-EFE agents exhibit superior performance by improving sta-
bilization, lower prediction variance, and more efficient control strategies com-
pared to their uncoupled counterparts. These findings underscore the efficacy
of the coupled approach in improving both the accuracy and stability of the
control system, making CARX-EFE a more robust choice for managing complex
dynamical systems.
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Fig. 3. Comparison of model performance of a set of CARX-EFE agents versus a set of
uncoupled ARX-EFE agents. Each subplot evaluates a specific aspect of performance:
(a) goal alignment and (b) prediction error (surprise). Lower values indicate better
performance. The top and bottom row in each subplot show the performance of agents
controlling the first and second mass, respectively.

5 Discussion

Improved ability to stabilize and lower prediction variance demonstrated by
CARX-EFE suggest a significant advantage in scenarios requiring reliable con-
vergence, such as robotic control and adaptive systems in unpredictable environ-
ments. However, the current findings are based on a single simulation run, neces-
sitating further validation. Conducting Monte Carlo experiments would confirm
the robustness of CARX-EFE’s advantages across varied conditions. Future work
should also evaluate the CARX-EFE agents on nonlinear and underactuated sys-
tems, like a double pendulum or acrobot, to assess their ability to generalize.
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Additionally, benchmarking against other control methods could provide insights
into the relative strength of CARX-EFE agents. The current implementation of
CARX-EFE agents relies on a one-step ahead prediction, making their perfor-
mance sensitive to the system update step size (Δt). Addressing this limitation
by extending the prediction capability could reduce the dependence on these
parameters, and possibly improve the efficiency of the coupled approach.

6 Conclusion

We investigated the control of a multi-joint mechanical system by coupling multi-
ple autoregressive active inference agents that minimize expected free energy. We
evaluate the effect of sharing data buffers (i.e., memories) in the autoregressive
models of the agents. Our experiments demonstrate that coupling significantly
improves the agent’s ability to achieve both better goal alignment and lower
prediction error. CARX-EFE agents consistently outperformed their uncoupled
counterparts, showing lower prediction uncertainty with higher prediction accu-
racy (lower surprise), and greater long-term stability around the goal prior. It is
important to note that the agent is limited to one-step ahead predictions. Future
research should focus on extending the horizon of the agents, and improving the
optimization procedure in MAP estimation.
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Abstract. Active Inference is a framework that emphasizes the interaction
between agents and their environment. While the framework has seen signifi-
cant advancements in the development of agents, the environmental models are
often borrowed from reinforcement learning problems, which may not fully cap-
ture the complexity of multi-agent interactions or allow complex, conditional
communication. This paper introduces Reactive Environments, a comprehensive
paradigm that facilitates complex multi-agent communication. In this paradigm,
both agents and environments are defined as entities encapsulated by bound-
aries with interfaces. This setup facilitates a robust framework for communica-
tion in nonequilibrium-Steady-State systems, allowing for complex interactions
and information exchange. We present a Julia package RxEnvironments.jl,
which is a specific implementation of Reactive Environments, where we utilize a
Reactive Programming style for efficient implementation. The flexibility of this
paradigm is demonstrated through its application to several complex, multi-agent
environments. These case studies highlight the potential of Reactive Environ-
ments in modeling sophisticated systems of interacting agents.

Keywords: Active Inference · Agent-Environment Interaction · Reactive
Environments · Reactive Programming

1 Introduction

The Free Energy Principle (FEP) [7] distinguishes itself from other theories of self-
organization by taking an interaction-centric perspective. Active inference (AIF) is an
implication of the Free Energy Principle that extends the FEP to control and decision-
making in self-organizing natural systems.

In this framework, agents possess an internal generative model for predicting obser-
vations from an unknown external process. The model updates its internal (perceptive)
and active (control) states to minimize prediction errors. This unifying principle has
profound implications for understanding how agents perceive and act within complex
environments.

AIF posits that agents actively seek to minimize their free energy (a measure
related to surprise or prediction error) by updating their beliefs about the environ-
ment and selecting actions that align with these beliefs [9]. This formulation bridges
c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025
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the gap between theoretical principles and practical implementations of FEP in agent-
environment interactions.

To simulate a synthetic AIF agent, researchers need the ability to control interac-
tions between agents and their environment in practical scenarios. For example, a signif-
icant theory from AIF is that the human brain learns from the proprioceptive feedback
it receives from muscles [1]. Since proprioceptive and exteroceptive sensory channels
do not necessarily run at the same time-frequency rates, researchers need fine-grained
control over the communication protocol between the agent and the environment. In
other settings, one could be interested in having multiple agents share the same world,
allowing communication between agents [10]. Current solutions from the reinforce-
ment learning or control theory community, such as Gymnasium [23] do not give end-
users these controls over details of the environment, instead focusing on implementing a
single agent-environment interaction through a transition function. The imperative pro-
gramming style used in these frameworks limits the communication between agents and
environments with a predefined time step, observation frequency, and action frequency.

This paper introduces Reactive Environments, which adopt a reactive programming
approach to environment design. In contrast to their imperative counterparts, Reactive
Environments are not limited by strict communication constraints and natively allow
multi-sensor, multimodal interaction between agent and environment. We will discuss
how a reactive programming strategy addresses the flaws of current frameworks and
introduce RxEnvironments.jl, a specific implementation of Reactive Environments in
the Julia language [4]. We will show how implementing complex real-world environ-
ments with fine-grained control over an agent’s observations is streamlined in RxEnvi-
ronments.jl. The main features of RxEnvironments.jl are:

– Detailed control over observations. Different sensory channels can execute at differ-
ent frequencies or can be triggered only when specific actions are taken, allowing
for complex interactions.

– Native support for multi-agent environments: multiple instances of the same agent
type can be spawned in the same environment without additional code.

– Reactivity: By employing a reactive programming style, we ensure that environ-
ments will emit observations when prompted, and will idle when no computation is
necessary.

– Support for multi-entity complex environments where the agent-environment frame-
work does not suffice.

With RxEnvironments, we hope to contribute to standardizing the creation and simu-
lation of Active Inference agents, allowing researchers to share their environments and
potentially creating standardized benchmarks in the future.

The main contributions of this paper are as follows:

– We define the Reactive Environment concept in Sect. 3.2.
– In Sect. 3.3, we introduce RxEnvironments as a package to create environments for
Active Inference agents.

– In Sect. 4, we demonstrate how to create complex environments with unique needs.
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2 Related Work

In reinforcement learning, the creation and sharing of control environments has mainly
been standardized with the introduction of Gymnasium [23]. Users can use the step
function in Gym to define a transition function, and Gym will handle the environmen-
tal simulation. A similar alternative in Python, based on the MuJoCo physics engine,
is Deepmind Control Suite [21]. The equivalent alternative in the Julia programming
language would be ReinforcementLearning.jl [22]. These packages export high-level
interfaces to the environments they describe, alleviating the user’s burden of timekeep-
ing. Although these packages are designed explicitly for reinforcement learning, which
involves computing a reward metric at every state, they can also be used for Active
Inference as they describe general control environments [17,24]. Although the real-
ization of environments is also part of popular packages such as PyMDP [11] and the
SPM-DEM toolbox [6], these packages have their primary focus on agent creation. As a
result, we do not present RxEnvironments as a substitute but rather as a comprehensive
framework that agent-centric packages can use.

In general, we observe that there is no standardized way of defining environments
for Active Inference agents. While some implementations use Gymnasium [17,20,24],
others use specialized toolboxes for implementing Active Inference agents for their
environment simulation [5,10]. With RxEnvironments, we aim to unite all use cases for
environments in Active Inference in a robust and comprehensive package.

Reactive Programming (RP) has wide applications in various domains and is similar
to the Actor Model [13]. RP does not assume anything about the data generation pro-
cess, allowing computation both on static datasets and real-time asynchronous sensor
observations. In Reactive Programming, it is necessary to define how the system should
react to changes in data or events rather than explicitly programming sequences of steps.
This approach is similar to an in situ control system that can gather data through its sen-
sors asynchronously and respond accordingly to incoming stimuli.

3 Methods

3.1 A Model for Interaction in Active Inference

Self-organizing agents maintain their existence by creating a boundary that separates
their internal states from the external states of their environment [12,15,18,25]. An
agent can only affect its environment through its actuators, while its internal states are
influenced only by stimuli received through its sensors. Therefore, an agent has a set
of actuator and sensor interfaces that it uses to communicate with its environment. We
will refer to this collection of all actuators and sensors of an agent as its boundary. A
schematic of this interaction model can be seen in Fig. 1.
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Fig. 1. General communication protocol in an Active Inference environment containing two
agents. The terms “Actuator” and “Sensor” are used from the agents’ points of view. We see
that both agents have a boundary with actuators and sensors with which they interact with the
environment.

Here, the duality between the agent and environment is notable; the actions emitted
by the agent are perceived as observations for the environment, and vice versa. This
dual separation of internal and external states has prompted an overarching term for
agents and environments, which we call an Entity. Note that Entities are separate from
Fristonian “things” [8] in the sense that an Entity can be any “thing” or an environment,
making it a superclass to things. We use the following definition of an Entity:

Definition 1. Entity. An Entity is a structure with a set of actuators and sensors called
a boundary that allows it to communicate with other Entities.

An Entity can, but is not obliged to, have an internal state that the sensor interfaces
in its boundary can influence. Entities with connected pairs of actuators and sensors
are mutually “subscribed.” We use this term because any action emitted by an agent
prompts a change in the internal state of an environment. Generally, an emitted action by
an Entity prompts activity (either a response or an update of an internal state) from the
subscribed entities. In Fig. 1, we see three entities, two agents that are both subscribed
to the same environment Entity, with the boundaries of both agents expanded.

The notion of a Markov Blanket is prevalent in Active Inference literature [14,18],
and it denotes the statistical partition between a system’s internal and external states. It
is worth noting that the concept of a boundary, as formulated in this section, coincides
with the notion of a Markov Blanket used in Active Inference. Therefore, modeling
communication as an interaction between different Entities through their boundaries
is an adequate implementation of the communication of a probabilistic model with a
Markov Blanket and its environment.
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3.2 Reactive Environments

Communication between Entities flows through their respective boundaries. Any Entity
can send data through its actuator interface to its subscribers at any point, prompt-
ing activity in subscribed entities. Building upon the discussion in Sect. 2 regarding
the Reactive Programming paradigm, we extend the concept to environments in agent-
based systems. Entities should process sensory data seamlessly and respond to sub-
scribers. Just as programmers define how systems respond to impulses, we aim to define
how entities react to impulses exerted by the entities to which they are subscribed. To
this extent, we define a Reactive Environment:

Definition 2. Reactive Environments. A Reactive Environment is a pair E = (A,S)
where E is a set of Entities and S is a mutable set of subscriptions, where every s ∈ S
is a pair (A1,A2), A2,A2 ∈ A. Each Entity responds reactively to sensory impulses
received from any of its subscribers through its sensors and is able to emit data to any
subscriber through its actuators.

For Entities in a Reactive Environment, we provide a set of desiderata that enable the
design of complex communication networks within the Reactive Environment frame-
work.

– Entities should be able to update their internal state in response to received impulses.
The update should be based either on the impulse emitter or the type of observation.
For example, an agent should update its internal state differently when receiving an
audio signal versus a video signal.

– An Entity should be able to determine whether or not to transmit any received
impulse to its subscribers. For example, suppose an agent sends a proprioceptive
signal, and the Entity representing the environment receives it. In that case, the envi-
ronment can match it with an observation, but it does not have to transmit it to its
other subscribers.

– At any given time, an Entity should be able to send a signal to its subscribers, such
as a video camera emitting a 60Hz signal.

– An Entity should be able to send different signals to different subscribers when
emitting. For example, an environment Entity can send different observations to
different agent entities based on their relative position in the environment.

In Fig. 2, we see a flow chart of the logic we want every Entity to go through whenever
they get an observation. This logic can also be triggered regularly to mimic a sensor
continuously providing data at a fixed rate. An algorithm implementing the logic in this
flowchart allows for all the behaviors listed above.
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Fig. 2. Internal Entity logic is applied when an observation is received. On the left, we outline
the steps an Entity should follow when processing an observation. On the right, we specify the
RxEnvironments functions that users can create to customize this behavior.

3.3 RxEnvironments.jl: a Particular Implementation of Reactive Environments

In this section, we introduce RxEnvironments.jl1, a package in the open-source
Julia [4] language that implements the communication protocol and the desiderata
described in Sect. 3.2. In RxEnvironments, we take an Entity-centric standpoint and
implement all communication logic on the Entity level. This means that entities rep-
resenting agents and environments have no constraints on their communication, allow-
ing agent-agent subscriptions or multi-agent environments natively. The reactive pro-
gramming features of RxEnvironments are based on the Rocket.jl Reactive Program-
ming library [2]. In Fig. 2 we see the flow chart that describes the logic entities go
through when processing observations, on the right we see the corresponding func-
tions in RxEnvironments. In this section, we will go through these functions in more
detail.

Revising the Transition Function. In popular environment design frameworks, such
as Gymnasium [23], the transition function for an environment takes the action emitted

1 https://github.com/biaslab/RxEnvironments.jl.

https://github.com/biaslab/RxEnvironments.jl
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by an agent and the previous state. It produces a new state and an observation for the
agent. In our Entity-centric approach, this modeling assumption is restrictive for various
reasons:

– In a scenario where entities can have multiple subscribers and be subscribed to mul-
tiple entities, it is not desirable to trigger the transition function for every received
stimulus. To illustrate, consider a multi-agent environment where all actions emitted
by each agent should be gathered before updating and advancing the environment
time. This ensures that the transition function is not invoked too frequently.

– The transition function cannot have a constant time interval. It should be a function
of the elapsed time since the last update to account for stimuli being received at any
time.

For these reasons, we split the transition update function into two different distinct
parts:

1. The function receive! updates the internal state of the receiving Entity by incorpo-
rating the stimulus received, given the emitting and receiving entities and the stimu-
lus as inputs.

2. The function update! takes an Entity and the time elapsed since the last update of
this Entity and updates the internal state of the Entity to reflect that additional time
has elapsed.

By splitting these two functions, we can natively support multi-agent environments, and
we can simulate the behavior of the internal state of an Entity in the absence of stimuli.
A concrete example would be that multiple agents could still observe a ball bouncing
in an environment without explicitly abstaining from action at every time step since
the dynamics of the bouncing ball is described in the update! function, which will
continue to be called even in the absence of stimuli.

Control over Emission Logic. In Sect. 3.2, we have emphasized the importance of
controlling the emission logic when an Entity receives a stimulus. Therefore, we expose
two functions that govern emission logic for entities in RxEnvironments:

1. The emits function operates by taking in the receiving Entity, the stimulus data
received by the Entity, and any subscribers of the Entity. The function then returns
a value determining whether the Entity should emit the stimulus to a particular sub-
scriber. This function is called for all subscribers.

2. The function what_to_send takes the receiving Entity, the stimulus data that the
Entity receives, and any subscriber of the Entity. This function is called when emits
returns true and determines which stimulus will be sent to that subscriber.

In this way, designers of environments have full control over when and how their entities
should emit. In the next section, we will demonstrate the versatility of this framework
by designing several complex environments.
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Internal Triggers for Emission. Of course, not all emissions in Entity interactions are
triggered by external impulses. Sensors, for example, usually provide data at a steady
frequency. Therefore, we expose an interface to emit observations to all subscribers
at regular intervals. By creating entities for different sensors and attaching them to an
overarching Entity, we can create complex systems that combine data from different
sensors at different observation frequencies.

Replicating Classical Reinforcement Learning Environments. In classical rein-
forcement learning environments, the environment is often seen as a passive recipient
of actions from the agent, responding to actions with observations in the next time step.
A different way to view environments is to consider them as reactive environments.
In this case, the Entity representing the environment waits until all subscribed entities
have emitted before calling the state transition function at a predetermined time interval.
This approach transforms classical reinforcement learning environments into specific
instances of reactive environments, making environmental simulation more flexible and
generalizable.

4 Case Studies

In this section, we will implement several increasingly complex environments. In every
environment, we employ a specific strategy from Reactive Environments that cannot be
replicated in popular environment creation packages.2

4.1 Mountain Car

In this section, we implement a classic environment in reinforcement learning, the
Mountain Car environment [24], with a slight difference: whenever an agent emits
an action (e.g., setting the throttle of the engine), we match this with an observation
from the environment that contains the engine force applied. For example, if the agent
decides to apply 300% of its engine force, the environment will reply that only 100% is
applied. Presenting observations in this way aligns with [1]. To realize this, we design
our environment to trigger different implementations of what_to_send based on the
input stimulus: Whenever a throttle action is received, we return the throttle action that
is applied to the environment, and we let the environment emit on a regular frequency
of 2Hz to replicate a sensor that measures the position and velocity of the mountain
car. In Fig. 3, we see a schematic overview of the interactions between the agent and
the environment. We see that we have two distinct types of observations from the agent,
sensory and proprioceptive feedback, and the logic for obtaining both is different.

2 The implementation of the environments discussed in this section can be found at https://
github.com/wouterwln/RxEnvironments-Examples.

https://github.com/wouterwln/RxEnvironments-Examples
https://github.com/wouterwln/RxEnvironments-Examples
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Fig. 3. Overview of interactions in the Mountain Car environment over time. The environment
emits sensor information at a regular interval (2Hz in this example), and whenever the agent
emits an action, the environment instantaneously responds with proprioceptive feedback to the
agent.

4.2 Football Environment

Next, we describe the implementation of a simulation environment of a football match.
Football is the most popular sport in the world and involves two teams of 11 players
who handle a ball with their feet to score goals. A football game is a complex multi-
agent game where the entity representing the environment has to handle inputs from all
22 agents to let the game run smoothly. Additionally, since we are in a noncooperative
game between two teams, players can emit signals (shout) to their teammates, so we also
have an agent-to-agent communication channel. Since all players have their position and
orientation on the pitch, their field of vision and the observations they receive are also
different for each agent.

We model this environment with a single Entity representing the state of the world
and 22 Entities representing the individual players. The world contains the ball and the
references to all 22 player bodies, so collisions and on-ball actions can be resolved. All
player Entities are subscribed to the world Entity but are not subscribed to each other.
We do not explicitly model agent-to-agent interactions because this would unnecessar-
ily complicate the subscription graph. Instead, a player can choose to emit a signal to
all other players, which the world Entity will forward to all other players. In a sense, the
world Entity represents the “global” state of the system that keeps track of all physical
interactions. At the same time, all player Entities contain their local states and receive
observations from the global state. In Fig. 4, we have visualized an example of this envi-
ronment. This example shows that we can, with the code used to define a single player,
create a 22-player environment. In this YouTube video, we show that we can send com-
mands to all individual players asynchronously. Here, we send the command to run in
a random direction to a random player every 0.1 s.

Due to the intricate dynamics of the football game and its non-trivial set of rules,
we have decided only to model running and on-ball actions. We aim to demonstrate
the multi-agent nature of Reactive Environments rather than create a comprehensive
football environment.

https://youtu.be/24ZSPcVDOqc
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Fig. 4. Plot of the setup of our football environment, showing the pitch and the 22 players. The
ball is positioned on the center spot. An animation of this environment where we send random
run commands to players can be found here.

4.3 Hearing Aid Environment

Hearing aids often feature advanced acoustic noise reduction algorithms. In recent
years, we have seen the rise of active inference-based agents that parameterize hear-
ing aid noise reduction algorithms [19]. Since a hearing aid has very limited computing
power and battery capacity, sometimes part of the agent’s needed computations must be
performed on a separate wearable device, e.g., the patient’s phone. This configuration
leads to a unique multi-entity system where the hearing aid is continually communicat-
ing with three different entities: (1) the outside world, which emits acoustic signals; (2)
the user (hearing aid patient), who receives the hearing aid output signal (and can poten-
tially emit feedback to the hearing aid about the perceived performance of the hearing
aid); and (3) with the intelligent agent at the user’s phone. Figure 5 shows a schematic
overview.

Thus, we obtain a complex entity interaction, where the hearing aid can obtain stim-
uli from all 3 subscribed entities and should process the data accordingly: an acoustic
signal from the outside world should be processed and emitted to both the user and the
agent; a new proposal for parameter settings, i.e., the agent’s actions, should be incorpo-
rated into the signal processing algorithm; and user appraisals should also be forwarded
to the agent that will use these appraisals to update its future parameter proposals.

In short, we have a complex multi-entity interaction where every entity should han-
dle different stimuli in different ways. We have to control which signal to emit and when
to emit the signal. Note that the hearing aid should not send a signal to the user when
receiving a new set of parameters but only when the sound from the outside environ-
ment is registered. In a Reactive Environment, all interactions are well-defined, and we
can observe the signal the user hears while also designing an agent that would take the
place of the agent in our setting.

https://youtu.be/24ZSPcVDOqc
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Fig. 5. Schematic of the subscriptions in the hearing aid environment.

5 Discussion

While Reactive Environments generalize environments for learning agents, the design
of agents that can interact with a Reactive Environment should still be investigated.
This is because, in our framework, there are fewer constraints on the communication
between an agent and its surroundings. Traditionally, our agent receives 1 observation
per predetermined timestep and can process this observation accordingly. In a Reactive
Environment, agents can receive (or not receive) data at any point in time, necessitating
an internal clock for the agents themselves. Although relieving this constraint on com-
munication allows for interesting experiments (we can disable a sensor for a particular
agent to simulate the sensor breaking down and investigate how our agent handles this
loss of data), the authors are not aware of any implementation of agents that are built
for this level of flexibility. An interesting avenue is Reactive Message Passing on a Fac-
tor Graph [3,16], which employs the same reactive programming strategy to Bayesian
inference that we have taken in this paper to environment design.

6 Conclusions

In this paper, we presented the concept of a Reactive Environment and a particular
implementation, RxEnvironments.jl. We showed that environments defined in the
classical reinforcement learning literature can be written as particular cases of Reactive
Environments, and we showed that we can model more complex interactions within
this paradigm. In particular, we showed that with Reactive Environments we are able
to model the complex communications between agents and environments necessary to
realize Active Inference simulations. In our case studies, we showed that our framework
can be used to define a multitude of different environments, demonstrating the expres-
sive power of the framework. Furthermore, we have presented RxEnvironments.jl,
a particular implementation of Reactive Environments. Extensions of this work might
investigate the classes of agents that handle the communication protocol employed by
Reactive Agents to simulate how agents would operate in the field.
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A Appendix: Creating a Simple Environment

In this code example, we will demonstrate the creation of a simple environment
in RxEnvironments, demonstrating that the additional boilerplate code needed
to write an imperative environment as a Reactive Environment is minimal. We
will implement the Bayesian Thermostat example, which is also showcased in the
RxEnvironments documentation.

A.1 Defining the Environment

The Bayesian Thermostat environment is a very simple environment that monitors the
temperature in a room. The temperature can fluctuate between a minimal and a maxi-
mal temperature, and an agent can influence this temperature by adding or subtracting
heat from the room. Furthermore, the environment cools down over time.

A.2 Environment Boilerplate

In this section we will write all boilerplate code necessary to run the environment.
We start by defining the structures needed to store the temperature and environ-
ment properties and expose helper functions that change this temperature, namely the
add_temperature! function.

https://biaslab.github.io/RxEnvironments.jl/stable/lib/getting_started/
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A.3 RxEnvironments Specific Code

In this section, we will implement the RxEnvironments-specific code. We have a very
simple interaction scheme: When the agent emits an action, we want this to be incorpo-
rated into the environment state, but we only want the environment to emit observations
on a fixed frequency, and not present an observation whenever the agent chooses to
change the environment. Therefore, we implement the receive!, update!, emits
and what_to_send functions for the environment:

A.4 Invoking the Environment

We now have all the code necessary to kickstart our environment:

Now, your environment will be running, and agentwill receive a noisy observation
from the environment every second.
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Abstract. Intelligent robots are being developed with the expectation
that they will perform various tasks in diverse environments. Such robots
need to autonomously engage in both exploratory behavior to reduce
environmental uncertainty and goal-directed behavior to achieve their
preferred observations (or goals). In this study, we focus on active infer-
ence, which provides a unified scheme for these distinct behavioral modes.
Policy selection in active inference is based on minimizing expected free
energy (EFE), which consists of one term representing epistemic value
and another representing extrinsic value. Specifically, we investigate the
influence of preference precision, which controls the balance between
these two terms, on policy selection by a physical robot receiving high-
dimensional and uncertain observations. We developed a deep active
inference framework comprising a world model and a policy suggester.
The world model predicts future hidden states and observations based
on candidate policies from the policy suggester. The EFE for each policy
is approximated using the predicted future hidden states and observa-
tions as well as the preferred observation. We implemented our proposed
framework in a robot, requiring it to select a policy that minimizes
EFE and then generate actions accordingly. The experimental results
showed that the robot implementing the proposed framework selected
exploratory or goal-directed behavior depending on the level of prefer-
ence precision. These findings suggest that adjusting preference precision
plays a crucial role in the autonomous selection of exploratory or goal-
directed behavior in real-world situations with potential uncertainty.

Keywords: Deep Active Inference · Free Energy Principle · World
Model · Robot Learning

1 Introduction

Performing a wide range of tasks within diverse environments is a core goal
of intelligent robots. Given that real-world situations often involve potential
uncertainty, including unknown internal object properties and occlusions, these

c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025
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robots must autonomously select exploratory or goal-directed behavior based on
the situation. More specifically, exploratory behavior should be selected to reduce
environmental uncertainty, whereas goal-directed behavior should be selected to
achieve preferred observations (or goals). These distinct behavioral modes have
recently been studied in unsupervised reinforcement learning (RL) and active
inference schemes.

Unsupervised RL [4,13,17,20,22,23,28] first pre-trains agents with intrin-
sic rewards via exploration and then fine-tunes them with extrinsic rewards for
adapting to downstream tasks or achieving goals. Although unsupervised RL
agents can efficiently adapt to downstream tasks, manually designing intrinsic
and extrinsic rewards is a challenging task [24,25]. Moreover, the pre-training
phase with exploratory behavior and the fine-tuning phase with goal-directed
behavior are explicitly separated. In contrast, active inference based on the
free energy principle (FEP) [6] more naturally promotes the distinct behav-
ioral modes in terms of minimizing the expected free energy (EFE) [8]. The
EFE consists of one term representing epistemic value and another represent-
ing extrinsic value. Because the former encourages exploratory behavior and the
latter encourages goal-directed behavior, achieving balance between these two
terms is important for autonomous policy selection.

One crucial issue in active inference is that most previous studies have been
limited to toy problems such as a T-maze task in low-dimensional discrete envi-
ronments [7,8]. To overcome this limitation, deep active inference leverages deep
neural networks (DNNs) to represent the recognition and generative models of
active inference [18,31]. This enables active inference to work in high-dimensional
continuous environments. However, applications of deep active inference have
mostly been limited to simulated environments [5,12,19,27,30]. Although some
studies have applied deep active inference in physical robots for body perception
and action [26], autonomous navigation [1,2], and object manipulation [14,16],
the experimental setups and policy variations they employed were relatively sim-
ple. Moreover, to our knowledge, only the study by Çatal et al. [2] has considered
the selection of exploratory or goal-directed behavior.

To tackle these issues, we aim to build upon previous research that integrated
physical robots and deep active inference. Specifically, we consider robotic object
manipulation and the selection of exploratory or goal-directed behavior in com-
plex real-world environments. To this end, we develop a deep active inference
framework consisting of a world model for handling high-dimensional and uncer-
tain observations as well as a policy suggester for reducing the number of can-
didate policies. By using the world model and policy candidates from the policy
suggester, we approximate the EFE for each policy. Importantly, in the EFE, we
introduce preference precision, which controls the balance between the epistemic
value for exploratory behavior and the extrinsic value for goal-directed behav-
ior. We evaluate the robot’s behavior depending on the preference precision in
real-world environments with multiple manipulatable objects.
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2 Active Inference

Active inference is a theoretical framework based on the principle that biological
agents including humans minimize free energy to adapt to their environment [6].
This framework provides a compelling and unifying account of how biological
agents manage perception and action to reduce surprise associated with their
external environment.

Free Energy Principle. The FEP posits that sensory observations o arise from
hidden states s via a generative process, and that agents use a generative model
p(o, s) to infer these states. According to the FEP, agents aim to minimize the
(Shannon) surprise of observations, represented as − ln p(ot), where t denotes the
current time step. However, because it is difficult to directly compute surprise,
variational free energy F , which is the upper bound on surprise, is used by
introducing an approximate posterior or recognition model of the hidden states
q(st). The variational free energy at the current time step (Ft) is defined as
follows:

− ln p(ot) = − ln
∫

q(st)
p(ot, st)
q(st)

dst

≤ −Eq(st)

[
ln

p(ot, st)
q(st)

]

= DKL [q (st) ‖ p (st)]︸ ︷︷ ︸
Complexity

−Eq(st) [ln p (ot | st)]︸ ︷︷ ︸
Accuracy

� Ft.

(1)

Expected Free Energy. In the active inference framework, agents select a
policy that minimizes EFE. The EFE at a future time step τ with respect to
policy π (Gτ (π)) is described as follows:

Gτ (π) = −Eq(oτ |π)[DKL[q(sτ | oτ , π)‖q(sτ | π)]]︸ ︷︷ ︸
Epistemic Value

−Eq(oτ |π)[ln p(oτ | C)]︸ ︷︷ ︸
Extrinsic Value

.
(2)

The first term represents the epistemic value, which quantifies the reduction in
uncertainty about the hidden states sτ by receiving the observations oτ . The
second term represents the extrinsic value, which measures how well the obser-
vations oτ align with the preferred condition C (e.g., a goal image og).

For policy selection, agents calculate the EFE for all policies within a
defined planning horizon. The distribution over policies is represented by p(π) =
σ(−G(π)), where σ denotes the softmax function and G(π) denotes the temporal
sum of Gτ (π). By choosing a policy that minimizes EFE, agents can effectively
navigate the trade-off between maximizing informational gain and achieving a
particular goal.
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3 Methods

Our proposed framework utilizes two DNN-based models for policy selection: a
world model and a policy suggester. Policy selection is performed as follows (see
Fig. 1). First, the robot acquires an initial observation from a camera mounted
on it. Second, the policy suggester receives this observation as input and outputs
policy candidates. Third, the world model is used to calculate the EFE for each
policy candidate. Finally, the policy with the lowest EFE is selected, and the
robot acts in the real world based on this policy.

Fig. 1. Policy–selection steps in our proposed framework. (1) A robot acquires an
initial observation from a camera mounted on it. (2) A policy suggester receives this
observation as input and outputs policy candidates. (3) A world model is used to
calculate EFE for each policy candidate. (4) The policy with the lowest EFE is selected,
and the robot acts in the real world based on this policy.

3.1 Models

World Model. World models [3,9,21,29] represent the environment’s state
transitions, which are influenced by an agent’s actions, thereby enabling the
agent to predict future observations. In active inference, this model, which
includes an encoder and a decoder resembling a variational autoencoder [15],
is part of a partially observable Markov decision process framework.

At a given time step t, the agent acquires an observation ot and infers the
hidden state zt−1. The agent then selects an action at−1, which is used by the
transition model to predict the next state zt and acquire the next observation
ot. This study employs a recurrent state space model (RSSM) [10] that han-
dles both the deterministic states dt and stochastic states st for the hidden
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states zt = {dt, st}. Thanks to this explicit separation of the hidden states to
deterministic and stochastic parts, the RSSM effectively represents and predicts
the environment’s dynamics by combining both the predictable and uncertain
aspects.

The RSSM is defined as follows:

RSSM

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Deterministic State: dt = fφ (zt−1, at−1)
Approximate Posterior: st ∼ qφ (st | dt, ot)
Prior: st ∼ pφ (st | dt)
Likelihood: ot ∼ pφ (ot | zt) .

(3)

With reference to the DreamerV2 architecture [11], we employed the gated recur-
rent unit for the deterministic function fφ and assumed categorical distributions
for the approximate posterior and prior, as well as the Gaussian for the like-
lihood. The approximate posterior and likelihood were implemented by convo-
lutional neural network–based encoder and decoder architectures, respectively.
The prior was implemented by a multilayer perceptron–based architecture. The
essential point is that the approximate posterior or recognition model receives
the current observation while the prior or transition model does not receive this
observation. By training these two distributions to be close to each other, the
RSSM can generate future hidden states by using the prior without receiving
observations. This generation method is called latent imagination [10] and it is
utilized to compute EFE as detailed later.

The RSSM is trained to minimize the temporal summation of the following
variational free energy as follows:

Ft = DKL [qφ (st | dt, ot) ‖ pφ (st | dt)] − Eqφ(st|dt,ot) [ln pφ (ot | zt)] . (4)

Policy Suggester. Because not all policies are executable for every situation,
we employed an additional model called the policy suggester fψ, which suggests
only the executable policies in a given situation. By introducing this model, we
can efficiently calculate and evaluate the EFE only for the executable policies.

The policy suggester takes an observation o as input and predicts executable
policies as multi-labels in the following manner:

ŷ = fψ(o), (5)

where the ith element of ŷ (ŷi) represents the predicted probability for the ith
policy πi. The policy suggester is trained to minimize the binary cross-entropy
loss for each policy, similar to conventional multi-label classification.

3.2 Expected Free Energy

Approximation of EFE. The strict calculation of the original EFE Gτ (π) in
(2) is difficult due to its expectation operation (Eq(oτ |π)[·]) for the epistemic and
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extrinsic values. Therefore, we approximate the original EFE by introducing a
sampling-based Monte Carlo method as detailed below.

The epistemic value in (2) is approximated by the empirical mean of the
Kullback–Leibler (KL) divergence between the approximate posterior q(sτ |
oi,j

τ , π) and the prior q(sτ | π) across M × N sampled observations as follows:

Epistemic Value:
1
N

1
M

N∑
j=1

M∑
i=1

DKL

[
q
(
sτ | oi,j

τ , π
) ‖q (sτ | π)

]
(6)

where oi,j
τ are samples from p

(
oτ | sj

τ

)
, and M and N are the number of sampled

states and observations, respectively. The extrinsic value in (2) is approximated
by the empirical mean of the log likelihood ln p(oi,j

τ | C) across M × N sampled
observations as follows:

Extrinsic Value:
1
N

1
M

N∑
j=1

M∑
i=1

ln p(oi,j
τ | C), (7)

where C represents the preferred condition for the observations. Finally, the
approximated EFE is given as the sum of the negative epistemic and extrinsic
values.

Calculation of EFE Approximation. It is necessary for the approximate
EFE to be calculated by the RSSM components defined in (3). For this, we
first establish an approximate posterior q(s1 | o1, π) = qφ(s1 | d1, o1) from an
initial observation o1. We use the M hidden states {si

1}M
i=1 sampled from this

with policy π = {aτ}T−1
τ=1 to predict future hidden states {ŝi

τ}T
τ=2 via latent

imagination by using q(sτ | π) = pφ(sτ | di
τ ), where di

τ = fφ(zi
τ−1, aτ−1)

and zi
τ−1 = {di

τ−1, ŝ
i
τ−1}. The decoder pφ(oτ | zi

τ ) then samples N predicted
observations {ôi,j

τ }N
j=1. These facilitate the creation of an approximate posterior

q(sτ | ôi,j
τ , π) = qφ(sτ | di

τ , ôi,j
τ ) for each ôi,j

τ . This calculation is illustrated in
detail in Fig. 2

Using the RSSM components, the epistemic value in (6) is calculated as
the empirical mean of the KL divergence between the approximate posterior
qφ(sτ | di

τ , ôi,j
τ ) and prior pφ(sτ | di

τ ) across M × N sampled observations. We
assume that the likelihood in (7) follows Gaussian N (og, 1/γ) with mean og and
variance 1/γ. Here, the inverse variance corresponds to the preference precision,
which controls the balance between the epistemic and extrinsic values. Given
this assumption, the extrinsic value can be calculated as the mean squared error
(MSE) between the goal observation og and predicted observation from the world
model, scaled by the preference precision γ. Finally, the EFE approximation in
this study is calculated as follows:
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Fig. 2. Calculation of the approximate EFE. We first compute qφ(s1 | d1, o1) from
o1 and sample {si

1}M
i=1. From these and a1, {di

2}M
i=1 are computed. We then compute

{pφ(s2 | di
2)}M

i=1 and sample {ŝi
2}M

i=1. Using {zi
2}M

i=1, we compute {pφ(o2 | zi
2)}M

i=1 and
sample {ôi,j

2 }N
j=1. Finally, we compute {qφ(s2 | di

2, ô
i,j
2 )}N

j=1.

EFE Approximation: − 1
N

1
M

N∑
j=1

M∑
i=1

DKL

[
qφ

(
sτ | di

τ , oi,j
τ

) ‖pφ

(
sτ | di

τ

)]
︸ ︷︷ ︸

Epistemic Value

− 1
N

1
M

N∑
j=1

M∑
i=1

γ · (−MSE(og, oi,j
τ ))

︸ ︷︷ ︸
Extrinsic Value

.

(8)

When calculating the extrinsic value, we focus on only the last K time steps
of the planning horizon T due to the potential divergence between earlier pre-
dicted observations from the world model and the goal observation. Unexpected
changes, such as the robot’s arm entering the visual field, can cause deviations
from the goal observation. Concentrating on the last time steps enables the
environmental state to be more accurately captured post-policy execution. This
ensures that the extrinsic values accurately reflect the success of the policy in
achieving the intended goal. We rescale this extrinsic value for the original plan-
ning horizon by multiplying T

K .
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4 Experiments

4.1 Experimental Setup

Robot. In the experiments, we used the Rakuda-2 robot (Robotis Japan),
shown in Fig. 3 (left), which has a total of 17 degrees of freedom (DOF), but
two of the head joints were fixed. The robot head is equipped with a camera
(RealSense Depth Camera D435; Intel) capable of capturing RGB images at a
standard resolution of 480 × 640 pixels.

Fig. 3. Experimental environment (left) and the robot’s policies (right). The environ-
ment consists of a dual-arm robot (Rakuda-2), yellow and green plates, a yellow pot, a
red lid, and a black ball and/or a white ball. Each policy is a sequence of actions that
involves moving either the lid or one of the balls from one position to another.

Task and Environment. To demonstrate the scalability of the proposed frame-
work with a physical robot, we designed object–manipulation tasks in a complex
real-world environment. In our experimental setup (left in Fig. 3), the robot faced
a table on which there were yellow and green plates, a yellow pot, and a red lid.
In addition, the environment contained a black ball and/or a white ball on the
plates or in the pot. Note that when the lid was on the green plate, the situation
was uncertain because there might or might not be a ball on the plate. The
robot was allowed to move either the lid or one of the balls from one position to
another based on one of the eight predetermined policies (from π1 to π8) shown
in Fig. 3 (right).

Dataset. We collected visuo-proprioceptive data across three settings–each
involving either a black ball, a white ball, or both. For each of these settings, five
sets of data were collected by executing the predetermined policies, resulting in
a total of 15 sets of data. During data collection, only meaningful policies were
randomly selected within a given context. For instance, if the lid was already on
the green plate, we did not execute the policy to put the lid on the green plate.
The collected data included the robot’s joint angles as well as visual images cap-
tured by the camera, which were recorded for 1000 time steps at a frequency of



Selection of Exploratory or Goal-Directed Behavior by a Deep AIF Robot 173

5 Hz. In this experiment, the resolution of the visual images was downsized to
48 × 64 as observation ot. The actions at were replaced with the 15-DOF joint
angles jt. The pixel values in the images were normalized within the range of 0
to 1, and the joint angles were normalized within the range of −0.95 to 0.95.

For the training of the world model, we created a dataset by randomly
extracting 1200 sub-sequences with 50 time steps each from the collected data
with 1000 time steps–300 sequences for the setting with only a white ball, 300
sequences for the setting with only a black ball, and 600 sequences for the setting
with both balls. Due to these three settings, the world model was not able to
determine whether there would be a white ball, a black ball, or no ball when
the lid was on the green plate. Additionally, in these three settings, there were
19 possible environmental situations corresponding to the positions of the balls
and the lid.

To train the policy suggester, we labeled 30 images of each situation with
eight classes corresponding to the number of policies by assigning 1 for executable
policies and 0 for non-executable policies in each situation. As a result, we created
a dataset with a total of 19 × 30 = 570 images and corresponding labels.

4.2 Evaluation of Proposed Framework

Latent Imagination in Uncertain Scenarios. To evaluate the ability of the
world model to represent uncertainty in the environment, we conducted a latent
imagination test starting from an uncertain situation. It was assumed that if
the world model learned the uncertainty of the environment, it could predict
different future observations from the same initial observation and policy.

The world model was first given an initial observation and sampled initial
hidden states. Then, the world model predicted future hidden states with a
particular policy via latent imagination from the initial hidden states. Finally,
the world model predicted future observations with the decoder from the future
hidden states.

Policy Selection in Uncertain Scenarios. To evaluate how the robot’s
behavior changes depending on the preference precision, we performed a policy
selection test starting from an uncertain situation. We expected that the robot
would select a policy for exploratory behavior with low preference precision and
a policy for goal-directed behavior with high preference precision.

In the experiment, an initial observation was first given to the policy sug-
gester, and then only the policies with a probability from the suggester ŷ higher
than a threshold of 0.7 were used to calculate the approximate EFE. Finally, the
approximate EFE was calculated with respect to the suggested policies and the
robot selected the policy whose EFE was lowest. Here, we compared different
precision settings γ = 1

20 , 1
10 , 1, 3, 10, 20, and conducted five trials in each setting.

The other hyperparameters were M = 50, N = 4, T = 40, K = 5.
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Fig. 4. Latent imagination results in an uncertain scenario. From the initial observa-
tion, it is unclear whether the environment contains the white ball under the red lid.
The top row shows the result when the policy π1 to open the lid was used for latent
imagination, resulting in the appearance of the white ball on the green plate in the
center. The bottom row shows the result with the same initial observation and policy,
but without the appearance of the white ball on the green plate. (Color figure online)

5 Results and Discussion

5.1 Latent Imagination in Uncertain Scenarios

The world model was required to predict future observations based solely on an
initial observation and a particular policy via latent imagination. As an example,
Fig. 4 shows the results with an initial observation featuring a black ball on the
left yellow plate and a red lid in the center, and a policy π1 for opening the lid.
We sampled five sequences of the predicted observations with the same initial
observation and policy, two of which are shown in the figure. One sequence
demonstrates the green plate in the center with the white ball, while the other
sequence shows it without the white ball.

These different predicted observations demonstrate that the stochastic states
in the world model can represent uncertain situations, such as whether the green
plate contains the white ball under the red lid or not.

5.2 Policy Selection in Uncertain Scenarios

The robot was required to select a policy based on the minimization of EFE. As
an example, the same situation as in the latent imagination test was considered,
with an initial observation featuring a black ball on the left plate and a red pot
lid in the center. Additionally, an image featuring the black ball in the right
pot and the red lid in the center was provided to the robot as the preferred
observation. In this experiment, the preference precision was varied between 1

20
and 20, as specified in Sec 4.2, with each setting being tested five times.
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Fig. 5. Snapshots during the robot’s actions generated based on the selected policy
with different preference precision settings (γ = 120 for the top and middle rows and
γ = 20 for the bottom row). The top row shows the case where policy π1, which involves
opening the red lid in the center, was selected and there was no white ball on the green
plate. The middle row shows the case where the same policy π1 was selected, but there
was a white ball on the green plate. The bottom row shows the case where policy π8,
which involves moving the black ball on the left plate to the right pot, was selected.

Figure 5 shows snapshots of the robot’s actions generated based on the
selected policy with the lowest and highest preference precision settings (γ = 1

20
and γ = 20). In the lowest precision setting, the robot selected policy π1, which
involved opening the red lid. This behavior revealed whether the white ball
was absent (top row in the figure) or present (middle row in the figure) on the
green plate in the center. In contrast, in the highest precision setting, the robot
selected policy π8, which moved the black ball from the left yellow plate to the
right yellow pot. The resultant observation matched the preferred observation.

These results indicate that when the preference precision is low, the robot
selects a policy that produces exploratory behavior aimed at reducing environ-
mental uncertainty, temporarily ignoring preference satisfaction. In contrast,
when preference precision is high, the robot selects a policy that produces
goal-directed behavior aimed at achieving the preferred observation, temporarily
ignoring environmental uncertainty.

To analyze the relationship between preference precision and the EFE with
different policies, we calculated the difference between the EFEs of policy π1

(opening the pot lid) and those of policy π8 (moving the ball from the left plate
to the right pot), depending on preference precision γ. Negative and positive val-
ues for this difference indicate that policies π1 and π8 are selected, respectively.
As shown in Fig. 6, at lower γ values, the differences are negative, indicating that
policy π1 or exploratory behavior was selected. This is because when preference
precision is low, the EFE is dominated by the epistemic value, which can be max-
imized (its negative minimized) by exploratory behavior. In contrast, increasing
γ enhances the influence of the extrinsic value of the EFE, indicating that the
goal-directed behavior of policy π8 can minimize the EFE by maximizing the
extrinsic value. Additionally, when the preference precision was γ = 2, the EFE
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Fig. 6. Difference in EFE between two policies when the preference precision is varied.
The horizontal axis represents the preference precision, and the vertical axis shows the
EFE difference between policy π1 (opening the pot lid) and π8 (moving the ball from
the left to the right pot), denoted as G(π1) − G(π8). Solid points indicate the mean
across five trials, with shaded areas representing the standard deviation.

difference between the two policies approached zero. At this value, the EFE of
both policies varied between trials due to the probabilistic nature of the world
model. In this case, policy π1 was selected twice, while policy π8 was selected
three times across five trials.

These experimental results demonstrate that when the robot implements the
proposed framework, it selects exploratory or goal-directed behavior depending
on the level of preference precision in the EFE. Moreover, adjusting the prefer-
ence precision play a crucial role in the autonomous selection of exploratory or
goal-directed behavior in real-world situations with potential uncertainty.

6 Conclusion

This study proposed a deep active inference framework consisting of a world
model and a policy suggester with the aim of investigating the selection of
exploratory or goal-directed behavior by a physical robot. Using the proposed
framework, we calculated the approximate EFE, which includes an epistemic
value term for engaging in exploratory behavior and an extrinsic value term for
engaging in goal-directed behavior. By considering the preference precision in
the EFE, the balance between these two terms was controlled. The experimen-
tal results for the object–manipulation task demonstrated that when the robot
implemented the proposed deep active inference framework, selected exploratory
behavior aimed at reducing environmental uncertainty when the preference pre-
cision was relatively low. In contrast, the robot selected goal-directed behavior
aimed at achieving its preferred observation when the preference precision was
relatively high. These findings suggest that the selection of distinct behavioral
modes can be realized by attempting to minimize the EFE.
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In future work, we plan to introduce a policy network, instead of prede-
termined policies, to enable adaptive behavior that is robust to environmental
changes. We also plan to tackle more challenging tasks that require the robot
to first select exploratory behavior in order to understand the environment and
then select goal-directed behavior to achieve a particular goal.
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Abstract. This article introduces a novel mathematical and compu-
tational framework for epistemic value calculation within deep active
inference models. We focus on a visual foraging problem in a static envi-
ronment, using toy and real-world MNIST datasets to explore the draw-
backs and advantages of the standard method compared to our pro-
posed approach. Testing with relevant metrics, our approach demon-
strates improved results in the considered scenarios.

Keywords: Deep Active Inference · Information Gain · Epistemic
Value · Visual Foraging

1 Introduction

1.1 Free Energy Principle

This article explores a method for calculating information gain in deep active
inference (DAI) model, which employs neural networks to approximate the prob-
ability densities of an agent performing Bayesian inference. These has proven
effectiveness for learning environment structures from scratch but also presents
challenges, such as efficient neural network composition, action generation, and
replication of the epistemic behavior [2].

The active inference (AIF) is the corollary of the Free Energy Principle (FEP)
and states that any self-organizing system that is at equilibrium with its environ-
ment must minimize its free energy [3]. Mathematically FE is the upper bound of
the negative log evidence of observations ln p(o), which is the entropy of obser-
vations under the assumption of ergodicity (existence in a long period of time)
[6], so the FEP and AIF can be interpreted as laws for a natural resistance to
the disorder.

In the context of agent-environment interaction, FEP utilizes the Markov
blanket concept [7] separating the agent’s inner states st from the outer states
and complex dynamics of the world through a statistical boundary. This bound-
ary is formed by the observations (sensations) ot and active states at. The agent,
immersed in a stochastic environment with such limited interaction channels,
must maximize the information exchange with the outer world and reduce the
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uncertainty to adapt to a constantly changing and non-deterministic environ-
ment, thereby introducing the concept of information gain.

Given the defined states and actions, the FE for the agent at time step t is
[11]:

Ft = DKL[q(st, at)||p(st, ot, at)] = DKL[q(st)||p(st)]
+Eq(st)DKL[q(at|st)||p(at|st)] − Eq(st) ln p(ot|st) ≥ − ln p(ot) (1)

This equation enables training the model for perception by minimizing FE
as an upper bound of the negative log-evidence of observations.

To enable future planning the expected free energy (EFE) has been suggested
[9]:

Gτ = Eq(oτ ,sτ )[ln q(sτ ) − ln p(oτ , sτ )] (2)

where τ = t + 1 : T is an unobservable future time index. This Eq. (2) has the
following useful decomposition:

Gτ = −Eq(oτ ,st+1:τ−1)[ ln p(oτ )
︸ ︷︷ ︸

Extrinsic value

+DKL[q(sτ |oτ , s0:τ−1)||q(sτ |s0:τ−1)]
︸ ︷︷ ︸

Epistemic value

] (3)

where we change the generative true posterior distribution p(sτ |oτ ) to the
approximate posterior q(sτ ) as we have them in our generative model and vise
versa. This decomposition separates expected reward (extrinsic value) and intrin-
sic motivation (epistemic value). The intrinsic motivation encourages the agent
to interact with the environment to resolve uncertainty about underlying states
and gives the motivation to act in a sparse-reward environment. This is an
essential feature of AIF distinguishing it from most other reinforcement learning
approaches, endows the agent with different forms of natural curiosity [4,5,8].

1.2 Information Gain in Active Inference Model

Scaling the AIF framework to complex environments remains challenging. Pre-
vious works [1,2,12] tried to overcome the problem and introduced deep active
inference models (DAI) and approximated the unknown probability distributions
with normal distributions. Despite the successful demonstration the main aim
of the papers, i.e. the IG calculation, was not sufficiently covered. The source
of the problem is that while in the classic discrete probabilities AIF framework
the calculation of epistemic value is straightforward, in the DAI case due to
the ancestral sampling scheme employed during training the estimation of the
epistemic value is much more challenging. In [1] the authors used the entropy
of sensory states whose distribution was approximated as normal which is likely
not the case in reality. In [2] the IG was calculated as the divergence between
the prior and posterior from (3). This way is more formal and can be easily
interpreted as the precision of the measurement based on the observation, we
call this method “Information Gain (Instant)”, IGI.



Epistemic Value Anticipation into the Deep Active Inference Model 181

The drawback of this method is that it has the important difference with
the IG term which can be calculated into the discrete AIF model, where the
states on the initialization encode the probability on the environment states as a
whole. Into the DAI the state distribution encodes the local information needed
to reconstruct the current observation so the IGI tells only on the precision of
the currently observed values.

We reframe the IGI method for the IG estimation and by endowing it with
prospective exploration which considers the most likely visited parts of the envi-
ronment and therefore can potentially better find the clues to resolve uncertainty
of the world as a whole. We name the method “Epistemic Value (Anticipatory)”,
EVA.

We focus on a simplified environments which have no inner dynamics and
the next observation given the action does not depend on the previous observa-
tion, this allows as to significantly simplify the computational schemes for both
IGI and EVA. We demonstrate the effectiveness of EVA comparing to the IGI
qualitatively on the example of a toy environment where four stove plates are
connected to the power line with a pattern which makes it possible to mea-
sure the temperature of all the plates within minimal number of steps. Then
we explore the two methods using more complex MNIST handwritten digits
dataset. Here we use the natural metric provided by the DAI model for the
quantitative analysis, which shows the reliability of the EVA in the visual search
task (static environment) and superiority to both random and the IGI-based
policies. Finally, we discuss the results, limitations of both methods, and future
perspectives.

2 Methods

2.1 Theoretical Derivation of Anticipatory Epistemic Value

We begin with the FE model used in the work formalization. We explicitly write
the dependency on the state history untill the timestep t, and the FE Eq. (1)
can be rewritten:

Ft,0 = DKL[q(st)||p(st|s0:t−1, a0:t−1)] + Eq(st)pθ(ot|st) (4)

Here the second index 0 indicates that the state st is predicted from the pre-
vious time step and action. We explicitly use the autoregressive model where the
state st depends on the full history of states and actions, as implicitly introduced
in [1] with LSTM network in the transition and posterior model.

This expression was previously used to train the DAI agent, but the key
difference in our model is the parallel training of the alternative FE model for
predictions k = 0 : T − t steps to the future:

Ft,k = DKL[q(st+k)||p(st+k|s0:t−1, a0:t−1+k)] − Eq(st+k) ln pθ(ot+k|st+k) (5)
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We emphasize with θ that the likelihood model is the same for all the k
alternative factorizations. Essentially, this is the same model but now the prior
and posterior can depend on the history of the states and actions with some lag
to the past.

Next, we move to the epistemic term of the EFE (3), where the observation
can only be generated by our generative model. We show that the alternative
factorization in the generative model changes the IG representation:

IGτ=t+2:T = −Eq(oτ ,st+1:τ−1)[DKL[q(sτ |oτ , s0:τ−1)||p(sτ |s0:t)]
+Eq(oτ ,st+1:τ−1)

∑

k=1:τ−1−t

[ln p(sτ |s0:t+k)]

−Eq(oτ ,st+1:τ−1)

∑

k=1:τ−1−t

[ln p(sτ |s0:t+k)]] (6)

We can use the first term from (6) as an alternative to the IG from (3),
which should suffer less from the ancestral sampling scheme since the lagged
distribution p(sτ |s0:t) encodes a wider number of state leaves relative to the
root at time t. However, we want to separate this term into two parts: one
encoding immediate IG and the other encoding prospective IG. When we sum
the IGτ over all future timesteps t + 1 : T , we can rearrange the terms of the
expression:

IG = −
∑

τ=t+2:T

[
∑

k=1:τ−1−t

Ep(st+1:t+k)[DKL[p(sτ |s0:t+k)||p(sτ |s0:t+k−1)]]

︸ ︷︷ ︸

EVA

]

−
∑

τ=t+1:T

[Eq(oτ ,st+1:τ−1)[DKL[q(sτ |oτ , s0:τ−1)||p(sτ |s0:τ−1)]
︸ ︷︷ ︸

IGI

]] (7)

After this step, we can distill anticipatory epistemic value (EVA, “anticipa-
tory” means that agent anticipates and compares the future state distributions
before and after choosing a certain action given the memory state generating
the action), which is crucial for information collection on the environment, from
the instant IG (IGI), which only tells about the precision of measurement. In
practice, both terms can be used with different relative weights. Now we have
EVA for each time step into the future:

IGτ=t+2:T = −
∑

k=1:τ−1−t

Ep(st+1:t+k)[DKL[p(sτ |s0:t+k)||p(sτ |s0:t+k−1)]] (8)

The presented EVA requires complex tree computation as it adds an addi-
tional dimension for summarizing compared to the IGI. We do not explore
the computational and theoretical limits for the full-mode EVA estimation but
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demonstrate the method’s fitness in a constrained environment with a key prop-
erty: the observation’s distribution of the environment depends only on the cho-
sen action. This allows us to radically reduce Eq. (8). There is no need to estimate
temporally deep components (for both EVA and IGI) as they minimally depend
on the action history; therefore, we can approximate the full EVA by estimating
it within two imaginary steps. One can think of it as setting the loss decay factor
to 1 for the nearest future and 0 for other steps:

IG ≈ −Ep(st+1)[DKL[p(st+2|s0:t+1, a0:t+1)||p(st+2|s0:t, a0:t+1)]] (9)
One might ask how we obtain action at+1 without having st+1 - In practice,

we estimate p(st+1|st) and then apply habitual policy p(at+1|s0:t+1, a0:t) yielding
the required action distribution which we then reuse for the EVA computation.

2.2 Environments

We use two environments: a very simple one and a more realistic one. Both are
for epistemic foraging task where the agent chooses which area of the image to
measure at each step. There is no extrinsic reward; only IG influences the agent’s
decisions, motivating it to explore the environment as efficiently as possible.
Intuitively understandable qualitative results are demonstrated in the toy stove
environment, while specific metric is used for the MNIST environment.

Toy Environments. For didactic purposes and to directly compare two meth-
ods of IG estimation without complex metrics, we use a toy environment with
4 stove plates, each with its own temperature (ranging from very cold to very
hot) (see Fig. 1).

The values of the plates form specific pattern upon initialization. Values of
plates 3 and 4 are strongly correlated, plate 2 maintains its own temperature,
and plate 1 is broken, changing temperature randomly each time step. During a
series of measurements, each plate (except the broken one) maintains its initial
temperature and can be observed by the agent one per step.

More specific, the marginal distribution of each stove plate upon initialization
is given by the expression: p(o) = σ(−(L + μ) · γ − μ · 1

1+γ ) Here, σ(.) represents
the sigmoid function, L is the genlogistic distribution, and the parameter γ is
set to 0.05. The center μ was unique for the second plate and shared by the third
and fourth plates. It was drawn from a Gaussian distribution with a standard
deviation of 1.4 during initialization. Additionally, the value of the first plate
is updated at each time step according to the aforementioned distribution. A
small Gaussian noise with the standard deviation of 0.02 was also added to each
observation.

The agent’s goal is to learn all plate values in the minimal number of steps,
with the training limit of 13 steps. An optimal strategy involves probing plate
3 or 4 first (as they provide values for two plates by one measurement), then
probing plate 2. This nearly fully resolves the environment’s state since plate 1
is fully random and provides no useful information at all. The Results section
shows derived policies governed by the two versions of the IG term.
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Fig. 1. The toy stove environment illustration. Each plate has its own temperature: one
is broken and does not maintain temperature, one is normal, and two are connected,
sharing close values. The agent can probe one plate per step

MNIST Environment. Next, we use a real-world based static dataset, sim-
ulating the sequence of decisions an agent makes to explore an image from the
MNIST dataset Fig. 2. In this environment, the agent chooses an area of the
picture to observe at each timestep. The entire image is 24 × 24 pixels (after
cropping 2 uninformative pixels), and each observation covers an 8 × 8 pixel
area, making it impossible to see the whole digit at once (see Fig. 2).

Fig. 2. The MNIST environment illustration. The agent sequentially explores the digit
by choosing coordinates for each observation.

We introduce a small amount of Gaussian noise to the agent’s actions and
make the observation space continuous two-dimensional, as the 24 × 24 pixel
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discrete space is challenging to work with. Thus, the agent chooses coordinates
within the [0:1] range on both x and y axes. We trained the perception and action
models on sequences of length 30 and tested the IG methods on sequences of
length 10.

2.3 Model Architecture and Process of Training

We employed two similar models for both the toy and the real-world environ-
ments, based on deep neural networks that parameterize probability distributions
(prior, posterior, likelihood, habitual action network) with Gaussian distribu-
tions. While these models are similar to those from previous works [1,2], they
differ in a few details. Firstly, we explicitly used an autoregressive model within
the prior (dynamical) network, endowing the model with memory of the state
history. In [1], an LSTM model was implicitly employed for a similar purpose.

Secondly, we did both the posterior (inference) and prior (temporal dynamic)
networks one instance, with an additional signal channel indicating the presence
or absence of an observation at the input of the network. This simplification
reduces the number of parameters and potentially facilitates learning similar
patterns within the hidden layers for both the posterior and prior distributions.

The model architecture is presented on Fig. 3.

Fig. 3. The schematic representation of the DAI model used. Triangles represent gen-
erated samples, circle - Gaussian distributions, green arrows - FE loss (EFE is not
represented), rectangles - neural networks. Note in the MNIST environment the auxil-
iary reconstructor network was used also which is not drawn for clarity. (Color figure
online)

Our model comprises encoder, memory, likelihood, habitual and reconstruc-
tor networks (only for the MNIST environment). Note the residual difference
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scheme into the memory state update, which implements our potentially infi-
nite order autoregressive model. All other model parameteres and details can be
found in the python code on github via the e-link:

https://github.com/nfedosov/digit Xplore final.

In the toy environment with a discrete 4-dimensional action space, the action
(habitual) network outputs the probabilities of actions given the current state
history, trained directly based on the evaluation of EVA for each possible action.
This action selection method allows the explorative behaviour on each run of
the model. For the MNIST environment, given the continuous action space,
the habitual network was trained using the method described in [10], which
allows to increase entropy of continuous action distribution in cases like ours
(in principle, any other entropy-increasing method potentially can be used). All
networks were trained in parallel, minimizing their FE and EFE estimations
until all losses stabilized. For the MNIST dataset, we split dataset on the Train
(50,000 images) and the Test set.

2.4 IG Comparison for the MNIST Environment

While the toy environment allows a qualitative matching EVA and IGI models
against the optimal measurement strategy, no intuitive strategies exist for the
MNIST dataset. Therefore, we introduce a metric to evaluate the IG gained with
any model.

IG represents the resolution of uncertainty about the state of the world. A
good model should accumulate more information about the world in a shorter
period, thereby better predicting future observations. The model has more infor-
mation on the future if there is less difference in the prior on the future states
relative to the posterior. Therefore, we utilize the trained perception model and
introduce the Unexpectedness metric (UNEX-metric, U), calculated as the com-
plexity term in the FE formulation (1):

U =
∫

a

DKL[q(s|o, a)||p(s|a)]da (10)

The complexity is integrated over all possible actions (picture coordinates),
providing a quantitative estimation of the overall unexpectedness of observation
for the all the parts of the image. We calculate this metric and compare it for
three policies: based on IGI, EVA, and random action selection. The optimal
action for each time step was determined by the maximal value of the corre-
sponding IG metric (IGI or EVA) over all possible actions (which differs from
the policy during training, where the action was provided by the habitual net-
work at each time step).

Using the U -metric, we conducted the paired Wilcoxon test for each time
step on 100 estimations of IGI and EVA from the MNIST test set. For the test,
and visualization of U -metric distribution, we first divide the IGI and EVA IG
values by their mean for the same digit and then subtract the mean, resulting
in symmetric values.

https://github.com/nfedosov/digit_Xplore_final
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3 Results

Both models for the toy and MNIST environments were trained until they
achieved stable, low FE and EFE losses. After training, the models exhibited
generative behavior, accurately predicting observation patterns based on input
actions and observation history (Fig. 4). This validates the model architecture
and the subsequent IG estimations, which are based on the perception model
and depend on the model’s ability to memorize the history of states.

Fig. 4. Two examples of the original digits from the MNIST dataset reconstructed by
DAI model after 30 steps with a random policy

3.1 The EVA Provides Correct Optimal Policy into the Toy Stove
Environment in Contrast to IGI

Figure 5 illustrates the difference in IG evaluation between the two methods.

Fig. 5. Illustration of IG estimated by two methods: EVA (upper) and IGI (lower). The
red frame indicates the action chosen by the agent based on the maximal IG value.
(Color figure online)
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EVA ranks the plate IG values in line with the optimal policy (see methods)
and ignores the broken plate, as it carries no information about the other plates
or its own value at other times. It assigns moderate value to the second plate,
with maximal relative IG value on the second step after learning the states of
the 3rd and 4th plates. Finally, after two steps, it has gained knowledge about
all predictable values and does not evaluate any significant IG values over the
plates.

In contrast, IGI estimation is ineffective in our case. We expect that on the
first step, the expected IG for all plates would be equal, given their equivalent
marginal distributions. However, possibly due to model imperfections or other
reasons, only the broken plate shows a high IG value relative to the other plates,
leading to no exploration if the agent follows the IGI estimation policy.

3.2 Comparison of Two Methods on the MNIST Dataset

We tested the surprise value on 100 pictures from the test subset of the MNIST
dataset, using the first 10 steps for three suboptimal policies provided by EVA,
IGI, and uniformly random actions. Figure 6 demonstrates two alternative paths
for EVA and IGI.

Fig. 6. IG estimated by two methods: EVA (upper) and IGI (lower). The red frame
on the digit image indicates the action chosen by the agent based on the maximal
IG value. The heatmap above the digits represents the histogram of IG values. The
histogram of Surprise for each time-step is in the upper-right corner, and the original
digit in large scale is in the lower-right corner (Color figure online)

Figure 6 shows the successful performance of EVA on the digit “4”, which has
common feature with digits like “9” and other. The EVA-based policy directs
the agent to first look at the center of the image, then explore the edges (steps 1,
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2, 3), effectively observing the full digit in 4 steps. IGI works similarly but pays
less attention to the edges (only step 3 explores the upper part of the digit),
preventing full exploration, which can be detrimental for the overall results of
the method test.

Although EVA often outperforms IGI, there are instances where the opposite
is true. To verify the statistical significance of the differences between the meth-
ods, we conducted tests on 100 digits. After normalizing the S-loss (see methods),
we performed the Wilcoxon paired test for each time step. The results are shown
in Fig. 7.

Fig. 7. The histogram (left) of the averaged across set of test digits UNEX-metric for
three policies: random, IGI-based, EVA-based. The normalized UNEX-metrics distri-
butions (right) with statistical significance indication

4 Discussion

We conducted a series of demonstrative experiments to show the feasibility of
the EVA IG metric in resolving uncertainty in a visual foraging task. The toy
environment demonstrated EVA following a simple, intuitively correct strategy,
while IGI preferred the non-informative plate at every time step.

We observed similar behavior of the IGI policy in the MNIST environment,
characterized by a permanently high attention to high-entropy areas across dif-
ferent samples from the environment. We did not investigate this issue rigorously
and cannot definitively say whether the model architecture plays a role, if it’s
due to the likelihood, or if it’s a more fundamental problem with IGI. Therefore,
further comparisons between EVA and IGI should be conducted in simpler or
more controlled environments and also using other metrics.

While our metric gave correctly equal values for random, EVA-based, and
IGI-based strategies at the first step, and confirmed significant superiority of
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EVA on most of the subsequent steps, statistical testing with the Surprise metric
yielded two unexpected results: the lack of difference in surprise between IGI and
EVA on the 2nd step (despite significant difference on the previous one), and high
surprise values for the IGI-based policy at the later steps, that appeared to be
even higher than for the random policy. We speculate the latter can be explained
by the imperfections in the overall models (including the likelihood) required for
IGI computation, a drawback from which the EVA method does not suffer. The
first problem might be due to EVA’s dependence on having useful information
to predict the future; on early steps, therefore when forward predictions have
very blurred distributions, the IG metric’s quality suffers.

We highlight that our evaluation considered only static images (environ-
ments), where the agent’s actions did not affect the world’s state. This allowed
us to test the method’s principles. Further research is needed to compare the
methods in dynamic environments, where the action history affects world states.

In conclusion, our EVA method better utilizes the predictive ability and
complex architecture of the DAI agent by using the history of observations as a
basis for IG calculation. In summary, while IGI directs the agent to “look at the
point with maximal entropy of the predicted observation,” EVA directs the agent
to “look at the point which can help to reduce the future state probabilities”.
We hope the feasibility and relevance of the EVA method will be confirmed in
more complex real-world AIF tasks and the method will find its niche in the
rapidly evolving field of active inference.
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Abstract. In nature, active inference agents must learn how observa-
tions of the world represent the state of the agent. In engineering, the
physics behind sensors is often known reasonably accurately and mea-
surement functions can be incorporated into generative models. When a
measurement function is non-linear, the transformed variable is typically
approximated with a Gaussian distribution to ensure tractable inference.
We show that Gaussian approximations that are sensitive to the curva-
ture of the measurement function, such as a second-order Taylor approx-
imation, produce a state-dependent ambiguity term. This induces a pref-
erence over states, based on how accurately the state can be inferred from
the observation. We demonstrate this preference with a robot navigation
experiment where agents plan trajectories.

Keywords: Active inference · Free energy minimization · Bayesian
filtering · Non-linear sensing · Control systems · Planning · Navigation

1 Introduction

In nature, intelligent agents build a model to infer the causes of their sensations
[2]. In engineering, we are able to utilize knowledge of the relevant physics to
structure such a model. In particular, we often know how sensors measure states
of the world. For example, we know how radar measures relative velocity and
distance [19]. Measurement functions that are non-linear transformations of state
variables pose challenges to state estimation, which are often dealt with using
Gaussian approximations of the transformed variables [8,14]. We show that for
certain Gaussian approximations, an active inference agent will prefer to avoid
states because it already knows that state estimation will be difficult.

Active inference agents are based on free energy functionals that rank poli-
cies on explorative and goal-directed behaviour [5–7,16]. The expected free
energy functional can be understood through its decomposition into a cross-
entropy term between states and observations given action (“ambiguity”), and
c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025
C. L. Buckley et al. (Eds.): IWAI 2024, CCIS 2193, pp. 195–208, 2025.
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a Kullback-Leibler divergence between the posterior predictive and a goal prior
distribution (“risk”) [4,7,18]. We show that Gaussian approximations of a non-
linear observation function that are itself linear in the covariance matrix, e.g.,
first-order Taylor and the unscented transform [9], lead to ambiguity terms that
are constant over states. This echoes an earlier finding that agents with a linear
Gaussian state-space model exhibit a constant ambiguity term [10]. However,
utilizing a second-order Taylor approximation induces a non-constant ambigu-
ity term. Under this model, the agent will avoid states where the non-linear
measurement function curves strongly. Our contributions are:

– Analysis of ambiguity in expected free energy functions under three different
Gaussian approximations.

– An experiment where a robot must plan a trajectory and navigate to a goal
prior distribution, testing the effect of the ambiguity term.

2 Problem Statement

We want to plan a trajectory for a robot across a plane. The robot’s state
at time k is its planar position and time derivatives, xk ∈ R

Dx . The robot
does not sense position directly, but has to infer it from noisy measurements
yk ∈ R

Dy , produced by a sensor through a non-linear mapping g : RDx → R
Dy

and measurement noise vk ∈ RDy . It accepts control inputs uk ∈ R
Du and moves

according to linear dynamics with a transition matrix A ∈ R
Dx×Dx , control

matrix B ∈ R
Dx×Du and process noise ek ∈ R

Dx . Overall, we consider robot
systems described with discrete-time state-space models of the form:

xk = Axk−1 + Buk + ek, ek ∼ N (0, Q), (1)
yk = g(xk) + vk, vk ∼ N (0, R), (2)

where Q,R are noise covariance matrices.
The goal is to find a sequence of T controls ūk = uk+1, . . . uk+T that produces

future states close to a desired state x∗. Agents must plan every time-step. The
challenge is that errors in state estimation may cause drastic changes in the
planned trajectory, which can lead an agent astray.

Example. Consider a robot with position and velocity states that must move
from position x0 = (0,−1) to x∗ = (0, 1). Its state transition, control and process
noise covariance matrices are given by:

A=

⎡
⎢⎢⎣

1 0 Δt 0
0 1 0 Δt
0 0 1 0
0 0 0 1

⎤
⎥⎥⎦ , B=

⎡
⎢⎢⎣

0 0
0 0

Δt 0
0 Δt

⎤
⎥⎥⎦ , Q=

⎡
⎢⎢⎢⎣

σ2
1

Δt3

3 0 σ2
1

Δt2

2 0
0 σ2

2
Δt3

3 0 σ2
2

Δt2

2

σ2
1

Δt2

2 0 σ2
1Δt 0

0 σ2
2

Δt2

2 0 σ2
2Δt

⎤
⎥⎥⎥⎦ , (3)
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for Δt = 0.5, σ1 = σ2 = 0.1. Measurements are produced by a sensor station at
(0, 0) that reports relative angle φk ∈ [−π π] and relative distance dk ∈ [0,∞).
The mapping and measurement noise covariance matrix are:

g(xk) =
[
φk

dk

]
=

[ √
x2
1k + x2

2k

arctan(x1k, x2k)

]
, R =

[
ρ21 0
0 ρ22

]
, (4)

where ρ1 = ρ2 = 0.001. Suppose it uses an extended Kalman filter (first-order
Taylor approximation) for state estimation and a finite-horizon model-predictive
control objective of the form:

Jk(ūk) =
k+T∑

t=k+1

(
(Ax̂t−1+But) − x∗

)ᵀ
C

(
(Ax̂t−1+But) − x∗

)
+ ηu2

t , (5)

where x̂ is the mean state, x̂t = Ax̂t−1 +But, C is a cost matrix (ones for
position, zeros for velocity) and η a regularization parameter. Minimizing this
objective every time-step produces the control sequence ūMPC

k = arg min Jk(ūk).
Such an agent will first plan a trajectory moving directly forward, as described
in Fig. 1 (left). However, as it approaches the sensor station, its state estimate
become progressively more inaccurate and it makes increasingly more drastic
adjustments to the control plan (see k = 5 in Fig. 1 middle). Figure 1 (right)
shows the executed trajectory over a trial of 10 steps, demonstrating that the
agent lost track of the robot’s state and did not successfully reach the target.

Fig. 1. (Left) Planned trajectory at k = 1, from start to goal directly over the sensor
station. (Middle) Planned trajectory at k = 5 showing a mismatch between true and
estimated state resulting in a strong adjustment to the planned trajectory. (Right)
Executed trajectory over a trial of 10 steps demonstrates the agent losing track of the
robot when it approaches the sensor station.

3 Agent Specification

3.1 Probabilistic Model

The agent’s model will have Gaussian prior distributions over states and controls,

p(x0) = N (x0 | m0, S0), N (uk | 0, η−1I), (6)
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with mean m0, covariance matrix S0, precision η and identity matrix I. The
agent’s state transition will also be expressed as a Gaussian distribution:

p(xk | xk−1, uk) = N (xk | Axk−1 + Buk, Q). (7)

Let the marginal state xk be Gaussian distributed, i.e., p(xk) = N (xk | mk, Sk).
We restrict our attention to approximations of the nonlinear sensor g(xk) that
produce Gaussian joint distributions over states and observations [14], i.e.,

p(yk, xk) ≈ N
( [

xk

yk

]
|

[
mk

μk

]
,

[
Sk Γk

Γ ᵀ
k Σk

] )
. (8)

From the joint, we obtain a conditional distribution of observations given states:

p(yk | xk) ≈ N (
yk | μk + Γ ᵀ

k S−1
k (xk − mk), Σk − ΓkS−1

k Γ ᵀ
k

)
. (9)

This distribution is linear in xk, and will allow for exact Bayesian filtering. But
note that the parameters μk, Γk and Σk may be nonlinear functions of xk,
depending on the type of Gaussian approximation (specifics treated in Sect. 4),
and may thus capture more of the effect of g(xk).

3.2 Inferring States

We assume that, when inferring states, the agent has observed the system output
yk = ŷk and input uk = ûk. Let Dk � {ŷi, ûi}k

i=1 refer to data observed thus far.
Given the known executed control, state estimation follows the general Bayesian
filtering equations [14]. Firstly, the prior predictive distribution is given by:

p(xk| ûk,Dk−1) =
∫

p(xk|xk−1, ûk) p(xk−1|Dk−1) dxk−1 = N (xk| m̄k, S̄k).

(10)

with m̄k � Amk−1 + Bûk and S̄k � ASk−1A
ᵀ + Q. This prediction is corrected

by the observation through Bayes’ rule [14],

p(xk | Dk) =
p(ŷk | xk)

p(ŷk | Dk−1)
p(xk | ûk,Dk−1) = N (xk | mk, Sk), (11)

with mk = m̄k + ΓkΣ−1
k (ŷk − μk) and Sk = S̄k − ΓkΣ−1

k Γk.

3.3 Inferring Controls

We will discuss the inference procedure first for a single step into the future, and
then generalize to a finite horizon of length T . Predictions for the future state
and observation are made by unrolling the generative model to t = k + 1:

p(yt, xt, ut | Dk) = p(yt | xt)p(xt | ut;Dk)p(ut). (12)
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We will use an expected free energy functional to infer a posterior distribution
over the control ut [13]:

Fk[q] =
∫

q(yt | xt)
∫

q(xt, ut) ln
q(xt, ut)

p(yt, xt, ut | Dk)
d(ut, xt)dyt. (13)

The variational model is specified to be:

q(yt | xt) � p(yt | xt), q(xt, ut) � p(xt | ut;Dk)q(ut). (14)

Constraining q(yt | xt) to the Gaussian approximation defined in Eq. 9 allows us
to study deterministic approximations in an expected free energy minimization
context. Given this variational model, Eq. 13 may be re-arranged to:

Fk[q] =
∫

p(yt | xt)
∫

p(xt | ut;Dk)q(ut) ln
p(xt | ut;Dk)q(ut)
p(yt, xt, ut;Dk)

d(xt, ut)dyt (15)

=
∫

q(ut)
( ∫

p(yt, xt | ut;Dk) ln
p(xt | ut;Dk)q(ut)

p(yt, xt | ut;Dk)p(ut)
d(yt, xt)

)
dut (16)

=
∫

q(ut)
(
ln

q(ut)
p(ut)

+
∫

p(yt, xt|ut;Dk) ln
p(xt | ut;Dk)

p(yt, xt|ut;Dk)
d(yt, xt)

︸ ︷︷ ︸
Jk(ut)

)
dut. (17)

We refer to Jk(ut) as the expected free energy function as it depends on the
value of ut not on its distribution. Under Jk(ut) = ln(1/ exp(−Jk(ut))), the
expected free energy functional can be concisely expressed as:

Fk[q] =
∫

q(ut) ln
q(ut)

p(ut) exp (−Jk(ut))
dut. (18)

The above is a Kullback-Leibler divergence, which is minimal when

q∗(ut) ∝ p(ut) exp (−Jk(ut)) . (19)

The proportionality is due to the implicit constraint1 that q∗(ut) should integrate
to 1. To work out the expectation in Eq. 17, we first decompose the joint over
states and observations into

p(yt, xt | ut;Dk) = p(xt | yt, ut;Dk)p(yt), (20)

and then intervene on the marginal distribution over yt with a distribution
reflecting desired future observations (a.k.a. goal prior) [11]:

p(yt) → p(yt | y∗) = N (yt | μ∗, Σ∗). (21)

1 A more rigorous treatment would define a Lagrangian with normalization and
marginalization constraints [17]. However, such a treatment is inconsequential when
resorting to MAP estimation, as will be pursued later in the paper.
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The next step involves applying Bayes’ rule in the inverse direction:

1
p(xt | yt, ut;Dk)

=
p(yt | ut;Dk)

p(yt | xt)p(xt | ut;Dk)
, (22)

where the marginal prediction for the future observation is:

p(yt | ut;Dk) =
∫

p(yt | xt) p(xt | ut;Dk)dxt (23)

=
∫

N (
[
xt

yt

]
|

[
m̄t

μt

]
,

[
S̄t Γt

Γ ᵀ
t Σt

]
)dxt = N (yt | μt, Σt). (24)

Note that μt and Σt depend on ut through m̄t. Plugging Eqs. 21 and 22 into
Eq. 20 yields:

Jk(ut)=
∫

p(yt, xt|ut;Dk) ln
p(xt|ut;Dk)
p(yt | y∗)

p(yt | ut;Dk)
p(yt | xt)p(xt | ut;Dk)

d(yt, xt) (25)

=
∫

p(yt, xt | ut;Dk)
[

− ln
p(yt, xt | ut;Dk)
p(xt | ut;Dk)

]
d(yt, xt)

︸ ︷︷ ︸
ambiguity

+
∫ [ ∫

p(yt, xt | ut;Dk)dxt

]
ln

p(yt | ut;Dk)
p(yt | y∗)

dyt

︸ ︷︷ ︸
risk

. (26)

“Risk” refers to the Kullback-Leibler (KL) divergence between predicted and
desired future observations. The inner integral in the risk term leads to a Gaus-
sian distribution (Eq. 24) and the KL divergence between Gaussians is [3]:

Ep(yt | ut;Dk)

[
ln

p(yt | ut;Dk)
p(yt | y∗)

]
=

1
2

(
ln

|Σ∗|
|Σt| − Dy + tr

(
Σ−1

∗ (Σt + Ψ∗)
))

. (27)

where Ψ∗ � (μ∗ − μt

)(
μ∗ − μt)ᵀ. “Ambiguity” refers to the conditional entropy

of the future observations given the future states.

Lemma 1. Ambiguity, as defined in Eq. 26, for a generative model described in
Eq. 12 and a variational distribution described in Eq. 14, is:

Ep(yt,xt|ut;Dk)

[−ln
p(yt, xt|ut;Dk)
p(xt|ut;Dk)

]
=

Dy

2
ln(2πe) +

1
2

ln |Σt − Γ ᵀ
t S̄−1

t Γt|. (28)

The proof is in Appendix A. Note that the first term does not depend on the
state xt. Plugging Eqs. 27 and 28 into the expected free energy function (Eq. 26)
produces:

Jk(ut)=
1
2

(
ln

|Σ∗|
|Σt| +Dy ln(2π)+tr

(
Σ−1

∗ (Σt+Ψ∗)
)
+ln

∣∣Σt−Γ ᵀ
t S̄−1

t Γt

∣∣). (29)

Note that Γt, Σt and Ψ∗ depend on ut. The above steps can be generalized to a
longer time horizon t = k + 1, . . . k + T . Because the prior is independent over
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time, p(ū) =
∏T

t=1 p(ut) (see Eq. 6), the function Jk(ū) factorizes to a sum of
recursive expected free energy functions

∑T
t=1 Jk(ut).

We are interested in the most probable value under the approximate control
posterior, i.e., the MAP estimate:

û = arg max
ū∈U

q∗(ū) = arg min
ū∈U

k+T∑
t=k+1

Jt(ut) − ln p(ut), (30)

where U ⊂ R
T is the space of affordable controls over T steps. Constraints such

as motor force limits can be imposed during optimization.

4 Gaussian Approximations

We discuss the three most popular Gaussian approximations to non-linear trans-
formations of Gaussian random variables: the first and second-order Taylor series
approximations (used in extended Kalman filters) and the unscented transform
(used in the unscented Kalman filter) [8,9][14, Ch. 5].

The first-order Taylor series approximation effectively linearizes the non-
linear observation function g(xt). Since ambiguity is known to be constant over
states under a linear observation function [10], it is no surprise that the first-
order Taylor also leads to an ambiguity term that is constant over states.

Theorem 1. Let Gx(m̄t) be the Jacobian of g with respect to xt, evaluated at
m̄t. Under a first-order Taylor approximation, the parameters Σt, Γt are:

Σt = Gx(m̄t)S̄tGx(m̄t)ᵀ + R, Γt = S̄tGx(m̄t)ᵀ. (31)

With these parameters, the ambiguity term does not depend on the state xt:

Ep(yt,xt | ut;Dk)

[ − ln
p(yt, xt | ut;Dk)
p(xt | ut;Dk)

]
=

Dy

2
ln(2πe) +

1
2

ln |R|. (32)

The proof is in Appendix B. Perhaps surprisingly, under the second-order Taylor
approximation, the ambiguity term varies as a function of the state xt.

Theorem 2. Let G
(i)
xx(m̄t) be the Hessian of the i-th element of the non-linear

observation function evaluated at m̄t and ei be a canonical basis vector. The
parameters Σt, Γt computed through a second-order Taylor approximation are:

Σt = Gx(m̄t)S̄tGx(m̄t)ᵀ +
1
2

Dy∑
i=1

Dy∑
j=1

eie
ᵀ
j tr

(
G(i)

xx(m̄t)S̄tG
(j)
xx (m̄t)S̄t

)
+ R

Γt = S̄tGx(m̄t)ᵀ. (33)

With these parameters, the ambiguity term depends on xt through:

Ep(yt,xt | ut;Dk)

[ − ln
p(yt, xt | ut;Dk)
p(xt | ut;Dk)

]
=

Dy

2
ln(2πe) +

1
2

ln
∣∣∣1
2

Dy∑
i=1

Dy∑
j=1

eie
ᵀ
j tr

(
G(i)

xx(m̄t)S̄tG
(j)
xx (m̄t)S̄t

)
+ R

∣∣∣. (34)
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The proof is in Appendix C.
Interestingly, the ambiguity is also constant for the unscented transform.

Theorem 3. Define 2Dx + 1 sigma points as:

χ0 � m̄t, χi � m̄t+
√

Dx + λ
[√

S̄t

]
i
, χDx+i � m̄t−

√
Dx + λ

[√
S̄t

]
i
, (35)

where i = 1, . . . Dx, [·]i denotes the i-th column of a matrix, and
√

S denotes the
matrix square root such that

√
S

√
S = S. The parameter λ � α2(Dx + κ) − Dx

depends on free parameters α and κ. Define 2Dx + 1 weights as:

w0 � λ

Dx + λ
+ (1 − α2 + β) , wi � 1

Dx + λ
, (36)

for i = 1, . . . 2Dx and β as an additional free parameter. Under these sigma
points and weights, the parameters μt, Σt, Γt are [14, Eq. 5.89]:

μt =
λ

Dx+λ
g(χ0) +

2Dx∑
i=1

1
2(Dx+λ)

g(χi), Γt =
2Dx∑
i=0

wi(χi−m̄t)(g(χi)−μt)ᵀ,

Σt =
2Dx∑
i=0

wi(g(χi) − μt)(g(χi) − μt)ᵀ + R. (37)

Then, the ambiguity is independent of the state:

Ep(yt,xt | ut;Dk)

[ − ln
p(yt, xt | ut;Dk)
p(xt | ut;Dk)

]
=

Dy

2
ln(2πe) +

1
2

ln |R|. (38)

The proof can be found in the Appendix D. This result is conjectured to hold for
other Gaussian approximations that are linear in their estimate of the covariance
matrix, for example the Gauss-Hermite approximation [14, Ch. 6].

5 Experiments

Our experiment is as described in Sect. 2, with the nonlinear observation function
g(·) measuring relative angle and distance to a base station. Examples of sensors
include Hall effect and ultrasound sensors. The robot starts at x0 = [0 − 1 0 0]
and must reach x∗ = [0 1 0 0]. The agent’s state prior distribution’s parameters
were m0 = [0 − 1 0 0] and S0 = 0.5I. Its control prior precision was set to a
tiny value, η = 1.0 · 10−8, so as to best study the effects of ambiguity and risk.
It was given a goal prior of m∗ = g(x∗) and S∗ = 0.5I.

We will compare three agents2: firstly, an agent that uses the first-order Tay-
lor approximation, referred to as EFE1. Secondly, an agent with a second-order
Taylor approximation, referred to as EFE2. Thirdly, an agent with a second-
order Taylor approximation but with only the risk term included, referred to as
2 Details and code at: https://github.com/biaslab/IWAI2024-ambiguity.

https://github.com/biaslab/IWAI2024-ambiguity
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EFER. The difference between EFER and EFE2 reflects the effect of the ambi-
guity term, while the difference between EFE1 and EFE2 reflects the effect of
the second-order Gaussian approximation. Figure 2 plots the value of the con-
trol objective function at every position in state-space, under a state covariance
matrix of St = I. States close to the sensor station are red and will lead to high
values under the control objective. Note that the area around the sensor sta-
tion increases from EFE1 to EFER due to the curvature of the relative distance
sensor. The white markers are the approximate minimizers for this choice of St

matrix. Comparing EFER and EFE2, we can see that ambiguity increases the
cost of being close to the sensor station.

Fig. 2. Value under three EFE functions over a plane: EFE1 is risk and ambiguity
under a first-order Taylor approximation, EFER is risk only under a second-order
Taylor approximation and EFE2 is both risk and ambiguity under a second-order Tay-
lor approximation. White markers indicate minimizers. Note that each EFE function
induces a different preference over states.

We ran 100 Monte Carlo experiments. Figure 3 plots the average trajectory
of T = 30 steps taken by the EFE1, EFER and EFE2 agents. Ribbons indicate
the standard error of the mean at every time-point. Note that all agents avoid
the sensor station, with EFE2 taking the widest curve (EFE1 and EFER turn
at x1 = 1.0 while EFE2 turns at x1 = 1.5). EFE1 and EFER lose track of the
robot in a number of experiments (like the model predictive controller in Sect. 2),
leading to a more volatile average trajectory. EFE2 has the smoothest average
trajectory, indicating that the ambiguity term helps planning.

6 Discussion

One could argue that our analysis is more about model selection than inference,
as each Gaussian approximation essentially constitutes a different generative
model. In that sense, the experiments only indicate that richer approximations
of nonlinear functions lead to better performance, which is not surprising. How-
ever, the result is more subtle than that since the unscented transform is richer
than the first-order Taylor (produces a more accurate mean estimate [8]) but
apparently still leads to constant ambiguity. No, the approximation must be
sensitive to how the covariance matrix of the joint distribution over states and
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Fig. 3. Trajectories of agents under three EFE functions, averaged over 100 Monte
Carlo samples (ribbon is standard deviation of the mean). The robot starts at the
green marker and must reach the red goal marker. All agents avoid the sensor station,
with EFE2 taking the widest curve and having the smoothest average trajectory. (Color
figure online)

observations changes as a function of g’s curvature. It would be interesting to
extend this work with parameter estimation, such as inferring the process noise
covariance matrix using a Wishart distribution [15], or the state transition matrix
with a Matrix-Normal distribution [1,12].

7 Conclusion

We examined active inference agents with linear Gaussian distributed dynamics
and a non-linear measurement function. We found that the first-order Taylor
series and unscented transform approximations to the non-linearly transformed
states lead to expected free energy functions with ambiguity terms that are
constant over states. A second-order Taylor approximation leads to a state-
dependent ambiguity term, inducing a preference over states.
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A Appendix: Proof of Lemma 1

Proof. The cross-entropy is split into two entropies that simplify according to:

Ep(yt,xt | ut;Dk)

[ − ln
p(yt, xt | ut;Dk)
p(xt | ut;Dk)

]

= −
∫

N ( [
xt

yt

]
|

[
m̄t

μt

]
,

[
S̄t Γt

Γ ᵀ
t Σt

] )
ln N ( [

xt

yt

]
|

[
m̄t

μt

]
,

[
S̄t Γt

Γ ᵀ
t Σt

] )
d(yt, xt)

+
∫

N (xt | m̄t, S̄t) ln N (xt | m̄t, S̄t)dxt (39)

=
Dx + Dy

2
ln(2πe) +

1
2

ln
∣∣
[

S̄t Γt

Γ ᵀ
t Σt

] ∣∣ −
(Dx

2
ln(2πe) +

1
2

ln |S̄t|
)

(40)

=
Dy

2
ln(2πe) +

1
2

ln
(|S̄t| · |Σt − Γ ᵀ

t S̄−1
t Γt|

) − 1
2

ln |S̄t| (41)

=
Dy

2
ln(2πe) +

1
2

ln |Σt − Γ ᵀ
t S̄−1

t Γt|. (42)

B Appendix: Proof of Theorem 1

Proof. Plugging Σt, Γt from (31) into the result from Lemma 1, yields:

Dy

2
ln(2πe) +

1
2

ln |Σt − Γ ᵀ
t S̄−1

t Γ | (43)

=
Dy

2
ln(2πe) +

1
2

ln |Gx(m̄t)S̄tGx(m̄t)ᵀ + R − Gx(m̄t)S̄
ᵀ
t S̄−1

t S̄tGx(m̄t)ᵀ|

=
Dy

2
ln(2πe) +

1
2

ln |R|. (44)

The cancellation is due to S̄t being symmetric, i.e., S̄ᵀ
t S̄−1

t = S̄tS̄
−1
t = I.

C Appendix: Proof of Theorem 2

Proof. Plugging Σt, Γt from (33) into the result from Lemma 1, yields:

Dy

2
ln(2πe)+

1
2

ln
∣∣∣ Σt−Γ ᵀ

t S̄−1
t Γ

∣∣∣ =
Dy

2
ln(2πe)+

1
2

ln
∣∣∣ Gx(m̄t)S̄tGx(m̄t)ᵀ (45)

+
1
2

Dy∑
i=1

Dy∑
j=1

eie
ᵀ
j tr

(
G(i)

xx(m̄t)S̄tG
(j)
xx (m̄t)S̄t

)
+ R − Gx(m̄t)S̄

ᵀ
t S̄−1

t S̄tGx(m̄t)ᵀ
∣∣∣

=
Dy

2
ln(2πe) +

1
2

ln
∣∣∣ 1
2

Dy∑
i=1

Dy∑
j=1

eie
ᵀ
j tr

(
G(i)

xx(m̄t)S̄tG
(j)
xx (m̄t)S̄t

)
+ R

∣∣∣. (46)

The covariance matrix S̄t is symmetric, i.e., S̄ᵀ
t S̄−1

t = S̄tS̄
−1
t = I. Note that

the Hessian G
(i)
xx(m̄t) depends on the inferred mean of the predicted state m̄t,

meaning that ambiguity is not constant over state-space.
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D Appendix: Proof of Theorem 3

Proof. Plugging μt, Σt, Γt from (37) into the log-determinant term from the
result in Lemma 1, gives:

1
2

ln
∣∣Σt − Γ ᵀ

t S̄−1
t Γ

∣∣ =
1
2

ln
∣∣∣
2Dx∑
i′=0

wi′(g(χi′)−μt)(g(χi′)−μt)ᵀ + R

−
( 2Dx∑

i=0

wi(χi−m̄t)(g(χi)−μt)ᵀ
)ᵀ

S̄−1
t

( 2Dx∑
j=0

wj(χj −m̄t)(g(χj)−μt)ᵀ
)∣∣∣. (47)

The second term can be re-arranged to:

( 2Dx∑
i=0

wi(χi−m̄t)(g(χi)−μt)ᵀ
)ᵀ

S̄−1
t

( 2Dx∑
j=0

wj(χj −m̄t)(g(χj)−μt)ᵀ
)

=
2Dx∑
i=0

2Dx∑
j=0

wi(g(χi)−μt)(χi−m̄t)ᵀS̄−1
t wj(χj −m̄t)(g(χj)−μt)ᵀ. (48)

Note that for j = 0, (χj −m̄t)=(m̄t−m̄t)=0. Let Dλ = Dx + λ. For j ≥ 1:

(χi−m̄t)ᵀS̄−1
t wj(χj −m̄t) (49)

= (m̄t+(−1)i
√

Dλ

[√
S̄t

]
i
−m̄t)ᵀS̄−1

t

1
Dλ

(m̄t+(−1)j
√

Dλ

[√
S̄t

]
j
−m̄t)

=
1

Dλ
(
√

Dλ)2(−1)i+j
[√

S̄t

]ᵀ
i
S̄−1

t

[√
S̄t

]
j

(50)

= (−1)i+j
[√

S̄t

]ᵀ
i
S̄−1

t

[√
S̄t

]
j
. (51)

Furthermore, note that column selection
[·]

i
is equivalent to right-multiplication

with a canonical basis vector ei;

[√
S̄t

]ᵀ
i
S̄−1

t

[√
S̄t

]
j

=
(√

S̄tei

)ᵀ
S̄−1

t

(√
S̄tej

)
= eᵀ

i

√
S̄t

ᵀ
S̄−1

t

√
S̄tej . (52)

Since S̄t is a normal matrix, the eigendecomposition S̄t = V ΩV −1 generates an
orthonormal eigenvector matrix V , implying V −1 = V �, and a diagonal matrix
of eigenvalues Ω. This means that

√
S̄t = V Ω1/2V −1, and that:

√
S̄t

ᵀ
S̄−1

t

√
S̄t =

(
V Ω1/2V −1

)ᵀ
V Ω−1V −1

(
V Ω1/2V −1

)
(53)

= V Ω1/2V −1V Ω−1V −1V Ω1/2V −1 (54)

= V V −1 = I. (55)
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Therefore, eᵀ
i Iej will be 1 for all i = j and 0 for i �= j. We can thus identify two

cases in the double sum in (48), one of which is always 0:

2Dx∑
i=0

2Dx∑
j=0

wi(g(χi)−μt)(χi−m̄t)ᵀS̄−1
t wj(χj −m̄t)(g(χj)−μt)ᵀ (56)

=
2Dx∑
i=0

∑
j=i

wi(g(χi)−μt)(−1)(i+j) 1 (g(χj)−μt)ᵀ

+
2Dx∑
i=0

∑
j �=i

wi(g(χi)−μt)(−1)(i+j) 0 (g(χj)−μt)ᵀ (57)

=
2Dx∑
i=0

wi(g(χi)−μt)(g(χi)−μt)ᵀ, (58)

where the (−1)(i+j) drops out because for i = j, i + j will always be even. One
may now recognize that (47) has two terms that cancel each other:

1
2

ln |
2Dx∑
i′=0

wi′(g(χi′)−μt)(g(χi′)−μt)ᵀ+R−
2Dx∑
i=0

wi(g(χi)−μt)(g(χi)−μt)ᵀ|

=
1
2

ln |R|. (59)

Using this result and Lemma 1, we have proven Theorem 3.
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Message Passing-Based Bayesian Control
of a Cart-Pole System
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Abstract. We describe a Bayesian controller for a cart-pole system, a
well-known benchmark in control theory. The cart-pole system is charac-
terized by its nonlinear and underactuated nature, and we further com-
plicate the scenario by (1) assuming that the controller lacks knowledge
of sensor noise variance, and (2) imposing bounds on the control sig-
nal. Traditional control algorithms often struggle to adapt to uncertain-
ties and constraints. However, the Bayesian framework, particularly the
active inference framework, smoothly accommodates these complexities.
In the proposed controller, the entire computational process consists of
online Bayesian inference. This process is streamlined through a toolbox
for fast message passing-based inference in factor graphs. We describe
the mechanics of message passing in factor graphs, addressing challenges
such as non-linear factors, bounded control, and real-time parameter
tracking. The primary objective of this paper is to demonstrate that,
with the advancement of the active inference framework and the effec-
tiveness of automated inference toolboxes, Bayesian control emerges as
an appealing option for application engineers.

Keywords: Active inference · Bayesian control · Factor graphs ·
Message passing · NUV priors · Policy estimation

1 Introduction

The cart-pole problem (also known as the inverted pendulum) comprises a pole
that is attached at one end to a movable cart with an associated goal of balancing
the pole at the upright position by controlling the horizontal movements of the
cart. This is a highly non-linear and underactuated system1 that is widely used
as a benchmark to illustrate the effectiveness of controllers [21]. Despite the
challenges, a standard cart-pole system can be successfully controlled by classical
control algorithms such as Model Predictive Control (MPC) [15].

In the real world, control systems inevitably have to deal with uncertain-
ties that result from model inaccuracies and simplifications such as un-modeled
1 A cart-pole system has two degrees of freedom, namely the pendulum angle and the

linear cart position, and only one actuator, the horizontal force on the cart.

c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025
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external influences or sensor imperfections. In this paper, we add some complex-
ity to the cart-pole control task by assuming that (1) the variance of the sensor
noise is unknown, and (2) the control signal is bounded.

Active inference is a mathematical framework designed for understanding
biological agents, specifically the human brain [6]. This framework is grounded
in a generative model that drives states, controls, and planning based on the
principle of free energy minimizing [4,19]. Recently, many studies have used
active inference agents in robotic tasks [3,13]. In this paper, due to the highly
nonlinear and underactuated behavior of the cart pole system, we are interested
in active inference agents with continuous control and state spaces [6,12,13].

Current (non-Bayesian) control algorithms have difficulties quantifying or
processing such uncertainties appropriately [20]. In contrast, Bayesian control
through probabilistic inference in a generative model provides a principled way
to keep account of uncertainties and constraints in the system. Unfortunately,
when trying to realize a Bayesian controller, exact inference quickly becomes
computationally intractable, even for relatively simple models. Numerical solu-
tions such as (Monte Carlo) sampling-based inference are often too computa-
tionally intensive or too slow for the application at hand.

This paper presents an approach based on casting both the control and
parameter tracking problems as online inference tasks on a generative model of
the system. To combat the computational issues surrounding probabilistic infer-
ence, we realize the inference tasks by message passing (MP) on a Forney-style
factor graph (FFG) representation of the probabilistic model. Efficient proba-
bilistic inference in the model is realized using automatable MP procedures that
leverage the conditional independencies in the model. MP-based inference has a
long history for efficient inference in signal processing and control systems [14].

To keep the control signals within physical bounds, we use a Normal-with-
Unknown-variance (NUV) distribution as a prior distribution for the control
signals. The NUV prior is a distribution that originated in the sparse Bayesian
learning literature [22]. Recently, NUV priors were introduced as a sub-model
to enforce domain constraints [10]. This sub-model has been successfully used in
various MPC applications to impose constraints on the state trajectories [10], as
well as in multi-agent trajectory estimation to prevent collisions [2].

In Sect. 2, we introduce the cart-pole system formally and specify the control
problem. The subsequent sections include our contributions:

– In Sect. 3, we specify the controller, which comprises a probabilistic generative
model for sensory observations from its environment. Crucially, the model can
be used to predict both veridical and desired future observations.

– In Sect. 4, we rehearse factor graphs and various message passing methods
that can be used to automate the control-by-inference process.

– Finally, in Sect. 5, we evaluate the proposed Bayesian control method for the
cart-pole system in a simulated environment.

In short, the novelty of this paper lies not in the introduction of any specific
technique, but rather this paper aims to demonstrate at a systems engineering
level how to realize a complex Bayesian control system. We bring together various
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methods to show that Bayesian control with both uncertainties and constraints
can be systematically realized through the specification of a biased generative
model and a fully automatable inference process.

2 Problem Setting

2.1 The Cart-Pole System

In this paper, we simulate the cart-pole system as a state space model. In this
model, the state variables are defined as a vector z = [x, θ, ẋ, θ̇], where x ∈ R, θ ∈
R, ẋ ∈ R, and θ̇ ∈ R are the cart position, the pole angle, the cart velocity, and
the angular velocity of the pole, respectively. Based on a Lagrangian mechanics
approach, [21] derives the following equations of motion:

u = (mc + mp)ẍ + mplθ̈ cos θ − mplθ̇
2 sin θ (1a)

0 = mplẍ cos θ + mpl
2θ̈ + mpgl sin θ, (1b)

where mc is the cart mass, mp is the pendulum mass, g is the gravitational con-
stant, and l is the pendulum length. These variables are assumed to be constant.
Furthermore, u ∈ R is the horizontal force applied to the car, ẍ ∈ R is the cart
acceleration, and θ̈ ∈ R is the angular acceleration. For simulation purposes,
based on Euler’s method, we derive a discrete-time state space model with state
variables zt = [xt, θt, vt, ωt] where the xt, θt, vt and ωt are the cart position,
pole angle, cart velocity and the angular velocity of the pole at time t. This
discrete-time state space model is then defined as

⎡
⎢⎢⎣

xt+1

θt+1

vt+1

ωt+1

⎤
⎥⎥⎦

︸ ︷︷ ︸
zt+1

=

g(zt,ut)︷ ︸︸ ︷⎡
⎢⎢⎣

xt

θt

vt

ωt

⎤
⎥⎥⎦

︸ ︷︷ ︸
zt

+

⎡
⎢⎢⎣
vt

ωt

at

αt

⎤
⎥⎥⎦ · Δt (2)

where Δt is the interval between two time steps, and the at and αt are the cart
acceleration and the angular acceleration at time t. By using the equation of
motion (1), the at and αt at time t can be derived as

at =
ut+mp sin θt(lω2

t +g cos θt)
mc+mp sin2 θt

(3a)

αt =
−ut cos θt−mplω

2
t cos θt sin θt−(mc+mp)g sin θt

l(mc+mp sin2 θt)
. (3b)

For more details, we refer to [21]. In the following, we also use the abbreviation
g(zt, ut) to indicate the right-hand side of (2).

The initial state of the cart-pole system is given by z0 = [0,−π, 0, 0], indi-
cating that the pole is initially in a downward position and both the cart and
the pole are at rest.
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2.2 The Control Problem

We assume that the horizontal force signal ut can be selected by a control agent.
The agent interacts with its environment through a series of trials. The agent
observes the cart-pole system’s state through a sensor and executes actions ut

via an actuator that connects to the cart.
We assume that the agent partially observes its environment using a mea-

surement matrix C with measurement noise vt:

yt = Czt + vt, (4)

with

C =
[
1 0 0 0
0 1 0 0

]
and vt ∼ N (0, R∗), (5)

where R∗ is a fixed covariance matrix.
The goal of the agent is to guide the cart-pole system towards a desired goal

state z∗ = [0, 0, 0, 0], where the pole is steady at the upright position. Given
that direct control over the pole is not feasible (the controller can only apply a
force to the cart), the control agent needs to infer a control sequence (policy)
u1, u2, u3, . . . to reach z∗.

We take a fully Bayesian inference approach to control [18]. In this frame-
work, the controller is equipped with a probabilistic generative model for its
observations. This model can be run forward in time to create predictions of
future observations. As will be discussed in Sect. 3.2, these predictions are biased
toward desirable observations, and Bayes-optimal control signals can be obtained
through online Bayesian inference.

3 The Probabilistic Controller Model

3.1 Specification of Generative (Veridical) Model

This subsection specifies the control agent for the simulated cart-pole system.
The controller’s model is a generative model, so we will specify a model with
hidden dynamics that leads to probabilistic predictions of sensory inputs yt.

We assume that the controller knows the dynamics of the cart-pole system,
with uncertainty characterized by Gaussian process noise. Hence, the controller’s
state transition model is given by

p(st+1 | st, ut) = N (st+1 | g(st, ut), Q), (6)

where st is controller’s internal state, and Q is a fixed and known covari-
ance matrix. In general, we run our simulation from an initial state p(s0) =
N (s0 | z0, Q). We also assume that the controller can predict its sensory obser-
vations with a “correct” observation model:

p(yt | st, Rt) = N (yt | Cst, Rt). (7)
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where C is defined as in (5) and Rt is a measurement noise covariance matrix
at time step t. To complicate matters, we assume that the controller does not
know the observation noise covariance matrix Rt, and therefore we will infer
the appropriate value of Rt online, alongside inference for states st and controls
ut. The assumption is that the covariance matrix has a fixed unknown value,
specified to be

p(Rt|Rt−1) = δ(Rt − Rt−1) (8a)

p(R0) = W−1(R0 | V0, n0), (8b)

where W−1 is an inverse-Wishart distribution, which is a conjugate prior for the
covariance matrix of a multivariate normal distribution.

To complete the generative model, we assume independent priors p(ut) over
admissible actions at each time step. We will choose a Normal-with-Unknown
Variance (NUV) prior, which effectively renders a “box constraint” of the form

p(ut) ∝∼ exp {−γ(|ut − a| + |ut − b|)}, (9)

where a and b are user-selectable control limits, γ is a parameter to control
the softness of the constraint and ∝∼ means “is approximately proportional to”.
The exact form of the prior and subsequent inference procedure is discussed in
Sect. 4.5.

The set of equations (6), (7), (8) and (9) is called the agent’s veridical gen-
erative model since it aims to predict the evolution of future sensory inputs
according to the agent’s knowledge about the environmental dynamics.

3.2 Specification of Target Model for Observations

The veridical model specification in Sect. 3.1 can be used by the controller to
predict future sensory inputs. In a Bayesian active inference framework, sensory
targets are specified by extending the veridical model by target distributions
[5]. These target distributions lead to goal-oriented behavior(such as guiding a
cart-pole system to a target state) through Bayesian inference. We assume the
following target distribution for observations:

p′(yt) =

{
N (yt | Cz∗, 108 · I) if t ≤ T

N (yt | Cz∗, 10−8 · I) otherwise.
(10)

The prime in p′(·) indicates that this distribution relates to desired or target
beliefs, rather than veridical beliefs. Equation (10) expresses that, for the first
T time steps, the agent has essentially no preference for observations, but any
time after T , the agent has a strong preference for receiving yt ≈ Cz∗.

The vague prior for t ≤ T allows the agent to infer actions that are most
informative about the uncertainties in the model, such as the value of Rt. This
is an explorative phase. For t > T , the tight target priors add an incentive to
infer actions ut that drive the cart-pole to its target state.
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Taking the veridical and target beliefs together, the complete generative
model for the controller can be represented as

p(y, s, u,R) ∝ p(s0) p(R0)∏
t>0

p′(yt) p(yt | st, Rt) p(st | st−1, ut) p(ut) p(Rt | Rt−1). (11)

Note that, due to the extension with the target prior p′(yt), the controller
holds a biased model of the future! When unrolling this model into the future, this
model predicts desired future observations, in the context of given assumptions
about how the world “really” works (as specified by the veridical model). This
approach aligns with the active inference framework that is claimed to describe
a biologically plausible approach to control in living systems [5].

4 Inference

4.1 Inference Is the Only Ongoing Process

Since the controller’s generative model is biased toward predicting target obser-
vations, the actual process to be executed by the controller is just continual
inference over all latent variables as new data yt keeps streaming in through its
sensory channels. This online inference process will update beliefs over its inter-
nal states st, the latent control variables ut, and the latent covariance matrix
Rt.

For a complex non-linear system with some non-conjugate distribution pair-
ings, such as this dynamic Cart-pole controller, it is not possible to derive closed-
form analytical Bayesian inference solutions, and sampling-based inference meth-
ods are usually too slow for real-time systems. Therefore, in this paper, we
automate the online inference process through efficient message-passing-based
inference on a factor graph representation of the controller’s model.

Fortunately, we do not need to derive all messages from scratch. The open-
source Julia package RxInfer supports fast message passing-based inference for a
large range of models [1]. Next, we rehearse factor graphs and message passing-
based inference.

4.2 Forney-Style Factor Graphs and the Sum-Product Rule

A Forney-style Factor Graph (FFG) is a graphical representation of a factorized
probabilistic model [14]. In an FFG, edges represent random variables and nodes
represent factors, which are functions that specify the relationships between the
variables. An edge connects to a node if and only if the variable on that edge is an
argument of the node’s function. Figure 1 shows the FFG for the probabilistic
model defined in (11). In an FFG, each edge can maximally connect to two
nodes. If a variable is an argument in more than two factors, we introduce a
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Fig. 1. A Forney-style factor graph representation of the probabilistic control model in
(11). This snapshot illustrates the model at the time step t, with T future time horizon.

“branching” (also known as “equality”) node that effectively copies the variable
to an auxiliary variable with the same beliefs.

Aside from model visualization, FFGs support efficient message passing-
based (MP) inference on the graph. MP-based inference is a highly efficient
tool for performing probabilistic inference on sparsely connected generative
models [14]. It scales well to large inference tasks and significantly speeds
up Bayesian inference by effectively taking advantage of the distributive law
(ab+ac = a(b+c)), which converts an (expensive) sum-of-products to a (cheaper)
product-of-sums. We use −→μ (·) and ←−μ (·) notations for the forward and backward
messages respectively. Following the recipe above of moving factors over inte-
grals (or summation signs), marginalization and Bayesian inference turn into a
sequence of updating messages. These messages can be computed by the so-called
sum-product rule [14].

In general, for any node f(y, x1, . . . , xn), the sum-product rule for an outgoing
message over edge y is given by

−→μ (y) =
∫

−→μ (x1)...−→μ (xn)︸ ︷︷ ︸
incoming messages

f(y, x1, ..., xn)︸ ︷︷ ︸
node function

dx1...dxn. (12)

Note that the MP algorithm minimizes the Bethe Free Energy (BFE) [23],
which is known to lack epistemic (information-seeking) qualities. Consequently,
agents using MP do not proactively seek informative states. Ongoing research
seeks to address this limitation, for example, through the development of Con-
strained BFE (CBFE) [11]. The CBFE allows for inference that benefits from
the MP algorithm’s scaling advantages while retaining the epistemic qualities of
expected free energy. Unfortunately, CBFE has thus far only been introduced
for discrete active inference. Therefore, in this paper, we used the BFE.

To make message passing-based inference easy for the application engineer,
there exist software toolboxes that have pre-computed message update rules
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for common factors and common distribution types [1,16]. In principle, these
toolboxes automate the inference process by calling pre-computed update rules.

Unfortunately, the sum-product rule is not always analytically solvable to
a closed-form expression. In the next two sub-sections, we will discuss alterna-
tive message computation rules (Variational Message Passing and the Unscented
Transform) that mesh seamlessly with the sum-product rule, leading to a hybrid
message passing inference process. The interested reader is referred to [14] for a
more in-depth explanation of message passing.

4.3 Variational Message Passing

The sum-product rule leads to closed-form outgoing messages if all incoming
messages are Gaussian and the factor is a linear transformation. However, the
graph for the controller’s model contains a few factors where these conditions
are not met. In those cases, Variational Message Passing (VMP) often resolves
the issue since the VMP message computation rules lead to closed-form updates
for all distributions in the exponential family as long as conjugacy is maintained
[8]. VMP is a message-passing implementation of the more general variational
approach to Bayesian inference [8]. Variational inference minimizes an upper
bound (the variational free energy) on Bayesian evidence. In this way, the hard
problem of evaluating an integral (needed for the Bayes rule) is replaced by an
easier optimization problem.

Technically, for any node f(y, x1, . . . , xn), the VMP rule for an outgoing
message over edge y is given by

−→μ (y)=exp
(∫ −→μ (x1)..−→μ (xn)︸ ︷︷ ︸

incoming messages

ln f(y, x1, .., xn)︸ ︷︷ ︸
log node function

dx1..dxn

)
. (13)

As an example of hybrid sum-product and VMP message passing-based infer-
ence, consider updating Bayesian beliefs about the measurement covariance
matrix Rt, given a prior belief q(Rt−1) and a new observation yt, see also Fig. 1.
Let the message

−→μ (Rt−1) = q(Rt−1) = W−1(Rt−1 | −→n t−1,
−→
V t−1) (14)

denote the posterior belief about R after observing y1:t−1. This message will be
used as the prior belief for time step t and is passed to the indicated equality
node in Fig. 1. The equality node also receives a message from the connected
Gaussian node above. This message can be computed by the sum-product rule,

←−μ (Rt)=
∫

←−μ (vt)N (vt | 0, Rt)dvt ∝ W−1(Rt | ←−n t,
←−
V t). (15)

Note that the computation of ←−μ (Rt) uses an incoming message ←−μ (vt) from
the addition node. The equality node processes the two incoming messages to
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an updated posterior as follows:

q(Rt) =
∫

−→μ (Rt−1)←−μ (Rt)

equality node︷ ︸︸ ︷
f=(Rt−1, Rt) dRt−1 ∝ W−1

(
Rt | nt, Vt

)
,

and the forward message from the measurement noise can be computed by a
VMP update:

−→μ (vt)∝exp
(
Eq(Rt) [ln p(vt | Rt)]

)
∝N (vt | 0, ntVt). (16)

4.4 Non-Linear Dynamics and the Unscented Transform

In the controller’s model, the transition function g(st, ut) is non-linear. When
Gaussian messages are passed through a non-linear function, the outgoing mes-
sage is non-Gaussian, both for the sum-product and VMP update rules. To keep
going, we need to project the outgoing message in some way back to a Gaussian
distribution.

Here, we discuss using the Unscented Transform (UT) to approximate out-
going messages with normal distributions [18]. As an example, consider the out-
going message −→μ (st+1) for the transition node with incoming messages

−→μ (ut+1) = N (ut+1 | −→mu
t+1,

−→
P u

t+1),
−→μ (st) = N (st | −→ms

t ,
−→
P s

t ), (17)

as illustrated in Fig. 1.
The Unscented Transform starts by selecting a set of “sigma points” x

(i)
t

and weights ω(i) for i = −M, . . . ,M . For more details on the computation of
sigma points and the weights, we refer to [7]. Next, the sigma points x

(i)
t are

processed through the nonlinear function as ξ
(i)
t = g(x(i)

t ). Then we compute the
parameters of the outgoing (Gaussian) message −→μ (st+1) = N (st+1 |−→ms

t+1,
−→
P s

t+1)
with mean and covariance matrix as

−→ms
t+1 =

M∑
i=−M

ω(i)ξ
(i)
t ,

−→
P s

t+1 =
M∑

i=−M

ω(i)(ξ(i)t − −→ms
t+1)(ξ

(i)
t − −→ms

t+1)
�. (18)

4.5 Specification and Inference for the Control Prior

Real-world applications are often subject to environmental constraints, such as
limits on engine power. In our application, We are interested in setting a prior
constraint on the control signal in the form of a < ut < b, where a ∈ R and
b ∈ R. While such a prior looks non-Gaussian, [10] describes an interesting way
to implement these kinds of constraints efficiently by Gaussian message passing
in a Normal distribution with Unknown Variance (NUV). A box-NUV prior is
specified by a probabilistic sub-model, which contains two Normal distributions
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with means a and b, and unknown variances σ2
a ∈ R

+ and σ2
b ∈ R

+ with Gamma
distribution priors. The box-NUV prior is specified as

p(ut, σ
2
a, σ2

b ) =N (ut | a, σ2
a)N (ut | b, σ2

b )Γ
(

σ2
a

∣∣ 3
2
,
γ2

2

)
Γ

(
σ2

b

∣∣ 3
2
,
γ2

2

)
, (19)

where Γ (·|α, β) represents a Gamma distribution with shape and rate parameters
α and β, respectively. As it is shown in [9] the box-NUV prior can be obtained
by:

p̃(u) = sup
σ2
a,σ2

b

p(u, σ2
a, σ2

b ) ∝∼ exp {−γ(|u − a| + |u − b|)}. (20)

In this paper for finding the σ2
a, σ2

b we use the expectation maximization update
rules according to [2].

5 Experiments

5.1 Experimental Setup

We evaluate the performance of the proposed controller. All experiments were
simulated using the Julia programming language on a laptop with an Intel Core
i9-12900HK processor and 32 GB of DDR4 RAM. To implement the controller,
we used the open-source Julia package RxInfer [1], which supports (variational)
Bayesian inference in models through hybrid message passing on an FFG. RxIn-
fer implements many message passing techniques, including the needed methods
that we discussed in this paper, namely the sum-product rule for Gaussian mes-
sages, VMP for conjugate distributions, the Unscented Transform for non-linear
factors, and NUV priors for the control signal. In terms of trustworthiness, RxIn-
fer comes with a large set of unit tests and has previously been used successfully
in a wide range of applications, including audio processing devices [17] and con-
trol tasks [12]. In all simulations, we assume the Cart-Pole mechanical system
described in (2), with parameter values mc = 1 (kg), mp = 1 (kg), g = 9.81
(m/s2), l = 0.5 (m), and Δt = 0.01 (sec).

5.2 Controlling the Cart-Pole System

We validate the performance of the introduced model in Sect. 3 for controlling
the Cart-Pole system. For the controller, we used the model as described in
(6)–(11). The parameters were set to T = 100, a = −100, b = 100, Q = 10−8,
γ = 200, V0 = 0.1 · I, and n0 = 10. We set the controller time step size the same
as the Cart-Pole system, i.e., Δt = 0.01 (sec).

We add noise with a variance R∗ = 0.01 · I to the observation at each time
step. The system starts in the state s0 = [0,−π, 0, 0] and the goal state is
sT = [0, 0, 0, 0].

Figure 2 illustrates the evolution of the angle θt, position xt, and estimated
noise variance Rt during 800 time steps, totaling 8 seconds. It can be seen that
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Fig. 2. Evolution of the pole angle (top-left), cart position (top-right), and inferred
noise variance (bottom) over time. The dashed red line is the true added noise (R* =
0.01). (Color figure online)

the controller successfully guides the system to the target position. For R, we
used the mode of q(R), which for both dimensions converges to 0.015, a good
approximation of the true added measurement noise.

Fig. 3.

5.3 Alternative Control Limiters

In this experiment, we change the generative model of the controller and measure
the effect on its performance. In particular, we compare using the box-NUV node
with two alternative ways of limiting the control signal.

In the first alternative model, we set the action prior p(u) = N (0, c), where
c = 100 is the control limit. This is the simplest model assumption. In the
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second alternative, we set the control prior as p(u) = N (0, c), and also we use
a tanh-node according to the Fig. 3b. Using the tanh function is motivated
by the fact that a scaled tanh function is a commonly used limiter, which, for
instance, has been successfully used as an action constraint in [12]. But in our
application, using the tanh function leads to a problem in the backward message.
Since in the backward direction, the tanh-node acts like tanh−1 and its input
should be mapped into (−1, 1). This can be achieved by scaling the input as
(ut − δ)/c, where δ is a small number used to prevent hitting the asymptotes
1 and −1 numerically. But, even with a tiny δ = 10−14 the tanh−1 range leads
to around [−18, 18] since tanh−1((100 − 10−14)/100) = 18.7. This dramatically
reduces the controller’s performance. The third approach is using the box-NUV
node discussed in Sect. 4.5. The performance of the three controllers is shown
in Fig. 3a. Clearly, only the box-NUV node leads to the desired behavior of the
controller.

5.4 Alternative Dynamics Approximations

We tested an alternative procedure to UT for passing Gaussian messages through
the non-linear transition function g(st, ut). Linearization refers to a first-order
Taylor approximation of the nonlinear dynamics around an operating point. We
applied this method to approximate each of the outgoing messages of the g
node. For each, the operating points were the means of the incoming messages.
As illustrated in Fig. 1, the agent reaches the goal sooner. We may thus conclude
that UT is a more useful approximation.

6 Conclusions

We introduced a fully Bayesian controller for a cart-pole system. While the
Bayesian approach to control has a reputation for being both conceptually and
computationally challenging, our findings demonstrate a viable path forward. By
leveraging the active inference framework and employing a fast message passing-
based inference toolbox, we showed how the role of the application engineer pre-
dominantly involves specifying a (biased) generative model for the controller.
The clear separation of model specification from the inference process offers
numerous benefits, notably streamlining the coding process, with the typical
generative model requiring no more than half a page of code, even for com-
plex controllers. Moreover, by automating the inference process, the application
engineer can divert focus from computational efficiency issues, with this respon-
sibility resting with the designers of the inference toolbox. In light of these
advancements, we anticipate a growing prominence of Bayesian control applica-
tions.
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Abstract. We present a mobile robot that autonomously generates
behaviors to calibrate its intuitive-physics engine, also known as the
“Game Engine in the Head” (GEITH). Most POMDP and Active Infer-
ence learning techniques operate in a closed world in which the set of
states is defined a priori. However, implementing an “innate” GEITH
and a set of interactive behaviors allowed us to avoid these limitations
and design a mechanism for information search and learning in an open
world. The results show that over a few tens of interaction cycles, the
robot’s prediction errors decrease, which shows an improvement in the
GEITH calibration. Moreover, the robot generates behaviors that human
observers describe as playful.

Keywords: Active inference · developmental learning · enaction ·
intrinsic motivation · robotics · core knowledge

1 Introduction

In their book “The pragmatic Turn”, Engel, Friston, and Kragic [2] advocate a
shift from a representation-centered perspective to an “action-oriented” perspec-
tive on cognition. Aligned with this shift, we present a robotics implementation
to study the intricacy between action and perception. Closely related to prag-
matic philosophy, Whitehead’s process philosophy proposes useful concepts to
describe perception from entities having unconscious experience of connection
to the world, which he calls enduring objects [23]. He distinguishes between
two modes of perception: the mode of presentational immediacy and the mode
of causal efficiency [17]. We apply these concepts to robotics: sensory input is
provided to the robot in the mode of presentational immediacy, and the robot
learns spatio-sequential patterns of actions and outcomes that account for the
causal-efficiency mode of perception.

Karl Friston and his research group have proposed Active Inference as a
method to interactively learn the causes of sensory signals by minimizing free
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energy, or equivalently, prediction error [3]. Active inference has been used in
the framework of Partially Observable Markov Decision Processes (POMDPs)
to allow artificial agents to learn a causal model of the environment that they
can only partially observe [18]. The causal model uses the distribution of the
probability of each possible state of the world. In essence, at each instant, the
agent estimates which states are the most or least likely to be the actual state of
the world. The expected information gained to enhance this estimate is involved
when selecting the next action. Active inference has been used in robotics [11]
but generally under closed-world settings in the sense that the set of possible
states is known a priori—a requirement for most of the mathematical apparatus
of active inference.

When the robot is thrown into an open world, the problem of learning the
cause of sensory input remains open. The POMDP and active inference literature
suggest that the robot needs prior assumptions about the world to cope with
complexity [7]. The present study examines how the “Game Engine In The head”
(GEITH) can work as a suitable prior assumption that an autonomous robot
could use to maintain a causal model of perception in the open world and reduce
prediction errors.

Joshua Tenenbaum and his research group have proposed GEITH [21] as the
capacity of cognitive beings to simulate the basic dynamics of physics and inter-
actions. In the brain, the GEITH rests on structures that are partially predefined
by genes and then completed through ontogenetic development. Similarly, it is
possible to endow artificial agents and robots with a predefined software game
engine and expect them to refine the parameters of their game engine and mod-
ify their predictions through ongoing interaction. The refinement of the game
engine is assessed through the prediction error of sensory signals. The decrease
in prediction errors shows an improvement of the game engine.

Compared with general Bayesian models classically used in active inference,
GEITH adds the assumption that all the sensorimotor experiences can be local-
ized in the 3D Euclidean space, at least approximately. It implements predefined
linear-algebra functions to compute spatial transformations (rotations and trans-
lations) between frames of reference.

2 Our Hypothesis

We comply with active inference theory in several regards. Firstly, we do not
assume that sensory signals are representational of the state of the world. The
world is hidden to the agent so that a given state may return contrary sensory
signals when acted on differently by the agent. This implies a “conceptual inver-
sion” of the interaction cycle in which action comes first and the sensory signal
comes second as an outcome of action. Secondly, we do not provide the agent
with presupposed ontological knowledge about entities in the world. The agent
must infer the presence of causes in the world through patterns of interactive
experience. Thirdly, no extrinsic goal is encoded in the agent in the form of goal
states that the agent should search based on reward or other criteria. However,
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we may associate some prior preference with interactions. In short, the agent has
no rewarding world states but has rewarding interactions. For a deeper exami-
nation of these principles in relation to the active inference literature, we refer
the reader to [7].

We also adopt prediction error as a measure of the quality of the agent’s
world model. However, we are not using the gradient descent of the prediction
error as a motivational principle to drive the learning process. As we develop,
our agent is not always driven by a value optimization process; it may also
enact behaviors that we call disinterested. Disinterested behaviors can consist of
aimless innate tendencies, or individual habits taken through the agent’s lifetime.
In this implementation, the reduction of prediction errors is not a means of
improving the world model, but a consequence of its improvement.

We are using a cognitive architecture designed previously based on senso-
rimotor and enactive principles [7]. The present article reports the integration
of the new GEITH module within this cognitive architecture, as illustrated in
Fig. 1. The GEITH supports the simulation of behaviors before their selection
by the cognitive architecture and their enaction by the robot. At the beginning
of each interaction cycle, the simulation computes the predicted outcome. At the
end of the interaction cycle, the predicted outcome is compared with the actual
outcome to calculate the prediction error. We investigate the core elements of
the GEITH that are needed for the agent to reduce prediction error.

We draw inspiration from studies on core knowledge in the brains of animals
and human infants. For example, Elizabeth Spelke and her colleagues argued for
the existence of two core geometry systems that “evolved before the emergence
of the human species”: “The core navigation system captures absolute distance
and sense [..] but not relative length or angle; the core form analysis system does
the reverse” [19, p. 2789]. We start by implementing the minimal requirements
she deems necessary for both systems, namely the ability to handle points in
spatial memory, the foundational elements of Euclidean geometry.

Our cognitive architecture encodes behaviors as composite interactions which
are sequences of primitive interactions. A primitive interaction is a control loop
that involves actuator commands, expected sensory feedback, spatio-temporal
attributes, termination conditions, termination outcome, and prior preference.
Examples are given in Sect. 3. GEITH may consider some of the outcomes as
the result of interaction with “something” in the environment. In this case,
the GEITH instantiates a data structure called a phenomenon1 and localizes
this phenomenon at the position of the interaction in spatio-sequential mem-
ory. Next, GEITH simulates subsequent interactions with phenomena to predict
future outcomes.

We seeded the cognitive architecture with “innate” composite interactions
that cause the robot to explore the environment and interact with points encoun-
tered on the floor (Fig. 1, top center). In other studies, we implemented the learn-

1 Common-sense usage of the term phenomenon: “something” that a cognitive being
perceives in the environment. Technically: “any useful grouping of a subset of spatio-
temporal patterns experienced by an agent in an environment” [20, p. 8].
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ing of new composite interactions [8], but here we only examine the refinement
of the GEITH parameters allowing the tuning of primitive interactions to reduce
the prediction error.

Fig. 1. The game engine within the cognitive architecture (derived from [7], Fig. 6).
Bottom: the history of interactions enacted over time. Rightward triangles: forward.
Leftward triangles: backward. Squares: swipe. Circles: turn. shade: outcome white

or black. Center: the GEITH. Red hexagon: the focus of attention localized at the
position of the phenomenon. Magenta hexagon: the prompt is the localization of the
next selected interaction’s destination: swipe to the right. Left: the types of phenomena
inferred through interactive experience. Solid objects, walls, and other robots can be
detected by the echo-localization sensor, but are not present in this experiment. Top
center: predefined composite interactions and GEITH parameters. Top right: three-
dimensional emotional state based on dopamine (DA), serotonin (5-HT), and nor-
adrenaline (NA). Right: the cognitive architecture selects the next behavior based on
the emotional state and the expected outcome predicted by the GEITH.

The cognitive architecture uses variables that represent the robot’s emotional
state to select composite interactions to try to enact. We use Hugo Lövheim’s
“cube of emotions” [12] as a basic emotional model based on three neurotrans-
mitters: dopamine (DA), serotonin (5-HT), and nor-adrenaline (NA) (Fig. 1,
top right). This model associates dopamine with pleasure and reward seeking
behavior, serotonin with well-being and playful behavior, and nor-adrenaline
with responses to arousal and stress. It has been used successfully for simple
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emotional robotics. Our robot visually indicates its predominant neurotransmit-
ter level using an intuitive color code studied by Max Talanov and his team:
green for dopamine, white for serotonin, red for noradrenaline, and blue when
all three neurotransmitter levels are low [1].

The GEITH implements two levels of spatio-sequential working memory:
egocentric and allo-phenomenon-centric (Fig. 1, center). The interactions and
displacements are received in the egocentric reference frame based on the posi-
tion of sensors and translation speed given as GEITH parameters, and the yaw
measured by the Inertial Measurement Unit (IMU) which plays a similar role
as the vestibular system (Fig. 2, top right). When the robot encounters a new
phenomenon, the GEITH instantiates a new allocentric reference frame cen-
tered on this phenomenon to track the displacement of the robot relative to
this phenomenon (Fig. 2, bottom right). Comparable mechanisms of coordinate
conversion have recently been found in the brain [22] and implemented in other
software cognitive architectures [15]. Phenomenon-centric frames relate to Jeff
Hawkins’ thousand brain hypothesis [9], according to which the brain records
thousands of small spatio-temporal models to memorize interactions with differ-
ent kinds of object.

Once the robot has selected an object in the environment, its serotonin level
increases, which triggers behaviors of interaction with this object to calibrate its
GEITH parameters. Phenomenon-centric memory is discretized into a hexagonal
grid inspired by grid cells in the entorhinal cortex [13]. The cognitive architecture
uses this grid as a small finite discrete model in which to search for information
and optimize it.

3 Experiment

We designed a mobile robotic platform called Petitcat2 based on the Osoyoo
robot car [14]. The experiment reported here uses only two sensors. The floor
luminosity sensor is a bar of 5 infrared-reflective sensors directed to the floor.
From this bar of sensors, we retrieve 4 possible signals: none, left, front, or
right signaling the absence or relative position of a black tape present beneath
them. The IMU measures the yaw during the enaction of interactions. Note that
Petitcat cannot see the black tape from a distance. He has no camera, lidar,
or odometer. What looks like eyes on his head is an ultrasonic echo-localization
sensor not exploited in this experiment. The emotion indicator is an RGB LED
(Fig. 2).

The C++ software running on the robot’s Arduino board controls the enac-
tion of primitive interactions. A personal computer implements the GEITH and
the cognitive architecture that remote controls the robot via Wi-Fi. The cogni-
tive architecture selects the primitive interaction to try to enact and sends it to
the robot. The robot tries to enact it and sends the outcome back to the PC.
The code is open source and shared online [6].
2 Sections 3 and 4 personalize the robot by name and pronoun to enhance readability.

We do not claim that he has a psychology or gender.
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Fig. 2. Screenshot of a video example run [4]. Left: Petitcat playing with a point made
of a piece of black tape on the floor. Top right: Petitcat’s egocentric memory. Black
segments: black tape detection events. Bottom right: phenomenon-centric memory.
Black hexagon: the point phenomenon used as origin of the allocentric reference frame.
Yellow hexagons: echo measured with the sonar. Red hexagon: focus of attention.

For this experiment, we defined four possible commands: forward, backward,
swipe, and turn. Forward and backward are longitudinal translations. Their
spatio-temporal attribute is the target duration (float). Swipe is a lateral trans-
lation. Its spatio-temporal attributes are the direction (left or right) and target
duration (float). Turn consists in turning in place. Its spatio-temporal attribute
is the target yaw (float), negative when counter-trigonometric.

The control loop monitors the elapsed time, yaw, and floor luminosity. The
termination conditions are reaching the target duration or yaw, or detecting the
black tape, making two possible outcomes: white or black. This gives eight prim-
itive interactions identified by their tuple 〈command, outcome〉: 4 commands ×
2 outcomes. All interactions are given a zero prior preference except 〈forward,
white〉 which has a positive one. Additionally, the robot returns the measured
spatio-temporal attributes: measured duration (float), measured yaw (float), and
black tape detection (none, left, front, right).

When the black tape is detected, the movement is interrupted and a “reflex”
movement is performed to withdraw from the tape by a few centimeters. When
detection is on the side, this withdrawal includes a rotation to the opposite side,
which tends to bring the robot back into a position perpendicular to the tape.
This behavior was implemented to prevent the robot from falling off a table or
exiting the arena.
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We seeded the cognitive architecture with the four composite interactions
below, which constitute “innate” ways for Petitcat to interact with points.
The GEITH tries to simulate them, computes their spatio-temporal attributes
according to the position of the phenomenon in memory, and proposes those
that are feasible in the current context.

1. 〈〈forward, black〉〉
2. 〈〈turn, white〉, 〈forward, black〉〉
3. 〈〈swipe, white〉, 〈forward, black〉〉
4. 〈〈swipe, white〉, 〈turn, white〉, 〈forward, black〉〉

Neurotransmitter levels can vary from 0 to 100 and are initialized at 50. DA
prevails in case of equality. The prevalence of DA makes Petitcat initially select
the 〈forward, white〉 interaction because it has a positive prior preference. When
he detects a point (by surprise), 5-HT increases to its max. The prevalence of
5-HT and the presence of a point phenomenon in memory trigger the selection
of innate interactions with the point. If the prediction errors do not decrease
(that is, the prediction is not longer improving), 5-HT decreases. When 5-HT
drops below or equal to DA, the 〈forward, white〉 interaction is again selected,
causing Petitcat to explore new destinations.

Prediction errors may concern both the outcome of primitive interactions
and the spatio-temporal measures. Prediction errors on the outcome (black
predicted but white occurred, or the reverse) mean that the selected primitive
interaction failed and another interaction was actually enacted instead. Failing
primitive interactions cause the composite interaction to which they belong to
abort, and NA to rise to its max.

The GEITH uses a focus of attention point and a prompt point to compute
the spatio-temporal attributes of interactions (Fig. 1, center). When Petitcat
interacts with a point, the GEITH places the focus of attention at the place of
the phenomenon. A failure to interact with the point means that the localization
of the phenomenon in memory is erroneous. The high NA level that occurs in
case of failure causes the GEITH to move the focus of attention to another cell in
phenomenon-centric memory in search of the point. Cells compete to catch the
focus with preference given to those closer to the last detected position of the
phenomenon but having gone the longest period since last being visited. The
interactions with the point continue afterward based on the focus in different
cells. NA is reset to 50 if Petitcat finds the lost point; otherwise, it progressively
decreases until it drops below 50 causing Petitcat to abandon the search.

In addition to the number of failed interactions, we also expect the prediction
errors of the yaw and of the forward duration to decrease as the GEITH adjusts
its parameters. Our GEITH has about 20 parameters, but this experiment only
involves FLOOR SENSOR POSITION, FORWARD SPEED, WITHDRAWAL DISTANCE, and
SIDE WITHDRAWAL YAW. Note that GEITH has no means to infer the absolute
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values of these parameters but can only adjust them in relation to each other.
The GEITH cannot either predict that the point will be detected on the side
of the floor luminosity sensor, which will cause a withdrawal with rotation. The
cognitive architecture makes the robot aim straight at the point. The GEITH
thus always predicts a straight withdrawal.

4 Results

Several videos of experiment runs are available online [5]. Here we analyze the
representative run recorded in [4]. In this run, Petitcat encountered the point in
Step 1 and interacted with it up to Step 60. In Step 17, it missed the point, but
found it again in Step 20. This is shown in the outcome code prediction error
plot in Fig. 3. The fact that Peticat did not miss the point after Step 20 shows
an improvement of the GEITH parameters.

Fig. 3. Outcome prediction error plot: 0 if predicted outcome = actual outcome (suc-
cessful interaction), 1 otherwise (failed interaction). Step 0: Petitcat moved forward.
Step 1: he unexpectedly detected the point. Step 17: he expected to detect the point
while translating forward but missed it. Step 18: he expected to not detect the point
while turning but detected it. Step 20: he did not predict detecting the point but did.
Step 63: As he moved away from the point, he did not expect to detect the arena
border.

As explained above, the GEITH cannot predict when Peticat will detect the
point on the side. This can cause large yaw prediction errors because the robot
unexpectedly turned during withdrawal. Figure 4 shows these prediction errors
that do not improve over time.

The GEITH simulates turning while withdrawing based on the SIDE WITH-
DRAWAL YAW parameter. To adjust this parameter, the GEITH must compute
the yaw residual error that is left when knowing on which side the point was
detected. Figure 5 shows that the residual yaw error decreases as the robot
adjusts the SIDE WITHDRAWAL YAW parameter.



230 O. L. Georgeon et al.

Fig. 4. Yaw prediction error plot. The prediction errors come from different causes
which makes the interpretation of the plot difficult. Points above 20 or below -20 are
large prediction errors occurring when Petitcat turned while withdrawing because the
GEITH did not predict detecting the point on the side.

Fig. 5. Yaw residual error of interactions that have a black outcome. It shows a sig-
nificant decrease as the robot interacts with the point.

The adjustment of FORWARD SPEED and WITHDRAWAL DISTANCE allows for a
visible decrease of the forward-duration prediction error shown in Fig. 6.
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Fig. 6. Duration prediction error for forward interactions. Step 1 and 20: the forward
translation was unexpectedly interrupted by the point detection. Step 17: the forward
duration was longer than expected because the robot did not detect the point. Except
for these events, the plot shows that the forward duration prediction error decreases as
the robot is interacting with the point from Step 1 to 62. On Step 63: the robot moves
away from the point and a forward duration prediction errors occur as he encounters
a new object: the border of the arena.

5 Conclusion

We demonstrated a simple robot that managed to reduce intuitive-physics pre-
diction errors in an open environment. We drew inspiration from theories posit-
ing core knowledge in the brain that have innate origins. Compared with our
previous studies base on the same robot and earlier iterations of the cognitive
architecture [7], the present study adds the model of emotion, the GEITH, and
a set of innate behaviors. These elements are hard-coded in the robot, but what
is not predefined is the set of world states and the ontology of objects in the
world.

When the robot finds an object, it instantiates a small local model in the
reference frame of this object. This finite discrete model lends itself to regular
active inference techniques. We continue studying how to optimize the process of
GEITH refinement in such local models using the active inference python library
inferactively-pymdp [10]. This approach, however, remains dependent on the
causal structure of the GEITH itself. How the robot could improve the causal
structure of the GEITH or find exceptions remains an open question related to
explainable AI [20].

This study illustrates Whitehead’s two modes of perception. Mode 1, pre-
sentational immediacy (in the sense of “seeing a color”), corresponds to the
robot’s boolean sensory input we label white and black. Mode 2, causal effi-
ciency (in the sense of “seeing an object”), corresponds to the robot maintaining
a causal model of the point on the floor. We expect the next step to involve
mode-2 perception of lines between points, which could open the way to learning
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the compositionality of phenomena. We shall also examine how the robot can
perceive the appearance, disappearance, and displacement of objects.

Beyond studying perception, we follow a method that advances through
analogies between robots and natural organisms, aiming to enhance our under-
standing of the potential becoming of agency in robots. This method relates
to the method of transduction proposed by another philosopher of process phi-
losophy, Gilbert Simondon [16]. We try to design robots that mimic traits of
natural organisms such as perception, surprise, emotions, and preferences. We
are not claiming that the robot can actually experience these traits of agency, let
alone have sentience. The robot, nonetheless, generates behaviors that human
observers easily interpret as lifelike, which could find applications in companion
robotics. The robot seems to enjoy exploring for the mere pleasure of movement
as it lights up in green (DA prevails); it plays with the point as it does practicing
its skills as it lights up in white (5-HT prevails); it seems anxious to search for
the lost point as it lights up in red (NA prevails). This interpretation is also rein-
forced by seeing that the robot also turns its head in search of objects around
the arena. In future experiments, we would like to study more precisely to what
extent observers assign these subjective traits to the robot.
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Abstract. Active inference helps us simulate adaptive behavior and
decision-making in biological and artificial agents. Building on our previ-
ous work exploring the relationship between active inference, well-being,
resilience, and sustainability, we present a computational model of an
agent learning sustainable resource management strategies in both static
and dynamic environments. The agent’s behavior emerges from opti-
mizing its own well-being, represented by prior preferences, subject to
beliefs about environmental dynamics. In a static environment, the agent
learns to consistently consume resources to satisfy its needs. In a dynamic
environment where resources deplete and replenish based on the agent’s
actions, the agent adapts its behavior to balance immediate needs with
long-term resource availability. This demonstrates how active inference
can give rise to sustainable and resilient behaviors in the face of changing
environmental conditions. We discuss the implications of our model, its
limitations, and suggest future directions for integrating more complex
agent-environment interactions. Our work highlights active inference’s
potential for understanding and shaping sustainable behaviors.

Keywords: Active Inference · Sustainability · Generative model

1 Introduction

For the past decade, we have shown that the Free Energy Principle can serve as
a foundational concept in predicting and modeling the present and future behav-
iors of a system. Under this principle, the behavior of a system aims to maintain
equilibrium and sustaining life through the minimization of free energy (Parr et
al. 2022, Parr and Friston 2019, Stubbs and Friston 2024). Systems, particularly
biological ones, act to minimize the difference between their representation of
the world, encoded in internal states and the external environment. By reduc-
ing this discrepancy, as quantified by free energy, the system achieves a state
of balance and effectively adapts to its surroundings (Friston et al. 2017; 2023,
Parr et al. 2023). We can thus understand it as a measure of uncertainty or
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surprise, used such that agents are driven to more predictable and stable states.
Using free energy, systems can slowly make adjustments and adaptations, and
thus maintain homeostasis in a changing environment (Ramstead et al. 2018,
Kirchhoff et al. 2018, Karl 2012, Da Costa et al. 2023, Pezzulo et al. 2024). This
modeling approach has been used for various types of systems, from neural pro-
cesses and cognitive functions to broader ecological and social dynamics (Friston
et al. 2010, Da Costa et al. 2024, Solymosi and Schulkin, 2024, Albarracin et al.
2004a, Matsumura et al. 2023, Montgomery and Hipólito 2023, Ramstead et al.
2020, Pezzulo et al. 2024).

While it is a widely held assumption that all systems will invariably minimize
free energy (FE), this is not always a simple linear process. To understand this,
we have to consider the system’s goals and constraints. These goals can some-
times result in behaviors that do not align perfectly with immediate free energy
minimization. This is partly what can make a system, given a specific scale of
measurement, somewhat unsustainable. Not all systems are capable of effectively
minimizing free energy. They may indeed have constraints in their structure or
function. Think of certain pathological conditions impeding a system’s ability
to minimize free energy efficiently. These conditions can lead to maladaptive
behaviors or states that deviate significantly from what would be predicted by
the FEP. For example, constraints in structure or function: in neurological dis-
orders such as schizophrenia, the brain’s ability to minimize free energy can be
impaired. As it distorts connectivity, it may also alter perceptions and thoughts
- no longer fully related to the external world. Someone with Schizophrenia can
struggle to reduce uncertainty about its environment, resulting in maladaptive
behaviors (Friston et al. 2016, Harikumar et al. 2023, Zarghami et al. 2023).

Free energy minimization can also be influenced by external perturbations
and environmental factors. The very nature of the environment is unpredictable
dynamics, which temporarily disrupt a system’s meta-stable states. The system
transiently increases free energy as it adapts to new conditions. Albarracin et al.
(2024) explore how systems must deal with external shocks and stresses (pertur-
bations) to maintain sustainability, resilience and well-being. They suggest that
resilience means absorbing shocks and stresses from the environment, while sus-
tainability requires enduring capacity to stay resilient, but without causing a loss
of resilience of the environment super-system. In this paradigm, external pertur-
bations are central to developing better strategies to maintain well-being across
system strata. Since these perturbations can be unpredictable, the temporality
of strategies can change. Long-term strategies can weather slight increases in free
energy temporarily to achieve more stable and favorable conditions in the future.
This is the case we will be testing and presenting in this paper: long-term strate-
gies involving temporary increases in free energy. When an agent learns that it
does not have to satisfy its greed immediately, even if it is very hungry, because
the aim is to maintain a balance between itself and the environment (such as a
room with food) over time, the agent can resist the urge for immediate gratifi-
cation and managing its resources judiciously. And thus, the agent can endure
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short-term discomfort (increased free energy) to ensure long-term stability and
sustainability.

Modeling sustainability through active inference allows us to model dynam-
ically changing environments. Active inference is a probabilistic framework and
thus allows agents to adapt their behaviors in response to fluctuations in resource
availability. It is particularly relevant for studies on sustainability. For instance,
in real-world scenarios such as climate change and resource depletion, the abil-
ity of agents to adjust their strategies based on anticipated future states is the
critical element we need to model. Active inference accounts for the immediate
needs of a system but also incorporates long-term goals that promote resilience
and sustainability. In this study, we emphasize the importance of such adap-
tive strategies by illustrating how agents can navigate the challenges of resource
management in environments that are subject to change.

To do so, we test out two cases, detailed in the Methods section. Case 1 acts
as a baseline scenario, and involves a static environment where the agent decides
whether to eat food or not. In Case 2, the environment is dynamic, and the agent
must learn to moderate its consumption behavior over time. Food increases when
the agent does not eat, introducing a dynamic aspect to the environment. This
study is important for two reasons. First, we must understand adaptive strategies
to properly predict when systems will achieve long-term stability and sustain-
ability. It will help us predict when systems choose to balance short-term needs
with long-term goals. But this will also help us identify potential vulnerabilities,
such that we can identify areas where intervention may be needed to prevent
collapse or dysfunction. The FEP dictates that behavior should align with min-
imizing free energy. But we have to better understand the variability in paths
where this principle isn’t consistently upheld at a given scale of measurement.

2 Methods

2.1 Case 1: Static Environment

We build this simulation using the PyMDP package, by Conor Heins and col-
leagues (Heins et al. 2022). In Case 1, we consider a static environment where the
agent’s goal is to maintain satiety by deciding whether to eat the available food.
The generative model for Case 1 (detailed in Table 1, and visualized in Fig. 1
and 2) includes hidden states for food availability and agent satiety, observa-
tions that directly correspond to these hidden states, and actions to eat or not
eat. The Likelihood Matrix (A) assumes an identity mapping between hidden
states and observations, meaning that the agent directly observes the true states
of food availability and its own satiety. Mathematically, this is represented as
P (ot | st,A) = Cat(A), where A is an identity matrix. This means the proba-
bility of an observation given a state is 1 if they correspond and 0 otherwise:

P (ot = i | st = j) =

{
1 if i = j

0 if i �= j
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Fig. 1. The agent’s generative model encodes beliefs about the causal structure of
the environment and how its actions affect the state of the world. The true state of
the environment is represented by two hidden state factors - the availability of food
(s1) and the agent’s satiety (s2). The prior preference C matrix specifies the agent’s
innate drives or goals, in this case a strong preference for being satiated. The starting
conditions are specified by the initial state distribution, D. Here, food is initially present
but the agent is not satiated. The agent has two observation modalities - the presence
of food (o1) and its own satiety level (o2). The agent can select between two actions
at each time step - “eat” or “do not eat”. We have two hidden state factors: food left
and satiety. For the “do not eat” action, for Case 1 the B matrix is an identity matrix,
as this action does not change the state, while for Case 2 it changes, since not eating
leads to an increase in available food. When the agent chooses the “eat” action, if food
is present, the states will transition by reducing “food left” by 1 (down to a minimum
of 0) state and by increasing “satiety” by 1 (to a maximum of 2).

The agent performs variational inference to optimize an approximate poste-
rior Q(st) over hidden states at each timestep, using the expected log likelihood
of observations E[logP (ot | st)] = Q(st)T logA.

The Transition Matrix (B) specifies that the “eat” action leads to satiety
when food is present, while food remains constantly available regardless of the
agent’s actions. The “don’t eat” action leads to hunger. The transition likelihood
B is represented as a set of matrices B[f ], one for each hidden state factor f ,
with dimensions Sf ×Sf ×Uf , where Sf is the number of levels for factor f and
Uf is the number of control states or actions for that factor.
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The entry B[f ][i, j, k] represents the probability of transitioning from state
j to state i for factor f , given action k: P (sft+1 = i | sft = j, uf

t = k). In this
case, the “eat” action (k = 0) would have a high probability of leading to the
“satiated” state (i) when the current state is “food available” (j), while the
“don’t eat” action (k = 1) would likely lead to the “hungry” state.

Fig. 2. Flowchart summarising case 1 and case 2
experimental setup.

The transition matrices B[f ]
are assumed to be condition-
ally independent across factors,
meaning that the next state of
factor f only depends on the
current state and action for that
factor, and not on the states of
other factors: P (sft+1 | sft , uf

t ) =
P (sft+1 | st, ut). This simpli-
fies the computation of the joint
transition probability.

The Preference Vector (C)
encodes a strong preference
to observe satiation and food
present. The agent’s goals and
preferences are represented as
a prior distribution over obser-
vations, P (o1:T ). The C vector
encodes these preferences as a categorical distribution, where higher values cor-
respond to preferred observations. The agent aims to maximize the probability
of sampling these preferred observations.

The Initial State Distribution (D) is not specified, so that it is a uniform
distribution where each state has an equal probability of being the initial state.
In the PyMDP framework, the initial state distribution is represented as a cate-
gorical distribution over hidden states at the first timestep, P (s1 | D) = Cat(D).
If not specified, it defaults to a uniform distribution, assigning equal probability
to all possible initial states.

During the generative process, the agent interacts with the environment, and
its actions affect the state transitions according to the generative process. If the
agent chooses not to eat, the state of the environment remains unchanged. If
the agent chooses to eat and food is present, the agent becomes satiated, but
food remains available due to the static nature of the environment. We then
instantiate the simulation loop. First, the agent performs state inference based
on the current observation, evaluating policies to maximize expected free energy,
and selecting an action that minimizes free energy and aligns with its preferences.
The selected action is applied to the environment, resulting in state transitions
and new observations, and the loop continues with the agent updating its beliefs,
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inferring policies, and selecting actions to achieve its goals. In the extension to
Case 1, we introduce variations to test the agent’s adaptability. In Case 1.1, we
set incorrect A and B matrices, introducing flawed perceptions and beliefs about
state transitions. This extension is intended for us to validate that the behavior
of the agent is in fact predicated on its appropriate appraisal of the environment.

Table 1. Components of the generative model for Case 1

Component Values Description

Hidden States Food availability: present (1),
absent (0)

Represents the true state of
food availability in the
environment

Agent satiety: hungry (0),
satiated (1)

Represents the true state of the
agent’s satiety

Observations Observed food availability Corresponds directly to the
food availability state

Agent’s perceived satiety Corresponds directly to the
agent satiety state

Actions Eat (1), Don’t Eat (0) The actions available to the
agent

Likelihood
Matrix (A)

Identity mapping Assumes the agent directly
observes the true states

Transition
Matrix (B)

“Eat” (1) leads to satiety (1)
when food is present (1)

Specifies the state transitions
based on the agent’s actions

“Don’t Eat” (0) leads to
hunger (0)

Preference
Vector (C)

Strong preference for satiated
(1) and food present (1)

Encodes the agent’s goals and
drives its behavior

Initial State
Distribution (D)

Uniform Distribution Sets the starting conditions for
the simulation

2.2 Case 2: Dynamic Environment

In Case 2 (laid out in Fig. 2 (right) and Table 2), we extend our model to
a dynamic environment where the agent’s actions have consequences on the
availability of food resources over time. The goal is to study how the agent
adopts a sustainable behavior, balancing its immediate need for satiety with the
long-term availability of food. The generative model for Case 2 (Fig. 1) builds
upon the previous model by introducing more granularity in the states and
observations, allowing for a wider range of behaviors and interactions between
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the agent and the environment. Both the observations and hidden states are
expanded to have three levels each: food left (0: none, 1: some, 2: abundant)
and satiety (0: not satiated, 1: somewhat satiated, 2: fully satiated). In this
model, we assume that the agent directly observes the true environmental states
with some variations across different levels of food availability and satiety. In
this dynamic environment, the transitions depend on both the current state
and the action taken by the agent. If the agent does not eat, food availability
increases over time, while if the agent eats, food availability decreases or remains
depleted. For the satiety state, if the agent does not eat, satiety decreases over
time, while if the agent eats, satiety increases. In Case 2, the preferences are
designed to balance between maintaining satiety and ensuring a sustainable food
supply, encouraging the agent to maximize its satiety while also considering
the long-term availability of food resources. Specifically, the agent has a strong
preference for being satiated, while flat preference over food left. The agent
interacts with the dynamic environment over multiple time steps, updating its
beliefs and actions based on the observed states and the changing dynamics of the
environment, and it learns to not eat even if it is not fully satiated. The agent is
initialized with the generative model specified in Case 2, using an extended policy
length to plan multiple time steps ahead and anticipate future consequences. In
the simulation loop, the environment starts with food fully available and the
agent being half satisfied. The agent can plan over multiple time steps (policy
length of 3), and thus has the opportunity to balance immediate consumption
with long-term sustainability. The extended policy length allows the agent to
anticipate future states and avoid greedy behavior that could lead to starvation.
The agent’s policies are restricted to ensure consistent and sustainable actions
across all time steps for both observation modalities.

In Case 2.1, we extend the dynamic environment setup from Case 2 by intro-
ducing a learning mechanism for the agent. The key change is that the agent
now starts with a random B matrix and updates it based on its experiences in
the environment. The agent starts with a random B matrix instead of a prede-
fined one, which will be updated as the agent interacts with the environment.
The B matrix is initially random, and the agent updates this matrix based on
observed transitions between states. The A matrix remains the same as in Case
2, mapping the hidden states to observations, and the C vector, representing the
agent’s preferences over observations, remains unchanged from Case 2. To learn,
the agent starts with a randomly initialized B matrix, which does not initially
capture the correct state transitions. The random initialization is done using a
Dirichlet distribution to ensure valid probability values. At each time step, the
agent receives observations, infers states, infers policies, and samples actions,
similar to Case 2. After executing an action and receiving the next observation,
the agent updates its B matrix. The agent notes the transition from the previous
state to the current state given the action taken. The B matrix is updated using
a learning rate to adjust the probabilities of the observed transitions. For states
that depend on a single factor, the transition probability is updated directly by
increasing the probability of the observed transition by the learning rate. For
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Table 2. Components of the generative model for Case 2

Component Values Description

Hidden States Food left: none (0), some (1),
abundant (2)

Represents the true state of
food availability in the
environment

Agent satiety: not satiated
(0), somewhat satiated (1),
fully satiated (2)

Represents the true state of the
agent’s satiety

Observations Observed food availability Corresponds to the food
availability state with some
variability

Agent’s perceived satiety Corresponds to the agent
satiety state with some
variability

Actions Eat (1), Don’t Eat (0) The actions available to the
agent

Likelihood
Matrix (A)

High probability of correct
observations, lower for
adjacent states

Defines the probability of
observations given the true
hidden states

Transition
Matrix (B)

“Eat” (1): food left
decreases, satiety increases

Specifies the state transitions
based on the agent’s actions
and current state

“Don’t Eat” (0): food left
increases, satiety decreases

Preference
Vector (C)

Strong preference for satiety.
Balances maintaining satiety
and sustainable food supply

Encodes the agent’s goals and
drives its behavior

Initial State
Distribution (D)

Uniform Distribution Sets the starting conditions for
the simulation

Policy Length 3 time steps Allows the agent to plan ahead
and consider long-term effects

states that depend on two factors (e.g., satiety depends on both food left and
previous satiety), the transition probabilities are updated based on the depen-
dencies specified. After updating, the B matrix is normalized to ensure that
the probabilities sum to 1, maintaining a valid probability distribution. We also
introduce several extended case variations for Case 2 (with and without learn-
ing) to explore the agent’s behavior and performance under different conditions.
We test the agent’s robustness by initializing the B matrix with incorrect val-
ues set to very high (1) or very low (0). The agent’s performance is expected
to degrade, demonstrating the importance of accurate transition models, and
avoiding inertia. We examine the agent’s behavior when it has different prior
preferences by modifying the C vector to represent a strong preference for food
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being present. The agent prioritizes actions that ensure food is present, poten-
tially at the expense of satiety. We set a low preference on food (0) as well, and,
as we expected, this helps the agents to learn the correct behaviour, since here it
has a specific preference over avoiding no food left. In main case 2, however, he
learnt by himself to save food, even though he was not meant to have a specific
preference over a specific value for food left. We test the agent in an environment
where food increases at a slower rate (0.5 units per step, compared to 1 unit per
step previously) when not eating and decreases at a faster rate (1 unit per step)
when eating. Satiety decreases faster when not eating (0.2 units per step, com-
pared to 1 previously) and increases at a different rate when eating (0.8 units
per step, compared to 1 previously). The agent needs to adapt its strategy to
account for these specific changes in the environment dynamics. Its performance
may be lower compared to Case 2 due to the increased difficulty in balancing
food and satiety levels, as the food depletes more quickly when eating and satiety
decreases more rapidly when not eating. Moreover, we simulate seasonal chang-
ing dynamics to test the agent’s ability to retrain and to adapt to changes in
the environment’s rules after the initial training and adaptation depending on
the different learning rates. So we introduce additional parameters for summer
and winter, and update the environment’s growth and depletion rates based on
the current season. Additionally, we create a time-based switch in the simulation
that changes the environment from summer to winter and vice versa after a cer-
tain number of time steps. We finally assess the impact of planning horizon on
the agent’s performance by comparing agents with different planning horizons (1
time step vs. 3 time steps). Agents with a longer planning horizon are expected
to perform better, as they can anticipate future states more effectively and make
decisions that lead to more sustainable resource management.

3 Results

In Case 1, the agent is in a static environment where food is always available, and
its task is to maintain satiety by deciding whether to eat. The agent consistently
chooses to eat at every time step, reflecting its understanding that food is always
available and that eating maximizes its satiety (Fig. 4, left, first row). Food
availability remains constant throughout the simulation, as expected in a static
environment where food does not deplete (Fig. 4, left, second row). The agent’s
satiety increases as it eats and remains at a high level, indicating successful
learning and adaptation to maintain its internal state optimally (Fig. 4, left,
third row). This setup demonstrates the agent’s ability to perform optimally in
an environment with constant resources. In Case 1.1, we introduce errors in the
A and B matrices to test the agent’s resilience and adaptability when its internal
model does not accurately represent the environment. The agent’s actions show
a more erratic pattern, reflecting confusion or uncertainty due to the incorrect
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matrices. Despite the confused matrices, food availability remains constant as in
the standard case (Fig. 4, right, second row). The agent’s satiety fluctuates more
compared to the standard case, indicating that the agent’s ability to maintain
a consistent internal state is impaired by the incorrect perception and planning
models. This case shows how deviations from accurate environmental models can
affect an agent’s behavior and performance, leading to less optimal decisions.
With Case 1 results (summarised in Table 3), we have shown that the agent has
a degree of validity, and that it does in fact show how the agent reacts to model
fitness, and chooses the best actions relative to its own survival (Fig. 3).

Table 3. Results for Case 1

Parameter Main Case Incorrect A and B
matrices

Agent actions Consistently chooses to
eat at every time step

More erratic
actions

Food availability Remains constant
throughout the
simulation

Constant

Agent satiety Increases as it eats and
remains at a high level

Fluctuating

In Case 2, the environment is dynamic, with food depleting when eaten and
replenishing if not consumed. The agent must balance its eating behavior to avoid
starvation and resource depletion. It is equipped with a strong preference over
satiety = 2, and flat preference over food left (Appendix, Fig. 5). Flat preference
where set to test the agent’s ability to learn to conserve food and survive through
time, although he was not explicitly told to do so. Indeed, the agent should not
care about the availability of resources, but only about its satiety. Over multiple
runs with a policy length of 3 time steps, the agent tends to avoid eating, leading
him to die of starvation (Fig. 4 top left), or eats too much, leading him to death as
well (Fig. 4 top right) as his food gets depleted. In Case 2 with learning, the agent
starts with a randomly initialized B matrix and updates it through interactions
with the dynamic environment. The agent’s actions fluctuate regularly between
“Eat” and “Do Not Eat,” suggesting that it has learned a strategy to balance
its actions, so that it manages to survive the whole time of the run and keeps
satiety between 0 and 1 (Fig. 4 bottom left). The survival time plot for each
run shows that the agent consistently survives for the maximum number of time
steps after the initial learning phase, indicating that it quickly learns an effective
strategy to avoid starvation and maintain survival (Fig. 4 bottom right).
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Fig. 3. Three plots on the left: Case 1. It is shown the expected behavior. At time
step 0, food is available (food left = 0), and the satiety level is low (satiety = 0). Due
to the agent’s strong preference for high level of satiety, it keeps eating at subsequent
time steps and the satiety increases. Since the environment is static, the food is always
present. Three plots on the right: Case 1.1 - where the agent is given incorrect A and B
matrices, introducing errors in its perception and beliefs about state transitions. The
top plot shows the agent’s actions over time. The pattern is more erratic compared
to the standard Case 1, as the agent is confused. The middle plot shows the food left
observations. Food availability remains constant at 1 throughout the simulation since
the environment is static. The bottom plot shows the agent’s satiety over time. Satiety
level fluctuates more. This indicates that the agent’s ability to maintain a stable, high
satiety state is impaired by the incorrect perception and planning models.

Compared to Case 2 without learning, the case with learning shows the
agent’s ability to learn from its interactions with the environment and develop
more effective strategies for survival and resource management. The extended
Case 2 variations explore the agent’s behavior and performance under different
conditions, such as incorrect transition models, altered prior preferences, and
varying planning horizons. With an incorrect B matrix, where the values are set
to extremes from the start (1 and 0, rather than lower probabilities), the agent
consistently chooses to eat in every time step, leading to suboptimal behavior
and eventual starvation (Appendix, Fig. 6). Under certain conditions, the agent
was unable to learn, being stuck in the inertia of its transitions. But overall, with
learning enabled, the agent was able to pull itself out of high values and was able
to survive - highlighting the value of plasticity to get out of bad bootstraps.

In the case of strong preferences on both states (high satiety and high food
left - without learning), the agent initially chooses to eat but then stops eating
as food becomes scarce, demonstrating the influence of strong preferences on the
agent’s actions (Appendix, Fig. 7, left). This leads the agent to die over most
of its runs quite quickly. With learning enabled (Appendix, Fig. 7, right), the
agent is able to balance its actions again and can survive longer, balancing its
preferences and the environmental demands. By setting low preference on no
food availability the agent’s behavior is slightly the same.
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Fig. 4. Case 2 - Dynamic Environment. Without learning, the agent either does not
eat (as shown in the three top plots on the left) or eats too much and therefore allows
food in the environment to go to 0 (as shown in the three top plots on the right). As
a result, the agent dies.
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Table 4. Results for Case 2

Parameter Main Case

Agent actions Initially fluctuates between

“eat” and “do not eat”.

Balances actions with learning

Food availability Depletes when eaten,

replenishes if not consumed.

Agent balances food levels with

learning

Agent satiety Initially balances satiety and

survival. Stabilizes with

learning

Survival time Agent consistently survives the

maximum number of time steps

after the initial learning phase

When the environment rate of
change changes (Appendix, Fig. 8),
the agent’s performance declines
compared to the previous case, but
learning still provides a significant
advantage. With learning enabled,
the agent adapts its strategy - eating
less often to conserve food, maintain-
ing higher average food levels, and
sustaining satiety more effectively.
This allows the agent to consis-
tently survive the full run timesteps
when learning, while it only survives
around 3 timesteps without learning.
Although the tougher environment dynamics make it more challenging, as the
agent must plan in a different way and possibly over longer timescales, the agent
demonstrates an impressive ability to adjust its policy through learning to match
the new rate of change in food and satiety levels. Learning is critical for the agent
to find the right balance and survive in this more complex scenario. If we sim-
ulate seasonal dynamics changes as shifting from summer to winter, the agent
is able to learn the first season, but then it dies when it gets to the second sea-
son, because it does not have enough time to learn the new season (Appendix,
Fig. 9). In this case, it seems that one model is not sufficient for two different
seasons, because it is difficult for the agent to learn, unlearn and relearn two
different patterns. The last extension to case 2 gives a policy length of 1. Here
the agent does very poorly without learning, dying basically after the first step.
With learning, it takes the agent a little bit of time to learn how to survive, but
it eventually does. Its actions are a little more erratic, but it does find a short
term strategy (Appendix, Fig. 10). However, even with this short term strategy,
it is unable to survive for very long, truly highlighting the need to focus on longer
term strategies. Case 2 results are summarised in Tables 4 and 5.

4 Discussion

Our sustainable agent demonstrates how active inference can give rise to sus-
tainable resource management strategies at the level of an individual agent.
The agent’s behavior emerges from the interaction between its model of the
world, prior preferences, and the environmental dynamics. It seeks to optimize
for immediate needs (e.g., hunger) and long-term outcomes (e.g., consistent food
availability), learning to balance consumption and resource replenishment to
promote sustainability. Our findings align with our previous formalization of
sustainability, resilience, and well-being within the active inference framework.

In Case 1, the static environment allowed the agent to exhibit inertia, main-
taining a consistent consumption pattern without considering long-term resource
availability. While this behavior was adequate for the given context, it lacked the
flexibility needed for sustainable outcomes in more dynamic environments. Case
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2 introduced environmental variability, requiring the agent to demonstrate elas-
ticity and plasticity. The agent’s ability to adapt its eating habits in response
to changing food availability exemplifies elasticity, as it temporarily endures
increases in free energy (i.e., hunger) to ensure long-term stability. The agent’s
capacity to learn and update its model of the world based on new information
reflects plasticity, enhancing its resilience in the face of environmental shifts. The
agent’s adaptive behavior in Case 2 reflects resilience, as it adjusts its actions to
maintain well-being under changing resource availability. The dynamic coupling
between agent and environment in the study of sustainable resource management
was critical, even at the level of a single agent. In the extended cases, we can see
the issues with inertia, and the possibility for even adaptive agents to get stuck
in difficult policies. Case 2 extensions about different prior preferences show that
an interesting area of research is where do prior preferences come from: we would
expect agents to evolve to have a strong prior preference not to die. However it
seems unlikely that an agent will evolve to have a preference for how much food it
leaves in the environment, as is this is very environment dependent - it would be
wasteful to have a prior preference to not use food which is in the environment if
the food was able to regrow quickly. The key point from our research is that, if an
agent wants to survive, it will learn to adapt to its environment and act as sustain-
ably as is demanded by that environment. i.e. acting sustainably is not something
we do just for the sake of it. We act sustainably because that is what we need in
order to survive.

The agent’s actions optimized its own well-being and contributed to the
resilience of the environment by preventing complete resource depletion. This
reciprocal relationship between the agent and its environment is a fundamental
aspect of sustainability, as the generative models of different layers in a hierar-
chical system are inherently linked through niche construction Albarracin et al.
(2024b). However, the model’s simplicity also reveals its limitations. The single-
agent, single-resource setup does not capture the complex interdependencies and
feedback loops present in real-world systems.

Our model is susceptible to several potential pitfalls that warrant consider-
ation. Overfitting may occur if the agent becomes too specialized to the specific
environmental dynamics presented in our simulations, potentially limiting its
adaptability to novel situations. The impact of inaccurate priors could signifi-
cantly affect the agent’s initial behavior and learning trajectory. We thus have to
carefully calibrating these priors in real-world applications. The artificial nature
of some settings used in our simulations, such as the use of incorrect matrices,
while useful for testing robustness, may not fully represent the challenges faced
in more realistic scenarios.

Future research should explore multi-agent scenarios with competing inter-
ests and shared resources, as well as environments with multiple, interconnected
resource types and more sophisticated replenishment dynamics. Moreover, a prob-
lem of active inference as we have implemented it is that it takes a long time to
change a model when the environment changes, especially if the model has been
learned over a long time and has a high degree of model certainty. And our multi-
season experiments confirm this. Interesting future work would be to focus on
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learning different discrete models for different environments and seasons Collis
et al. (2024), Friston et al. (2023) Additionally, the model does not consider the
possibility of permanent resource depletion, which would require conditioning the
environment’s survival on the maintenance of certain values. In the future, we need
to incorporate this aspect to understand the long-term implications of resource
management strategies. To further advance the application of active inference in
sustainable resource management, future work should focus on integrating net-
work theory and dynamical systems theory to model and quantify the interde-
pendencies between resources and their impact on overall system sustainability.

We must contextualize our approach within the broader landscape of sustain-
able resource management modeling. Compared to traditional approaches such
as model-based reinforcement learning or model predictive control, active infer-
ence has advantages in its inherent tendency towards homeostasis and its ability
to balance short-term needs with long-term stability. But it may be less efficient in
scenarios requiring rapid optimization or in environments with highly determin-
istic dynamics where simpler models might suffice. Future work should conduct
comprehensive comparative analyses to better understand the strengths and lim-
itations of active inference in various sustainability contexts, potentially leading
to hybrid approaches that leverage the strengths of multiple modeling paradigms.

Optimizing precision or learning rates could also help foster the elastic and
plastic resilience necessary for long-term sustainability and abundance. We would
need to explore this avenue further. Our paper presents a proof-of-concept model
demonstrating how active inference can inform sustainable resource management
at the individual level.

We consider the relationship between agent and environment to highlight the
importance of resilience, adaptability, and long-term planning in achieving sus-
tainable outcomes. While the model’s simplicity limits its direct applicability to
real-world systems, it provides a foundation for future research exploring the com-
plex dynamics of sustainable resource management through the lens of active
inference.

E Appendix 1 Figures

Fig. 5. Prior preference for Case 2. The agent’s preferences are changed so that, unlike
case 1 and 1.1 it no longer has a preference over food left. Its only non-uniform pref-
erence is to have a preference over satiety.
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Fig. 6. Example run from Case 2 without learning enabled on the left and with learning
enabled on the right, but starting with an extreme B matrix setting (probabilities set
to 1 or 0, on the left three plots and middle three plots, and high but non-extreme
values on the right). The agent dies quickly, just as the randomly set values of the B
matrix in plot 6, and is able to learn on the right.
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Fig. 7. Case 2 with strong prior preferences on both high satiety and high food left
states. On the three top left plots, the agent has no learning, and on the top right, the
agent has learning. On the bottom, we can see that survival time is vastly different
with and without learning, as the preferences affect the behavior of the agent.
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Fig. 8. Case 2 in a changing environment where food and satiety change at different
time rates. The three top left plots show the results without learning off, and the
three top right plots show the results with learning on. The bottom plot represents the
comparison between the survival time over 10 time steps. Food increases at a slower
rate (0.5 units per step) when not eating and decreases at a faster rate (1 unit per
step) when eating. Satiety decreases faster when not eating (0.2 units per step) and
increases at a different rate when eating (0.8 units per step).
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Fig. 9. Case 2 in a changing environment with seasonal simulation. The environment
is built to simulate switching seasons summer/winter. With learning off the agent is
not able to survive throughout the first season (top left plot and bottom plot). With
learning on, it survives but then quickly dies throughout winter (top right plot).
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Fig. 10. Case 2 example runs with policy length = 1, left plot without learning, right
plot with learning, and survival time on the bottom.
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Table 5. Results for Case 2 extended variations

1. Incorrect B Matrix

Initial B
matrix setting

Extreme values (0 or 1)

Agent actions Consistently chooses to eat, leading to suboptimal behavior and
eventual starvation

Learning Able to learn and survive by adjusting extreme values with
learning

2. Different preferences

Preference Strong preference for both high
satiety and high food left

Low preference on no food left (0)

Agent actions Initially chooses to eat, then
stops as food becomes scarce,
leading to quick death without
learning

Quick death without learning

Learning Balances actions and survives
longer

Balances actions and survives
longer

3. Different environment rate of change

Food rate
change

Increases at 0.5 units/step when not eating; decreases at 1 when
eating

Satiety rate
change

Decreases at 0.2 unit/step when eating; increases at 0.8 when not
eating

Agent actions Adaptive with learning; learns to conserve food and maintain
satiety

Survival time Consistently survives full run time with learning; only around 1/3
time without learning

3.1 Seasonal simulation

Summer Winter

Food rate
change

Increases at 3 when not eating;
decreases at 1 when eating

Increases at 1 when not eating;
decreases at 3 when eating

Satiety rate
change

Increases at 3 when not eating;
decreases at 1 when eating

Increases at 1 when eating;
decreases at 3 when not eating

Agent actions Adaptive with learning

Survival time Without learning, the agent dies quickly before season shifting.
With learning manages to survive throughout summer but quickly
dies during winter

4. Different policy length

Policy length Time step = 3 vs Time step = 1

Agent actions Performs poorly with 1 time step without learning; more stable
but same strategy with learning

Survival time Unable to survive long with 1 time step; longer survival with
learning
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Abstract. We revisit existing criticism of the Free Energy Principle and
Active Inference through the concept of cognitive contextuality. Contex-
tuality describe the property of physical states which are brought about
by the very act of their observation, such as the position or momen-
tum of individual particles in quantum settings. Based on conceptual
and physical argument, we propose that contextuality drives the con-
struction of cognitive semiotics. As such, it constitutes a fundamental
component of cognition which any formal theory thereof must capture.
At a conceptual level, Active Inference seems to capture the inherently
contextual nature of cognitive engagement with the world. However, the
Free Energy Principle cannot formalize this intuition due to its definition
in terms of Dynamical Systems Theory, which comes with a well-defined
space of possible states with no contextual properties. We describe the
duality between agent-driven interaction and the construction of cogni-
tive spaces which is implicit in the very concept of cognitive contextuality.
In consequence, we emphasize the importance of the ontic regime called
“Participatory Realism”, and consider some ways that the FEP could
integrate it.

Keywords: Active Inference · Free Energy Principle · Physics of
cognition · Contextuality · Participatory realism · Open-ended
evolution · Quantum information theory

1 Introduction

The Active Inference Framework (AIF) is a recent computational theory of
cognition [8,26,49], as well as a modeling framework for computational agents
[10,11,52]. At its core, it gives a counterintuitive but powerful picture of how our
minds work. According to the AIF, neuronal activity organizes so as to predict
upcoming sensory signal, hence producing a coherent, dynamic perception of the
world organized around the prior beliefs of the agent. Critically, proponents of
the AIF argue that this predictive process also encompasses motor signal, under-
lying efficient and flexible motor control [1,25,26]. At its core, the AIF relies on
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one core mathematical result, the Free Energy Principle (FEP). The FEP was
initially formulated as a precursor of the AIF, i.e. a computational theory of
the brain which holds that neural activity maximizes the Bayesian coherence at
hierarchically nested scales [20,27,28]. It quickly evolved into the more ambitious
attempt to formally ground this claim in the mathematical context of Dynam-
ical Systems Theory (DST) [21–23], and integrate it to the broader context of
mathematical physics [24,51]. Successive works approached the question through
different mathematical perspectives, and clarified the distinction between differ-
ent subcases depending on the dynamical structures of the agent-environment
system. But the core idea behind the FEP can be summarized in few words.
In substance, any system which remains statistically separated from his envi-
ronment develops and enacts an implicit cognitive model of its environment,
embedded in the dynamics of the interaction.

However, the adequacy of the FEP to represent the processes underlying
cognition has been called into question since its inception. Some lines of crit-
icism leveraged against the FEP were defused by a careful discussion of the
implications of the framework (e.g. the Dark Room Problem [29], or the anti-
representationalist argument [50]), or were made obsolete by later formal devel-
opments (e.g. the limitation of early formulations to strongly mixing systems [9]).
To our knowledge, the main open line of criticism of the FEP (e.g. [7,12,35,36])
tend to accentuate two core arguments. First, the FEP fails to reproduce ade-
quately the asymmetry between agent and environment; second, the FEP fails
to reproduce the open-ended evolution of biological and cognitive statespaces.
The present discussion provides further context to this line of argumentation by
showing the deep relation between those two arguments. Here, we attempt to
address the question of the adequacy of the FEP from a meaningfully different
(although complementary) angle. We will focus more specifically on the agency
of cognitive beings in defining how they perceive and engage with the world,
formalized in terms of contextuality. In particular, we hope that this axis will
build on existing literature by showing how the two problems relate, and there-
fore facilitate further research intended to close the gap between the FEP and
the ambitions behind its development.

Contextuality is a concept inherited from quantum mechanics, where it
describes the property of states (e.g. position or momentum of a particle) which
are not well-defined prior to their observation. Following [34], we propose to
apply this concept to the construction of cognitive meaning by agents. Indeed,
contextuality applies in general to properties that are observer-dependant. This
applies to cognitive semiotics, regardless of whether the dynamics of cognition
or the world an agent engages with are distinctly quantum-like. For example,
where I see a book filled with carefully chosen and arranged symbol to con-
vey a specific communicative intent, my cat may see a dangerous creature to
be opposed by any means necessary. Hence, book-ness is contextual, or at the
very least the cognitive meaning imprinted onto a given book is. We will see
how this intuitive sense of contextuality maps onto its more formal meaning as
non-commutativity between acts of observation (or, in the specific context we
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set for this discussion, cognitive engagement). Furthermore, we will argue that
an adequate model of cognitive engagement requires an explicit, non-reducible
account of contextuality. Indeed, cognitive contextuality constitutes at its core
an expression of agent-driven interaction, as it corresponds to a process where
specific states become defined precisely because they are meaningful to the agent.
But at the same time, it provides formal grounding to the open-ended evolution
of cognitive meaning, as states which are brought about through cognitive con-
textuality become actual, causally efficient states of the world in the context of
the interaction.

2 Contextuality in Quantum Physics

Contextuality, in the sense we call onto here, is a concept associated to the devel-
opment of early quantum mechanics. The development of quantum mechanics
was motivated in part by the strange fact that given the spectrum of electro-
magnetic emission by a black body, light energy seemed to travel by discrete
packets of E = h ·ν (where h is Planck’s constant, and ν is the frequency consid-
ered). By the 30 s, physicists could account for that phenomenon through a fully
coherent reformulation of physics in terms of wavefunctions and of the opera-
tors acting on them. This, however, entailed a major shift for the fundamental
object treated by physics. Indeed, the evolution of quantum systems would not
follow dynamics defined over an objective state of the system. Instead, it would
evolve along a complex scalar field whose squared amplitude at a given point
corresponds to the probability of finding the system at this very point if it was
observed, and only collapse to specific states when observed. Einstein, Podolsky,
and Rosen famously contested the coherence of the new theory by pointing out
that collapse would violate locality (i.e. the fact that information can’t travel
faster than light), and quantum theory would need to be reduced to another
theory where systems have objective states and dynamics that can’t commu-
nicate faster than light [13]. The conjunction of those two conditions came to
be known as local realism. However, the later development of Bell’s theorem [3]
showed that the empirical facts observed by quantum theory weren’t compatible
with local realism. Later, both Bell and a team formed by Kochen and Specker
independently derived that realism itself was incompatible with the formalism of
quantum mechanics [4,46]. While the strategies for both demonstrations differ,
we can explain this fact through simple observation about the basic objects of
quantum mechanics.

In quantum theory, interaction is described through the application of opera-
tors acting over the Lebesgue space defined by the wavefunction. This construct
generalizes the results of linear algebra for infinite-dimension spaces, like the
space defined by each point where a wavefunction is defined, assuming that the
wavefunction is normalizable (i.e. the integral of its square amplitude converges).
Physical variables applying to a system are generally defined as linear applica-
tion on the Lebesgue space of its wavefunction. To be precise, some operators
over the wavefunction can be defined by their action on a complete orthonormal
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basis for the Lebesgue space; and have an eigenbasis where the action of the
operator on each component (called eigenvectors) reduces to multiplication by a
scalar (called eigenvalue). Those operators can be associated to observables, i.e.
physically meaningful, measurable variables like energy or position. The applica-
tion of such operators to the system is understood to represent the measurement
of its state along their specific eigenbasis. The output of the process is an eigen-
value of the corresponding operator, with probability proportional to the squared
amplitude of the wavefunction projected onto the corresponding eigenvector (or
integrated over the subspace corresponding to the eigenvalue). Additionally, the
wavefunction is then projected onto the eigenvector or the subspace correspond-
ing to the measured eigenvalue. Critically, two operators can only commute if
they share the same eigenbasis. This means that in the general case, the final
state of the system as well as the outcome of observation depend on the order
in which a given series of measurement is applied [47]. In consequence, there
isn’t an intrinsic state of the system which is revealed by measurement; rather,
measurement participates in the construction of the state of the system.

Commutativity & Quantum contextuality

Let us consider a simple qubit S characterized by the orthogonal eigen-
vectors (|+〉 ; |−〉). Its wavefunction is then defined by a |+〉 + b |−〉, where
|a|2 + |b|2 = 1.

One could want to measure whether the system is in state |+〉. They
could use for that purpose the projector associated to the |+〉 state, P+ =
|+〉 〈+|. Using the bra-ket notation, 〈+| is to be understood as the dual
of |+〉. It is the linear application that sends |·〉 to its scalar product with
|+〉, i.e. 〈+| : x → 〈+|x〉. Using the identities 〈+|+〉 = 〈−|−〉 = 1 and
〈+|−〉 = 〈−|+〉 = 0; it is straightforward that P+ |+〉 = |+〉 and P+ |−〉 = 0,
so P+ has for eigenstates (|+〉 ; |−〉) and for eigenvalues (1; 0). Therefore,
the corresponding measurement could output 1 and update the system in
the state |+〉 with probability |a|2; or it could output 0 and update the
system in the state |−〉 with probability |b|2.

On the contrary, one could want to measure whether S is in state |+〉+|−〉√
2

.

The associated projector is P1 = (|+〉+|−〉)(〈+|+〈−|)
2 . Again, it is straightfor-

ward that this projector has for eigenstates ( |+〉+|−〉√
2

; |+〉−|−〉√
2

) and for cor-
responding eigenvalues (1; 0). In consequence, the associated measurement
would either output 1 and update the system in the state |+〉+|−〉√

2
with

probability |a+b|2
2 ; or output 0 and update the system in the state |+〉−|−〉√

2

with probability |a−b|2
2

As P+ and P1 do not share an eigenbasis, they should not commute.
In other words, their application in different order should give different
results. Using the eigenmatrix representation of P+ and P1 in the eigen-
basis (|+〉 ; |−〉), it is straighforward to verify that P+P1 and P1P+ respec-
tively project the system on the eigenbasis (|+〉 ; |+〉+|−〉√

2
) and ( |+〉+|−〉√

2
; |−〉).
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Therefore, the state of the qubit S depends on the order in which the suc-
cessive measurements are applied.

A fortiori, we cannot describe the outcome of the experiment as an
”objectively real” state which preexists the process of observation, and is
simply revealed through measurement. The state of the qubit is brought
about by the act of observation, and more specifically by the context set by
the associated operator. This property is what we call quantum contextual-
ity.

Nearly all experts agree today that contextuality constitutes a fundamental
property of quantum phenomena, as is entailed by mainstream quantum formal-
ism. A thornier debate lies in whether contextuality derives from the structure of
quantum statespaces, or quantum statespaces themselves derives from contextual
properties. As of 2013, roughly identical proportion of active researchers in the
foundation of quantum mechanics prefer either interpretation, with a slightly
higher proportion prefer a mix of the two [53]. At one extreme of the distri-
bution is the Copenhagen interpretation, which can be characterized as direct
realism about the mathematical model described above. At the other is quantum
Bayesianism (qBism), which holds on the contrary that quantum wavefunction
are only a manifestation of the Bayes-optimal information that the broader world
holds about the states of a given system given past interactions [38]. qBism is
best supported by a series of mathematical results which show that most of
quantum formalism can be reconstructed only from the constraint of Bayesian
coherence [32,33]. Arguably, it is empirically supported by the realization of
Wheeler’s delayed choice experiment [43], which demonstrates that the act of
measuring either particle-like or wave-like property of a photon can determine
whether the photon travelled as a particle or a wave prior to the measurement.
This entails either retro-causality (a direct violation of the universally accepted
principle of causality), or the more likely interpretation that the particle or wave
nature of the photon is not well defined prior to its observation - as was initially
proposed in [56]. To be clear, qBism emphatically does not deny the existence
of physical reality. Rather, it holds that contextuality is a fundamental trait of
physical reality, a thesis they characterize as Participatory Realism [31].

Participatory Realism entails a highly non-trivial view of the nature of the
universe, and the role that time plays in it. The standard picture accepted by
most physicists is that the universe is characterized by a fundamental underlying
reality, i.e. a collections of objects, structures, and states (typically a collection
of wavefunctions and field embedded in the fabric of spacetime) from which all
physical reality stems. In this picture, time plays the role of a specific dimension
characterized by the property of causality, meaning that past events but not
future events can influence present events (given the constraints of general rel-
ativity, and outside of black holes). However, from a mathematical perspective,
it conserves the structure of a simple dimension along which the trajectories
of existing objects are defined according to specific rules of evolution. On the
contrary, Participatory Realism holds that existing objects and properties are
actively brought about by the very act of their observation. Accordingly, the
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collection of objects that exist at a given point in the universe is characterized
by the specific history of observation acts which brought the observer to that
point. Properties such as the energy or momentum of a specific particle are not
well-defined, prior properties of a given wavefunction; on the contrary, the struc-
ture of the wavefunction is brought about by the act of observing its energy or
momentum. In consequence, time plays a constructive role in the definition of
physical entities, in the sense that the collection of physical entities which are
taken to exist is a function of the trajectory of the observer in time (the specific
series of observations that they happen to make). Again, this does not entail a
negation of the very concept of physical reality, or a strong form of anthropocen-
trism. Indeed, measurement can be simply operationalized as a non-commutative
interaction between arbitrary objects, which reify the measured property in the
context of their interaction and entails time-irreversibility. However, it does entail
that the collection of objects within a universe is not a prior physical property,
but is actively brought about by the history of interactions within that specific
universe.

3 Contextuality in Cognitive Science

Several authors have drawn an explicit link between the ontic regime of Partici-
patory Realism, as formalized in the context of qBism, and the nature of percep-
tion and cognition [30,34,37]. The argument can be summarized as follows. The
constraints of online perception-action regulation do not afford a full top-down
representation of all possible states in the world followed by an explicit inference
of external states & planification of motor command. First, the information that
an agent gathers through their senses is extremely insufficient for this purpose;
second, the computational and memory cost of this calculation is much beyond
what any biological system can do. What agents can do instead is to “ask ques-
tions” to the world through a selective opening to sensory stimuli which underlies
the semiotics of their engagement with the world [34]. The behavioral regula-
tion underlying those questions can be very rigid, down-to-earth, and simple, like
chemotaxis; it can be very complex, abstract and contingent, like financial audit.
But by definition, they always entail the rules of engagement that the agent
applies in specific situations and toward specific kinds of objects; and implicitly
or explicitly, it underwrites what kinds of things exist from the perspective of the
agent (i.e. its cognitive semiotics). For example, a given chemotaxic organism
may experience sugar as [good, proceed] while they experience toxins as [bad,
avoid]. The common thread of those conceptions is that, by the very existence of
regulation mechanisms, agents project meaning onto the world by defining what
type of stimuli is relevant from the perspective of the agent and what for. As
noted by [18], this property places contextuality at the very core of cognition.
What an agent sees in the world - more precisely, what the world is to the agent
in semiotic terms - becomes dependent on the specific context of observation.
Here, the “context of observation” is to be understood as the implicit meaning
embedded in the specific dynamics underlying perception-and-action, and hence
the cognitive semiotics deployed by the agent.
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The question we seek to address in this section is as follows: is cognition
indeed contextual in the strict sense deployed in quantum theory, and under
which condition ? To reaffirm the definition we are working with, we call con-
textuality or observer-dependency the property of a system whose “intrinsic”,
causally efficient internal states are a function of the way they are observed.
For the reason exposed in box [Quantum contextuality], a qubit is a contex-
tual object; because it can be accessed without modification, a bit is not. One
may intuit that because cognition is not a quantum system1, and the world it
engages with is not a quantum system, their interaction cannot display contex-
tuality. This would be overlooking the fact that, unlike in the prototypal case
of classical information theory, the agent and the world do not typically have
a prior agreement on the data format they communicate with. In other words,
the terms of interaction are not typically defined a priori, as the agent actively
produces and projects meaning. For example, what one learns by engaging with
a book depends critically on whether they are literate. One would not end up
in the same state whether they learn to read and then engages with a book; or
engages with the same book and then only learns to read. Hence, the acts of
[learning to read] and [engaging with a book] do not commute, and a system
which may engage in either activity displays contextuality at the adequate scale
of description. The same argument applies trivially wherever a given act pro-
duces irreversible changes in dynamics of the agent’s cognitive activity, i.e. sets
the context for further engagement in the world. Critically, it also appplies at
evolutionary scale (e.g. emergence of affordances [44]) or behavioural scale (e.g.
priming or framing effects, perceptive decision [6,42]).

This argument can be formalized further using the formalism of [17] (see also
[14–16]). Assuming an interaction between an agent A and an environment E,
the symmetry of the interaction is broken when the agent A develops a memory
of the history of interaction. This memory can be mediated by concept learn-
ing, enabling the agent to understand the world through types which all come
with their specific rules for engagement. More generally, it stands for any and
all forms of causal role that specific observations play in the internal dynamics
of the agent. Thermodynamically, the maintenance of this memory entails the
expenditure of free energy by the agent, and therefore the implicit distinction
between “meaningful” states (those that are observed and integrated in the sys-
tem’s memory) and “meaningless” states (those that are “burnt” as free energy
in order to power the process of writing into the memory)2. Due to the intrinsic
irreversibility of thermal dissipation, we can derive a further consequence of this
argument. If observation (when it is to be causally relevant) entails the dissipa-
tion of free energy, it also produces an irreversible constraint over the space of
states of the world an agent can observe. Hence, there exist series of observations
that do not commute, and this process entails contextuality. To be clear, what

1 Although we should note that key authors in our argument consider the topic open
to debate, see e.g. [19].

2 Note that a similar argument is also developed in Tegmark (2012)’s attempt to
ground the notion of entropy on quantum cosmology.
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we describe here is not an auxiliary byproduct of cognitive engagement with the
world. In the general case, cognitive engagement with the world entails memory
in the sense defined above. Furthermore, the categories that cognitive agents
may develop are mutually incoherent. One given organism, at a given time and
in a given context, may only experience sugar as [good, proceed] or [bad, avoid].
In a layman’s term, we may claim that contextuality is fundamentally tied to
the fact that some systems come to develop judgements on which states of the
world matter to them and which do not, in a way that is determined by their
own activity rather than prior physical laws.

From this ground, we may revisit the role of time in cognitive engagement. If
we are to take seriously the active construction of cognitive semiotics by biologi-
cal agents, time is not simply a dimension along which the (predefined) dynamics
of agent-environment interaction unfold. On the contrary, the cognitive semiotics
of an agent develop through their specific history of cognitive engagement with
the world, and feed back onto the definition of their dynamics. To take back the
example of literacy, the dynamics of one’s engagement with a book are not the
same before or after learning to read. Hence, the active definition of their world
by a given cognitive agent entails a strong form of irreversibility, not only in the
thermodynamics of the process of cognitive engagement itself, but also in the
very definition of the terms in which the agent understands and engages with the
world. Rather than a linear dimension, time takes the form of a complex topol-
ogy along which specific observables can be reified or discarded by a given agent.
The relation between time and conscious experience is a well studied topic in
continental philosophy, especially in the phenomenological tradition [5,41]. How-
ever, these intuition lack to our knowledge a thorough formal grounding. While
we do not propose such an account here, we provide the formal intution that
contextuality is a key property to ground the construction of cognitive meaning,
and hence the emergence of time from the intrinsic irreversibilty of cognitive
agency.

4 Active Inference and Contextuality

At face value, the framework of Active Inference appears to be an excellent fit
to describe the contextuality of human cognition. Under Active Inference, the
dynamics of cognitive agents flow so as to approximate optimal Bayesian infer-
ence (see box [Bayesian inference]) about the states of the world, given the system
of prior beliefs they have about the world. Its core specificity, as compared to
earlier models of cognition such as good old fashioned Reinforcement Learning,
is the postulation of a fundamental unity between perception and action. Under
Active Inference, an agent anticipates at the same time their sensory and motor
states, and the prediction they generate for motor states plays the role of motor
command [1,25,26]. The core constraints of Bayesian coherence then applies to
both their active and sensory states, so that the agent attempts to update adap-
tively prior beliefs they can change while conserving prior beliefs they can’t.
Under this modeling framework, core constraints over the continued existence of
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cognitive agents are understood as particularly robust or precise beliefs about
their self-identity. We can say that under Active Inference, an agent enacts a
model of themselves [50], a process usually described as “self-evidencing” [40].
This argument, which may appear like a simple modeling trick, fundamentally
reframes the problem of cognitive engagement with the world. Indeed, classical
cognitive architectures would need to explicitly represent the world and com-
pute a priori motor commands to engage with the world - an extremely costly
process. On the contrary, an Active Inference agent can fully leverage the power
of the context set by its exteroceptive, interoceptive, and proprioceptive states
to adequately anticipate their upcoming actions, and then implement adaptive
sensorimotor regulation at an extremely reduced cost [39].

This natural fit between Active Inference and cognitive contextuality comes
into question when we consider the mathematical grounding offered by its pro-
ponents, the Free Energy Principe (FEP) [21–23]. In its simplest form, the
FEP can be explained as follows. Be a stochastic dynamical system that ver-
ifies a partition between three subspaces (A,B,E) such that the states of A
and E are conditionally independent given those of B, i.e. p(a|b, e) = p(a|b) and
p(e|b, a) = p(e|b) for all (a, b, e) in (A,B,E) (as well as some other technical con-
ditions not addressed here). Intuitively, this conveys the idea that all information
about the interaction between an agent A and its environment E is mediated
by statistical effect on the so-called Markov Blanket B. Then, there exist an
information geometry which relates every state of A to a distribution over states
of E qa(e) which implementes a belief-like distribution over external states. This
information geometry can be taken to operationalize the relation between the
internal states of the agent and the (implicit) Bayesian beliefs it holds about
the external world. Furthermore, the flow of the most likely states of A act so
as to minimize the variational free energy of this distribution given states of
B [48]. This means that, given the defining assumptions of the FEP, the agent
acts so as to optimize the Bayesian coherence of belief-like distributions entailed
by the information geometry. Extensive work has been undertaken to generalize
the result to dynamical trajectories rather than single states, and to clarify the
distinction between agents verifying different coupling conditions [22,24]. In par-
ticular, it was demonstrated that when the boundary B includes “active states”
which are not directly influenced by states of E and do not directly influence
states of A, the belief-like distribution for which the agent’s internal flow maxi-
mizes Bayesian coherence includes those active states. In other words, the FEP
successfully explains the a priori counter-intuitive behaviour of cognitive agents
under Active Inference based on very simple physical assumption, reducing in
essence to the individuation of the agent from its environment.

Yet, this extremely powerful result suffers from its material grounding.
Indeed, the FEP is by definition constructed in the context of Dynamical Sys-
tems Theory. This is precisely the reason for its strength, as DST formalizes
with maximal generality the idea of an object with a well-defined state embed-
ded in a well-defined space, and which evolves along well-defined rules. Formally
speaking, a dynamical system is typically defined by a function Φ : (T ·X) → X
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such that Φ(0;x) = x and Φ(t2;Φ(t1;x)) = Φ(t1 + t2;x); where X is the “phase
space” where the system evolves and T is a time-like space. Yet, because of the
same rule that enforces the coherence of the flow, a dynamical system cannot
be contextual: for any two evolution operators Φ1 : Φ(t1; ·) and Φ2 : Φ(t2; ·), it
is straightforward that Φ1 · Φ2 = Φ2 · Φ1 = Φ(t1 + t2, ·). This is assuming the
time dimension is itself commutative, which instantiate the Cartesian intuition
of time as a well-defined dimension equipped with a natural measure of distance
(to wait 5 s then 3 is the same as to wait 3 s then 5). In the context of the FEP,
this entails the necessary attraction of the system toward a predifined attract-
ing distribution p(A,B,E), which is at the core of the formalism. Indeed, the
information geometry of the system is defined by reference to the attracting dis-
tribution, and it is therefore fully defined by the very definition of the system
as a dynamical system. As seen above, it is precisely this information geometry
which describes the emergence of implicit Bayesian belief about the world in the
FEP, and therefore grounds cognitive meaning. Hence, the cognitive meaning
(and the modes of engagement which it corresponds to in the context of our
discussion) described by the FEP is well-defined and determined a priori, rather
than a contextual product of the act of observation. Only the situation of the
agent within the cognitive meaning defined by the information geometry may
evolve in time, as is entailed by the definition of the dynamical flow. Hence,
the contextuality of cognition is not accounted for by the FEP, neither in its
intuitive nor formal aspects.

A formal avenue for the resolution of this problem seems to emerge when
we consider a non-commutative time dimension. Indeed, the evolution of the
system may then be framed to represent a history of irreversible events in the
construction of the cognitive meaning it understands the world with, in the man-
ner discussed in Sect. 2. However, we must emphasize that this very assumption
would dissolve much of the intuition provided by the FEP. Indeed, the core rea-
son why the FEP is so important as a formal model of cognition is that it can
reconstruct non-trivial traits of cognitive agency (Active Inference) from very
basic physical assumptions about the cognitve system, namely the assumption
that it exists as a dynamical system evolving in (cartesian) time. To assume the
system evolves in a non-commutative time dimension, aimed to represent the
contingent history of the very system it describes, would fundamentally invert
this movement by building the framework on the basis of explicit, non-trivial
assumptions about the physical nature of cognitive agency. In other words, a
contextual reformulation of the FEP would explain the physical properties of
the construction of cognitive semiotics from an ontology explicitly grounded on
a conceptual account of cognitive agency, rather than explaining the cognitive
properties of agent-environment interaction from a basic physical ontology. How-
ever, we argue this reframing of the FEP is a necessary step toward an explicit
formalization of the constructive aspect of cognitive agency. As a counterpart
of the increased ontological load of this framework, it would provide meaningful
formal insight in the contextual evolution of physical statespaces, as is evoked
(but not fully formalized) by qBism. Overall, the relevance of this approach can
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only be assessed retrospectively, when we can compare the formal properties of a
contextual reformulation of the FEP against those of existing physical formalism
and the classical formulation of the FEP.

5 Conclusion

In this article, we have argued that the Free Energy Principle fails to reproduce
a fundamental element of cognition, contextuality. Our argument proceeds in
three times. First, we have explained the conceptual background and the for-
malism underlying the notion of contextuality in its original context, quantum
mechanics. We emphasize that, while contextuality is a fundamental hallmark of
quantum system, it does not require quantumness per se. Rather, it constitutes
the expression of observer-dependancy in the definition of the target system, and
therefore the lack of a predefined state prior to observation. Second, we have
argued that contextuality indeed constitutes a fundamental aspect of cognition.
In our development, we argued it is constitutively equivalent to the projection
of meaning onto the world by a cognitive agent. Therefore, contextuality would
be a fundamental condition of the construction of a perceptive field an agent
can engage with, and hence of cognition itself. Third, we have discussed how the
FEP fails to account for cognitive contextuality due to its dynamical systems-
theoretic settings. By construction, DST supposes the coherent definition of the
state in which a system is at any point in time, and is therefore incoherent with
the contextuality of those states. This line of argumentation provides further
context to prior discussion over the adequacy of the FEP as a formal theory
of life and cognition. Indeed, cognitive contextuality constitutes at its core an
expression of agent-driven interaction, as it corresponds to a process where spe-
cific states become defined precisely because they are meaningful to the agent.
But at the same time, it provides formal grounding to the open-ended evolution
of cognitive meaning, as states which are brought about through cognitive con-
textuality become actual, causally efficient states of the world in the context of
the interaction.

To be clear, we do not deny that the Free Energy Principle or Active Inference
constitute useful developments in mathematical physics and cognitive science
respectively. Our view is rather that the rich picture of cognitive engagement
drawn by Active Inference is not well grounded in the mathematics of the FEP,
requiring further mathematical developments. By our present account of cogni-
tive agency (and perhaps most importantly by the account proposed by Active
Inference), the world perceived by the agent is actively produced by its own
activity. This occurs notably through the enaction of causal constraints existing
over its attention, which bring the agent to “bundle” collections of sensory and
active states into perceptive concepts [37]. While in some instance (e.g. nematode
cognition) we may perhaps discard the unfolding nature of concept creation as
dynamically unsignificant, it is clearly not the case for human cognition. It should
be beyond debate that if we agree to understand specific actions (e.g. words) as
communicative acts embedded with abstracted meaning, this changes concretely
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the perceptive space of possibilities we have access to, and this changes in kind
the dynamics of our cognitive engagement with the world. The same goes for the
construction of languages, symbols, and institutions throughout human history.
However, as dynamical systems theoretic object are by definition embedded in a
given set-theoretic space, they do not afford the emergence of novel possibilities
through system evolution. In the context of the FEP, this translates into the
definition of the external states the agent can perceive as a fixed and predefined
collection of external states [35], without possibility for change or a fortiori
for feedback on the agent’s intrinsic dynamics. To the best of our knowledge,
no mathematical framework currently describes the way from “bare” cognitive
dynamics to the contextual definition of perceptive states and back. With the
present discussion, we hope to have made a coherent case that this constitutes
an important goal, and that the study of cognitive contextuality is a productive
ground to do so.

Three lines of formal research seem of particular interest in that perspective.
All have in common that they diverge significantly from the mathematical back-
ground of set theory, which is structurally reliant on the pre-definition of the
space in which a system is defined [45]. First, some preliminary work points to
the re-definition of the Free Energy Principle in the context of topos theory [2], a
competing foundational theory of mathematics which embeds local topology in
the very definition of individual states. This provides some grip on the notion of
“where” a statement is verified, and therefore on cognitive contextuality. How-
ever, we should note that topos theory was specifically constructed to verify the
structure of a closed Cartesian category, which means in a layman’s terms that its
mathematical structure allows the non-perturbative access to information (con-
tra contextuality). Second, some authors have attempted to directly describe
Active Inference in terms of category theory [54,55], a mathematical discipline
describing the structural relations within mathematical theories. In this context,
Active Inference acquires the more general structure of a closed monoidal cat-
egory, which accounts for perturbative access to information and therefore for
a stronger sense of contextuality. Third, and perhaps most importantly, a small
community of researchers have tried to formalize in category-theoretic terms
the basic argument of qBism (as per Sect. 1, the quantum theory which centers
on the property of contextuality per se as the basic block of quantum theory),
and have re-formalized the FEP within that context [14–16]. While mathemat-
ically abstract, these attempts at reframing the FEP matter pragmatically due
to their potential capacity to account for the ontic regime we’ve called Partici-
patory Realism, and therefore describe the agent-driven and open-ended nature
of cognitive meaning.
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T.: The free energy principle made simpler but not too simple. arXiv:2201.06387
[cond-mat, physics:nlin, physics:physics, q-bio] (2022)

24. Friston, K., Da Costa, L., Sakthivadivel, D.A.R., Heins, C., Pavliotis, G.A., Ram-
stead, M., Parr, T.: Path integrals, particular kinds, and strange things. Phys. Life
Rev. (2023). https://doi.org/10.1016/j.plrev.2023.08.016

25. Friston, K., Daunizeau, J., Kilner, J., Kiebel, S.J.: Action and behavior: a free-
energy formulation. Biol. Cybern. 102(3), 227–260 (2010). https://doi.org/10.
1007/s00422-010-0364-z

26. Friston, K., FitzGerald, T., Rigoli, F., Schwartenbeck, P., Pezzulo, G.: Active infer-
ence: a process theory. Neural Comput. 29(1), 1–49 (2016). https://doi.org/10.
1162/NECO a 00912

27. Friston, K., Kiebel, S.: Predictive coding under the free-energy principle. Phil.
Trans. Roy. Soc. B: Biol. Sci. 364(1521), 1211–1221 (2009). https://doi.org/10.
1098/rstb.2008.0300

28. Friston, K., Kilner, J., Harrison, L.: A free energy principle for the brain. J.
Physiol.-Paris 100(1), 70–87 (2006). https://doi.org/10.1016/j.jphysparis.2006.10.
001

29. Friston, K., Thornton, C., Clark, A.: Free-energy minimization and the dark-room
problem. Front. Psychol. 3 (2012). https://doi.org/10.3389/fpsyg.2012.00130

30. Froese, T.: Scientific observation is socio-materially augmented perception: toward
a participatory realism. Philosophies 7(2), 37 (2022). https://doi.org/10.3390/
philosophies7020037

31. Fuchs, C.A.: On participatory realism. In: Durham, I.T., Rickles, D. (eds.) Infor-
mation and Interaction. TFC, pp. 113–134. Springer, Cham (2017). https://doi.
org/10.1007/978-3-319-43760-6 7

32. Fuchs, C.A., Schack, R.: A quantum-bayesian route to quantum-state space. Found.
Phys. 41(3), 345–356 (2011). https://doi.org/10.1007/s10701-009-9404-8

33. Fuchs, C.A., Schack, R.: Quantum-Bayesian coherence. Rev. Mod. Phys. 85(4),
1693–1715 (2013). https://doi.org/10.1103/RevModPhys.85.1693

34. Guénin–Carlut, A.: On participatory realism. Kairos J. (2022)
35. Guénin–Carlut, A.: Physics of creation - Symmetry breaking, (en)active inference,

and unfolding statespaces (2022). https://doi.org/10.31219/osf.io/68947
36. Guénin–Carlut, A.: Strange things, statespace representation, and participatory

realism - Comment on “Path Integrals, Particular Kinds, and Strange Things.” by
Friston et al (2023). https://doi.org/10.31219/osf.io/urz26

37. Guénin–Carlut, A.: From the existential stance to social constraints - how the
human mind becomes embedded in our social, cultural and material context (2024)

38. Healey, R.: Quantum-Bayesian and pragmatist views of quantum theory. In: Zalta,
E.N., Nodelman, U. (eds.) The Stanford Encyclopedia of Philosophy. Metaphysics
Research Lab, Stanford University, winter 2023 edn. (2023)

https://doi.org/10.48550/arXiv.2103.17061
https://doi.org/10.1038/nrn2787
https://doi.org/10.3390/e14112100
http://arxiv.org/abs/1906.10184
http://arxiv.org/abs/2201.06387
https://doi.org/10.1016/j.plrev.2023.08.016
https://doi.org/10.1007/s00422-010-0364-z
https://doi.org/10.1007/s00422-010-0364-z
https://doi.org/10.1162/NECO_a_00912
https://doi.org/10.1162/NECO_a_00912
https://doi.org/10.1098/rstb.2008.0300
https://doi.org/10.1098/rstb.2008.0300
https://doi.org/10.1016/j.jphysparis.2006.10.001
https://doi.org/10.1016/j.jphysparis.2006.10.001
https://doi.org/10.3389/fpsyg.2012.00130
https://doi.org/10.3390/philosophies7020037
https://doi.org/10.3390/philosophies7020037
https://doi.org/10.1007/978-3-319-43760-6_7
https://doi.org/10.1007/978-3-319-43760-6_7
https://doi.org/10.1007/s10701-009-9404-8
https://doi.org/10.1103/RevModPhys.85.1693
https://doi.org/10.31219/osf.io/68947
https://doi.org/10.31219/osf.io/urz26


274 A. Guénin–Carlut

39. Hipólito, I., Baltieri, M., Friston, K., Ramstead, M.J.: Embodied skillful perfor-
mance: where the action is Synthese (2021). https://doi.org/10.1007/s11229-020-
02986-5

40. Hohwy, J.: The self-evidencing brain. Noûs 50(2), 259–285 (2016). https://doi.org/
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