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Preface 

Many problems in engineering and industrial applications can be formulated as opti-
mization problems with complicated objectives, subject to multiple highly nonlinear 
constraints. Solving such optimization problems requires sophisticated optimization 
algorithms and techniques. Traditional algorithms such as gradient-based methods 
are efficient, but they use multiple derivatives and calculations of these deriva-
tives in high-dimensional space can have high computation costs. In addition, such 
derivative-based methods are typically local search methods and the final solutions 
may depend on the starting points if optimization problems are highly nonlinear and 
multimodal. An alternative and recent trend is to use derivative-free, nature-inspired 
algorithms. Nature-inspired algorithms, especially those based on swarm intelligence 
(SI), have been successfully applied to solve a variety of optimization problems in 
real-world applications, and thus, their popularity has also increased significantly in 
recent years. Furthermore, many problems in engineering applications are closely 
related to artificial intelligence (AI) and machine learning. Many techniques in AI 
are optimization techniques that use learning algorithms and training data to carry 
out more advanced tasks. 

This edited book reviews and summarizes the state-of-the-art developments in 
AI and swam intelligence with the emphasis on engineering applications. Topics 
include the comprehensive review of metaheuristic algorithms, swarm intelligence 
algorithms and their engineering applications, AI applications in civil engineering, 
AI-driven predictive maintenance of industrial machinery, AI in production systems 
with lean manufacturing, transmit beamforming designs in wireless communications 
by the firefly algorithm, optimum designs of reinforcement frames and optimum 
designs of seismic base isolator using the modified flower pollination algorithm, 
multi-objective metaheuristic algorithm for the design of digital differentiators with 
zero-phase response, modelling of quality-of-services in 5G networks, enhance-
ment of SPECT 2D reconstruction with improved image quality, complex-valued 
neural networks, solution of numerical benchmarks, optimal camera placement for 
the maximum coverage of polygons with holes using SI-based algorithms and other 
applications.

v



vi Preface

This book is a state-of-the-art update on various engineering applications of AI and 
swarm intelligence. As a timely snapshot of the latest developments, this book will be 
interested to students, researchers, lecturers and professionals in engineering designs, 
AI, machine learning and swarm intelligence and can thus serve as an additional 
reference for graduates and researchers in computer science, evolutionary computing, 
computational intelligence and engineering applications, as well as researchers in 
various disciplines and industrial applications. 

London, UK 
May 2024 

Xin-She Yang
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Chapter 1 
Transmit Beamforming Designs 
in Wireless Communications Using 
the Firefly Algorithm 

Tuan Anh Le and Xin-She Yang 

1 Introduction 

In wireless communications, antennas are used to transmit and receive radio fre-
quency (RF) signals conveying information between a transmitter and its mobile 
users. The antennas of individual elements can be classified as isotropic, omnidirec-
tional, and directional depending on their radiation characteristic [ 1]. An isotropic 
antenna equally emits its electromagnetic power to all directions where an omnidi-
rectional has an istrophic pattern in a given plane, e.g., horizontal/azimuth plane. On 
the other hand, a directional antenna radiates higher gains in certain directions or 
angular regions. Omnidirectional antennas are normally used if there is no specific 
information of user directions. Consequently, using omnidirectional antennas are 
considered as non-efficient transmission approaches whereas directional antennas 
are more energy efficient than their counterparts [ 1– 3]. 

Phased array antennas are formed by an array of single elements. Having multiple 
antennas offers spatial dimensions in which the signals transmitted from or received 
at all antennas are processed or combined to form desired radiation patterns [ 1]. The 
ability of controlling the phases and amplitudes of individual array elements allows 
an operator to generate power-efficient RF beams towards desired mobile receivers 
while imposing minimum or non interference on undesired mobile users. As a result, 
array antennas enhance the performance of wireless communication systems. The 
process of controlling or combining RF signals, i.e., phases and amplitudes, of the 
antenna elements are known as a beamforming design which is either performed by 
hardware, e.g., mechanically moving the array, changing the combinations of vari-
ous coaxial cable lengths, switching between different combinations of beams [ 2], 
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or carried out digitally, i.e., via digital signal processing algorithms or software [ 1– 4]. 
This chapter focuses on digital beamforming designs. 

Transmit beamforming designs are usually formulated as optimization problems 
with design variables being beamforming vectors collecting users’ phases and ampli-
tudes at all array elements. The data or inputs for transmit beamforming designs 
are channel state information (CSI) of the transmitter and the mobile receivers, the 
requirements posed by operators and mobile users. CSI can be provided in either 
instantaneous (see, e.g., [ 5– 7]), or statistical forms (see, e.g., [ 8– 10]). Requirements 
from operators and users are captured by objective functions and constraints in trans-
mit beamforming designs which are metrics used in wireless communications, such 
as signal-to-interference-plus-noise-ratio (SINR) [ 9, 11– 15], transmit power, sys-
tem sum throughput/rate, secrecy rate [ 16, 17], interference level [ 9, 12], energy 
efficiency [ 18], data transmission security, power transfer reliability, and data trans-
mission reliability [ 13– 15]. 

There are two fundamental transmit beamforming problems. The first fundamental 
problem minimizes the overall transmit power, subject to SINR constraints [ 6, 7, 10, 
12, 19– 24]. The second fundamental problem either maximizes the lowest SINR level 
[ 25, 26] or maximizes a given utility function of the SINRs [ 27] subject to a total 
transmit power constraint. The other version of the second transmit beamforming 
problem aims to maximize the sum throughput, subject to a total transmit power 
constraint [ 28– 30]. It has been shown in [ 27, 31] that these two fundamental transmit 
beamforming problems are equivalent. 

Different constraints can also be included into these two fundamental transmit 
beamforming problems to present various scenarios/applications in wireless com-
munications. For example, a constraint on the power transfer level was introduced for 
simultaneous-wireless-information-and-power-transfer systems [ 17, 32, 33] where 
radio frequency signal is utilized to convey both information and energy. An inter-
ference threshold constraint was included for cognitive radio applications to ensure 
that the operations of any opportunistic-spectrum-utilization system do not affect 
the users of primary system owning the radio frequency resource [ 9, 12, 34– 36]. 
Constraints in transmit beamforming can be either deterministic, e.g., [ 9, 12, 34, 
36– 41], to capture perfect CSI scenarios, or probabilistic, e.g., [ 15, 42– 50], to for-
mulate practical problems dealing with errors in the estimations of CSI. 

Most of beamforming problems are non-convex, due to the characteristics of 
their objectives or constraints. For example, SINR, secrecy rate, and probabilistic 
constraints are non-convex functions of beamforming vectors. Therefore, transmit 
beamforming problems involving such constraints are known to be NP-hard, i.e., 
the optimal solution cannot be sought in polynomial time. Several techniques have 
been introduced to solve non-convex transmit beamforming problems. Exploiting 
uplink-downlink duality, iterative algorithms were developed for transmit power 
minimization problems in [ 6, 19, 36, 51] or for the sum rate maximization problem 
in [ 30]. The authors of [ 7] introduced an elegant framework to transform these two 
fundamental transmit beamforming problems into second-order cone programming 
forms, which are convex and hence can be effectively solved by a standard interior 
point method (IPM). Other method is to convert transmit beamforming problems
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realizing in quadratically constrained quadratic programs (QCQPs), which are mostly 
non-convex [ 8, 9, 52, 53], into convex semidefinite programmings (SDPs). This 
method is known as semidefinite relaxation technique as it relaxes rank-one constraint 
during the transformation. 

Non-convexity of transmit beamforming problems are also attributed to the fact 
that they may have more than one types of beamforming vectors as optimization or 
design variables. For instance, planar arrays of programmable and passive reflecting 
elements, i.e., elements whose just reflect impinging radio frequency signals on their 
surfaces in controllable ways, have been proposed for 6G wireless networks as an 
effective approach to enhance the wireless propagation environments, hence improv-
ing the wireless networks’ performances. Such programmable arrays are know as 
intelligent reflective surfaces (IRS) or reconfigurable intelligent surfaces (RIS), see, 
e.g., [ 54– 68]. Particularly, an RIS is placed between a conventional transmitter and 
its mobile receivers to assist the communication. The reflecting signals introduced by 
all the elements of an RIS are designed by controlling their phase shifts to achieve a 
specific target, e.g., to focus the resulting reflected radio frequency signals on certain 
directions. The designed phase shifts of an RIS are collected in a so-called passive 
beamforming vector whereas the phases and amplitudes of the antenna elements of 
the conventional transmitter, i.e., also known as a base station or an access point, form 
an active beamforming vector. Two types of beamforming vectors in an RIS-aided 
system are independent however they need to be jointly designed/optimized. 

To tackle such problems in RIS-aided systems, a commonly adopted approach is 
to alternatively solve two sub problems where, in each sub problem, one optimization 
variable is fixed while solving for the other. This approach is also known as alternating 
optimization (AO) approach [ 60]. Another method approximates the original non-
convex problem by utilizing first-order Taylor expansion, which is referred to as a 
successive convex approximation (SCA) approach [ 69]. Sub-optimization problems 
in an AO approach frequently appear in non-convex QCQP forms that require further 
approximation techniques. The effort of decoupling two independent variables in the 
original non-convex problem by tackling two non-convex sub-optimization problems 
results in the fact that the global optimal solutions may not be attainable for the active 
and passive beamforming vectors. On the other hand, the SCA approach usually 
obtains a lower or upper bounded solution [ 52]. 

Barrier methods, such as IPMs, are based on gradient algorithms. They have a 
good exploitation ability, i.e., the ability of utilizing information from the original 
problem of interest to find better solutions than the current ones [ 70]. Therefore, they 
are effective methods for solving convex optimization problems [ 71]. As mentioned 
earlier in this chapter, the majority of transmit beamforming designs are non-convex 
optimization problems. Hence, they require methods with better exploration ability, 
i.e., the capability to efficiently explore the domain space to generate sufficiently 
diverse and far solutions from the existing ones [ 70] so that they can escape from 
being trapped in local optimums. 

The firefly algorithm (FA) is a nature-inspired algorithm, which is good at both 
exploitation and exploration. Therefore, FA appears as a proper choice for tackling 
non-convex problems in transmit beamforming designs [ 52]. FA was developed by
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Xin-She Yang in 2008, based on the behaviour and flashing character of tropical 
fireflies [ 70, 72]. FA is straightforward to implement and yet flexible to deal with 
multimodal optimization problems. Although FA has been gaining widely adoptions 
in many applications, see, e.g., [ 73, 74] and references therein, there were only three 
studies applying FA to transmit beamforming designs. The first work proposed FA to 
solve the throughput maximization problem [ 75], whereas the second work applied 
FA to tackle the power minimization problem [ 76]. Recently, a generalized FA was 
introduced by Le and Yang in [ 52] as a general optimization framework in which the 
objective function and constraints are multivariate functions of independent variables. 
The proposed general optimization framework and its associated FA can capture the 
majority problems in transmit beamforming in wireless communications. 

In this chapter, the optimization framework and its associated generalized FA in 
[ 52] are summarized in Sect. 2. Conventional transmit beamforming problem with 
a soft-shaping interference constraint is stated in Sect. 3. The optimization problem 
formulations outlined in Sect. 3 have only one type of optimization variable, which 
is the set of beamforming vectors for mobile users. SDR and FA approaches are 
discussed to solve the problem with a brief complexity analysis. The RIS-aided 
transmit beamforming problem, which involves passive and active beamforming 
vectors as two independent variables, is given in Sect. 4, followed by their solutions 
in SDR and FA with their corresponding complexity analysis. Evaluations for the 
two transmit beamforming problems with SDR and FA approaches are presented in 
Sect. 5. Finally, concluding remarks are given in Sect. 6. 

Notations: Lower and upper case letters . y and .Y are used to present a scalar, 
whereas a bold lower case letter, such as. y, denotes a column vector. A bold upper case 
letter, such as . Y, represents a matrix; .||·|| denotes the Euclidean norm; .(·)T presents 
the transpose operator;.(·)H indicates the complex conjugate transpose operator. The 
operator .Tr (·) is the trace operator, whereas .Y ≥ 0 is utilized to denote that .Y is a 
positive semidefinite matrix; .IN is an .N × N identity matrix; .O indicates the big O 
notation;.CM×1 presents the set of all.M × 1 vectors with complex elements;. HM×M

is the set of all .M × M Hermitian matrices. In addition, .y ∼ CN (0, σ 2) means . y
is a circularly symmetric complex Gaussian random variable with a zero mean and 
a variance of .σ 2; .diag (y) denotes a diagonal matrix with diagonal elements being 
the entries of vector . y. Finally, .diag (Y) represents a vector whose entries are the 
diagonal elements of matrix . Y. 

2 Main Steps of the Generalized Firefly Algorithm 

The FA was introduced with the following three idealized assumptions [ 70, 72]: 

• Fireflies are unisex and attract others among their flock. 
• The flashing brightness of a firefly proportionally determines its attractiveness to its 
mates. Furthermore, the attractiveness and brightness increase when the distance 
between two fireflies decreases. The less brighter firefly will always fly towards
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the brighter one. A firefly will randomly fly when it does not see any brighter ones 
in the neighbourhood. 

• The landscape of an objective function under consideration can be encoded with 
the brightness of fireflies. 

The works in [ 70, 72] were recently generalized in [ 52, 77] in which the objec-
tive and constraints of the optimization framework are multivariate functions of 
independent variables. In this section, the optimization framework proposed in [ 52] 
is presented. Consider the following optimization problem: 

.

minimize
A,B,··· ,Z

f (A,B, · · · ,Z) ,

subject to gl (A,B, · · · ,Z) ≤ 0, l ∈ {1, 2, . . . , L},
hk (A,B, · · · ,Z) = 0, k ∈ {1, 2, . . . K },

(1) 

where.A ∈ C
Ma×Na ,B ∈ C

Mb×Nb , · · · ,Z ∈ C
Mz×Nz are decision variables, i.e., opti-

mization variables, with their dimensions of. Ma ≥ 1, Na ≥ 1, Mb ≥ 1, Nb ≥ 1, · · · ,

Mz ≥ 1, Nz ≥ 1. The optimization variables can be scalars, vectors, matrices, or the 
combination of all depending on the values of .Ma, Na, Mb, Nb, · · · , Mz, Nz . 

In order to solve (1), the penalty method [ 70, 72] is utilized to convert the orig-
inal constrained optimization problem with multiple constraints into the following 
unconstrained problem: 

. minimize
A,B,··· ,Z

f (A,B, · · · ,Z) + P (A,B, · · · ,Z) , (2) 

where.P (A,B, · · · ,Z) is the constraint-violation-penalty term, a.k.a, penalty term, 
given as: 

. P (A,B, · · · ,Z) = ∑L
l=1 λlmax{0, gl (A,B, · · · ,Z)}2

+∑K
k=1 ρk{hk (A,B, · · · ,Z)}2. (3) 

In (3), .λl > 0, ∀l, and.ρk > 0, ∀k, capture the importance of the constraints, a.k.a., 
penalty constants or coefficients. 

Let .{Ai ,Bi , · · · ,Zi } present the .i-th firefly in the flock of .N fireflies, i.e., 
.i ∈ {1, 2, · · · , N }. As the considered optimization framework is a minimization, 
according to the third assumption of the FA, the brightness of the .i-th firefly is 
defined as follows: 1

.Ii (Ai ,Bi , · · · ,Zi ) = 1

f (Ai ,Bi , · · · ,Zi ) + P (Ai ,Bi , · · · ,Zi )
. (4) 

1 It is worth pointing out that (2) can be written as 

. minimize
A,B,··· ,Z − f (A,B, · · · ,Z) + P (Ai ,Bi , · · · ,Zi )

when (1) is a maximization problem.
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According to the second assumption of the FA, the brightest firefly is the most 
attractive one and all fireflies will fly toward the brightest one. In other words, the 
most attractive firefly in the flock represent the optimal solution of the optimization 
problem. For any two fireflies .i, j ∈ {1, 2, · · · , N }, if their light intensities satisfy 
.I j

(
A j ,B j , · · · ,Z j

)
> Ii (Ai ,Bi , · · · ,Zi ), then firefly . i will fly towards firefly . j

at the next generation [i.e., the .(n + 1)-th generation] as: 

.A(n+1)
i = A(n)

i + βa,0e
−γx (r

(n)
a,i j )

2
(
A(n)

j − A(n)
i

)
+ α(n)

a ɅɅɅ
(n)
a,i , (5) 

.B(n+1)
i = B(n)

i + βb,0e
−γy(r

(n)
b,i j )

2
(
B(n)

j − B(n)
i

)
+ α

(n)
b ɅɅɅ

(n)
b,i , (6) 

. 
...

Z(n+1)
i = Z(n)

i + βz,0e
−γz(r

(n)
z,i j )

2
(
Z(n)

j − Z(n)
i

)
+ α(n)

z ɅɅɅ
(n)
z,i , (7) 

where .r (n)
a,i j = ||A(n)

j − A(n)
i ||, r (n)

b,i j = ||B(n)
j − B(n)

i ||, · · · , r (n)
z,i j = ||Z(n)

j − Z(n)
i || are 

the Cartesian distances. In other application, non-Euclidean distances may be 
more appropriate 2. Here, .βa,0, βb,0, · · · , βz,0 are, respectively, the attractiveness at 
.r (n)
a,i j = 0, r (n)

b,i j = 0, · · · , r (n)
z,i j = 0, whereas.γa, γb, · · · , γz are the variations of attrac-

tiveness. 
The second terms on the right-hand sides of (5), (6), and (7) represent the attrac-

tions. The third terms in (5), (6), and (7) capture randomization. The randomization 
factors .α(n)

a , α
(n)
b , · · · , α(n)

z and randomization matrices 

. ɅɅɅ
(n)
a,i ∈ C

Ma×Na ,ɅɅɅ
(n)
b,i ∈ C

Mb×Nb , · · · ,ɅɅɅ
(n)
z,i ∈ C

Mz×Nz

are, respectively, scalars and matrices of random numbers which are drawn from an 
uniform or a Gaussian distribution. 

The pseudocode presented in Algorithm 1 summarizes the generalized FA as an 
optimization framework for finding the optimal solution (1). Here, in Algorithm 1, 
. T represents the maximum generations (i.e., iterations, of the algorithm). 

3 Transmit Beamforming 

3.1 Optimization Problem Formulation 

Let us now consider a system of wireless communications where a base station 
(BS), equipped with .Mt antennas, communicates with .U local mobile receivers, 
each having a single antenna, while imposing a tolerable interference level of.Ito,k on 
each of.K neighbouring users, where each user is also equipped with a single antenna.

2 These distances can be any metric which effectively capture the quantities of interest of the 
under-investigated optimization problem. 
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Algorithm 1 Pseudocode of the Generalized Firefly Algorithm to solve (1) [  52] 
1: Input: The parameter settings for FA: N , T , λt , ρk , βa,0, βb,0, · · ·  , βz,0, γa , γb, · · ·  , γz ; Opti-

mization data: f (A, B, · · ·  , Z), gl (A, B, · · ·  , Z), hk (A, B, · · ·  , Z); 
2: Randomly initialize the locations of N fireflies {{A1, B1, · · ·  , Z1}, {A2, B2, · · ·  , Z2}, · · ·  , {AN , 

BN , · · ·  , ZN }}; 
3: Calculate the brightness of N fireflies as (4); 
4: Sort the firefly population in the descending order of the brightness Ii (Ai , Bi , · · ·  , Zi ); 
5: Update the current brightest firefly, i.e., the current best solution vector: I ★ := 

I1 (A★, B★, · · ·  , Z★); {A★, B★, · · ·  , Z★} := {A1, B1, · · ·  , Z1}; 
6: for n = 1 : T do 
7: for i = 1 : N do 
8: for j = 1 : N do 
9: if Ii (Ai , Bi , · · ·  , Zi ) > I ★ then 
10: I ★ := Ii (Ai , Bi , · · ·  , Zi ); {A★, B★, · · ·  , Z★} := {Ai , Bi , · · ·  , Zi }; 
11: end if 
12: if I j

({A j , B j , · · ·  , Z j }
)

> I ★ then 
13: I ★ := I j

(
A j , B j , · · ·  , Z j

)
; {A★, B★, · · ·  , Z★} := {A j , B j , · · ·  , Z j }; 

14: end if 
15: if I j

(
A j , B j , · · ·  , Z j

)
> Ii (Ai , Bi , · · ·  , Zi ) then 

16: Move firefly i towards firefly j as (5)-(7); 
17: end if 
18: Vary the attractiveness according to distances via 

. e
−γa

(
r (n)
a,i j

)2

, e
−γb

(
r (n)
b,i j

)2

, · · · , e
−γz

(
r (n)
z,i j

)2

;
19: Calculate new solutions and update the brightness of N fireflies as (4); 
20: end for 
21: end for 
22: Sort the firefly population in the descending order of the brightnessIi (Ai , Bi , · · ·  , Zi ); 
23: Update the current brightest firefly, i.e., the current best solution: I ★ := I1 (A★, B★, · · ·  , Z★); 

{A★, B★, · · ·  , Z★} := {A1, B1, · · ·  , Z1}; 
24: end for 
25: return the optimal solution {A★, B★, · · ·  , Z★}. 

This kind of system model is also known as cognitive transmit beamforming, see, 
e.g., [ 34, 36, 52] and references therein. The signal arrived at the .t-th local user, 
.t ∈ {1, · · · ,U }, is  

.yt = hH
t wt xt +

U∑

j=1, j /=t

hH
t w j x j + nt , (8) 

where 

• .hH
t ∈ C

1×Mt represents the channel coefficient, i.e., CSI, of the wireless link 

between the.t-th local user and the BS. Specifically, .ht = [
ht,1, ht,2, · · · , ht,Mt

]T
. 

The entry of .ht,v of vector .ht captures the channel coefficient between antenna 
.v-th of the BS, i.e., .v ∈ {1, 2, · · · , Mt }, and .t-th local user; 

• . xt , i.e., .E[|xt |2] = 1, is the data symbol for the local user . i ;
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• .wt = [
wt,1, wt,2, · · · , wt,Mt

]T ∈ C
Mt×1 is the beamforming vector for the .t-th 

local user in which .wt,v , i.e., .v ∈ {1, 2, · · · , Mt }, represents the complex weight-
ing factor for the data symbol of the .t-th local user applied on the .v-th antenna of 
the BS. It is worth pointing out that.wH

t wt is the transmit power that the BS spends 
on the transmission for the .t-th local user; 

• .st ∼ CN (0, 1) presents the data symbol intended for the .t-th local user; 
• and .nt ∼ CN (0, σ 2

t ) is the circularly symmetric complex Gaussian (ZMCSCG) 
noise with a zero mean and a variance of .σ 2

t , at the .t-th local user. 

It can be seen from Eq. (8) that the radio frequency signal delivered to the.t-th local 
user is the product of the channel coefficient (i.e., .hH

t ), with the linear combination 
of the data symbols for all .U local users and their associated beamforming vectors. 
That is 

. 

U∑

j=1

w j x j .

The first term on the right-hand side of (8) captures the intended signal for the 
.t-th local user, whereas the second term represents the interference caused by the 
transmission to the other .U − 1 local users, i.e., the intra-system interference. 

From (8) with the notes that.E[|xt |2] = 1 and.st ∼ CN (0, 1) .∀t ∈ {1, 2, · · · ,U }, 
the signal-to-interference-plus-noise-ratio (SINR) at the.t-th local user can be written 
as 

.SINRt = |hH
t wt |2

∑U
j=1, j /=t |hH

t w j |2 + σ 2
t

(9) 

. = wH
t Htwt

∑U
j=1, j /=t w

H
j Htw j + σ 2

t

, (10) 

where .Ht = E
(
hthH

t

)
for the case of statistical CSI and .Ht = hthH

t for the case of 
instantaneous CSI. The level of SINR determines the quality of service (QoS), i.e., 
the throughput or data rate, at the local user. The higher the level SINR is, the better 
the QoS. 

Let .qH
k ∈ C

1×Mt be the channel coefficient of the wireless link between the 
.k-th neighbouring user (where .k ∈ {1, · · · , K }) and the serving BS, where . qk =
[
qk,1, qk,2, · · · , qk,Mt

]T
. The interference level at the .k-th neighbouring user can be 

expressed as 

.yk =
U∑

j=1

qH
k w j x j + nk, (11) 

where.nk is the ZMCSCG noise at the user. The total interference power imposed by 
the BS on the .k-th neighbouring user is
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.yk =
U∑

j=1

|
|qH

k w j

|
|2 . (12) 

Denoting .Qk = E
(
qkqH

k

)
for the case of statistical CSI and .Qk = qkqH

k for the 
case of instantaneous CSI, the total interference power inflicted on the .k-th neigh-
bouring user by the serving BS can also be written as 

.

U∑

j=1

wH
j Qkw j . (13) 

The aim is to find the beamforming vectors for the local users, which minimize 
the serving BS’s total transmit power while ensuring the required SINR for all local 
users. At the same time, it is required to guarantee the total interference level inflicted 
on each neighbouring user below its tolerable threshold. Hence, the optimization 
problem can be rewritten as 

.

min
wt

∑U
t=1 w

H
t wt

s. t. wH
t Htwt

∑U
j=1, j /=t w

H
j Htw j+σ 2

t
≥ ηt , ∀t ∈ {1, · · · ,U },

∑U
j=1 w

H
j Qkw j ≤ Ito,k, ∀k ∈ {1, · · · , K },

(14) 

where .ηt is the required SINR of the .t-th local user. 

3.2 Semidefinite Programming Relaxation Approach 

Utilizing the identity .xHXx = Tr(XxxH ), (14) can be rewritten as 

.

min
wt

∑U
t=1 Tr

(
wtwH

t

)

s. t.
Tr(HtwtwH

t )
∑U

j=1, j /=t Tr
(
Htw jwH

j

)
+σ 2

t

≥ ηt , ∀t,
Ito,k − ∑U

j=1 Tr
(
Qkw jwH

j

)
≥ 0,

(15) 

where .t ∈ {1, · · · ,U }, and .k ∈ {1, · · · , K }. 
In order to solve (15), a new set pf optimization variables .Ft = wtwH

t are intro-
duced where .Ft ≥ 0, .Ft ∈ H

Mt×Mt , and .Ft is a rank-one matrix. Briefly speaking, a 
rank-one matrix is a matrix containing only one linearly independent row/column. 
With some mathematical manipulations on the SINR constraint, (15) can be rewritten 
as
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.

min
Ft∈HM×M

∑U
t=1 Tr (Ft )

s. t.
(
1 + 1

ηt

)
Tr (HtFt ) − ∑U

j=1 Tr
(
HtF j

) − σ 2
t ≥ 0, ∀t,

Ito,k − ∑U
j=1 Tr

(
QkF j

) ≥ 0, ∀k,
Ft ≥ 0, ∀t,

(16) 

where .t ∈ {1, · · · ,U }, and .k ∈ {1, · · · , K }. 
Problem (16) is in the semidefinite programming (SDP) form. Therefore, its opti-

mal solution can be attained using a general purpose interior point method. For 
example, there is a powerful Matlab based optimization package CVX for construct-
ing and solving convex optimization problems [ 78]. For the formulation (16), the 
rank-one condition on.Ft , ∀t , has been relaxed. Fortunately, (16) is a special case of 
a rank-one optimization framework introduced in [ 24], which will yield an optimal 
rank-one solution if the problem is feasible. 

3.3 Firefly Algorithm Approach 

Here, the generalized FA presented in Algorithm 1 is used to find the solution for 
(14). After rearranging the constraints, problem (14) can be cast as 

.

min
W

f (W)

s. t. φt (W) ≤ 0, ∀t ∈ {1, · · · ,U },
ϕk(W) ≤ 0, ∀k ∈ {1, · · · , K },

(17) 

where 

. W = [
w1,w2, · · · ,wU

] ∈ C
Mt×U , f (W) =

U∑

t=1

wH
t wt ,

. φt (W) = ηt

U∑

j=1, j /=i

wH
j Htw j + ηtσ

2
t − wH

t Htwt , ϕk(W) =
U∑

j=1

wH
j Qkw j − Ito,k .

To solve problem (17) with constraints, its constraints are imposed using the 
penalty method and the problem is thus converted to an unconstrained optimization 
problem as 

. min
W

f (W) + P(W), (18) 

where .P(W) represents the penalty terms of all constraints 

.P(W) =
U∑

t=1

λtmax {0, φt (W)}2 +
K∑

k=1

ρkmax {0, ϕk(W)}2 , (19)
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with .λt > 0 and .ρk > 0 are penalty constants. 
To proceed, let .Wi = [

wi
1,w

i
2, · · · ,wi

U

] ∈ C
Mt×U be the firefly . i . A population 

of .N fireflies .Wi , .i ∈ {1, 2, · · · , N }, are initialized and the brightness of the firefly 
.Wi is given by 

.Ii (Wi ) = 1

f (Wi ) + P(Wi )
. (20) 

For any two fireflies. i and. j in the swarm, if the firefly. j is brighter than the firefly 
. i , i.e., .I j

(
W j

)
> Ii (Wi ), then the firefly . i will fly towards the firefly . j and its 

location is updated by 

.W(n+1)
i = W(n)

i + β0e
−γ

(
r (n)
i j

)2 (
W(n)

j − W(n)
i

)
+ α(n)V, (21) 

where 
. r (n)
i j = ||(W(n)

j − W(n)
i ||

denotes the Cartesian distance, and .β0 represents the attractiveness at the distance 
.r (n)
i j = 0. The coefficient . γ controls the variation of the attractiveness. The second 
term on the right-hand side of equation (21) represents the attraction between firefly 
. i and firefly . j . The last term on the right-hand side of equation (21) represents 
a randomization perturbation comprising of a random factor .α(n) and a matrix of 
random numbers.V ∈ C

Mt×U . The randomization factor.α(n) and the entries of matrix 
. V are drawn from either an uniform or more often a Gaussian distribution. 

It is clear that problem (17) is a special realization of the framework (1) in which 
its objective and constraints are functions of a single matrix of variables, i.e., .W. 
Therefore, the firefly algorithm to solve (17) includes similar steps as in Algorithm 1 
except four steps, i.e., 3, 16, 18, and 19. The differences are provided in Algorithm 2. 

Algorithm 2 Procedure of the generalized FA to solve (14) 
Input: The parameter settings for FA: N , T , λt , ρk , β0, γ ; Data: Ht , Qk , σ 2 t , ηt , Ito,k ; 
Step 3: Calculate the brightness of N fireflies as (20); 
Step 16: Update the location of firefly i towards firefly j as (21); 

Step 18: Vary the attractiveness strength according to distance via e
−γ

(
r (n) 
i j

)2 

; 
Step 19: Calculate new solutions and update the brightness of N fireflies Ii (Wi ) as (20); 
return Optimal solution W★.
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3.4 Complexity Analysis 

This section briefly outlines the computational complexities of the generalized FA 
to solve (16), and the procedure is based on those similar to the analysis of IPM and 
the standard FA. 

Definition 1 Given.ε > 0,.Fε
t , ∀t ∈ {1, 2, · · · ,U } is called an.ε-solution of problem 

(16) (i.e., a solution with the acceptable accuracy of . ε) if the following condition is 
satisfied: 

.

U∑

t=1

Tr
(
Fε
t

) ≤ min
Ft∈HM×M

U∑

t=1

Tr (Ft ) + ε. (22) 

Here,.M2
t is the number of decision variables of problem (16). The computational 

complexity of (16) can be derived as follows: 

Lemma 1 Obtaining an .ε-solution for problem (16) requires the computational 
complexity on the order of [52]: 

. ln
(
ε−1

)√
U (Mt + 1) + K

[
(M2

t + 1)(U + K ) +UM2
t (M

2
t + Mt ) + M4

t

]
M2

t .

(23) 

Proof It is clear that problem (16) contains .(U + K ) constraints in the form of 
linear matrix inequalities (LMI) of size 1 and .U constraints in the LMI form of size 
.Mt . Following the same procedure as described in [ 48, Section V-A], the following 
conclusions can be drawn: 

• The iteration complexity is of the order of 

. ln
(
ε−1

)√
U (Mt + 1) + K . (24) 

• The complexity of each iteration is on the order of: 

.
[
(M2

t + 1)(U + K ) +UM2
t (M

2
t + Mt ) + M4

t

]
M2

t . (25) 

Combining (24) and (25) will lead to (23). □
Lemma 2 The FA described in Algorithm 2 requires the computational complexity 
on the order of [52]: 

. T N 2
[
M2

t + NUMt (1 +UMt + KMt )
] + T N log N + NMtU

+ NUMt (1 +UMt + KMt ) + N log N . (26) 

Proof The major computational complexity to perform Algorithm 2 are contributed 
by steps 2, 3, 4, 16, 19, and 22. 

In step 2, generating an.Mt ×U matrix requires a complexity of .MtU . Hence, to 
generate .N matrix, the complexity is in the order of .NMtU .
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In steps 3 and 19, computing.φt (W) or.ϕk(W) needs the complexity of.UM2
t . On  

the other hand, .UMt is the order of complexity to compute .
∑U

t=1 w
H
t wt . Therefore, 

evaluating the brightness for the flock of .N firefly demands the complexity in the 
order of .N (UMt +U 2M2

t + KUM2
t ) = NUMt (1 +UMt + KMt ). 

In step 16, .M2
t is the order of complexity to move a firefly. 

In steps 4 and 22, ranking all .N fireflies requires the complexity in the order of 
.N log N . 

In the worst case scenario where step 16 is required for all inner loops of the 
FA algorithm, using the above observations with some mathematical manipulations, 
expression (26) can be obtained. □

4 Reconfigurable Intelligent Surface-Aided Transmit 
Beamforming 

4.1 Problem Formulation 

Now let us consider a system of wireless communications consisting of a base station 
(BS) with.Mt -antennas and. U single-antenna mobile users. Due to high buildings and 
other physical obstacles, there is no direct communication link between the BS and 
the mobile users [ 44]. To tackle such kind of problem, a passive.Nt -reflective-element 
reconfigurable intelligent surface (RIS) is deployed to aid the communication. 

Let.hk,v (where.k ∈ {1, 2, · · · , Nt } and.v ∈ {1, 2, · · · , Mt }) be the complex chan-
nel coefficient between the .k-th element of the RIS and the .v-th antenna of the BS. 
Thus, .hk = [

hk,1, hk,2, · · · , hk,Mt

]T
represents the channel between the .k-th ele-

ment of the RIS and.Mt antennas of the BS. The coefficients of the wireless channels 
between the .Nt -element RIS and the .Mt -antenna BS can be expressed in a matrix 
form as 

. H = [h1, . . . ,hNt ] ∈ C
Mt×Nt .

Let.gi = [gi,1, . . . , gi,Nt ]T ∈ C
Nt×1 represent the coefficients of the wireless chan-

nel between the .i-th user and the RIS where .gi,k is the complex coefficient of the 
wireless channel between the.i-th user and the.k-th element of the RIS. In addition,. xi
is used to denote the data symbol sent to the.i-th user with.E[|xi |2] = 1. Furthermore, 
.wi = [

wi,1, wi,2, · · · , wi,Mt

]T ∈ C
Mt×1 is used to represent the active beamforming 

vector for the.i-th user in which.wi,v (where.v ∈ {1, 2, · · · , Mt }) represents the com-
plex weighting factor for the data symbol of the.i-th user applied on the.v-th antenna 
of the BS. It is worth pointing out that.wH

i wi is the transmit power that the BS spends 
on the transmission for communicating with the .i-th local user. 

In essence, each element of the RIS introduces a suitable phase shift so that the 
overall reflecting radio frequency signals produced by the RIS can assist the BS in the 
communication with its mobile users. Let. θk such that.|θk | ≤ 1 and. arg(θk) ∈ [−π, π)

(for .∀k = 1, . . . , Nt ) represent the phase-shift coefficient introduced by the .k-th
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reflective element. Thus, the vector .θθθ = [θ1, θ2, · · · , θNt ]T stacks all coefficients 
to form a so-called passive beamforming vector. The signal delivered at the.i-th user 
can be expressed as: 

. yi = gH
i diag(θθθ)HHHwi xi + gH

i diag(θθθ)HHH
U∑

j=1, j /=i

w j x j + ni ,

= θθθ HGH
i wi xi + θθθ HGH

i

U∑

j=1, j /=i

w j x j + ni , (27) 

where the Gaussian white noise .ni ∼ CN (0, σ 2) is additive at the .i-th user. Here, 
.GH

i = diag(g∗
i )H

H ∈ C
Nt×Mt is the concatenated channel coefficients between the 

BS and .i-th user, which is the concatenation of the channel from the BS to the RIS 
and the channel from the RIS to the user. The first term on the right-hand size of 
(27) is the intended signal for .i-th user, whereas the second term is essentially the 
interference on the.i-th user due the concurrent transmission to the other.U − 1 users. 

Now let .{wi } = {w1,w2, · · · ,wU } be the set of all active beamforming vectors 
where .SINRi ({wi }, θθθ) denotes the SINR at the .i-th user. Thus, the SINR at the .i-th 
user can be expressed as 

.SINRi ({wi }, θθθ) = |θθθ HGH
i wi |2

U∑

j=1, j /=i
|θθθ HGH

i w j |2 + σ 2
i

. (28) 

Consider the first fundamental transmit beamforming problem discussed in the 
Introduction, the optimization is cast as 

.

min
{wi }, θθθ

∑U
i=1 w

H
i wi

s. t. SINRi ({wi }, θθθ) ≥ ηi ,∀i,
|θk | ≤ 1,∀k,

(29) 

where .ηi is the required SINR of the .i-th user. As two sets of optimization variables 
.wi and. θθθ are coupled in the SINR function, subject to inequality constraints, problem 
(29) is thus non-convex. 

4.2 Alternating Approach and Formulation 

A widely used approach to find the solution to problem (29) is to alternatively solve 
for .wi and . θθθ [ 44, 60, 79, 80]. Using the fact that
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.|θθθ HGH
i wi |2 = θθθ HGH

i wiwH
i Giθθθ = Tr

(
GH

i wiwH
i Giθθθθθθ

H
)

(30) 

. = Tr
(
wiwH

i Giθθθθθθ
HGH

i

) = Tr
(
Giθθθθθθ

HGH
i wiwH

i

)
, (31) 

and 

.wH
i wi = Tr

(
wiwH

i

)
, (32) 

and introducing two new variables.Fi = wiwH
i and.Θ = θθθθθθ H such that. rank(Fi ) = 1

and .rank(⊖) = 1, some straightforward manipulations on the SINR constraint lead 
to an equivalent form for (29). That is 

.

min
{Fi },⊖

Tr
(∑U

i=1 Fi

)

s. t. TrGiΘGH
i Fi

ηiσ
2
i

− ∑U
j=1, j /=i Tr

GiΘGH
i F j

σ 2
i

− 1 ≥ 0,∀i,
Fi ≥ 0, ∀i ∈ {1, · · · ,U },
rank (Fi ) = 1, ∀i ∈ {1, · · · ,U },
diag (diag (⊖)) ≤ INt ,

⊖ ≥ 0,
rank (⊖) = 1.

(33) 

Since the newly derived SINR constraint is still coupled by two variables .Fi and 
. Θ, problem (33) will be solved by an alternative approach. To proceed, dropping 
the rank-one constraints on both .Fi and . ⊖, starting with any initial values of the 
passive beamforming matrix.Θ(0), the active beamforming matrix.F(p)

i can be found 
by solving the following relaxed problem at the .p-th iteration: 

.

min
{Fi }

Tr
(∑U

i=1 Fi

)

s. t. TrGiΘ
(p−1)GH

i Fi

ηiσ
2
i

− ∑U
j=1, j /=i Tr

GiΘ
(p−1)GH

i F j

σ 2
i

− 1 ≥ 0,∀i,
Fi ≥ 0, ∀i ∈ {1, · · · ,U }.

(34) 

Having .F(p)
i from solving (34), the passive beamformimg matrix .Θ(p) can be 

updated by solving the following problem at the .p-th iteration [ 44]: 

.

min
⊖

Tr (Θ)

s. t. TrΘGH
i F(p)

i Gi

ηiσ
2
i

− ∑U
j=1, j /=i Tr

ΘGH
i F(p)

j Gi

σ 2
i

− 1 ≥ 0,∀i,
diag (diag (⊖)) ≤ INt ,

⊖ ≥ 0.

(35) 

The alternating optimization (AO) method repetitively solves two problems (34) 
and (35) in.n0 iterations to attain the solution for the original problem (29). In essence, 
the AO method utilizes the semidefinite relaxation technique [ 8] by dropping/relaxing 
the rank-one constraints on.Fi and. Θ. Fortunately, (34) and (35) are two special cases
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of a rank-one optimization framework introduced in [ 24] which will return rank-one 
optimal solutions if these problems are feasible. On the other hand, the AO method 
approximates the original non-convex optimization problem (29) by solving two 
sub-problems (34) and (35). Due to the nature of such approximations, solutions 
obtained by the AO method may not be the globally optimal solution. However, they 
serve as upper bounds for the solutions of the original problem (29). 

In the rest of this work, the FA approach is used to concurrently solve .wi and . θθθ
for the original problem (29). 

4.3 Firefly Algorithm Approach 

The original optimization problem (29) can be written equivalently as 

.

min
{W, θθθ}

f (W)

s. t. φi ({W, θθθ}) ≤ 0,∀i,
ϕk (θk) ≤ 0,∀k,

(36) 

where 

. W = [
w1,w2, · · · ,wU

] ∈ C
Mt×U , f (W) =

U∑

i=1

wH
i wi ,

.φi (W, θθθ) = ηi

∑U
j=1 w

H
j Giθθθθθθ

HGH
i w j

σ 2
i

+ ηi − (1 + ηi )
wH

i Giθθθθθθ
HGH

i wi

σ 2
i

, (37) 

and.ϕk (θk) = |θk | − 1. Utilizing the penalty approach for constraints, (36) becomes 

. min
{W, θθθ}

f (W) + P(W, θθθ), (38) 

where .P(W, θθθ) represents the penalty term given by 

.P(W, θθθ) =
U∑

i=1

λimax {0, φi ({W, θθθ})}2 +
Nt∑

k=1

ρkmax {0, ϕk(θk)}2 , (39) 

with .λi > 0 and .ρk > 0 are penalty constants. 
Let.{Wt , θθθ t } = {[wt

1,w
t
2, · · · ,wt

U

]
, θθθ t } be the firefly. t . A population of.N fireflies 

.{Wt , θθθ t },.t ∈ {1, 2, · · · , N } are initialized and the brightness of the firefly. t .{Wt , θθθ t }, 
is defined as 

.It (Wt , θθθ t ) = 1

f (Wt ) + P(Wt , θθθ t )
. (40)
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Given any two fireflies . t and . l among the population, if the firefly . t is brighter 
than the firefly . l, i.e., .It (Wt , θθθ t ) > Il (Wl, θθθ l), then the firefly . l will fly towards the 
firefly . t by 

.W(n+1)
l = W(n)

l + β0e
−γ

(
r (n)
w,tl

)2 (
W(n)

t − W(n)
l

)
+ α(n)V, (41) 

.θθθ
(n+1)
l = θθθ

(n)
l + β0e

−γ
(
r (n)
θ,tl

)2 (
θθθ

(n)
t − θθθ

(n)
l

)
+ α(n)v, (42) 

where .r (n)
w,tl = ||(W(n)

t − W(n)
l || and .r (n)

θ,tl = ||(θθθ(n)
t − θθθ

(n)
l || are the Cartesian dis-

tances, .β0 represents the attractiveness at .r
(n)
w,tl = 0 and.r (n)

θ,tl = 0. Here, . γ represents 
the variations of attractiveness. The second terms on the right-hand sides of equations 
(41) and (42) are the firefly’s attractions. The third terms on the right-hand sides of 
equations (41) and (42) represent randomization in which the randomization factor 
.α(n) controls the strength of the randomization. The entries of . v and .V are drawn 
from either a Gaussian distribution or an uniform distribution. 

In essence, problem (36) is a special case of the general problem (1) whose 
objective and constraints depend on two sets of variables .W and . θθθ . Hence, the 
procedure using the FA method for RIS-aided beamforming possesses is similar to 
the steps as in Algorithm 1 except four steps 3, 16, 18 and 19. The different steps are 
described in Algorithm 3. 

Algorithm 3 Procedure of generalized FA to solve (29) 
Input: Parameters for FA: N , T , λi , ρn , β0; γ ; Optimization data: H, gi , σ 2 i , ηi , Ito; 
Step 3: Calculate the brightness of N fireflies as (40); 
Step 16: Update the location of firefly i towards firefly j as (41) and  (42); 

Step 18: Vary the attractiveness strength according to distances via e
−γ

(
r (n) 
w, j i

)2 

and e
−γ

(
r (n) 
θ,  j i

)2 

; 
Step 19: Calculate new solutions and update the brightness of N fireflies Ii (Wi , θθθ i ) as (40); 
return Optimal solution W★, θθθ★. 

4.4 Complexity Analysis for AO and FA 

The computational complexities of utilizing AO and FA to solve problem (29) are  
analyzed in this section. 

Lemma 3 The computational complexity that the AO method requires to solve (29) 
is on the order of [52]: 

.no (τ1 + τ2) , (43)
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where 

.τ1 = ln
(
ε−1

)√
U (Mt + 1)

[
(M2

t + 1)U +UM2
t (M

2
t + Mt ) + M4

t

]
M2

t , (44) 

.τ2 = ln
(
ε−1)√U + 2Nt

[
(N 2

t + 1)(U + 2N 2
t ) + N 4

t

]
N 2
t . (45) 

Proof First, consider sub-problem (34). It can be seen that (34) has .U constraints 
in the LMI form of size 1 and .U constraints in the LMI form of size .Mt . Following 
similar steps as described in [ 48, Section V-A], the following conclusions can be 
obtained: 

• The complexity for iterations is of the order 

. ln
(
ε−1

)√
U (Mt + 1). (46) 

• The complexity of each iteration is of the order 

.
[
(M2

t + 1)U +UM2
t (M

2
t + Mt ) + M4

t

]
M2

t . (47) 

Combining (46) and (47), the overall computational complexity to solve (34) can 
be written as 

.τ1 = ln
(
ε−1

)√
U (Mt + 1)

[
(M2

t + 1)U +UM2
t (M

2
t + Mt ) + M4

t

]
M2

t . (48) 

Now, consider sub-problem (35) with.N 2
t being the number of decision variables 

of (35). Given.ε > 0,.⊖ε is defined as an.ε-solution to the optimization problem (35) 
when 

. Tr (⊖ε) ≤ min
⊖

Tr (Θ) + ε.

Similar observation as in the previous sub-problem leads to the following facts. 
Optimization problem (35) contains .U constraints in the LMI form of size 1 and 2 
constraints in the LMI form of size .Nt . Hence, similar conclusions can be drawn 

• The complexity for iterations is of the order 

. ln
(
ε−1

)√
U + 2Nt . (49) 

• The computational complexity of each iteration is of the order 

.
[
(N 2

t + 1(U + 2N 2
t ) + N 4

t

]
N 2
t . (50) 

Combining (49) and (50), the computational complexity to solve (35) can be 
expressed as 

.τ2 = ln
(
ε−1

)√
U + 2Nt

[
(N 2

t + 1)(U + 2N 2
t ) + N 4

t

]
N 2
t . (51)
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As the AO method alternatively solves (34) and (35) in.no iterations, its complexity 
is of the order of .no (τ1 + τ2). □

Lemma 4 The FA presented in Algorithm 3 requires the complexity of the order of 
[52] 

. T N 2
[
M2

t + Nt + N
(
UMt +U (N 2

t + Mt Nt ) + Nt
)]

+ T N log N + NMtU + Nt N + N log N

+ N
(
UMt +U (N 2

t + Mt Nt ) + Nt
)
. (52) 

Proof The major computational complexity to perform Algorithm 3 are dominated 
by steps 2, 3, 4, 16, 19, and 22. 

In step 2, randomly generate an .Mt ×U matrix and .Nt scalars, respectively 
requires the complexity of .NMtU and .NNt . Hence, generating .N firefly requires 
the complexity on the order of .NMtU + Nt N . 

In steps 3 and 19, computing .φi (W, θθθ), .ϕk(θk), and .
∑U

i=1 w
H
i wi , respectively, 

require the complexities on the order of .U (N 2
t + Mt Nt ), .Nt , and .UMt . There-

fore, evaluating the brightness of .N fireflies requires the complexity of the order 
of .N

(
UMt +U (N 2

t + Mt Nt ) + Nt
)
. 

In step 16, the computational cost to move a firefly is on the order of .M2
t + Nt . 

In steps 4 and 22, the computational cost to order/rank .N firefly is .N log N . 
Finally, consider a worst case where step 16 is required in all inner loops of the 

FA algorithm, (52) can be attained after some mathematical manipulations. □

5 Performance Evaluations 

The performance of the proposed FA approaches for transmit beamforming and 
RIS-aided transmit beamforming has been evaluated and consequently compared 
with their SDR counterparts in this section. 

The CVX optimization package [ 78] has been used to attain the solutions for 
the SDR method for problem (16) and the AO method for the RIS-aided downlink 
beamforming. Two SDP sub-problems (34) and (35) in the AO method are itera-
tively solved for .n0 = 10 iterations. The following parameters are used for the FAs. 
The attractiveness variation, i.e., . γ , and the attractiveness at zero distance, i.e., . β0, 
are all set to be 1. The same penalty coefficient value is used for all penalty con-
stants, however, this value dynamically varies with the generation/iteration index . n
in Algorithm 1 as 

. λi = ρk = n2, ∀i, k.

The initial randomization factor is set at .α(0) = 0.9 but its value is changing at the 
.n-th generation or iteration as .α(n) = α(0)0.9n .
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5.1 Evaluation for Transmit Beamforming 

This experiment considers the following scenario. Three local mobile users located 
at .−40◦, .10◦, .30◦, and two neighbouring users located at .0◦ and .50◦, with respect 
to the BS’s antenna array broadside. These two neighbouring users, respectively, 
have their tolerable interference levels of .Ito,1 = 0.001 and .Ito,2 = 0.0001. The  
required SINR of the local users is set to 1 and the noise variance is 0.1 for all 
local users. 

The channel covariance matrices between the BS and its local mobile user . t , i.e., 
.Ht = R (ζt , δa), as well as between the BS and its neighbouring user . k, i.e., . Qk =
R (ζk, δa), are complex functions of the standard deviation of the angular spread . δa , 
the angles of departure .ζt and . ζk . The  .(m, n)th entry of .R (ζ, δa) can be expressed 
as, [ 8]: 

.e
j2πΔ

ψ
[(n−m)sinζ ]e

−2
[

πΔδa
ψ

{(n−m)cosζ }
]2

, (53) 

where .ψ captures the carrier wavelength. Here, .σa = 2◦ and the BS’s antenna ele-
ments are equally spaced at the distance of .Δ = ψ/2. 

Figure 1a displays the BS’s radiation patterns of the SDR method in (16) whereas 
Fig. 1b indicates the BS’s radiation patterns of the FA method presented in Algo-
rithm 2. The number of the BS’s antenna elements is 8. It is clear that the FA provides
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(a) SDR Approach 

Fig. 1 Radiation pattern of the BS with 8 antenna elements: a SDR method; b FA method with 
the population size of.N = 100. Three solid vertical lines indicate the locations of the local mobile 
users, whereas two dashed vertical lines show the locations of the neighbouring users. The number 
of maximum generation is.T = 150
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(a) SDR Approach 

Fig. 2 Radiation pattern of the BS with 16 antenna elements: a SDR method; b FA method with 
the population size of.N = 100. Three solid vertical lines indicate the locations of the local mobile 
users, whereas two dashed vertical lines show the locations of the neighbouring users. The number 
of maximum generation is . T = 150

the same radiation pattern as its SDR counterpart does. Both FA and SDR methods 
are able to steer peaks and nulls, respectively, towards the directions of the BS’s local 
mobile users and neighbouring users. 

Figure 2a and b illustrate the BS’s radiation patterns of the SDR and FA, respec-
tively, with 16 antennas. As the number of antenna elements increases, sharper pat-
terns can be formed by both approaches. Again, it can be observed that FA and SDR 
attain the same radiation patterns with the desired peaks and nulls. 

The radiation patterns of the SDR and FA approaches with 24 antenna elements are 
shown in Fig. 3a and b, respectively. It is confirmed here again that both approaches 
deliver the same optimal solutions hence having the same radiation patterns. 

In Fig. 4a, b, the radiation patterns of the SDR and FA are respectively, provided 
for 32 antennas. Due to higher number of antenna elements available at the BS, higher 
radiation pattern resolution can be realized by both approaches. This is because of 
the fact that, increasing the number of antenna elements at the BS provides higher 
degree of freedom for the two approaches, hence they can attain better solution. 
From the results shown in Figs. 1, 2, 3, and 4, it can be seen that FA obtains the same 
optimal solution as the interior-point method does for the SDR counterpart. This 
result essentially confirms that the proposed generalized FA can effectively handle 
highly nonlinear and multimodal optimization problems. 

Consider the setups in Fig. 1, i.e., .Mt = 8, 16, 24, 32, .U = 3, .K = 2, .N = 100, 
and.T = 150, it can be observed from Lemmas 1 and 2 that the FA method demands
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(a) SDR Approach 

Fig. 3 Radiation pattern of the BS with 24 antenna elements: a SDR method; b FA method with 
the population size of.N = 100. Three solid vertical lines indicate the locations of the local mobile 
users while two dashed vertical lines show the locations of the neighbouring users. The number of 
maximum generation. T = 150

higher computational complexity than its SDR counterpart does. Interestingly, FA 
seems performs better than the SDR at a large-antenna regime. It can be verified the 

fact that the dominant term in (23) is  .M
6 1
2

t . On the other hand, assuming the worst 
case when .T = N = Mt , the dominant term in (26) is  .M6

t . Comparing these two 

results, i.e., .O(M
6 1
2

t ) and.O(M6
t ), it is clear that the computational complexity of an 

IPM to solve (16) is slightly higher than that of the FA in Algorithm 2 [ 52]. 
Figure 5 depicts the total transmit power of the FA method versus the population 

size with various BS’s antennas. The FA converges after the maximum number of 
population of .N = 50 with all setups for the size of BS’s antenna arrays. It can also 
be observed that the size of the population at the converged transmit power increases 
as the size BS’s antenna arrays increases. For example, with .M = 8, 16, 24, and 
32, the FA approach converges with the population size of .N = 20, 30, 40, and 
50, respectively. Moreover, the total transmit power decreases as the size of BS’s 
antenna arrays increases. These results can be reasoned as follows. As evidenced 
in Figs. 1, 2, 3, and 4, the resolution of the BS’s radiation beam patterns increases 
with the number of BS’s antenna elements. Therefore, sharper beams can be formed 
and the wasted power in the sides-lobes is reduced leading to the reduction of the 
required transmit power. Furthermore, the size of the problem increases with a higher
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(a) SDR Approach 

Fig. 4 Radiation pattern of the BS with 32 antenna elements: a SDR method; b FA method with 
the population size .N = 100. Three solid vertical lines indicate the locations of the local mobile 
users, whereas two dashed vertical lines show the locations of the neighbouring users. The number 
of maximum generation is. T = 150
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Fig. 5 Total transmit power obtained by the FA method versus the population size with varying 
numbers of BS’s antennas. The maximum number of generations is.T = 150
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Fig. 6 Total transmit power obtained by the FA method versus the number of maximum generations 
with varying numbers of BS’s antenna elements. The population size of.N = 100 is used 

number of BS’s antenna elements, hence, demanding a larger firefly population to 
ensure sufficient diversification for the FA to explore. 

Figure 6 illustrates the total transmit power of the FA method versus the maximum 
number of generations with various numbers of BS’s antenna elements. The same 
trend as presented in Fig. 5 can be seen in Fig. 6. The total transmit power required by 
the FA method converges with all numbers of BS’s antenna elements. As the number 
of BS’s antenna element increases, the problem’s dimension enlarges. Hence, the 
number of generations has to increase to provide better exploitation. For example, 
the total transmit power, respectively, reaches a stable level at around 80 and 90 
generations for .M = 8 and 16. Interestingly, the difference in the required number 
of generations for .M = 24 and .M = 32 is negligible as the number of generations 
for those setups is around 100. 

5.2 Evaluations for RIS-Aided Transmit Beamforming 

In this experiment, an RIS-aided wireless communication system consisting of one 
RIS, one BS, and two users (i.e., .U = 2) is considered. The distance between the 
RIS and the BS is .500 m. Mobile users are located randomly with a distance of . 50
m from the RIS. Line-of-sight channels are assumed between BS and RIS as well as 
between RIS and mobile users where the signal attenuation following the free-space
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Fig. 7 Total transmit power of the BS versus the required SINR level with varying numbers of 
RIS’s reflective elements. Here,.Mt = 3 and.N = 120 are used, together with the maximum number 
of generations. T = 50

path loss model, i.e.,.
(
4πdψ

c

)−2
[ 81] where. d is the distance between the RIS and the 

BS or between the RIS and a mobile user, . c is the speed of light, and.ψ = 950 MHz 
is the carrier frequency. The variance of the noise measured at each mobile user is 
.−124 dBm. Monte Carlo simulations are performed over channel realizations where 
each channel realization is the combination of a random user location and a random 
fading coefficient with a zero mean and the variance of 1. 

Figure 7 shows the total transmit power versus the required SINR with various 
numbers of RIS’s reflective elements. The number of BS’ antenna elements is 3. It is 
clear from the figure that the FA can outperform the AO approach in consuming less 
power to deliver a required SINR. The same behaviour can also be seen in Fig. 8. The  
results can be reasoned as follows. The original non-convex problem (29) in the  AO  
method is approximated by two convex problems (34) and (35). As a result of the 
approximation, the solution provided by the AO method is not necessarily the global 
optimal solution to the original problem (29). Whereas, having both exploration and 
exploitation abilities, the FA effectively solves such non-convex problem and attain 
much better solution than the AO does. The results, shown in both Figs. 7 and 8, 
again confirm the capability of the FA of solving highly nonlinear and multimodal 
optimization problems. 

Next, the computational complexities of both AO and FA methods for the exper-
iments are compared, as shown in Figs. 7 and 8. Since .Nt > Mt , it can be derived 

from Lemma 3 and Lemma 4 that .n0N
6 1
2

t and .T N 3N 2
t are, respectively, the domi-
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Fig. 8 Total transmit power of the BS versus the required SINR level with varying numbers of RIS’s 
reflective elements. Both .Mt = 6 and.N = 120 are used for the maximum number of generations 
. T = 50

nant terms of the complexity of the AO and FA methods. Substituting for .Nt = 30, 

.n0 = 10, .N = 120 and .T = 50 into .n0N
6 1
2

t and .T N 3N 2
t leading to the conclusion 

that the FA and AO methods have the same complexity order of .O (
1010

)
. 

In a large-antenna regime, i.e., .Mt and .Nt are large, by letting .Nt = n0 = Mt in 
(43), it is straightforward to verify that the dominant term of the computational com-

plexity of the IPM method is .M
7 1
2

t . Furthermore, the dominant term of the computa-
tional complexity of the FA method in (52) is.M6

t when assuming.T = N = Nt = Mt . 

Comparing.M
7 1
2

t with.M6
t leads to a conclusion that the computational complexity of 

the IPM approach in solving (29) is higher than that of the FA method in Algorithm 3. 
Figure 9 shows the total transmit power of the BS versus the maximum number of 

generations. T of the FA method presented in Algorithm 3 with various BS’s antenna 
elements and the RIS’s elements. Clearly, the results show that the FA method needs 
around .40 to .50 generations to obtain the optimal solution for all antenna-element 
setups. 

Figure 10 plots out the total transmit power versus the number of population . N
with various RIS’s elements and BS’s antenna elements. Again, the results indicate 
that the FA can attain better solutions when the population size of the firefly increases. 
For example, when the firefly population grows from .20 to .120, the total transmit 
power reduces by around. 5 dB for the setups of .(Mt = 6, Nt = 30), . (Mt = 6, Nt =
20), .(Mt = 3, Nt30) and around .2.5 dB for .(Mt = 3, Nt = 20). On the other hand, 
the total transmit power drops by around .0.5 dB when the population size grows 
from 120 to 200 for all setups.
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Fig. 9 Total transmit power of the BS versus the number of maximum generations with varying 
numbers of BS’s antennas as well as RIS’s reflective elements. Here, the population size . N = 50
is used, together with the required SINR 10 dB 
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Fig. 10 Total transmit power of the BS versus the number of populations with varying numbers of 
BS’s antennas as well as RIS’s reflective elements. The maximum number of generations is set to 
.T = 50, whereas the required SINR is set to 20 dB



28 T. A. Le and X.-S. Yang

6 Conclusion 

This chapter summarizes the latest work using the nature-inspired firefly algorithm 
in solving transmit beamforming problems in wireless communications. A gener-
alized FA is presented for solving an optimization framework with an objective 
function and nonlinear constraints being in forms of multivariate functions of matrix 
inputs/variables. Two transmit beamforming problems have been used to show how 
both FA and semidefinite relaxation technique perform. Simulations reveal that FA 
obtains the same optimal solution as the interior point method does for a hidden 
convex problem, whereas FA can outperform its gradient-based counterpart in solv-
ing a non-convex optimization problem with multivariate matrix inputs/variables. 
Interestingly, for problems in the large-antenna regimes, the proposed FA methods 
require less computational complexity than their interior-point counterparts do. 
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Chapter 2 
Structural Optimization of Reinforced 
Concrete Frames with a Modified Flower 
Pollination Algorithm 

Panagiotis E. Mergos and Xin-She Yang 

1 Introduction 

Reinforced concrete (RC) is the most common structural material in built environ-
ment. However, its construction is associated with high economic costs and envi-
ronmental footprint [1–5]. Hence, designing efficiently RC structures is expected to 
play a key role in sustainable construction [1–5]. Concrete structures employ a wide 
range of structural systems. Amongst them, RC frames represent the most frequent 
one as they combine economy, aesthetics, versatility in configuration and reliability in 
structural response. Simultaneously, the efficient design of concrete frames remains 
a challenging task due to the numerous design variables and the complex interactions 
when calculating both the design objectives and constraints [6]. 

Therefore, the use of numerical algorithms is promising in material efficient design 
of concrete frames. Gradient-based optimization algorithms are known to converge 
faster to optimum solutions. Nevertheless, their application necessitates calculation 
of gradients that are not readily available in RC frames design [7]. As a result, the 
use of evolutionary algorithms is gaining more ground in the automation of RC 
frames design, such as the Genetic Algorithm (GA) [8], Simulated Annealing [9], 
Particle Swarm Optimization (PSO) [10], Flower Pollination Algorithm [11] and 
many others. Despite the advantages of evolutionary algorithms when optimizing 
RC frames, they still lack certainty in tracking global optimum solutions and often 
demonstrate slow rates of convergence. The latter drawback combined with the high
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computational costs for the design of complex RC frames turns the structural opti-
mization of real-world RC frames not applicable in standard engineering practice. 
It is therefore essential that efficient evolutionary algorithms are developed to tackle 
structural optimization of RC frames. 

Numerous research efforts examine the application of evolutionary algorithms to 
the optimum design of 2D concrete frames (e.g. [12–17]). However, the number of 
studies optimizing realistic 3D RC frames is still rather limited [18–28]. The latter 
observation could be attributed to the additional computational cost and complexity 
of numerical procedures associated to the 3D concrete frames structural design. The 
first author of this study examined structural optimization of 3D RC frames by using 
the FPA [27]. It was observed that FPA provides similar quality results to other well-
known algorithms when applied to small-scale RC frames, but with slightly slower 
convergence rates. Furthermore, it outperforms other optimization algorithms when 
applied to large and complex RC frames due to its high capacity of exploring the 
search space. 

The FPA was originally developed by the second author of this chapter [11] as a  
metaheuristic algorithm that imitates evolution of flowers. The main advantages of 
FPA are its high computational efficiency, mostly in terms of exploration potential, 
and the formulation simplicity. Consequently, FPA has been extensively used in liter-
ature to optimize numerous and diverse optimization problems in different scientific 
fields (e.g. [29–38]). Furthermore, a significant number of hybridized and modified 
FPA versions have been developed to enhance its performance for various optimiza-
tion tasks. For example, Yang et al. [39] developed a multi-objective version of FPA. 
Abdel-Raouf et al. [40] enhanced computational performance of FPA by employing 
chaotic maps. In their study, Rodrigues et al. [41] formulated a binary variant of 
FPA to tackle combinatorial optimization tasks. Wang et al. [42] combined FPA 
with a bee-pollinator to conduct cluster analysis. Tamilselvan and Jayabarathi [43] 
formulated a multi-objective FPA variant to solve the capacitor placement problem. 
Abdel-Basset and Hezam [44] developed a hybrid FPA variant using a local search 
algorithm. Hezam et al. [45] formulated another hybrid FPA with tabu search. Nigdeli 
et al. [46] used a hybrid FPA with harmony search for optimizing the tuning of mass 
dampers in structural systems. Zhou et al. [47] formulated a discrete greedy FPA that 
was applied to the spherical travelling salesman problem. Abdel-Basset et al. [48] 
used crossover to modify FPA and apply it to the knapsack challenge. In [49], the 
strategy of island population is employed for mitigating early FPA convergence. In 
[50], a new FPA version is constructed by generating global orientations of all flowers 
in the population. Ozsoydan and Baykasoglu [51] enhanced FPA by chaos and inten-
sification. Moreover, Ozsoydan and Baykasoglu [52] developed a species-based FPA 
with enhanced intensification. 

In [53], Mergos and Yang developed an FPA variant, named FPAPA, consid-
ering an extra feature of flower pollination in nature called pollinator attraction [54, 
55]. The latter feature addresses the observation that flowers are evolving to attract 
pollinators and spread their pollen in the population. Consistently, FPAPA offers 
fitter flowers an enhanced probability to manage transfer of pollen through biotic
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pollination. FPAPA was tested against the benchmark suite of single-objective, real-
parameter optimization problems specified in IEEE-CEC’13 [56], and it was found 
to offer a statistically important improvement in relation to the original version [53]. 

In the current study, FPAPA is used to the structural optimization of small-
scale benchmark RC frames, and its computational performance is evaluated against 
competitor algorithms. All RC frames are duly designed according to the specifica-
tions of the Eurocodes [57–59]. Furthermore, the global optimal solutions of the RC 
frames are pre-known from exhaustive search. Hence, the efficiency of the algorithms 
is measured in actual errors against the global optima. 

In the following sections, the optimal structural design problem of concrete frames 
is first explained. Then, the algorithmic formulation of FPAPA is described. Next, a 
set of benchmark RC frames is introduced with their known global optimal solutions. 
Finally, FPAPA is applied to optimize the benchmark RC frames and its performance 
is ranked against other algorithms. Useful conclusions and future recommendations 
are made. 

2 Optimization Problem 

The main objective of the present optimization problem is to reduce the materials 
cost of real-world RC frames in a way that satisfies the structural design require-
ments set by current guidelines like the Eurocodes [57–59]. More specifically, the 
optimization problem herein searches for the optimal combination of RC members’ 
cross sections that leads to minimum material economic cost. In this effort, external 
loads, frame geometry, boundary conditions and material properties are taken as pre-
determined. Hence, the design variables vector x consists of cross sections attributed 
to different structural members groups in the concrete frames. Moreover, following 
real-world applications, cross sections are taken from discrete, pre-known lists. The 
afore-described optimization task is expressed as 

Minimize : F(x) 
Subject to : gj(x) ≤ 0, j = 1 to m, 
where x = (x1, x2, . . . ,  xd ) 
xi ∈ Di = (1, 2, . . . ,  ki), i = 1 to d . 

(1) 

In this equation, F(x) represents the objective function aiming to minimize, and x 
stands for the design variables vector that includes d number of variables xi (i = 1 to  
d), indicating member cross sections. Hence, d coincides with the number of groups 
with possibly different cross sections in the RC frames. The variables xi assume 
values from sets of integer values Di = (1, 2, …, ki) indicating the locations of cross 
sections in their allocated lists, where ki stands for the length of the corresponding 
list attributed to group i. Moreover, the solution should satisfy m design constraints 
gj(x) ≤ 0 (  j = 1 to  m).
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The objective function F(x) is calculated from Eq. (2), where Vc (m3) denotes 
concrete volume and ms (kg) denotes the mass of rebars including both the longi-
tudinal and transverse reinforcement. In Eq. (2), fco and fso are material costs of 
concrete per m3 and rebars per kg, respectively. The material unit prices adopted in 
this study are f co = 100e/m3 and f so = 1e/kg. 

F(x) = Vc(x) · fco + ms(x) · fso. (2) 

In Eq. (2), the calculation of Vc(x) is straight-forward from the design vector x 
(i.e. member cross sections) and frame geometry. However, for the same x vector, 
the steel reinforcement mass ms(x) is calculated by structural analysis and design 
procedures. The latter procedures are nonlinear and complex working essentially like 
black-box functions in the optimization problem. 

More particularly, herein, the design rules and specifications of Eurocodes [57–59] 
are employed to determine ms(x). To facilitate this task, structural analysis and design 
is performed with the computer software SAP2000 [60]. A detailed description of the 
structural analysis and design procedures followed in SAP2000 for concrete frames 
can be found in [27, 61]. It is also noted that an in-house application in MATLAB 
[62], called STROLAB (i.e. STRuctural Optimization LABoratory) [27] has been 
developed to interact with SAP2000 for the purposes of this optimization framework. 

Following the afore-described procedures, concrete columns and beams are first 
designed for axial loads, bending, torsion and shear at different locations along their 
lengths. The outcomes of structural design are the areas of required longitudinal and 
transverse reinforcement at the respective member cross sections. These areas are 
multiplied by their application lengths and then are summed to calculate Vc(x) and 
finally ms(x). In this procedure, it is taken for simplicity that the provided rebar areas 
at the design cross sections match exactly the required ones and that these areas are 
applied up to the neighbouring member sections with smaller steel reinforcement 
requirements. 

The constraints gj(x) ≤ 0 (  j = 1 to  m) stand for the design checks prescribed by 
the Eurocodes [57–59] at the Ultimate and Serviceability and Limit States (ULS and 
SLS). For the ULS design checks for local flexural and shear resistance, a constraint 
is considered violated when the respective checks are not satisfied by any permitted 
area of rebars inside the cross sections. The afore-described approach is followed 
since only the member cross sections act as design variables. Hence, if ρw and ρ l are 
the required transverse and longitudinal reinforcing steel volumetric ratios and ρw, max 

and ρ l, max their respective maximum limits according to Eurocodes and construction 
practice, then the following inequalities should apply: 

ρl − ρl.max ≤ 0. (3) 

ρw − ρw.max ≤ 0, (4)
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Moreover, the design constraints at the ULS against diagonal compression failure 
are considered not to be met when the combination of torsion and shear demands 
exceeds the maximum strength of diagonal compressive struts in concrete members. 
The latter constraints are expressed as below, where VEd and TEd represent acting 
shear forces and torsional moments, respectively, and VRd,max and TRd,max denote the 
respective resistances of the diagonal compression struts for an angle θ = 45o. 

VEd 

VRd ,max 
+ TEd 

TRd,max 
− 1 ≤ 0. (5) 

For the Serviceability Limit State (SLS), design checks ensure that displacements and 
deformations do not exceed permissible values. The corresponding design constraints 
are written as follows, where Δ represents the displacement/deformation demand for 
the SLS load combination and Δmax the respective permissible value.

Δ − Δmax ≤ 0. (6) 

From the previous, it is inferred that design constraints work also as black-box 
functions since they are calculated from complex structural design and analysis proce-
dures in the RC frames. This enhances further the complexity of the optimization task. 
To deal with these constraints, in the current study, the penalty function approach is 
adopted. 

3 FPAPA Algorithm 

FPA is imitating how flowers are reproduced in nature. This process is so successful 
that flowers have dominated the landscape of planet earth [63]. Similar to all biolog-
ical organizations, flowers aim at reproduction. The latter is achieved through polli-
nation. Pollination is either biotic or abiotic [11]. In the former case, the transfer of 
pollen is achieved via pollinators (i.e. insects and animals). Pollinators can make long 
flights. Therefore, biotic pollination works like global search [11]. Moreover, polli-
nator flights resemble Lévy flights [64]. Abiotic pollination entails pollen transfer via 
the wind or water. The reproduction of grass is a typical example of abiotic pollination 
[11, 63]. Abiotic pollination, typically, happens locally. Hence, it can be modelled 
as local search [11]. Another flower pollination feature is the so-called constancy. 
With constancy, pollinators prefer specific species bypassing others reducing the 
risks coming from exploring unknown flower species [11]. 

The previous observations have been idealized in the following basic rules of the 
original FPA: 

1. Biotic pollination is assumed as a global search mechanism where pollinators 
perform Lévy flights. 

2. Abiotic pollination is treated as a local search procedure.
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3. The reproduction probability is proportional to the similarity of flowers involved 
due to flower constancy. 

4. The pollination procedure (global vs local) is selected by a probability switch 
value p that belongs in [0, 1]. 

According to the 1st and 3rd FPA rules, the biotic pollination mechanism can 
idealized as follows: 

xt+1 
i = xt i + γ · L(λ) · (

g∗ − xt i
)
, (7) 

where xt i reflects flower i in the population at iteration t and g
* stands for the fittest 

flower in the population, λ is a positive constant that is suggested to be taken as 3/2 
[11], γ represents a step size scaling factor, and L(λ) > 0 stands for the size of the 
flight step. More specifically, L(λ) follows a Lévy distribution shown below: 

L ∼ 
λ┌(λ)sin

(
πλ  
2

)

π
· 1 

s1+λ , (s > 0), (8) 

where ┌(λ) represents gamma function with s > 0. On the other hand, the 2nd and 
3rd rules are idealized by Eq. (9), where xt j and x

t 
k represent other flowers in the 

same population and ε is a random number withdrawn in [0, 1] assuming uniform 
distribution. Finally, following the 4th rule of the original FPA, the type of flower 
pollination is determined by comparing a random number in [0, 1] against p. If the  
random number is smaller than p, the global pollination mechanism is invoked. 

xt+1 
i = xt i + ε ·

(
xt j − xt k

)
. (9) 

Clearly, parameters p and γ should be selected so that they maximize the compu-
tational performance of FPA. The authors have conducted a parameters tuning study 
revealing the optimal FPA parameters values for different optimization problems 
[65]. In that study, it is suggested that γ ranges between 0.1 and 1 and p ranges 
between 0.2 and 0.6. 

Another mechanism of flower pollination, observed in nature and not considered 
in the original FPA, is that flower species try to evolve so that they attract pollinators 
and transfer pollen through biotic pollination [54, 55]. This evolution mechanism 
is observed in many ways. For example, flowers evolve to offer nutritious rewards 
such as nectar and pollen to entice pollinators (e.g. honeybees). Other flower species 
develop shapes facilitating access to pollinators (e.g. bowl-shaped flowers) or bright 
colours attracting pollinators with colour vision (e.g. birds and bees) or even special 
scents, such as the case of some flowers species relying on night pollinators (e.g. bats) 
[54, 55]. Perhaps the most characteristic example of pollinator attraction is the case 
of orchids mimicking female bees in appearance and scent to trick and attract male 
bees [54, 55]. In all cases, pollinator attraction aims at succeeding pollen transfer 
and reproduction via biotic pollination.
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FPAPA is an FPA variant developed by the authors to account explicitly for the 
pollinator attraction evolution mechanism [53]. The novel feature of FPAPA is that 
it increases the chances of fitter flowers to manage pollen transfer through biotic 
pollination. Consistently, FPAPA assumes that pi (i.e. switch probability of flower 
i in the population) varies in accordance with the flower rank within the population. 
For simplicity, a linear variation of pi between two limit values pL and pU in [0, 
1] is assumed, where pL corresponds to the least fit flower and pU to the fittest 
flower. Therefore, if f sh denotes the sorted (i.e. assuming descending order), vector 
of objective functions in the previous population and ξi represents the position of 
flower i in f sh, then pi in the new population is given by Eq. (10), where n denotes 
the size of the flowers population. 

pi = 1 

n − 1
[
(pU − pL) · ξi + npL − pU

]
. (10) 

It is clarified that in Eq. (10), it should hold pU > pL (i.e. maximum probability to 
conduct biotic pollination for the fittest flower) for consistency with the pollinator 
attraction rule. Nevertheless, FPAPA works with any pL and pU values. As a matter 
of fact, in the special case where pU = pL, the proposed variant coincides with the 
original version of FPA. 

Figure 1 illustrates the flowchart of FPAPA. It is observed that the variant follows 
closely the original FPA apart from the calculation of different switch probabilities 
for the flowers of the population based on the feature of pollinator attraction. Finally, 
it is noted that the FPAPA version applied herein rounds the design solutions to 
their closest integer values to address the discrete nature of the optimization problem 
under investigation.

4 Benchmark RC Frames 

Six benchmark RC frames are considered herein originally developed by the first 
author in [66]. The benchmarks are named by the letter B followed by a number. The 
geometric configurations of the frames are illustrated in Fig. 2 and the configurations 
of the concrete sections are shown in Fig. 3. The benchmark frames have up to three 
spans and between two and six storeys. Span lengths are equal and either 5 or 6 m. 
The heights of storeys are all 3 m. Concrete grades are from C20/25 to C30/37 as 
specified in Eurocode 2 (EC2) [57]. Steel reinforcement grade is B500. Cover of 
concrete to the centroid longitudinal rebars is 50 mm. The frames belong to RC 
buildings that are designed against dead, live and either earthquake or wind loads 
of different magnitudes. The RC frames are designed to EC2 [57] and EC8 [58] for  
the Low Ductility Class (DCL) [58]. More details about the structural configuration, 
material properties, design loads and modelling assumptions of the benchmark RC 
frames can be found in [66].
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Start 

Set objective min f (x), x = (x1, x2, …, xd) 
Initialize a population of n flowers with random procedures 

Specify maxinum number of iterations MaxIteration 
Evaluate objective function values of the initial population 

Form sorted objective values vector fsh of the initial population 
Determine the best solution g* of the initial population 

Determine the values of switch probabilities pL and pU  [0, 1] 
Set t =1 

t ≤ MaxIteration ? 

i ≤ n ? 

rand < ? 

Draw a d-dimensional Lévy distribution step vector L 
Do global pollination by 

Draw ε from a uniform distribution in [0, 1] 
Select randomly j and k among all flowers 

Do local pollination by 

Evaluate objective function value of new solution. 
When better than previous, update new solution in the population 

Set i = i +1 

Determine the best solution g* of the new population 
Determine shorted objective values vector 

Set t = t +1 

Set i = 1 

End 

FALSE 

TRUE 

FALSE 

FALSE 

TRUE 

TRUE 

Get flower index in 

Determine flower switch probability by 

Fig. 1 FPAPA flow chart

The concrete frames are divided into groups of column and beam members of 
the same cross sections. For each group, cross sections come from pre-determined 
lists. Therefore, the total number Ω of potential design solutions (i.e. search space) 
is calculated from the number of member groups and the size of the allocated lists of 
cross sections. Finally, the minimum material costs Fbest are derived from previous 
exhaustive search analyses. Therefore, it is guaranteed that they represent the global 
optima of the concrete frames. Table 1 presents the number of design variables, size 
of search space and minimum material costs of the six RC frames. More information 
regarding the arrangement of design variables, member groups and available lists of 
cross sections can be found in [66].
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B1) B2) 

B3) B4) 

B5) B6) 

Fig. 2 Benchmark RC frames [66]

As discussed in the previous sections, the objective function F(x) values (i.e. 
material costs of the RC frames) for each candidate design vector x should be deter-
mined by following a sequence of structural analysis and design procedures for the 
RC frames that collectively resemble black-box functions. To facilitate future opti-
mization studies on the same benchmark problems, the objective function values of 
all designs are given in a supplementary file of [66] following an exhaustive search 
analysis by the first author of this chapter.
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Fig. 3 Member cross sections and configuration of steel reinforcement a columns, b beams

Table 1 Benchmark RC frames optimization problem properties [66] 

Benchmark frame d Ω Fbest (Euros) 

B1 2 102 1350.8 

B2 3 103 1476.5 

B3 4 104 10,918 

B4 6 76 13,553 

B5 5 95 4964.3 

B6 7 67 30,060

5 Performance of FPAPA Algorithm 

Herein, the performance of FPAPA in optimizing the concrete frames discussed above 
is evaluated. The performance is measured in errors (%) from Fbest, given in Table 1. 
In the following analyses with FPAPA, switch probability values of pL = 0.2 and pU 
= 0.8 are assumed. Furthermore, a population size of n = 10 individuals is used for 
B1, B2 and of n = 20 for the other frames. Twenty independent trial runs are used 
for each frame to account for the stochastic nature of FPAPA. 

Figure 4 presents the mean optimization histories of FPAPA for all benchmark RC 
frames and for three different step sizes (i.e. γ = 0.1, 1.0 and 10.0). It is first observed 
that all average histories converge practically to zero within a small number of eval-
uations. This is important since function evaluations are computationally expensive 
in RC frames design. As expected, optimization histories converge more rapidly for 
B1, B2 and less quickly for benchmarks B4-B6 due to the larger size of the latter 
search spaces. Nevertheless, in all cases, the optimization histories reach 2% errors 
in less than 70·d function evaluations, where d stands for the total number of design 
variables. Figure 4 shows also that the step size γ does not greatly affect the conver-
gence response. A step size of γ = 1.0 seems to offer the best response for the most 
challenging benchmark problem B6 and therefore is used in the rest of this study.
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By using γ = 1.0, FPAPA reaches on average 2% errors within only 40·d function 
evaluations for all benchmark problems. 

Furthermore, Figs. 5, 6 and 7 compare the response of the FPAPA algorithm 
against the original FPA assuming two different p values (i.e. p = 0.8 and p = 0.2) 
that match the values of pL and pU assumed for FPAPA in this study. It is recalled that 
the FPAPA has been found to offer statistically significant improvements with respect 
to the original FPA when tested against the set of IEEE-CEC’13 [56] challenging 
and complex optimization problems [53]. 

Figure 5 compares the average convergence histories coming from 20 independent 
runs for each algorithm and for all benchmarks. It is noted that all algorithmic options 
offer similar convergence efficiency. This could be attributed to the rather simple

B1) B2) B3) 

B4) B5) B6) 

Fig. 4 FPAPA average optimization histories with different step sizes 

B1) B2) B3) 

B4) B5) B6) 

Fig. 5 Average optimization histories of FPAPA and the original FPA with p = 0.2 and p = 0.8



44 P. E. Mergos and X.-S. Yang

B1) B2) B3) 

B4) B5) B6) 

Fig. 6 Number of function evaluations till reaching global optimum of FPAPA and the original 
FPA with p = 0.2 and p = 0.8 

B1) B2) B3) 

B4) B5) B6) 

Fig. 7 Number of runs reaching global optimum (i.e. successes) out of 20 of FPAPA and the original 
FPA with p = 0.2 and p = 0.8

landscape of the examined optimization problems for which the switch probability 
values of FPA seem to not influence significantly computational performance. 

Furthermore, Fig. 6 shows the box plots of function evaluations required to 
converge (i.e. success) to the global optima obtained by the different runs of the FPA 
variants. Successful runs are only shown in this figure. A run is treated as successful 
when the algorithm tracks the global best solution in less than 1000 function evalu-
ations for all benchmarks problems apart from B1, where only 100 function evalua-
tions are used. The limit of 1000 evaluations is generally considered as a reasonable
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computational budget to afford for optimizing an RC frame in everyday practice. For 
B1, the limit of 100 function evaluations matches the size of the search space. Like in 
Fig. 5, very small differences amongst the different algorithms are noticed in Fig. 6. 
The total number of successes, out of 20, of all FPA variants and for all benchmark 
problems are presented in Fig. 7. It is observed that marginally the FPA with p = 0.2 
has a higher number of successes within the affordable computational budget. This 
could be partly explained by the increase in exploitation capacity of the FPA when 
the switch probability value decreases, but the differences are rather small to make 
solid conclusions. 

Moreover, Figs. 8, 9 and 10 compare the performance of FPAPA against some 
of the most established evolutionary algorithms in literature like the GA [8], SA [9] 
and PSO [10]. GA simulates Darwin’s evolution theory. SA resembles the annealing 
process in metallurgy to evolve a candidate design solution. Finally, PSO is a famous 
evolutionary algorithm that takes inspiration from fish schools and bird flocks. It is 
noted that the SA, PSO and GA are formulated and implemented as described in 
[67]. Furthermore, the GA and PSO assume the same population sizes as FPAPA 
for the different benchmark problems herein. The rest of the algorithm parameters 
for GA, SA and PSO assume the default values recommended in [67] that seem to 
maximize their computational performance. 

Figure 8 demonstrates the average optimization histories of the various algo-
rithms out of 20 independent runs. It is seen that the PSO and SA tend to converge 
quicker than other algorithms for the small-scale optimization problems B1-B3, but 
they become slower for the larger-scale problems B4-B6. The FPAPA algorithm 
exhibits similar convergence rates to GA for all benchmarks apart from B6, where 
the latter algorithm converges more rapidly. Furthermore, Figs. 9 and 10 show the 
numbers of function evaluations required for tracking global optimum solutions (i.e.

B1) B2) B3) 

B4) B5) B6) 

Fig. 8 Average optimization histories of FPAPA and other algorithms
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B1) B2) B3) 

B4) B5) B6) 

Fig. 9 Number of function evaluations till reaching global optimum of FPAPA and other algorithms 

B1) B2) B3) 

B4) B5) B6) 

Fig. 10 Number of runs reaching global optimum (i.e. successes) out of 20 of FPAPA and other 
algorithms

success) by all algorithms as well as the number of successes out of the 20 indepen-
dent runs within the afore-described computational budget. It is observed that the 
PSO requires the smallest or second smallest numbers of function evaluations for 
tracking the global optima in Fig. 9. This observation hints at the high exploitation 
ability of this algorithm. Nevertheless, in Fig. 10, it is observed that the FPAPA and 
GA algorithms are more successful at tracking Fbest than the SA and PSO algorithms 
for all benchmark problems apart from B1. This indicates that the former algorithms 
are more capable of exploring the search space than the latter. The high capability of
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the FPA algorithm and its variants to explore complex search landscapes is a common 
observation in many similar studies [e.g. 11, 27, 65]. 

6 Conclusions 

Optimum structural design of RC frames represents an important challenge in the 
road of de-carbonising the built environment. Due to the complex nature of this design 
problem, computationally efficient optimization algorithms are required. FPA is one 
of the most competitive metaheuristic algorithms imitating the successful repro-
duction process of flowers on earth. In this study, a novel FPA variant is examined, 
named FPAPA, that accounts for a new evolutionary feature in the natural pollination 
process called Pollinator Attraction. This evolutionary characteristic describes the 
fact that flowers evolve to become more attractive to pollinators and thereby achieve 
reproduction by biotic pollination. Consistently, FPAPA provides fitter flowers with 
a higher probability of conducting biotic pollination that is a global search mecha-
nism. FPAPA has been found to offer statistically significant improvements to the 
original FPA when applied to complex and multimodal objective functions. 

In the present study, FPAPA is applied to the structural optimization of concrete 
frames. More specifically, the performance of FPAPA is tested against a set of six 
benchmark structural optimization problems of concrete frames with known global 
optimum solutions. It is found that FPAPA manages to track near global optima 
within a computational budget that could be easily afforded in standard engineering 
practice. In this category of optimization tasks, FPAPA seems to offer similar compu-
tational efficiency to the original FPA algorithm. Furthermore, comparisons with 
other well-established optimization algorithms, show that FPAPA offers competi-
tive convergence rates and more robust performance at tracking global optimum 
solutions. 

Closing this chapter, it is recommended that further studies investigate the effi-
ciency of FPAPA and other alternative algorithms in the structural optimization of 
large-scale and complex real-world RC frames with numerous design variables. 
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Chapter 3 
Swarm Intelligence Algorithms 
and Their Engineering Applications 

Adam Slowik , Krzysztof Cpalka , Absalom Ezugwu , 
and Ali Wagdy Mohamed 

1 Introduction 

Faced with increasing technological, economic and social challenges, modern engi-
neering is placing particular attention on the optimization process as a key element in 
improving a variety of systems, products and processes. Engineering optimization is 
a comprehensive set of methods, tools and strategies that aim to maximize efficiency 
and minimize costs. The optimization process in engineering involves analyzing, 
modeling, simulating and improving systems, keeping in mind a variety of crite-
ria such as performance, durability, safety or cost. The basis of optimization is the 
search for the best solutions in the context of specific constraints and requirements. 
The origins of engineering optimization can be traced back to the development of 
applied mathematics and numerical methods, but modern approaches to the sub-
ject also include advanced technologies such as artificial intelligence, nature-based 
optimization algorithms including evolutionary algorithms (EAs) and SIAs. These 
modern tools allow engineers to analyze large amounts of data, create advanced sim-
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ulation models and rapidly explore the solution space. Engineering optimization is 
used in a wide range of fields, for example in the design of building structures, man-
ufacturing, logistics and the development of modern technologies. For example, in 
manufacturing, the consumption of materials is minimized, while in logistics, trans-
port routes and supply chain management are improved. Furthermore, engineering 
optimization is important in the field of energy, where it enables the efficient design 
of energy networks, the optimized use of renewable sources and the minimization of 
energy losses. In the field of computer science, algorithms are optimized to reduce the 
running time of systems, and in electronics, the performance of electronic circuits is 
improved. As mentioned earlier, one of the tools used in engineering optimization are 
optimization algorithms based on nature. Among these, we can mention techniques 
such as evolutionary algorithms [ 1– 7] and swarm intelligence algorithms [ 8, 9]. 

EAs are an exciting area in the field of artificial intelligence, taking inspiration 
from evolutionary processes observed in the natural world. Their development and 
application in a variety of fields has made them an integral tool in solving complex 
optimization problems, and searching solution spaces for the best possible results. 
Taking inspiration from the process of natural selection, evolutionary algorithms 
introduce an innovative approach to designing, improving systems and finding opti-
mal solutions. In their basic conception, EAs are based on the process of biological 
evolution, where a population of individuals undergoes successive iterations, as a 
result of which it evolves and adapts to its environment. Similarly, in the context 
of EAs, solutions are represented by individuals in a population that are evolved 
through genetic operations such as a crossover and a mutation. The operating prin-
ciple is based on creating a diversity of a population of solutions (individuals) and 
evaluation of their fitness for the given problem, and then selection, crossover and 
mutation of the best adapted individuals to produce a new generation. In this way, 
successively better solutions are obtained. 

In the case of swarm intelligence algorithms, their main inspiration comes from the 
social behavior of organisms in the natural environment. These algorithms are also an 
exciting branch of artificial intelligence that has attracted the attention of researchers 
and engineers because of their effectiveness in solving complex optimization prob-
lems. Based on the principle of collective behavior of individuals, these algorithms 
simulate the interactions between agents in a group, leading to an efficient search 
through the solution space. The idea of a swarm intelligence in a computer science has 
gained popularity, inspired by observations of social organizations in nature, such as 
swarms of bees or schools of fish. These observations were the source of the concept 
of a collective optimization, where individuals in a group operate locally, but their 
cooperation leads to global, positive results. The basic idea of swarm intelligence 
algorithms is to model interaction processes between agents that move through the 
solution space. Typical elements of these algorithms are the agents’ movement rules, 
communication mechanisms, and ways of responding to changes in the environment. 
One of the key application areas for swarm intelligence algorithms is the optimization 
of complex problems, where traditional methods often encounter difficulties. Thanks 
to their ability to simultaneously search through multiple solutions and dynamically
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adapt to changing conditions, these algorithms find applications in a logistics, a route 
planning, a resource optimization or a structure design, etc. 

This chapter focuses precisely on swarm intelligence algorithms and their engi-
neering applications. The chapter is structured as follows: Sect. 2 presents a general 
scheme of nature-based optimization methods including a detailed description of one 
of the basic swarm intelligence algorithms which is the particle swarm optimization 
(PSO) algorithm; Sect. 3 analyses the popularity of selected methods and their appli-
cations in selected engineering fields; Sect. 4 presents selected practical applications 
of the previously indicated algorithms in selected engineering fields; Sect. 5 presents 
a summary of this chapter. 

2 Nature-Based Optimization Methods 

2.1 General Idea 

The general idea of nature-based optimization methods is presented in Fig. 1. 
Figure 1 consists of nine steps as follows. In step one, all the parameters of the 

algorithm are determined. In step two, the objective function is defined. In step 

Fig. 1 General idea of nature-based optimization methods
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three, the population of initial solutions, often known as individuals, is initialized. 
Step four consists of the evaluation of the individuals (solutions) in the population. 
Their fitness value for the objective function is calculated here. In step five, the 
main loop of the algorithm begins. It is executed until the stopping conditions of 
the algorithm are met. In step six, population modification operations are performed 
using predefined operators (e.g., crossover and mutation in genetic algorithms). In 
step seven, all necessary information is saved (e.g., saving the best individual found 
so far). In step eight, an evaluation of the modified individuals is performed using the 
objective function. In step nine, the best solution found so far during the execution 
of the algorithm is output as the result of the algorithm. 

2.2 PSO Algorithm 

The PSO algorithm consists of the following steps. In step one, a .D-dimensional 
objective function.OF(.) is defined. In step two, the variability ranges.Pmin

i, j and. Pmax
i, j

for the . j-th variable are assigned. In step three, all the parameters of the PSO algo-
rithm such as the learning rates .c1 and .c2 and the number of particles (solutions) . N
in the swarm are set. In step four, a. P population of.N particles (each particle is a.D-
dimensional vector) is randomly created. In step five, a.D-dimensional vector. Gbest
representing the best solution found so far by the algorithm is created. In steps six and 
seven, for each.i-th particle.Pi of the population. P , vectors are created: the best parti-
cle found so far.Pbesti (step 6) and the velocity vector.Vi (step 7). In step eight, each 
particle.Pi from the population.P is evaluated using the objective function.OF(.). In  
step nine, the best particle.Pi from the population. P is assigned to the variable.Gbest. 
In step ten, the main loop of the algorithm starts, which is executed until its stop con-
dition is met (when stop condition is met then the algorithm is jump to step 19). Then, 
for each particle.Pi from the population. P and for each of its dimensions. j , operations 
such as: updating its velocity vector.Vi, j (step 11) using the relation presented in Eq. 1; 
updating the values stored in particle .Pi for dimension. j (step 12) using the relation 
shown in Eq. 2; checking for each. j th dimension of particle .Pi (step 13) whether its 
value is within the range of variability (assumed in step two)—see Eqs. 3, and 4. 

.Vi, j = Vi, j + c1 · r1 ·
(
Pbesti, j − Pi, j

) + c2 · r2 ·
(
Gbest j − Pi, j

)
(1) 

.Pi, j = Pi, j + Vi, j (2) 

.Pi, j = Pmin
j whenPi, j < Pmin

j (3) 

.Pi, j = Pmax
j whenPi, j > Pmax

j (4) 

In step 14, each particle.Pi is evaluated using the objective function.OF(.). In step  
15, if the value of .OF(Pi ) is better than the value of .OF(Pbesti ) then the particle
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.Pi is assigned to the particle .Pbesti . In step 16, the best particle is selected from 
the population .P and then it is assigned to the particle . T . In step 17, if the value of 
.OF(T ) is better than the value of .OF(Gbest) then the particle .T is assigned to the 
particle .Gbest. In step 18 the algorithm jump to the step 10. In step 19 the particle 
.Gbest is returned as the result of the algorithm. 

2.3 Other Swarm Intelligence Algorithms 

Of course, besides the PSO algorithm, which is one of the fundamental swarm intel-
ligence algorithms, there are many other algorithms. One of the also fundamental 
swarm algorithms is the Ant Colony Optimization (ACO) algorithm [ 12]. This algo-
rithm takes its inspiration from the natural behavior of an ant colony in finding 
the shortest path to a food source. It was introduced by Marco Dorigo. In nature, 
ants move between the food source and the nest, leaving pheromones along their 
route. Pheromones are chemicals that, when left by one ant, influence the behavior 
of others. The more intense the pheromones along a particular route, the greater 
the chance that other ants will choose that route. In this way, the ant colony can 
coordinate its activities and find the most efficient route to the food source. The 
ACO uses this mechanism in the context of combinatorial optimization. The algo-
rithm starts with a random distribution of artificial ants in the search space. Each ant 
moves from point to point, based on the pheromone rate on the route. As time passes, 
the pheromones evaporate, simulating the natural degradation of pheromones in the 
environment. However, if the ant has found a better solution, it increases the amount 
of pheromones on the route it has taken. Initially, the ACO algorithm may explore 
a larger space of potential solutions, but over time, it focuses on better and better 
solutions due to the accumulated pheromones. The process is iterative, with the ant 
colony progressively moving toward finding the optimal solution. 

Besides the two most popular swarm intelligence algorithms such as the PSO and 
the ACO, there are also algorithms such as the Bat Algorithm (BA) [ 13], the Firefly 
Algorithm (FA) [ 14], the Cuckoo Search (CS) [ 15], the Social Spider Optimization 
(SSO) [ 16] and many others. Some part of these algorithms is presented in the Sect. 3. 

3 Popularity of Swarm Intelligence Algorithms 
in Engineering 

In order to check the popularity of swarm algorithms, it was checked how many 
papers using them are indexed in the various scientific databases. The algorithms 
selected for checking are presented in Table 1. 

The considered scientific databases are: Springer, Google Scholar, Science Direct, 
IEEE Explore and Web of Science. The results obtained are presented in Table 2.
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Table 1 Swarm intelligence algorithms selected from literature 

Algorithm full name Shortcut References Author(s) Year 

Particle swarm optimization PSO [ 11] Kennedy et al. 1995 

Ant colony optimization ACO [ 12] Dorigo 1991 

Bat algorithm BA [ 13] Yang 2010 

Firefly algorithm FA [ 14] Yang 2009 

Cuckoo search CS [ 15] Yang et al. 2009 

Social spider optimization SSO [ 16] Cuevas et al. 2013 

Krill herd algorithm KHA [ 17] Gandomi et al. 2012 

Crow search algorithm CSA [ 18] Askarzadeh 2016 

Cat swarm optimization CSO [ 20] Chu et al. 2006 

Artificial bee colony ABC [ 19] Karaboga et al. 2007 

Moth flame optimization MFO [ 21] Mirjalili 2015 

Artificial fish school algorithm AFSA [ 22] Hu et al. 2010 

Elephant herding optimization EHO [ 23] Wang et al. 2015 

Whale optimization algorithm WOA [ 24] Mirjalili et al. 2016 

Salp swarm algorithm SSA [ 25] Mirjalili et al. 2017 

Ant lion optimizer ALO [ 26] Mirjalili 2015 

Grey wolf optimizer GWO [ 27] Mirjalili et al. 2014 

Bacterial foraging optimization BFO [ 28] Passino 2002 

Bacterial colony chemotaxis algorithm BCCA [ 29] Li et al. 2005 

Fast bacterial swarming algorithm FBSA [ 30] Chu et al. 2008 

Glowworm swarm optimization GSO [ 31] Krishnanand et al. 2009 

Cockroach swarm optimization CRSO [ 32] Chen et al. 2010 

Hunting search HS [ 33] Oftadeh et al. 2010 

Bacterial colony optimization BCO [ 34] Niu et al. 2012 

Blind naked mole rats algorithm BNMR [ 35] Taherdangkoo et al. 2012 

Lion’s algorithm LA [ 36] Rajakumar 2012 

Wolf search WS [ 37] Tang et al. 2012 

Fruit fly optimization FFO [ 38] Xing et al. 2013 

Dolphin swarm algorithm DSA [ 39] Wu et al. 2013 

Monarch butterfly optimization MBO [ 40] Wang et al. 2015 

Grasshopper optimization GO [ 41] Saremi et al. 2017 

Spotted hyena optimizer SHO [ 42] Dhiman et al. 2017 

From Table 2, it can be seen that most articles that contain one of the swarm 
intelligence algorithms have been published for the PSO algorithm. Table 3 shows 
the ranking of the different algorithms according to their popularity in the selected 
scientific databases. Number 1 indicates the best value number 32 indicates the worst 
value.
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Table 2 The number of articles on different swarm intelligence algorithms indexed in scientific 
databases (February 2024) 

Algorithm Google 
Scholar 

Springer IEEE 
Explore 

Science 
Direct 

Web of 
Science 

Total 

PSO 784000 57360 39365 57916 74199 1012840 

ACO 267000 23536 14439 16688 13480 335143 

BA 41100 5135 1653 3436 2675 53999 

FA 53200 7589 1327 5498 4430 72044 

CS 58600 7598 1914 5754 4523 78389 

SSO 2790 515 54 321 188 3868 

KHA 6360 776 84 514 539 8273 

CSA 8260 1201 149 932 675 11217 

CSO 7410 1121 145 643 479 9798 

ABC 105000 12416 2315 10379 7853 137963 

MFO 11800 1720 234 1527 962 16243 

AFSA 1020 98 34 35 47 1234 

EHO 3220 646 56 416 250 4588 

WOA 32700 4680 1837 3914 3034 46165 

SSA 13100 1824 261 1694 1213 18092 

ALO 7330 1106 176 1317 468 10397 

GWO 39000 3523 3036 6801 2661 55021 

BFO 12600 1804 326 1188 827 16745 

BCCA 213 12 15 7 31 278 

FBSA 141 23 2 6 2 174 

GSO 4940 623 129 383 368 6443 

CRSO 268 623 5 7 27 930 

HS 1020 305 19 106 38 1488 

BCO 415 115 11 36 28 605 

BNMRA 28 9 1 5 0 43 

LA 108 341 0 200 11 660 

WS 1150 283 31 100 41 1605 

FFO 10700 1152 227 1070 732 13881 

DSA 391 47 7 25 14 484 

MBO 2770 494 34 346 160 3804 

GO 11600 1717 204 1549 890 15960 

SHO 1720 320 14 244 156 2454 

Total 1489954 138712 68104 123057 121001 1940828
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Table 3 Popularity ranking of particular swarm intelligence algorithms in selected scientific 
databases (February 2024) 

Algorithm Google 
Scholar 

Springer IEEE 
Explore 

Science 
Direct 

Web of 
Science 

Total 

PSO 1 1 1 1 1 1 

ACO 2 2 2 2 2 2 

BA 6 6 7 8 7 6.8 

FA 5 5 8 6 5 5.8 

CS 4 4 5 5 4 4.4 

SSO 20 21 20 21 20 20.4 

KHA 17 17 18 17 15 16.8 

CSA 14 13 15 15 14 14.2 

CSO 15 15 16 16 16 15.6 

ABC 3 3 4 3 3 3.2 

MFO 11 11 11 11 10 10.8 

AFSA 24 28 21 27 23 24.6 

EHO 19 18 19 18 19 18.6 

WOA 8 7 6 7 6 6.8 

SSA 9 9 10 9 9 9.2 

ALO 16 16 14 12 17 15 

GWO 7 8 3 4 8 6 

BFO 10 10 9 13 12 10.8 

BCCA 29 31 25 29 26 28 

FBSA 30 30 30 31 31 30.4 

GSO 18 19 17 19 18 18.2 

CRSO 28 20 29 30 28 27 

HS 25 25 24 24 25 24.6 

BCO 26 27 27 26 27 26.6 

BNMRA 32 32 31 32 32 31.8 

LA 31 23 32 23 30 27.8 

WS 23 26 23 25 24 24.2 

FFO 13 14 12 14 13 13.2 

DSA 27 29 28 28 29 28.2 

MBO 21 22 22 20 21 21.2 

GO 12 12 13 10 11 11.6 

SHO 22 24 26 22 22 23.2 

From Table 3, it can be seen that the three best algorithms in terms of their 
popularity ranking are: the PSO, ACO and ABC algorithms. In contrast, the three 
worst algorithms are: the BNMRA, the FBSA and the DSA. Figure 2 graphically 
shows the average ranking value for each algorithm.
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Fig. 2 Average ranking for selected algorithms (February 2024) 

Based on Fig.  2, algorithms with a ranking value less than or equal to the value of 
10 were selected for a further consideration. The selected algorithms are: the PSO, 
the ACO, the ABC, the CS, the FA, the GWO, the BA, the WOA and the SSA. 

Table 4 shows the 10 most popular application areas for each of the selected algo-
rithms. From Table 4, it can be seen that for the seven application areas, all of the 
previously mentioned algorithms have published papers. These areas are: “Engineer-
ing Electrical Electronic”, “Energy and Fuels”, “Engineering Multidisciplinary”, and 
the areas related to “Computer Science” such as “Artificial Intelligence”, “Theory 
Methods”, “Information Systems” and “Interdisciplinary Applications”. Therefore, 
Sect. 4 will present the applications of the algorithms from Table 4 in the previ-
ously mentioned areas. Also for a better visual illustration, the data from Table 4 are 
presented in graphical form in Figs. 3 and 4. 

In Table 4 Highly Cited Papers means that an article received enough citations 
to place it in the top 1% most cited articles for the field and publication year; Hot 
Papers means that the selected article is in the top 0.1% most cited articles for the 
field and year publication. 

4 Engineering Applications of Selected Swarm Intelligence 
Algorithms 

This section presents the selected papers on the application of swarm intelligence 
algorithms in the most popular industrial fields. The papers were selected from the 
Web of Science database based on their popularity.
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Table 4 Number of papers in most published areas for selected swarm intelligence algorithms 
(February 2024) 
Area of application PSO ACO ABC CS FA GWO BA WOA SSA Total 

Engineering Electrical Electronic 23278 3493 2253 1261 1212 739 732 792 310 34070 

Computer Science Artificial Intelligence 17111 4117 2212 1149 1128 625 748 607 264 27961 

Computer Science 8326 2647 1102 582 603 220 388 247 99 14214 

Computer Science Information Systems 8035 2013 1034 598 619 348 394 452 182 13675 

Computer Science Interdisciplinary 
Applications 

6855 1688 1004 455 518 304 283 269 140 11516 

Energy Fuels 6846 1514 498 440 331 314 184 322 126 10575 

Telecommunications 6650 – 713 433 449 270 288 350 133 9286 

Automation Control Systems 6592 1051 500 284 213 142 154 152 – 9088 

Engineering Multidisciplinary 5115 762 624 389 386 247 209 266 128 8126 

Operations Research Management Science 3097 1054 426 – – 136 107 – – 4820 

Computer Science Software Engineering – 687 – 195 165 – – – – 1047 

Instruments Instrumentation – – – – – – – 138 – 138 

Environmental Sciences – – – – – – – – 59 59 

Green Sustainable Science Technology – – – – – – – – 55 55 

Total 91905 19026 10366 5786 5624 3345 3487 3595 1496 144630 

Highly Cited Papers 671 102 109 66 65 85 48 87 40 1273 

Hot Papers 26 6 3 0 1 0 0 2 0 38 

Total 697 108 112 66 66 85 48 89 40 1311 

4.1 Engineering Electrical Electronic 

In paper [ 43], the authors present a hybrid cluster head selection algorithm for wire-
less sensor networks using artificial bee colony optimization and monarch butterfly 
optimization. In this method, the worker bee phase from artificial bee colony opti-
mization is replaced by a mutant butterfly adjustment operator from monarch butterfly 
optimization. The goal of this adaptation is to avoid early trapping of solutions in 
local optima and delayed convergence by maintaining a balance between exploita-
tion and exploration. In addition, the proposed approach eliminates the problem of 
overloaded cluster heads, which can lead to rapid depletion of sensor nodes during 
implementation. Simulation results showed that the number of active nodes in the 
network is around 18% higher than the compared cluster head selection methods. 

4.2 Computer Science 

4.2.1 Artificial Intelligence 

Zhang et al. [ 44] presented a multi-objective PSO algorithm for selecting significant 
features from a training dataset. Selection of significant features from the learning 
set is very important for large data sets. As is well known, reducing the number of 
features directly affects the time required to train a model (such as an artificial neu-
ral network model). The algorithm described in this paper includes such novelties 
as rapid nondominated sorting technique and five single candidate solution gener-
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Fig. 3 Number of papers in each application area for selected algorithms (February 2024) 

ation strategies. The effectiveness of the presented approach was tested on ten test 
datasets selected from the literature. The results show a significant improvement in 
the classification error in relation to the number of reduced features. 

4.2.2 Theory Methods 

The authors in [ 45] presented a hybrid algorithm that combines properties of such 
algorithms as crow search and grey wolf optimizer. In the developed method, the 
GWO algorithm was responsible for exploration of the space of potential solutions. 
The CSA algorithm, on the other hand, was responsible for local exploration of the 
space of potential solutions. The algorithm was developed to optimize problems with 
a huge number of dimensions. The effectiveness of the described method was tested 
on 15 test functions selected from the CEC 2015 collection and on 4 real engineering 
design problems. The results obtained were shown to be better than those obtained 
by other methods selected from the literature.
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Fig. 3 (continued) 

4.2.3 Information Systems 

In the paper [ 46], the authors proposed a modified bat algorithm for solving the 
open shop scheduling problem (OSSP). As is well known, OSSP depends on the 
execution of assumed tasks on a limited number of machines. The main goal of the 
optimization is to find such a schedule for the scheduling of all tasks on individual 
machines that its execution time is as small as possible. For this purpose, in this 
work bat algorithm was modified by adding ColReuse and substitution meta-heuristic 
functions. These functions are proposed in order to increase the convergence of the 
algorithm to the optimal solution. The described algorithm was tested on standard 
open shop benchmarks, and the results obtained were compared with those obtained 
by other methods. In the end, the proposed method showed better performance than 
previously developed methods and found the optimal solution for all test cases.
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Fig. 4 Number of papers for each algorithm in selected application areas (February 2024)
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4.2.4 Interdisciplinary Applications 

The paper by Qi et al. [ 47] presents an innovative COVID-19 X-ray image segmenta-
tion method based on a modified ant colony optimization algorithm. Improvements 
were made to the algorithm by improving the directional crossover and mutation 
strategies to speed up the convergence process and avoid local optima. In addition, 
an image segmentation model was developed using various techniques such as 2D 
histograms, 2D Kapura entropy and non-local average strategy. The application of 
this model to COVID-19 X-ray image segmentation showed its superior stability and 
efficiency compared to existing methods at different threshold levels. 

4.3 Energy and Fuels 

The article [ 48] presents a method based on a multi-objective version of the grey 
wolf optimizer algorithm. The proposed method was applied to forecast electricity 
consumption. The main concept of the presented algorithm was to simultaneously 
minimize the number of features in the dataset and minimize the forecast error of 
electricity consumption. In addition, the developed algorithm introduced individual 
regressor selection, which was selected during the operation of the algorithm. This 
selection was made between such regressors as random forest, extra trees, decision 
tree and K-nearest neighbors. The results obtained by the described method were 
compared with those obtained by the multi-objective PSO (MOPSO) algorithm and 
by the NSGA II algorithm. In many cases, the obtained results were better than those 
obtained by the MOPSO and NSGA II algorithms. 

4.4 Engineering Multidisciplinary 

The paper [ 49] presents a hybrid algorithm (PSO-CS) that combines algorithms 
such as PSO and CS. This algorithm was used to train a deep neural network as 
a replacement for the error back-propagation algorithm. Such a concept was used 
because the back-propagation algorithm has limitations due to the speed of con-
vergence and getting stuck in local minima. The trained deep neural network was 
applied to a depression recognition task. In addition, the authors compared the clas-
sification efficiency of their method with such methods as decision trees, K-nearest 
neighbor, visual geometry group, support vector regression, residual neural network 
and simple neural network. As a result of the comparison, it was shown that the 
presented PSO-CS method outperformed all other models receiving a high degree of 
classification accuracy of 99.5%.
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5 Conclusions 

It can be seen from the presented chapter that swarm intelligence algorithms have 
very wide engineering applications. The most commonly used algorithm is the PSO 
algorithm, which is described in detail in this chapter. In addition to the PSO algo-
rithm, there are many other popular SIAs such as the ACO algorithm or the CS 
algorithm. Newer and newer algorithms are also currently being developed in this 
area. Further research directions in this area may focus on creating mechanisms such 
as adaptively changing the parameters of a given algorithm depending on the progress 
of the optimization process or changes in the optimization problem. Such a procedure 
may enhance the algorithm’s ability to deal with a variety of engineering problems. 
Another issue may be combining swarm intelligence algorithms with other advanced 
optimization algorithms or other artificial intelligence algorithms, which can lead to 
hybrid optimization solutions. For example, the hybridization with gradient algo-
rithms may result in a more powerful final algorithm. Another goal may be to adapt 
swarm intelligence algorithms to handle multi-criteria problems. This is a relevant 
issue in the context of more complex optimization problems. The development of 
efficient methods for dealing with multiple objectives simultaneously will allow for 
a more extensive application of swarm intelligence algorithms in engineering tasks. 
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Chapter 4 
Convergence Catalysts: Exploring 
the Fusion of Embedded Systems, IoT, 
and Artificial Intelligence 

Cosmina Mihaela Rosca 

1 Literature Survey 

The Internet of Things (IoT) represents a network interlinking physical devices, appli-
ances, and objects that are integrated with sensors, software, and network connec-
tivity, facilitating data collection and exchange. The fundamental objective of the IoT 
is to facilitate communication and interaction among devices through the Internet, 
promoting seamless data sharing and automated processes. 

The Internet functions as a communication network linking people and infor-
mation, whereas the IoT expands connectivity to objects capable of sensing and 
processing data. Each IoT object has a unique cyberspace address, facilitating seam-
less operations and communications. IoT application domains are vast, incorpo-
rating Machine Learning (ML) and Artificial Intelligence (AI) for anomaly detec-
tion systems in behavioral analysis [1]. The IoT, a phase in the Internet’s evolution, 
connects ordinary devices globally, with around 30.7 billion smart devices integrated 
by 2020, and the progression continued with 35.8 billion by 2021, 42.6 billion by 
2022, 51.1 billion by 2023, with an estimated figure of 62.1 billion by 2024 and 75.4 
billion by 2025 [2]. 

AI has emerged as a prominent force across diverse research domains, offering 
applications that either substitute human operators or streamline users’ everyday 
tasks. Consequently, AI-specific technologies find integration in a myriad of IoT 
applications, ranging from multilingual text recognition systems employing Tesseract 
and EasyOCR services [3] to consumer behavior analysis on social media platforms 
[4]. The paramount application realm of AI within the IoT context manifests in the 
medical field, encompassing initiatives like the acquisition, analysis, and processing 
of medical signal data collected by wearable devices [5], innovative techniques for the 
segmentation of leukemia-affected cell images achieving 94% accuracy in nucleus
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segmentation and 78% in cytoplasm segmentation [6], or the establishment of an 
e-health platform utilizing the IoT for global connectivity, facilitating remote health-
care, early disease detection, and cost-effective preventive measures [7]. Further-
more, the implementation of machine learning techniques takes center stage in the 
early and efficient detection of inherited diseases, with a specific focus on autism 
spectrum disorder through real-time questionnaire-based diagnosis [8], or brain 
intracerebral hemorrhage classification using head CT scan for stroke analysis [9]. 

The development of IoT systems is driven by the integration of technological and 
infrastructure progressions centered around the Internet. Key factors include Industry 
4.0, digitalization, the proliferation of sensors, affordability, and seamless integration. 
Industry 4.0, a transformation in manufacturing through technologies like automa-
tion, robotics, and AI, aligns with IoT’s core principles. Smartphones, acting as 
sensor-rich gateways, play a pivotal role, providing a massive user base and connec-
tivity. Cloud computing enables global IoT systems without upfront server invest-
ments, offering scalable capacity. AI and ML advancements further enhance IoT, 
providing actionable insights from data. The Internet serves as the foundational pillar, 
offering standardized communication protocols, global reach, and interoperability, 
fostering innovation and creating a competitive marketplace [10]. 

An embedded system (ES) is a dedicated computing device created to execute 
particular functions or tasks as part of a broader system. It typically consists of a 
combination of specialized hardware components and software, often programmed 
to execute a predetermined set of functions. ESs are embedded into other devices or 
systems and operate with real-time constraints. For this reason, a smartphone device 
might be considered an embedded system. 

ESs, characterized by bare-metal configurations, lack dedicated hardware secu-
rity provisions. Integrating an operating system (OS), be it general-purpose or real-
time, offers a structured environment, resource management, and common functions 
through API calls for multiple applications. Virtualization further enhances secu-
rity by providing stronger separation between applications, particularly useful for 
loosely coupled ones. Containerization, a packaging mechanism bundling applica-
tions, and dependencies, is employed in systems with sufficient resources and proper 
OS support. Containers simplify deployment and portability, running directly on the 
supporting OS or within virtualized environments. Widely used in cloud systems, 
containers also play a crucial role in managing IoT applications on edge nodes, fog 
nodes, and gateways, optimizing function placement dynamically [10]. 

Conceptually, an IoT infrastructure comprises edge components and cloud compo-
nents. At the edge, there are embedded systems, smart devices, gateways, and fog 
nodes. These edge-level components are responsible for real-time data collection 
and processing. In the cloud, there are large-scale storage and processing services 
where data collected from the edge is aggregated and analyzed to provide valuable 
insights. 

As embedded systems predominantly operate with proprietary firmware, the 
burgeoning interest in the IoT domain has fueled a heightened cyber threat land-
scape. This surge underscores the imperative for robust security measures. One viable
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approach involves integrating edge computing into IoT devices to enhance security 
for devices with immutable firmware [11]. 

ESs use microprocessors or microcontrollers. These computing systems require, 
in addition to the CPU, memory, I/O devices, and interconnection elements among 
them. These systems can fulfill a wide range of functions. 

In contrast to microprocessors, a microcontroller is a compact computing system 
on a single chip, having a similar internal structure as a microprocessor. However, its 
primary objective is to accomplish a limited set of functions, guided by a pre-defined 
functionality of the dedicated application running on the microcontroller. 

Systems containing either microprocessors or microcontrollers are also referred to 
as single-chip systems or System-on-a-Chip (SoC). SoCs integrate multiple compo-
nents of a computing system onto a single chip. A typical SoC includes the following 
components in a single device: processor, RAM, Flash memory, network ports, 
peripheral ports, power ports, etc. [12]. 

Choosing a processor for IoT must consider power consumption, software tools, 
area, and performance. A study comparing 8-bit and 32-bit SoCs, showing the latter’s 
higher power consumption but better performance and larger area is presented in the 
paper [13]. The paper [14] examines SoCs for power electronics control and presents 
a design and experimental results of an SoC-based controller. Additionally, it reviews 
SoC-based platforms developed by researchers in this field. 

The paper [15] proposes embedding a minimal virtual machine (VM) on a SoC to 
address the challenge of modifying SoCs without hardware changes. This solution 
facilitates dynamic program updates without reprogramming ROM, contingent upon 
the SoC having network capabilities. 

Fundamental differences between microprocessors and microcontrollers exist, 
as illustrated in Table 1, emphasizing the microcontroller’s significantly simplified 
nature compared to a processor. 

By analyzing Table 1, the following observations can be made:

Table 1 Differences between microprocessors and microcontrollers 

Characteristic Microprocessor Microcontroller 

Objective Designed to perform 
complex computing and data 
processing operations 

Designed for control, monitoring, and 
resource management tasks in a dedicated 
system or a small number of tasks 

Computational 
power 

Performs a variety of 
complex tasks, sometimes in 
parallel 

Optimized for specific control and signal 
processing tasks 

Architecture General-purpose Specialized for specific tasks 

Connectivity Extensive—RAM, graphics 
cards, storage devices, I/O 
devices 

Reduced—analog and digital inputs/outputs, 
interfaces for sensors and actuators 

Source Made by the author 
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• Objective: Microprocessors are designed to perform a wide range of tasks, 
including data processing, numerical analysis, and artificial intelligence. Micro-
controllers are designed for more specialized tasks, such as controlling devices 
or monitoring systems.

• Computational power: Microprocessors have a higher computational power than 
microcontrollers. This is because they have a larger number of transistors and a 
faster clock speed.

• Architecture: Microprocessors have a general-purpose architecture, which means 
that they can be used for a variety of tasks. Microcontrollers have a specialized 
architecture, which is optimized for a specific task.

• Connectivity: Microprocessors have a wider range of connectivity options than 
microcontrollers. This is because they are often used in systems that require many 
peripherals. Microcontrollers have a more limited range of connectivity options, 
which is sufficient for their specialized tasks. 

ESs are configurations designed to fulfill specific tasks while using a compact 
hardware infrastructure, all within a cost-effective budget. Having specialized hard-
ware, dedicated OSs, and software with limited functionalities, these systems provide 
predefined functionality. 

For instance, a kiosk allowing users to register for an event using a touchscreen 
and a printer represents an ES. It is designed to provide a specific functionality 
without requiring a general OS (such as Windows 10 Enterprise) or a wide range of 
applications. The system must facilitate user data input into a database and generate 
a unique number via an order receipt printed with the appropriate equipment. 

Most such equipment is configured, updated, and programmed remotely through 
specialized tools, as will be demonstrated in the next sections. 

A development board is a hardware platform incorporating a microcontroller 
or microprocessor, I/O ports, power supply, connectors, and additional elements to 
facilitate the development process. These boards are used to create prototypes, tests, 
and experiments in various fields such as IoT, robotics, automation, and electronics. 

There are a variety of development boards: 

1. General-purpose development boards, classified into:

• Boards with limited functionalities, for instance, Arduino Uno, PICkit Devel-
opment Board, ESP8266/ESP32, etc. These boards are employed in projects 
that do not involve general-purpose or professional I/O devices. Typically, 
they are dedicated to applications exclusively using sensors and execution 
elements. These boards often employ microcontrollers, such as those from 
the Atmel AVR family for Arduino Uno, or Microchip’s PIC microcon-
trollers for PICkit boards. The ESP8266 and ESP32 boards typically integrate 
microcontrollers from Espressif Systems.

• Boards with extended functionalities, for example, Raspberry Pi, Asus 
Thinker Board, Olimex, etc. These boards can utilize advanced software, 
APIs enabling integration with other software services, and general-purpose 
or professional I/O devices. These boards generally use microprocessors. For
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instance, Raspberry Pi models typically employ ARM-based processors, such 
as those from the Broadcom BCM series. 

2. FPGA (Field-Programmable Gate Array) development boards, such as Xilinx 
or Intel® FPGAs, are used for programming digital circuits in various appli-
cations, including signal processing. In this case, the processors involved may 
be soft processors configured within the FPGA or external processors used in 
conjunction with the FPGA for specific tasks. 

3. Machine Learning development boards, for example, NVIDIA Jetson Nano or 
Google Coral Dev Board, are dedicated to projects involving AI elements and 
parallel computing. NVIDIA Jetson Nano employs an ARM Cortex-A57 quad-
core processor with integrated NVIDIA Maxwell GPU cores, whereas Google 
Coral Dev Board incorporates a Google Edge TPU coprocessor for accelerated 
machine learning tasks. 

The prevalence of ARM processors is noteworthy, indicating a widespread adop-
tion of this architecture in the design and development of ESs. ARM, which stands 
for Advanced RISC Machines, offers a diverse range of processor designs charac-
terized by reduced instruction set computing (RISC) principles. This architecture 
is well-suited for embedded applications due to its energy efficiency, scalability, 
and versatility. The use of different versions of ARM processors underscores the 
adaptability of this architecture to meet the specific requirements of diverse ESs. 

The author of this paper, together with two other specialists in the field, developed 
an IoT system that monitors the stress level of adopted children. For the implemen-
tation of this prototype, an ESP32 microcontroller was used [16]. The paper [16] 
presents the proposed software product that aims to address key challenges in the 
child adoption process, including compatibility issues between children and adop-
tive parents, lack of accessibility, high costs, and monitoring stress levels during trial 
adoptions. 

Two significant examples will be presented to highlight situations where the 
use of an ES with a microcontroller is appropriate, as well as scenarios where the 
deployment of an ES with a microprocessor is necessary. 

In a home automation system, a microcontroller-based ES may be employed for 
simple tasks such as controlling individual smart light bulbs. A microcontroller, 
with its compact size and dedicated functionality, can efficiently manage the on/off 
states. The microcontroller is well-suited for this application due to its low power 
consumption, cost-effectiveness, and ability to execute predefined tasks without the 
need for a sophisticated OS. 

Secondly, a more complex IoT application, such as a smart home hub, could benefit 
from a microprocessor-based ES. The microprocessor’s higher computational power 
and capability to handle multiple concurrent tasks make it suitable for managing a 
diverse range of smart devices in a centralized manner. Tasks such as processing 
voice commands, coordinating various sensors, and running a more sophisticated 
OS for enhanced user interaction require the capabilities of a microprocessor-based 
system.
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Consider an industrial monitoring system aimed at overseeing various sensors and 
actuators in a manufacturing plant. A microcontroller-based ES may be employed 
for a specific task, such as monitoring the temperature of individual machines. The 
microcontroller can efficiently read sensor data, make decisions based on predefined 
thresholds, and control the cooling systems as necessary. Its real-time processing 
capabilities and deterministic behavior make it suitable for such dedicated tasks. 

In contrast, a more complex application, like a comprehensive industrial control 
system managing multiple processes, could leverage a microprocessor-based ES. The 
microprocessor’s higher processing speed and ability to execute complex algorithms 
are advantageous when overseeing a network of interconnected sensors, coordinating 
multiple actuators, and running a sophisticated control algorithm. The flexibility of a 
microprocessor-based system allows for the implementation of more intricate control 
strategies, making it well-suited for applications with higher complexity in the realm 
of IoT. 

The choice between microcontroller and microprocessor-based ESs depends on 
the specific requirements of the application. Microcontrollers excel in simpler, dedi-
cated tasks with low power consumption, while microprocessors are more suitable 
for applications demanding higher computational power, multitasking capabilities, 
and the ability to run sophisticated OSs. The examples provided highlight the distinct 
advantages of each system in different IoT scenarios. 

In embedded systems utilizing microprocessors, the OS is typically stored in 
non-volatile memory, such as Flash memory. This memory space is designed to 
retain information even in the absence of electrical power. Typically, upon system 
boot, the OS is loaded into Random Access Memory (RAM) to enable swift access 
to its functionalities and facilitate the execution of programs and system resource 
management. It is essential to note that the specific storage location may vary based 
on the architecture and configuration of the particular embedded system. 

2 Compatibility Methodology 

The evolution of AI, combined with the multitude of small-scale devices (such as 
sensors), has allowed the development of a distinct sector called the Internet of 
Things (IoT). This technology is based on the interconnection of different systems 
through local networks or the Internet, to share data. Subsequently, meaning will 
be attributed to the data, with the ultimate goal of making various decisions. Thus, 
this technology, previously known as the automation of different processes, has been 
expanded through significant advancements in software components, represented by 
AI services. 

The constitutive elements of IoT technology are [17]:

• Automation technologies for processes through sensors and execution elements;
• Data sharing technologies locally or on the Internet, via Bluetooth, Wi-Fi, Zigbee, 

etc.;
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• Data storage technologies through local or cloud servers, depending on the volume 
of data that is stored and subsequently analyzed;

• AI-specific technologies for data analysis. If the volume of data is large (big 
data), then dedicated tools can be used, and otherwise, tools based on classical 
algorithms can be employed;

• Security and confidentiality technologies by integrating encryption measures, 
controlled access, and intrusion detection, when sensitive data are managed. 

Analyzing the multitude of technologies incorporated by the IoT field, it is evident 
that there is a need to understand and deepen a large number of disciplines in the 
computer science field. IoT applications are varied, including medical, industrial, 
agricultural, etc. However, the author of this chapter considers that the first stage 
in the development of IoT applications is represented by the hardware and software 
configuration of the system itself. 

Designing the assembly by the application requirements is essential, beyond all 
these technologies that can create the illusion of a futuristic concept. The AI service 
that will be integrated is irrelevant if the hardware infrastructure does not physically 
allow the integration of such facilities. 

To illustrate this idea more easily, let us assume that the system to be designed 
must transmit the ambient temperature value to a Cloud service every 5 min. To 
achieve this goal, the system must have an Internet connection. This connection can 
be:

• wired, so an Ethernet port is required;
• Wi-Fi connection, which requires the existence of a Wi-Fi module or adapter;
• via SIM card, so it requires an external GSM or 4G/LTE module. 

The choice of one of the previous options will further dictate the type of application 
developed, which must also take into account the other hardware elements, as well 
as the restrictions of the OS used. 

Therefore, the author considers that the central element of IoT technology is called 
compatibility. This concept aims at integrating a confluence of technologies capable 
of operating within the context of a specific hardware infrastructure, using a dedicated 
software configuration to achieve established objectives. Configuring a hardware-
software infrastructure with incompatible equipment from the design stage results in 
high project costs. There are situations where integration may achieve project goals 
but with high costs; however, there are also cases where objectives cannot be met due 
to hardware or software limitations, especially when the compatibility of constituent 
elements is not analyzed from the design phase. 

To achieve compatibility in the hardware-software infrastructure, the author 
proposes the following stages: 

Stage 1: Analysis of the project’s long-term requirements and objectives. 
The notion of “long-term” is deliberately emphasized because the design must take 
into account the possibility of extending the requirements. Failure to consider this 
possibility from the design stage may impede future development. Of course, this
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flexibility may translate into higher project costs. Consequently, a balance must be 
struck between flexibility and costs. 

Stage 2: Identification of the equipment to be used in the physical implemen-
tation of the project. The equipment, represented by input–output devices (encom-
passing both sensors and actuators), may impose certain restrictions on the overall 
hardware-software system. Most of the time, the restrictions of peripheral equipment 
come from the limitations of device drivers, given that the development of a custom 
driver can be truly cost-prohibitive. Device drivers are the ones that limit the use of 
certain OSs and a limited number of their versions. The reader should remember that 
input–output devices incorporate a wide range of equipment, which most of the time 
do not belong to the personal use class, being professional equipment; 

Stage 3: Configuration of the hardware infrastructure. Limitations regarding 
the OS require choosing a specific hardware configuration that includes a certain 
processor architecture. 

Stage 4: Analysis of software environment options. In most cases, projects 
additionally demand the development of a dedicated software component. This 
component is represented by a customized program that may, in turn, employ various 
pre-implemented services accessible through an API. The choice of programming 
language (PL) and template is imposed by the OS used. 

Integration of the AI services requires careful consideration of the PL and develop-
ment environment (DE). The compatibility between these elements and the chosen 
AI service is paramount for seamless collaboration. As an illustrative example, if 
a project involves utilizing Microsoft Azure services, opting for Visual Studio as 
the DE and a PL within the.NET framework becomes a normal choice. Microsoft 
Azure, a cloud computing platform, offers a range of AI services and the programmer 
has to align the development tools with the platform’s requirements. Visual Studio, 
Microsoft’s integrated development tool (IDE), stands out as a development tool for 
crafting applications across various domains, including AI. Its features and user-
friendly interface make it a preferred choice for developers looking to integrate AI 
seamlessly. Choosing the appropriate PL within the.NET framework further enhances 
compatibility. The.NET framework, developed by Microsoft, supports multiple PLs 
such as C#, VB.NET, and F#. Visual Studio and.NET create a cohesive DE that 
streamlines the integration process with Microsoft Azure’s AI services. 

The successful integration of AI services hinges on the strategic alignment of the 
PL and DE with the chosen AI platform. However, the DE and PL are closely tied to 
the OS, making the compatibility process even more complex in the integration of 
IoT solutions. The seamless integration of IoT solutions is a multifaceted task that 
extends beyond selecting an appropriate AI service. The chosen DE and PL play 
an important role in this process, their compatibility is intricately linked with the 
underlying OS. 

Furthermore, the OS acts as a bridge between the hardware and software layers, 
influencing how applications interact with the underlying device infrastructure. 
Ensuring compatibility among the DE, PL, and OS is imperative for a smooth and 
effective integration process. This interdependence becomes especially pronounced 
in the IoT landscape, where different devices with varying OSs need to seamlessly
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communicate and collaborate. The careful consideration of the interplay among the 
DE, PL, and OS becomes paramount. The success of IoT integration relies on harmo-
nizing these elements to create a cohesive ecosystem that facilitates communication 
and operation across the entire spectrum of connected devices. 

Figure 1 illustrates the compatibility concept with the stages involved in devel-
oping an IoT solution within the context of AI. At the first level, the process begins 
with the project requirements and objectives, crucial for establishing the overarching 
framework. Simultaneously, considerations for input and output device restrictions 
set the stage for shaping the solution’s functionality. Moving to the second tier, the 
hardware considerations with a focus on the central processor architecture and board 
configuration are imposed by the first layer, concerning the third one. This stage lays 
the groundwork for the physical implementation of the IoT solution. The choice of 
the OS will influence how the solution interacts with the underlying infrastructure. 
The third level introduces the components of AI integration. API and AI service plat-
forms become central, facilitating seamless communication between the IoT solution 
and AI functionalities. Concurrently, the choice of PL and DE needs to be compatible 
with the entire solution. This multi-tiered approach underscores the intricate inter-
play among hardware, software, and AI components in the development of an IoT 
solution. Each level represents a stage with decisions made at one stage cascading 
and influencing subsequent ones. 

To highlight the concept of compatibility better, a case study will be carried out 
in the following section.

Fig. 1 The compatibility concept diagram. Source Made by the author 
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3 Results and Discussions 

In this section, a case study focusing on the implementation of a kiosk will be 
proposed for discussion. The implementation of a kiosk (an autonomous electronic 
device often placed in a public space, providing users access to specific services or 
information) is requested. The kiosk’s objective is to capture data entered by the 
user and print an order receipt. Given the compact size of this device, a professional 
printer dedicated to receipt printing will be used, specifically the Epson TM-T88V. 
Additionally, the kiosk needs to incorporate a small-sized computing system that 
represents a professional solution. 

Current research focuses on utilizing SBCs for specific IoT solutions and AI func-
tionalities. Article [18] proposes an IoT-based SBC prototype to automate hospital 
bed and stretcher management, addressing inefficiencies in resource allocation due to 
high demand. IoT technology streamlines processes, enhancing efficiency in medical 
institutions. Recent AI growth spans various domains, fueled by hardware acceler-
ators from data centers to edge devices. Paper [19] compares FPGA and SBCs for 
deep neural network classification, emphasizing speed’s importance. 

For the case study implementation, three representative development boards 
in the IoT field will be considered, namely Raspberry Pi 3, considered the most 
popular device for enthusiasts [20], A20-OLinuXino-MICRO by Olimex, regarded 
as an experimental board for researchers [21], and Asus ThinkerBoard R2, being a 
professional board for the IoT domain [22]. 

Table 2 summarizes the technical specifications of the three development boards. 
These devices share the same release year and do not represent the latest versions to 
avoid increasing acquisition costs. The goal is to choose mid-range equipment with 
some limitations to analyze the solutions that arise in such choices.

This comparison of three single-board computers (SBCs)—Raspberry Pi 3b, Asus 
ThinkerBoard R2, and A20-OLinuXino-MICRO by Olimex (Table 2)—highlights 
their key specifications and suitability for different use cases. 

The Raspberry Pi 3b, with its affordability ($35), broad software support, and 
versatile I/O, remains a popular choice for beginners and hobbyists. 

The Asus ThinkerBoard R2 offers a significant performance boost with its quad-
core 1.8 GHz CPU, 4 GB RAM, and more robust I/O, making it suitable for more 
demanding applications like machine learning and robotics. 

The A20-OLinuXino-MICRO stands out for its low price ($50) and compatibility 
with a wide range of Linux distributions, making it a cost-effective option for basic 
SBC projects. 

Ultimately, the choice of SBC depends on individual needs and budget. For those 
seeking a balance of affordability, versatility, and community support, the Raspberry 
Pi 3b remains a strong contender. For users requiring enhanced performance and 
expandability, the Asus ThinkerBoard R2 is a compelling choice. For those on a 
tight budget, the A20-OLinuXino-MICRO offers a reliable and affordable option. 

Based on the previous comparison, the Asus ThinkerBoard R2 board will be used 
for the case study. The Asus ThinkerBoard R2 is presented in Fig. 2.
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Table 2 Comparative analysis of the three proposed boards 

Feature Raspberry Pi 3b Asus 
ThinkerBoard R2 

A20-OLinuXino-MICRO 
bu Olimex 

Favorite 

Processor Broadcom 
BCM2837B0 

Rockchip 
RK3399 

Allwinner H5 Asus 
ThinkerBoard 
R2 

CPU cores 4 4 4 Tie 

CPU 
frequency 

1.4 GHz 1.8 GHz 1.2 GHz Asus 
ThinkerBoard 
R2 

GPU Broadcom 
VideoCore IV 

Mali-T760 MP2 Mali-400MP Asus 
ThinkerBoard 
R2 

RAM 1 GB 4 GB 1 GB Asus 
ThinkerBoard 
R2 

Storage Memory Card Memory Card Memory Card Tie 

I/O 40 GPIO pins, 1 
HDMI port, 1 
Ethernet port, 1 
USB 2.0 port 

40 GPIO pins, 1 
HDMI ports, 2 
Ethernet ports, 4 
USB 2.0 ports 

40 GPIO pins, 1 HDMI 
port, 1 Ethernet port, 1 
USB 2.0 port 

Asus 
ThinkerBoard 
R2 

OS Raspbian, 
Ubuntu, and 
other Linux 
distributions 

Android, Ubuntu, 
and other Linux 
distributions 

Android, Ubuntu, and 
other Linux distributions 

Tie 

Price $35 $107 $50 Raspberry Pi 
3b 

Source Made by the author based on [20–22]

Asus ThinkerBoard represents a professional solution for an IoT environment. 
Choosing a professional development board emerges as a good decision, particu-
larly in the integration of complex systems like those in the realm of IoT tech-
nologies. Professional development boards, tailored for specific applications, come 
equipped with enhanced capabilities that cater to the intricate requirements of 
IoT environments. These boards often boast advanced processing power, exten-
sive connectivity options, and specialized hardware features designed to stream-
line the integration process within complex ecosystems. One key advantage of 
professional boards is their reliability. These boards undergo rigorous testing and 
quality assurance processes and are manufactured to industry standards, ensuring 
stability and performance under diverse conditions. In contrast, non-professional or 
community-developed boards, such as Raspberry or Olimex manufacturer, may lack 
the same level of scrutiny, potentially leading to issues in long-term reliability and 
compatibility within a complex IoT infrastructure. 

Interoperability is another key consideration. Professional boards are often 
designed with industry standards in mind, facilitating seamless integration with a
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Fig. 2 Top view of the Asus ThinkerBoard R2. Source Made by the author based on [22]

variety of devices and technologies. This interoperability is crucial in IoT applica-
tions where diverse devices and protocols need to work cohesively within the same 
ecosystem. 

Moreover, the long-term support and availability of professional boards are gener-
ally superior to their non-professional counterparts. As IoT applications evolve, 
having a board with ongoing support and compatibility updates becomes crucial 
to keeping the entire system up-to-date and secure. 

In the following, we will analyze the possibilities and difficulties encountered in 
integrating such a solution. 

Stage 1: Project Objectives Identification:

• The physical design of the kiosk, includes an Asus Thinker Board, a keyboard for 
data input, a mouse for cursor movement, a monitor for data display, and a printer 
for receipt printing;

• Implementation of the software application managing user-input data. The data is 
collected and stored in a database. Subsequently, other waiting users are identified, 
and an order receipt is generated. 

Stage 2: Identification of Physical Equipment and, if Applicable, Technical 
Documentation for Each Piece of Equipment:

• Asus Thinker Board R2 development board [22];
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• Epson TM-T88V Printer [23] presented in Fig. 3;
• Analyzing the technical documentation of the printer reveals that it has an exclu-

sive device driver for Windows OSs. However, examining the technical docu-
mentation of the Asus board shows that it lacks a Windows OS. Considering this 
compatibility gap, a compromise must be sought. Opting for an alternative devel-
oper for the development board is not a viable solution since the printer does not 
provide an OS compatible with any device featuring such an ARM processor. 
Therefore, the only solution in this situation is to develop a driver that enables the 
use of the chosen OS. 

Stage 3: Configuration of the hardware infrastructure. In this example, choosing 
a computing system with a processor that adheres to the printer’s specifications is not 
feasible, as the problem’s prerequisites would necessitate an Intel or AMD processor, 
which is not available for SBCs. The Epson TM-T88V printer is shown in action in 
Fig. 3. 

Accessing the official reference at [24] reveals the available OSs for the selected 
board model:

• Tinker OS, representing a Debian distribution;
• Debian for the ARM architecture;
• Android for the ARM architecture. 

The following will consist of a comparative analysis of the three OSs, sequentially 
installed and tested on the Asus ThinkerBoard R3. The evaluation will encompass 
both user and programmer perspectives. In Table 3, the characteristics of the three OSs 
available for the Asus ThinkerBoard are presented. Some features are assessed on a 
scoring basis, with 1 representing poor, 2—good, and 3—excellent. The parameters 
analyzed in Table 3 are important considerations for choosing an OS for the SBCs. 
The values in the table are based on the author’s experience with each OS.

Table 3 was compiled based on the author’s experience, who tested the three 
working environments. Tinker OS and Debian are both excellent choices for program-
mers who want an OS with a wide range of software support and development tools. 
Tinker OS offers the additional benefit of customization options, while Debian offers 
the widest range of software support. Android is a good choice for users who want 
an easy-to-use OS with a wide range of features and applications. It is also the right 
decision for users who want to run mobile apps on their TinkerBoard R2. However, 
processing speed is hindered in the case of the Android OS, particularly for the basic 
configuration of the SBC. 

Analyzing Table 3 from the perspective of the primary purpose of SBCs, which is 
to host dedicated applications with limited functionalities, it is observed that Thinker 
OS represents the best solution for the Asus ThinkerBoard. 

OS tailored for a specific SBC consistently outshines their community-developed 
or adapted counterparts by offering advanced features. This distinction arises from 
the meticulous customization and optimization carried out by dedicated developers 
to align the OS seamlessly with the unique hardware and capabilities of the partic-
ular board. Dedicated OS are crafted to harness the full potential of the underlying
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Fig. 3 The Epson TM-T88V printer with Thinker OS, running the CUPS printing service at the 
console level: a Screenshot with the terminal running the commands; b A picture of the EPSON 
device printing the messages transmitted from the console. Source Made by the author
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Table 3 The characteristics of the three OSs 

Feature Tinker OS Debian Android Winner 

Programmer perspective 

Software support 3 2 2 Thinker OS 

Development tools 3 2 1 Thinker OS 

IDEs Visual Studio 
Code, Eclipse, 
Atom, etc 

Visual Studio 
Code, Eclipse, 
Atom, etc 

Android Studio, 
Visual Studio 
Code, etc 

– 

Compilers GCC, Clang, 
Rust, etc 

GCC, Clang, 
Rust, etc 

GCC, Clang, 
Rust, etc 

– 

Debuggers GDB, LLDB, 
GDBTUI, etc 

GDB, LLDB, 
GDBTUI, etc 

GDB, LLDB, 
GDBTUI, etc 

– 

Other Python, Node.js, 
Rust, etc 

Python, Node.js, 
Rust, etc 

Python, Node.js, 
Rust, etc 

– 

Signal processing 
speed in GUI 

3 3 2 Thinker OS & 
Debian 

Installation time 10 min 25 min 30 min Thinker OS 

User perspective 

Ease of use 2 2 3 Android 

Features 2 3 2 Debian 

Performance 2 3 2 Debian 

Source Made by the author

hardware. By contrast, community-developed or adapted OS may lack this tailored 
optimization, leading to suboptimal utilization of the board’s capabilities. The dedi-
cated OS is often equipped with specialized drivers, utilities, and tools specifically 
designed to complement the features of the board. This level of integration ensures 
the overall functionality of the development board. 

Additionally, dedicated OS typically receives regular updates and support directly 
from the board’s manufacturer or a specialized development team. This ensures that 
the operating system stays current with the latest advancements, security patches, and 
optimizations. Conversely, community-developed systems may experience delays in 
updates or lack ongoing support, potentially leaving the board vulnerable to secu-
rity risks or missing out on new IoT-specific features. Unnecessary components or 
functionalities that might be present in generic systems are often eliminated, opti-
mizing the utilization of the IoT board’s resources and contributing to a more efficient 
operation within the broader IoT ecosystem. 

Identifying and configuring I/O devices on an SBC, such as the case with the Asus 
Tinker Board development board, involves both general-purpose devices (such as 
the mouse, keyboard, and monitor), professional devices (such as printers, scanners, 
audio playback devices, etc.), or specialized devices (sensors and actuators).
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Regarding general-purpose devices, these connect through USB ports that are 
automatically detected by the OS through plug-and-play functions. To connect a 
monitor to the Tinker Board, an HDMI cable is required. 

Professional devices, such as printers, scanners, medical devices, or any other type 
of specialized equipment, require compatibility with both the OS and the system’s 
processor to which they are connected. This means that specialized drivers must exist 
to enable communication between the OS and the equipment. 

Typically, manufacturers of specialized devices provide drivers for popular OSs 
such as Windows, macOS, or Linux distributions. Users need to install these drivers 
to use the equipment. In addition to compatibility with the OS, the equipment must 
be compatible with the hardware architecture of the connected system. This implies 
that the device’s hardware (such as the processor and communication interfaces) 
must be able to interact properly with the specialized device. 

In the case of the Asus Thinker Board, the class of equipment with which the board 
can interact is limited. Limitations arise from the lack of drivers for the ThinkerOS 
OS and the 32-bit Rockchip processor architecture of the R2 version. Currently, most 
processors use 64-bit registers. Rockchip processors use a RISC-type ARM archi-
tecture, making them challenging to use with specialized equipment. Additionally, 
developing dedicated applications is challenging due to a lack of compatibility with 
modern frameworks. 

Stage 4: Analysis of software environment options. Since the project requires 
the development of a script capable of communicating with the Epson printer in a 
ThikerOS configuration, derived from a Unix OS, the choice of PL must be one 
specific to scripting, such as Bash. Concerning the user application, the template 
used must have a Linux-style graphical interface, meaning that the Visual Studio 
environment is not an optimal choice, even in a Core-type selection, as it lacks 
templates with a portable graphical interface on a Linux system. A viable solution in 
this regard could be the QtCreator environment with the C++ programming language. 
On another note, the C++ programming language remains a reference for developing 
applications that need to run on a Linux kernel-based OS. 

The compatibility process unfolded as follows:

• The requirement to create a small-sized device (kiosk) = > use of a development 
board (such as the Asus Thinker Board) = > Linux OS

• Printing equipment = > device driver incompatible with the Linux OS = > 
custom driver = > Bash script software component

• Linux graphical interface and OS = > compatible PL and DE. 

Due to the lack of an Epson printer driver for ThinkerOS, a script was implemented 
that employs the CUPS2 service. CUPS2, or Common Unix Printing System 2, is 
a modular printing system designed for Unix-like OSs. It provides a framework 
for managing print jobs, handling printer queues, and supporting various printing 
protocols. CUPS2 facilitates the integration of printers with Unix-based systems by 
offering a standardized and extensible platform for print-related functionalities. 

The code for the Bash script that allows the printer to display the message 
“Cosmina test” and on a new line “Cosmina” is:
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#! /bin/sh 
echo -e "Cosmina test\n Cosmina\n" | sudo tee /dev/usb/lp0 

The script will be interpreted using the shell and generate a text string that contains 
the specified message. It will pipe the generated string (the message) to the tee 
command, which, in turn, writes these data to the /dev/usb/lp0 device. The sudo 
command is used to obtain superuser privileges since writing directly to the printer 
device requires special permissions. 

However, there are situations where the compatibility process must be carried out 
within an existing environment. Under these conditions, a solution must be found to 
harmonize new technologies with those already implemented. 

4 Conclusions 

This chapter focuses on various aspects related to how embedded systems relate to 
the IoT domain. Additionally, the hardware-software implementation challenges of 
embedded systems as part of the IoT domain have been analyzed. The concept of 
technology compatibility in embedded systems was introduced in this chapter, and 
two studies were conducted on the selection of the development board and operating 
system about the requirements of the embedded system as part of an IoT network. 

Subsequently, a case study was examined, which required the use of a professional 
output device, and all the specific challenges of the problem were reported. 

The author proposed a four-stage compatibility process, commencing with the 
analysis of the project’s long-term requirements and objectives, followed by the 
identification of the equipment to be used in the physical realization of the project, 
the configuration of the hardware infrastructure, and concluding with the analysis of 
software environment options. Additionally, the case study underscored that opting 
for a professional development board is always a prudent choice when aiming for 
integration into a complex system, as is the case with IoT technologies. Furthermore, 
the case study demonstrated that operating systems dedicated to a specific board 
consistently offer more features than those developed either by the community or 
adapted to that particular board. 

Future research can be centered on how these technologies need to be selected for 
the integration of artificial intelligence services at the application level hosted on such 
an embedded system, further increasing the integration constraints. A major issue 
identified by the author pertains to how research findings transition into production 
and the feasibility of this process.
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Chapter 5 
Investigation of the Effect of Lateral 
Displacement and Damping Limits 
of Optimum Designed Seismic Base 
Isolators with Flower Pollination 
Algorithm on Structural Control 

Ayla Ocak, Sinan Melih Nigdeli, Gebrail Bekdaş, and Xin-She Yang 

1 Introduction 

Base isolator systems are control systems that are generally positioned between the 
ground and the base of the structure for the seismic control of structures. They absorb 
the energy of the earthquake by acting with certain flexibility. They are known as 
horizontally moving ductile systems for the effects created by the seismic waves of 
the earthquake, which have destructive effects, by going for vertical rigid designs. 
To provide this flexibility, the period and mass of the isolator are adjusted. Isolators, 
which are designed with a weight of approximately one floor, are less preferred 
in multi-story structures because they can move freely horizontally. Rubber-based, 
slippery, mixed, or small-slippery can be designed, as well as spring-type isolator 
systems are designed in cases where vertical earthquake effects need to be isolated [1]. 
The characteristics of the material used for the carrier of the isolator come to the fore. 
The material contained in rubber-based isolators directly affects the load-carrying 
capacity. In recent years, studies have been carried out for alternative less costly 
designs such as an alternative to classical rubber material, sand-tire mixture, the use 
of scrap tires, and recycled rubber [2–4]. Gravel, paraffin wax, asphalt roofing felt,
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graphite, geotextile, green marble, natural limestone sand, rubberized mortar with 
rubber aggregate, and heated asphalt, instead of talc and sand, which are the early 
materials used as an isolation layer, in sliding floor isolation systems, since the basis 
of isolation is based on friction. The use of materials such as asphalt sand cushions 
has been investigated [5–10]. 

In the design of isolator systems, vertical seismic effects are generally neglected 
by considering the horizontal waves of the earthquake. Xiaohang et al. investigated 
the possibilities of structural collapse of a seismically isolated transportation hub 
by considering horizontal and vertical seismic motion effects [11]. According to the 
seismicity of the structure region, the type of isolator is selected. Isolator ductility is 
determined by considering random earthquakes belonging to the region. On the other 
hand, an isolator designed more ductile than necessary will move too much in a very 
severe earthquake and threaten the safety of the structure [12, 13]. The decision of the 
isolator period is important for the correct determination of the randomly determined 
ductility level. The correct selection of the period and the sufficient damping ratio are 
the basic requirements to ensure the rigidity of the system. Optimizing these choices 
will also optimize the safety and seismic control of the isolated structure. 

Metaheuristic algorithms are optimization method that facilitates the application 
due to their simple and understandable theory using instinctive behavior. As exam-
ples, Genetic algorithm (GA), Particle Swarm Optimization (PSO), Ant Colony Opti-
mization (ACO), Harmony Search Algorithm (HS), Artificial Bee Colony (ABC), Bat 
Algorithm (BA), Teaching–Learning Based Optimization (TLBO), Flower Pollina-
tion Algorithm (FPA), Gray Wolf Optimization (GWO), and Whale Optimization 
Algorithm (WOA) are some metaheuristic algorithms produced in nature based 
on living behavior [14–23]. Its use in the optimization of isolators has become 
widespread in last years [24–31]. 

The flower pollination algorithm (FPA) is generated from the process in which 
flowers are pollinated spontaneously or with the help of a pollinator such as a bird 
or a bee [21]. There are studies in which it is used in various engineering problem 
applications, especially in the optimization of structural control elements [32–36]. 

In this chapter, far-fault earthquake records listed in FEMA P-695 containing 
various magnitude earthquakes were exited on a single-degree-of-freedom (SDOF) 
structural model [37]. Via placing a seismic isolator on the base of the constructed 
structure model, the model was analyzed on MATLAB with Simulink [38]. The 
isolator system is optimized with the flower pollination algorithm under seismic 
excitations for 10, 20, 30, 40, and 50% damping ratios and displacement limits of 
20, 25, 30, 40, and 50 cm. Optimum isolator parameters were optimized to minimize 
the objective function defined as total acceleration by considering the displacement 
limit for the base motion occurring in the structure.
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2 Methodology 

This section presents the motion equations governing the base isolators, the compu-
tation of fundamental isolator parameters, and the primary equations utilized in 
applying the flower pollination algorithm for optimization purposes. 

2.1 Optimization of Seismic of Isolator System 

In the seismic isolator design, the isolator mass is taken into account by taking 
approximately the mass of one floor of the superstructure. The total mass (mtotal) of  
the isolator structure is used to calculate such as Eq. 1 by adding the mass of the 
isolator (mb) to the mass of the structure (mstructure). 

mtotal = mb + mstructure. (1) 

The basic parameters that determine the mobility of the base isolators are the 
isolator period. When the building model to be used is a SDOF system that moves 
with the isolator, parameters such as damping ratio period, damping coefficient, and 
stiffness of the isolator become common. Thus, with the addition of an isolator, 
the structural properties that are different at the beginning become a single value. 
The period (Tb), stiffness (kb) and damping coefficient (cb) calculations of the base-
isolated system are given in Eqs. 2–4, respectively. 

Tb = 
2π 
wb 

, (2) 

kb = mtotal × w2 
b, (3) 

cb = 2 × ζb × mtotal × wb. (4) 

Here, the natural angular frequency (wb) of the isolator system is indicated by the 
damping ratio (ζb). Equation 5 displays the motion equation of a system featuring a 
single-degree-of-freedom isolator. 

mtotal Ẍ + cb Ẋ + kbX = −mtotal Ẍg . (5) 

X in Eq. 5 is the structure displacement, Ẋ velocity, Ẍ , acceleration and Ẍg , 
ground acceleration. In base isolator systems, deciding on the ductility of the isolator 
is important for structure safety and control efficiency. Optimizing the damping ratio 
and period of the isolator can be a good solution to bring the ductility to the desired 
level. An objective function must be given to the system for the optimization process. 
Its remarkable performance in damping the displacement of isolators, especially the
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acceleration of the earthquake is known. In the parameters optimized to increase the 
control efficiency of the isolator system, the objective function is to minimize the 
displacement and acceleration of the system. In Eqs. 6 and 7, the objective functions 
used to minimize the total acceleration and the constraint used as base displacement 
of the system are given, respectively. 

f (x) = max
(||Ẍ

|
|), (6) 

g(x) = max(|X |). (7) 

During the optimization process employing the flower pollination algorithm, 
initially, the fixed-value characteristics and design constraints of both the structure 
and the algorithm are outlined, akin to other optimization techniques. In the solution 
generation phase, the system incorporates lower and upper limits, as illustrated in 
Eq. 8. 

Xmin < Xi,j < Xmax 
i = 1, 2, . . . ,  nf 
j = 1, 2, . . . ,  n 

. (8) 

Xi,j Eq. 8 indicates the variable, Xmin is the lower limit of the variable, Xmax is 
the upper limit of the variable, nf is the population number, and n is the number of 
variables. 

After the population and the number of iterations are determined for the optimiza-
tion, the design factors of the algorithm are also introduced to the system. For the 
pollination algorithm, this value is the switch probability (sp). Then, the process of 
generating a solution begins. The optimized variable between the lower and upper 
limits is randomly assigned as in Eq. 9, and each value is saved in the solution matrix. 

Xi,j = Xmin + rand (Xmax − Xmin). (9) 

After obtaining the first solutions, two methods are used to generate new solutions. 
Which of these to use depends on the switch probability value chosen initially. This 
value is a design factor of the pollination process, local or global search, in other 
words, pollination by itself or with the help of a pollinator. First, a random value is 
taken and compared with the key probability value. If this random value is greater 
than the chosen switch probability, the local optimization is started. Generating new 
solutions in local search is done through the equation as in Eq. 10. 

Xnew = Xi,j + rand(0, 1)(Xk − Xt). (10) 

Here, Xnew refers to the matrix where new solutions are recorded, Xi,j represents the 
old solution, Xk and Xt are two values randomly selected from the old solutions. 

If the randomly selected number is less than the chosen switch probability, the 
global optimization starts. This situation shows that pollination takes place with the
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help of a pollinator. New solutions can be produced by using the equation called 
Lévy flight made by pollinators such as birds and bees during pollination. The Lévy 
flight equation is shown in Eq. 11. The new solution is generated according to Eq. 12. 

L = 1 √
2π 

ε−1.5 e 
1 
2ε , (11) 

Xnew = Xi,j + L
(
Xbest − Xi,j

)
. (12) 

L in the equations indicates the Lévy flight. The solution with the best objective 
function value in the solution matrix is Xbest. 

After the new solutions are produced, they are compared with existing solutions 
and solutions with higher acceleration values are replaced with new ones in each 
iteration. The optimum solution is reached by repeating these operations as many 
iterations. 

3 Numerical Examples 

In this numerical example, a seismic base isolator is positioned at the bottom of a 
ten-story and it is assumed as a SDOF structure model. A simulation was conducted 
using the FEMA P-695 earthquake records in MATLAB, as outlined in references 
[37, 38]. Figure 1 illustrates the ten-story SDOF structure model. The mass, stiffness, 
and damping coefficients of the structure are set to 360 tons, 650 MN/m, and 6.2 
MNs/m, respectively, according to reference [39].

The base-isolated SDOF structure model underwent optimization using the flower 
pollination algorithm (FPA) under earthquake excitations. During optimization, the 
period and damping ratio of the structural system, coupled with the isolator, were 
optimized. The period of the isolated system ranged from 1 to 5 s, while the damping 
ratio was optimized within the range of 1% to a maximum of 10, 20, 30, 40, and 
50%. Displacement constraints in the design were set at 20, 25, 30, 40, and 50 cm. 
Table 1 showcases the design limits and algorithm-specific factors employed in the 
optimization process. Table 2 presents the optimal values for the isolator system.

The critical earthquake record within the FEMA dataset for the structure without 
an isolator was identified as DUZCE/BOL090. Critical earthquake analyses for the 
DUZCE/BOL090 earthquake were conducted utilizing the optimal system param-
eters obtained at the damping limits of 10, 20, 30, 40, and 50%, and displacement 
limits of 20, 25, 30, 40, and 50 cm, adding an isolator into the structure. The resulting 
structure displacement and total acceleration values are presented in Table 3.

For the critical earthquake analysis under the 10% damping limit, identical optimal 
results were attained across all displacement limits. Figure 2 illustrates the time-
dependent graphs showing the structure displacement and total accelerations obtained 
for the 10% damping limit, with displacement limits of 20, 25, 30, 40, and 50 cm.
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Fig. 1 a 2D model, b 3D 
model

Table 1 Optimization design 
ranges and limits Explanation Design parameter 

Isolator period 1–5 s 

Isolator damping ratio 1–50% 

Base displacement limit 20, 25, 30, 40, 50 cm 

Population 10 

Maximum iteration 200 

Switch probability 0.5

The displacement and acceleration graphs resulting from the critical earthquake 
analysis at a 50% damping limit are given as follows: Fig. 3 illustrates the results for 
a displacement limit of 20 cm, Fig. 4 for 25 cm, Fig. 5 for 30 cm, Fig. 6 for 40 cm, 
and Fig. 7 for 50 cm, respectively.
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Table 3 Maximum responses for critical earthquake record 

Damping ratio Displacement limit (m) Displacement (m) Acceleration (m/s2) 

With isolator 10% 0.20 0.1635305 1.9718045 

0.25 0.1635305 1.9718045 

0.30 0.1635305 1.9718045 

0.40 0.1635305 1.9718045 

0.50 0.1635305 1.9718045 

20% 0.20 0.1602794 3.3648701 

0.25 0.1492046 2.0553210 

0.30 0.1492046 2.0553210 

0.40 0.1492046 2.0553210 

0.50 0.1372094 0.9474953 

30% 0.20 0.1385762 2.1991520 

0.25 0.1386310 2.1016463 

0.30 0.1386310 2.1016463 

0.40 0.1295347 1.1946032 

0.50 0.1273559 0.9340001 

40% 0.20 0.1281725 2.1209266 

0.25 0.1272473 1.7988978 

0.30 0.1245290 1.5483557 

0.40 0.1190686 1.1769276 

0.50 0.1316215 0.9676783 

50% 0.20 0.1188434 2.0815790 

0.25 0.1171452 1.7699054 

0.30 0.1129198 1.5112335 

0.40 0.1214041 1.2008699 

0.50 0.1325077 0.9861218 

Without isolator 0.4101091 19.2833064

4 Discussion and Conclusions 

In this study, the optimum isolator parameters were determined by using flower 
pollination algorithm optimization for five different damping and five different 
displacement limits by adding an isolator to a ten-story rigid SDOF structure under 
various earthquake excitations. Critical earthquake analyses were conducted to assess 
the impact of the isolator’s damping ratio and mobility on the lateral displace-
ment induced by the earthquake. The displacement and total acceleration reduction 
percentages of the isolator system in the critical earthquake analysis are presented 
in Table 4.
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(a) (b) 

Fig. 2 Critical earthquake record plots for 10% damping and 20, 25, 30, 40, and 50 cm displacement 
limit: a displacement, b acceleration

(a) (b) 

Fig. 3 Critical earthquake record plots for 50% damping and 20 cm displacement limit: a displace-
ment, b acceleration

When Table 4 is examined, it is seen that the same control performance is observed 
for all displacement constraints at the damping limit as low as 10%. For the 20% 
damping limit, the same drop ratio was observed at 25, 30, and 40 cm, while the 
control efficiency increased as the displacement limit increased. As the displacement 
limit increases, the control performance increase is also seen at the 30% damping 
limit. While the displacement increase from 10, 20, and 30% damping limits showed 
little effect, the increase in the damping limit highlighted the effect of the change 
in displacement on the control. Optimum displacement reductions at 40% and 50% 
damping limits were observed at 40 cm and 30 cm, respectively. The optimum value 
for the 10, 20, and 30% damped system with lower damping was 50 cm. In this case, 
while maximum isolator mobility is desired for low-damping systems, it is under-
stood that as the damping ratio increases, the need for isolator mobility decreases.
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(a) (b) 

Fig. 4 Critical earthquake record plots for 50% damping and 25 cm displacement limit: a displace-
ment, b acceleration 

(a)      (b) 

Fig. 5 Critical earthquake record plots for 50% damping and 30 cm displacement limit: a displace-
ment, b acceleration

When all cases were examined, it was determined that the optimum total accelera-
tion drops were at the maximum displacement limit of 50 cm. In this case, it can be 
said that in the displacement control of the structure, the mobility for low-damped 
isolators does not make much difference in control, while high-damped isolators can 
give better results at lower displacements. 

Considering the variation of the optimum parameters according to the damping 
and displacement limit, it is seen that the increase in damping ratio extends the period 
of the isolator for all displacements, and the defined damping limits are reached to 
the limit values.
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(a)      (b) 

Fig. 6 Critical earthquake record plots for 50% damping and 40 cm displacement limit: a displace-
ment, b acceleration 

(a) (b) 

Fig. 7 Critical earthquake record plots for 50% damping and 50 cm displacement limit: a displace-
ment, b acceleration

While the DUZCE/BOL090 earthquake stood as the critical earthquake record for 
the uncontrolled structure, the inclusion of an isolator altered the critical earthquake 
record of the system. Figure 8 displays the displacements in all FEMA P-695 earth-
quake records at the 10% damping limit. The variation of the structure displacement 
concerning the earthquake record is illustrated in Fig. 9 for 20% damping, Fig. 10 for 
30% damping, Fig. 11 for 40% damping, and Fig. 12 for 50% damping, respectively.

Examining Figs. 8, 9, 10, 11, and 12, it is seen that in several earthquake records 
such as 8, 11, 17, 28, 30, and 38, the structure with an isolator exhibits higher 
displacement than the structure without an isolator across various damping ratios and 
displacement limits. This observation indicates that adding an isolator can indeed 
alter the critical earthquake for the structure. Specifically, when considering the 
20% damping, some records surpass the structure’s displacement, notably at the
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Table 4 Structure responses reduction percentages 

Damping ratio Displacement limit 
(m) (%) 

Displacement (%) Acceleration (%) 

With isolator 10 0.20 60.13 89.77 

0.25 60.13 89.77 

0.30 60.13 89.77 

0.40 60.13 89.77 

0.50 60.13 89.77 

20 0.20 60.92 82.55 

0.25 63.62 89.34 

0.30 63.62 89.34 

0.40 63.62 89.34 

0.50 66.54 95.09 

30 0.20 66.21 88.60 

0.25 66.20 89.10 

0.30 66.20 89.10 

0.40 68.41 93.81 

0.50 68.95 95.16 

40 0.20 68.75 89.00 

0.25 68.97 90.67 

0.30 69.64 91.97 

0.40 70.97 93.90 

0.50 67.91 94.98 

50 0.20 71.02 89.21 

0.25 71.44 90.82 

0.30 72.47 92.16 

0.40 70.40 93.77 

0.50 67.69 94.89

50 cm displacement limit. At the 30, 40, and 50% damping limits, isolator displace-
ment exceeding the structure’s displacement was predominantly observed at 40 and 
50 cm displacement limits. Hence, it’s apparent that enhancing the mobility of highly 
damped structures might result in greater displacement compared to the uncontrolled 
structure. The variation of the total acceleration in the structure concerning the earth-
quake record is depicted in Fig. 13 for the lowest damping limit of 10% and in Fig. 14 
for the highest damping limit of 50%.

Upon examination of Figs. 13 and 14, it’s apparent that the total acceleration value 
of the structure with the isolator does not exceed that of the uncontrolled structure, 
despite the alteration in critical earthquake caused by the addition of the isolator.
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Fig. 8 Maximum base displacement for the 10% damping ratio limit 
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Fig. 9 Maximum base displacement for the 20% damping ratio limit

This suggests that while isolator systems may change the critical earthquake, their 
impact on total acceleration reduction is more significant than on displacement. 

When considering all the results, the following conclusions can be drawn:

• Increasing the damping ratio of a system with isolators extends the system’s 
period, and the system with isolator’s experiences greater force due to reaching 
the limit values of the damping ratio. 

• While augmenting the allowed isolator mobility in low-damping systems like 
10 and 20% doesn’t significantly affect control performance, it’s observed that 
increasing the damping ratio in high damping systems reduces the isolator 
displacement requirement.
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Fig. 10 Maximum base displacement for the 30% damping ratio limit 
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Fig. 11 Maximum base displacement for the 40% damping ratio limit

• Some systems with the same damping ratio exhibited similar total accelera-
tion reductions. Optimal overall acceleration drops were observed when isolator 
mobility was at its highest. This indicates that the reduction of the total acceleration 
of the system depends more on displacement than on the damping ratio. 

• Adding an isolator to the structure alters the critical earthquake for the structure. 
Although the total acceleration of the structure with isolators is scarcely affected
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Fig. 12 Maximum base displacement for the 50% damping ratio limit
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Fig. 13 Maximum total acceleration for the 10% damping ratio limit

by the change in the critical earthquake, this situation significantly impacts the 
displacement of the structure with the isolator, causing it to exceed that of the 
uncontrolled structure. Consequently, adding an isolator to the structure proves 
to be a more effective method in controlling total acceleration than displacement.
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Fig. 14 Maximum total acceleration for the 50% damping ratio limit
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Chapter 6 
Review of Recent Advances on AI 
Applications in Civil Engineering 

Yaren Aydın, Gebrail Bekdaş, and Sinan Melih Nigdeli 

1 Introduction 

Artificial intelligence (AI) is an automated system developed for jobs that 
require intelligence. Artificial intelligence is based on the principle that machines 
autonomously make inferences by gaining experience with learning methods and 
algorithms. In recent years, with the transition to the digital world, recording and 
collecting data has gained importance. Using artificial intelligence techniques to 
process and analyse the large amount of data collected, valuable information to be 
obtained from the data can be used more effectively and more accurate results can be 
obtained in decision-making mechanisms. Artificial intelligence imitates the thinking 
and understanding abilities of human intelligence [1]. 

Artificial intelligence has shown great development in time. There are important 
stages in the development process of artificial intelligence. These are: 

In 1943, the first ANN model was generated by Warren McCulloch and Walter 
Pitts [2]. The model called “Boolean Circuit Model of the Brain” is simply based on 
a theory that mathematically explains how neurons work in the brain using certain 
assumptions. In the next step, in 1948, Shannon [3] suggested that computers could 
be used to prove complex mathematical theorems and play chess within the frame-
work of certain algorithms. In 1950, the British mathematician Alan Turing [4] asked  
the question “can machines think?” and introduced the concept of the “Turing test”, 
a method for measuring the ability of artificial intelligence to mimic human-like 
behaviour. The term “artificial intelligence” was first used in 1956 by Marvin Minsky
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and John McCarthy, who moderated a project on artificial intelligence at Dartmouth 
College [5]. In the two decades following this, there have been significant develop-
ments in artificial intelligence. For example, one of the first programmes to pass the 
Turing test, ELIZA, developed by Joseph Weizenbaum at MIT, was able to simu-
late a human conversation [6]. Between 1974 and 1980, during the period called 
“AI winter”, government support and interest in the field of artificial intelligence 
decreased after the publication of many reports criticising the process of developing 
artificial intelligence. In the 1980s, the UK revitalised artificial intelligence by re-
funding this field in order to compete against Japan in artificial intelligence studies 
[7]. In the 1990s, great progress was made in the use of artificial intelligence. In 
1997, the programme named “Deep Blue” produced by IBM defeated the world 
chess champion Garry Kasparov in a chess match. As a result, it was shown that 
computers can be better than humans in some subjects and increased the popularity 
of artificial intelligence [8]. In the 2000s, artificial intelligence applications have been 
used in many electronic devices. Robot toys were produced using artificial intelli-
gence. Big companies such as Facebook, Netflix and Twitter started to use artificial 
intelligence [9]. 

The most widely used artificial intelligence techniques in civil engineering are 
machine learning, deep learning, fuzzy logic, image processing and swarm intelli-
gence. Within the scope of the study, these techniques will be explained and especially 
the studies conducted in the last 6 years in the field of civil engineering using these 
techniques will be included. 

1.1 Machine Learning 

Machine learning (ML) was first proposed by Arthur Samuel in 1959 as the ability 
of computers to learn without explicit programming [10]. Machine learning is a 
subfield of artificial intelligence that enables the development of various techniques 
and algorithms to enable computers to learn in a similar way to humans [11]. 

ML algorithms differ in their approaches, data types and problem-solving tech-
niques. There are two different learning methods in machine learning models: super-
vised learning and unsupervised learning. In unsupervised learning, the data is not 
labelled and the data to be predicted is not shown to the machine. In supervised 
learning, the data are labelled and both input and output data are given to the machine. 
The areas of use of machine learning models are very wide. They are frequently used 
in problems such as regression, classification and clustering. Figure 1 shows the 
learning methods and problem scopes used in machine learning.

ML is a subset of artificial intelligence and focuses on teaching computers how 
to make predictions and trying to get a computer to do the kind of things the human 
mind can do. Figure 2 represents the machine learning flowchart.



6 Review of Recent Advances on AI Applications in Civil Engineering 109

Machine Learning 

Supervised 

Unsupervised 

Classification 

Regression 

Clustering 

Dimensionality 

Association 

Fig. 1 ML methods

Fig. 2 Machine learning 
flowchart [12] Data collection 

Data preperation 

Model selection 

Training and validation 

Evaluate the model 

Predictive model 

1.2 Deep Learning 

While ML methods are performed in a single layer, deep learning consists of multi-
layer neural networks. It explores a complex structure in large datasets by finding how 
the system parameters should be changed to calculate the output in each layer from 
the output in the previous layer of a machine using the backpropagation algorithm
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[13]. Unlike machine learning, deep learning can automatically learn the functions 
that need to be fulfilled from the symbols of image, video, audio data and increases 
the prediction accuracy depending on the data size thanks to its flexible structure 
[14]. The feature that distinguishes deep learning from machine learning is the use 
of aritificial neural networks (ANNs). In deep learning, a lot of data is needed for 
the relationship between labelled data, rather than a previously human-defined rule. 
Deep learning uses multiple layers of artificial neural network algorithms to establish 
this relationship, each of which is fed from the output of the previous layer and then 
different interpretations are made [15]. One of the most important features of deep 
learning is that it learns automatically through a self-learning procedure, although it 
is not taught or designed by humans [16]. 

In the functional structure of deep learning, the activation function is a mathe-
matical formulation that calculates the output value of a neuron. The input value 
is multiplied by the neuron weight and the output is obtained by summing it with 
a value called bias. The concept of “bias” here is the name given to the value that 
allows the activation function to move to the right or left on the graph. Neuron weight 
is the name given to the parameter that transforms the input data in the hidden layers 
of the network. 

Deep learning is the most general form of ANN structure with multiple layers. The 
output of each layer is the input of the previous layer. Thus, multiple representation 
levels are learned in response to different operations [17]. Figure 3 is the general 
architecture of deep neural networks. 

In deep learning, the same ANN model is not used for the solution of every 
problem. Artificial neural networks differ according to their place of use and purpose. 
The model to be used varies according to the structure of the problem and the type 
of data. Recurrent neural network (RNN), convolutional neural network (CNN), 
generative adversarial networks (GANs), deep belief network (DBN) and long short-
term memory (LSTM) are among the most widely used algorithms [19]. Figure 4 
shows deep learning approaches as a scheme.

Fig. 3 Architecture of deep neural networks [18] 
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1.3 Fuzzy Logic 

In 1965, Lotfi Zadeh [21] developed fuzzy set theory at the University of California 
and introduced the word “fuzzy” in his paper Fuzzy Sets [22]. According to Zadeh, 
fuzzy sets have a multivariate structure and the two-valued logic system expressed 
as classical logic ({0,1}) is insufficient to explain human thoughts. Unlike classical 
logic, fuzzy logic is defined as systems used to analyse continuous values between 0 
and 1 by making use of experienced expert knowledge [23]. Fuzzy logic realises the 
ability of machines to work by taking advantage of human experience and intuition 
by using symbolic expressions instead of numerical expressions. The mathematical 
basis for transferring symbolic expressions to machines is fuzzy logic set theory and 
fuzzy logic based on it. Fuzzy logic has better performance than classical methods 
and is particularly suitable for use in situations where it is not possible to analyse 
the system with classical methods and the nature of the information is uncertain or 
imprecise [24]. 

In fuzzy logic, there are fuzzification, creation, evaluation and collection of rule 
bases, and clarification processes. Fuzzy inference system is shown in Fig. 5 [25].

In Fig. 5, fuzzification is the process of converting some verbal expressions used 
in daily life (e.g. some, few, etc.) into membership functions. The input data are 
converted into numerical values between 0 and 1 by the fuzzification process [26]. 
Logical operators (and, or, not) are used to create and use the rule base needed for 
the inference process. The data and input values stored in the rule base are processed 
by the inference unit and the result is obtained. A rinse operation is used to convert 
the obtained results into real-world values [27].
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1.4 Image Processing 

Image processing is the modification of digital image elements in accordance with 
the desired situation using computer software [28]. Image processing technique is 
an artificial intelligence model that covers the processes of increasing the clarity of 
the image, obtaining another image for the purpose from the existing image, creating 
a digital image and making analyses using these images [29]. Diagram of image 
processing is shown in Fig. 6. 

1.5 Swarm Intelligence 

Long ago, people were intrigued by the amazing patterns that existed in nature. 
Animals, insects and birds living in swarms exhibit interesting and regular behaviour.
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Researchers have been intrigued by the foraging behaviour of ants and the echoing 
behaviour of bats in nature. The intelligent search strategy achieved by creating a 
better search strategy than random search, thanks to the cooperative behaviour of 
individuals in the swarm, is often referred to as swarm intelligence [31]. 

Swarm intelligence is the most developed branch among metaheuristic optimiza-
tion algorithms [32]. Examples of these algorithms include particle swarm optimiza-
tion [33], ant colony optimization [34], artificial bee colony algorithm [35], cuckoo 
algorithm [36], firefly algorithm [37], bat algorithm [38], flower pollination algo-
rithm [39], grey wolf optimization [40], owl search algorithm [41], mouse swarm 
optimization [42], reptile search algorithm [43] and honey badger algorithm [44]. 
Figure 7 represents the general flowchart of swarm intelligence algorithms. 

2 AI Applications in Civil Engineering 

2.1 Machine Learning and Applications in Civil Engineering 

Saravanan et al. applied advanced ML techniques to predict the overall construction 
quality of motorways, perform quality control and prevent premature failures [46]. 
Yucel et al. estimated the period and damping ratio parameters of tuned mass dampers
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using machine learning methods. Optimum tuned mass damper parameters were 
estimated with the Artificial Neural Network (ANN) model used [47]. Seker and 
Ocak used six different machine learning algorithms and ensemble techniques to 
predict the performance of the roadheader using the collected dataset. Among the 
different methods used, random forest (RF) showed the best performance [48]. Noori 
Hoshyar et al. developed ML algorithms more successful than traditional SVM in 
detecting cracks [49]. Vakharia and Gujar predicted the compressive strength using 
isotonic regression, artificial neural network, support vector machine and RF machine 
learning models. As a result, low error was obtained with the models used [50]. Li 
et al. used extreme gradient boosting (XGBoost) and comprehensive learning particle 
swarm optimiser (CLPSO) for concrete strength estimation. As a result, the proposed 
model outperformed other machine learning algorithms [51]. 

Kurian and Liyanapathirana used machine learning (ML) algorithms that learn 
by experience to predict structural damage in concrete structures. Among the ML 
algorithms used, the random forest classifier (RFC) algorithm showed the highest 
performance [52]. Di Girolamo et al. used regression trees for the control of seismic 
vibrations. They used a benchmarking framework for the process they used [53]. 
Yucel et al. presented that the prediction of different structural design problems in 
civil engineering can be successfully achieved with the use of ANN [54]. Zhang et al. 
combined seven ML models using voting methods to predict compaction conditions 
in rock tunnels. As a result, the proposed ensemble was more successful (accuracy 
= 65%) than the individual classifiers [55]. Sathyan et al. evaluated the behaviour of 
superplasticised cement paste with the machine learning model XGBoost. As a result, 
the model developed with XGBoost had effective success [56]. Rusek et al. used 
support vector classifier (SVC) for damage risk assessment of reinforced concrete 
prefabricated building structures. The model, whose efficiency was verified, provided 
the basis for the reliability of existing reinforced concrete prefabricated building 
structures [57]. Singh et al. used machine learning models to predict the normalised 
bond strength of cement concrete substituted with sustainability products. The model 
was then estimated by regression analysis [58]. 

Soize and Orcesi used unsupervised machine learning methods to detect structural 
stiffness changes in a box girder bridge [59]. Lee et al. developed a ML-based predic-
tion model using random forest (RF) for quantitative rock damage degree prediction 
considering various acoustic emission (AE) parameters. The results showed that RF 
was highly successful [60]. Fischer et al. used different ML models’ methods to 
detect equipment activities on the construction site. Their study demonstrated the 
suitability of machine learning for simulating data [61]. Zhang et al. used a weighted 
voting method combining different ML models for the assessment of earthquake-
induced liquefaction. As a result, the proposed ensemble model outperformed the 
other models [62]. Vu et al. used gradient tree boosting (GTB) models to predict 
the strength of concrete-filled steel tube (CFST) columns. Their model also verified 
by equations [63]. Chou et al. combined the firefly algorithm (FA), the one-to-one 
(OAO) method and the least squares support vector machine (LSSVM) for prediction 
in civil engineering. With the proposed method, the defects of the system in steel 
plates were predicted with high accuracy [64]. Asteris et al. used a hybrid ensemble
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ML technique for the prediction of concrete compressive strength (CS). The machine 
learning technique, which they trained using ANN, has a high success rate [65]. 

Cakiroglu et al. predicted the properties of self-compacting concrete by using four 
ML models. These models predicted both outputs with high coefficient of determi-
nation [66]. Shahani et al. used ML and ANN to estimate Young’s modulus. These 
models were compared with XGBoost and achieved effective results in Young’s 
modulus prediction [67]. Cakiroglu et al. predicted the axial load carrying capacity 
of fibre RC columns using different ML models [68]. Rao et al. used different ML 
models to classify and forecast the shear strength, flexural strength and damage modes 
of shear walls. Among the models they used, random forest showed the highest perfor-
mance (accuracy = 85%) [69]. Yücel et al. used a combination of optimization and 
machine learning to minimise structural damage in the frequency domain of tuned 
mass dampers (TMDs). With this approach, fast predictions are made instead of long 
time-consuming analyses [70]. Imran et al. used different ensemble models to predict 
the compressive strength of concrete produced by recycled concrete aggregate and 
ground granulated blast furnace slag. The generated model using the hybrid of convo-
lutional neural networks (CNN) and long short-term memory (LSTM) showed the 
highest success [71]. Cakiroglu et al. used ML models to predict the axial compres-
sion capacity of columns. CatBoost showed the highest success for this prediction 
[72]. Shanmugasundaram et al. used ANN to determine the compressive strength 
of treated cementitious composite combined with fly ash and ground granular high 
slag pozzolans. This approach showed high success with a high R2 coefficient [73]. 
Kidega et al. used gradient boosting algorithms to predict rock bursting. The model 
used showed the highest performance with R2 = 0.98 [74]. Anjum et al. used different 
ML models (DT-Gradient Boosting, DT-XGBoost, DT-AdaBoost, DT-Bagging) for 
flexural strength prediction of steel-fibre reinforced concrete. As a result, DT-Bagging 
showed the highest performance (R2 = 0.95) [75]. Binh Thai et al. used adaptive 
neuro-fuzzy inference system (ANFIS), support vector machine (SVM) and ANN 
models to predict the bearing capacity of bored piles. SVM showed the best perfor-
mance (R2 = 0.98) among the models [76]. Yin et al. used different machine learning 
models to predict the compressive strength of shotcrete coating. RF-QPSO, a hybrid 
of random forest and QPSO, showed the best performance (R2 = 0.93) [77]. Yucel 
et al. performed the prediction of the optimum design of beams covered with carbon 
fibre reinforced polymers using different ML algorithms. They combined their ML 
algorithms with bagging and achieved success [78]. Zhang et al. used support vector 
machines (SVMs) and Bayesian optimization (BO) for the prediction of soil lique-
faction potential. The hybrid-developed BOSVM had better prediction performance 
(accuracy = 96%) than the other models [79]. Truong and Chou developed a model 
combining jellyfish search (JS), fuzzy adaptive (FA), logic controller and stacking 
ML for scheduling. Their proposed method showed better performance than other 
models [80]. 

Cakiroglu et al. used different ML models to predict the properties of concrete 
with fibre reinforced rubber. The highest performance in compressive and tensile 
strength belongs to CatBoost [81]. Fathipour-Azar used ML models for cutting force 
prediction of rock. Among the models used, the most successful model (R2 = 0.812)
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is the DE-XGBoost model, which is a hybrid of differential evolution and extreme 
gradient boosting [82]. Yaghoubi et al. used ML models to predict the equivalent 
damping capacity in RC shear walls. The model developed using Gaussian process 
regression showed high success (R2 = 0.89) [83]. Aydin et al. discussed the use of 
ML in civil engineering [84]. Bekdaş and Nigdeli emphasised the importance of opti-
mization, metaheuristics and ML in civil engineering [85]. Mori et al. used Gaussian 
process regression model to predict the peak roof drift rate. This model is an impor-
tant step for earthquake simulation [86]. Bekdaş et al. used ML algorithms to predict 
the cooling load in buildings. Among the regression techniques used, the models 
with the highest prediction success were histogram gradient boosting and stacking 
models [87]. Dinesh et al. showed that it is possible and effective to determine the 
compressive and tensile strength of concrete with XGBoost [88]. Kumar and Singh 
used ML models to predict the infiltration characteristics of a rain garden used for 
urban flood mitigation. Among the models used, the multivariate adaptive regression 
line (MARS) gave the best performance (RMSE = 0.129) [89]. Cakiroglu predicted 
the properties of concrete with aramid fibre reinforced polymer using several ML 
models. The tree regressor, XGBoost and K-nearest neighbour models achieved the 
highest success [90]. Alkhawaldeh used light gradient boosting machine (LGBM) 
for the prediction of punching shear strength. Their hybridised approach with opti-
mization achieved higher success than the stand-alone LGBM model [91]. Chen et al. 
used extreme gradient boosting and random forest for the prediction of soil shear 
strength. The XGBoost used showed higher success than RF [92]. Nasir Amin et al. 
used different ML models to predict the compressive strength of rice husk ash used 
in concrete. Among these models, bagging had the highest success (R2 = 0.93) [93]. 
Mai et al. presented a hybrid ML to predict the permanent transverse displacement of 
steel members with circular hollow section using XGB with different optimization 
techniques. The hybrid of grey wolf optimiser and XGB achieved the highest success 
with R2 = 0.98 [94]. Aydın et al. performed soil classification using ML models. The 
dataset they used was subjected to different processes, and they achieved the highest 
success with XGBoost [95]. Yücel et al. used machine learning models to determine 
the optimum parameters of different structural models including a three-bar truss and 
a simply supported reinforced concrete (RC) beam. They comprehensively compared 
the different models they used and determined the effective method [96]. Aydın et al. 
used machine learning models to investigate the least damage to the environment 
during the production of cement in concrete. Among the models used, multilayer 
perceptron (MLP) showed the highest performance (R2 = 0.999) [97]. Alabduljabbar 
et al. used different ML models to predict the self-healing capacity of cementitious 
composites. With bagging, R2 = 0.97 was achieved and the suitability of ML models 
for prediction was proved [98]. Khan et al. employed XGBoost to predict the charac-
teristic compressive strength of ultrahigh-performance concrete (UHPC) containing 
recycled glass powder. High success was achieved with the ML model used [99]. Chi 
et al. used different ML models to predict the compressive strength of cement-based 
materials [100]. The models used showed high agreement in prediction. Aydın et al. 
used ML models to minimise environmental damage in concrete production. Among 
the models used, random forest showed the highest prediction success [101]. Yang
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et al. presented a machine learning model for predicting the compressive strength 
of reinforced cement composites. Among the models, AutoGluon-Tabular had the 
highest performance [102]. Perfetto et al. used machine learning algorithms to deter-
mine the location and extent of damage in the structure. The model obtained by 
optimising the ensemble algorithm showed high success [103]. Aydın et al. used 
advanced ML to evaluate the carbon emission in the production of alkaline acti-
vated binders, which are used as alternative binders to minimise the environmental 
damage of ordinary Portland cement production. The highest accuracy was achieved 
with a genetic algorithm using hyperparameter optimization [104]. Cakiroglu et al. 
used ML models for the estimation of the tensile strength of basalt fibre reinforced 
concrete. The highest success in prediction (R2 > 0.9) was achieved using XGBoost 
[105]. 

Kumar and Pratap evaluated the parameters in the model predicting concrete 
compressive strength and obtained effective prediction results [106]. Asgarkhani 
et al. developed a model based on ML to evaluate the seismic behaviour of anti-
torsion braced frames. Their proposed model is promising for evaluation [107]. 
Shahab et al. utilised ML models to predict the compressive strength of concrete 
containing graphene nanoplatelets. As a result, one of the models used, gene expres-
sion programming, had the highest prediction performance [108]. Liu et al. [109] 
predicted the punching shear strength in different performances of fibre reinforced 
with XGBoost with high success. 

2.2 Deep Learning and Applications in Civil Engineering 

Gao and Mosalam used transfer learning (TL) to recognise structural damage from 
images and achieved success in identifying high damage in civil engineering struc-
tures [110]. Yang et al. used the full convolutional network (FCN) technique, which 
is one of the DL techniques in crack assessment. As a result of the technique used, 
97.96% accuracy was achieved in crack assessment [111]. Liu et al. tested the statis-
tics of excavation quantities using convolutional neural network (CNN) and transfer 
learning (TL) forms. It was concluded that these methods were effective in the test 
phase [112]. 

Tanyildizi et al. used a deep learning method called long short-term memory 
(LSTM) networks to predict the mechanical properties of concrete containing silica 
fume under high temperatures. As a result, LSTM was more successful than other 
coders [113]. Shin et al. proposed a convolution-based concrete multiple damage 
recognition neural network (CMDnet) for damage detection in concrete. As a result, 
the trained concrete multiple damage recognition neural network achieved high 
accuracy (98.9%) [114]. Weerasinghe and Jayasena used deep learning approaches 
(VGG16, VGG19, Densetnet169, MobileNet) in flood management. These models 
were compared, and they achieved the highest success with MobileNet [115]. 

Li et al. used YOLOv3, one of the deep learning methods, for the automatisation 
of steel bar counting. This method was found to be suitable for counting steel bars
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in construction [116]. Cui et al. proposed the YOLO-v3 model for the identification 
of damage to concrete caused by wind erosion. This method showed high success 
in detection [117]. Tan et al. used the You Only Look Once version 3 (YOLOv3) 
method based on a convolutional neural network (CNN) for the inspection of sewer 
pipes. The model developed in the study showed high performance [118]. Hong 
et al. employed a convolutional neural network (CNN) for seismic ground response 
analysis. The model they proposed was successful [119]. 

Liu et al. evaluated the stability of retaining walls using a convolutional neural 
network (CNN). High accuracy was achieved as a result of the classifications 
performed with the method [120]. Wang et al. developed deep structural nonlinear 
analysis (DeepSNA) to predict the mechanical response of arched structures. With 
this method, the prediction efficiency is increased compared to classical methods 
[121]. 

Luleci et al. used generative adversarial networks (GAN) based on DL methods 
for structural health monitoring (SHM). The developed method was found promising 
for future studies [122]. Qayyum et al. automatically classified cracks using convo-
lutional neural networks (CNNs) architectures. The deep learning methods used 
showed high success in crack classification [123]. Philip et al. used the YOLO v3 
model to create an automatic system capable of detecting cracks in concrete walls. 
Their proposed method had high accuracy [124]. Matinfar et al. produced an arti-
ficial spectrum-matched earthquake acceleration record using deep convolutional 
GAN (DCGAN) using several ground motion records. The results showed that the 
method was successful [125]. Inam et al. used YOLOv5 to identify cracks in bridges. 
This method showed superior success in crack assessment [126]. Zhou et al. used 
YOLOv4 based on deep learning for the detection of tunnel pavement cracks. As a 
result, the YOLOv4 model accurately detects tunnel pavement cracks [127].  Bai et al.  
applied deep learning (DL) approaches for health monitoring and damage tracking 
of reinforced concrete structures. In this study using EfficientNet-V2, component 
damage recognition was successfully achieved [128]. Dinh and Ahn used convolu-
tional neural networks (CNNs) and recurrent neural networks (RNNs) for structural 
damage assessment. Their proposed method achieved effective results [129]. Zhang 
et al. presented physics-informed DL for the identification of vibration. Their model 
provided accuracy [130]. 

2.3 Fuzzy Logic and Applications in Civil Engineering 

Hasheminejad et al. used adaptive neural fuzzy inference system (ANFIS), which 
is one of the fuzzy logic methods, for the prediction of soil collapsibility poten-
tial. With the hybrid optimization algorithms, they used while training ANFIS, they 
achieved effective results in predicting the collapsibility potential of the soil [131]. 
Siva Krishna and Ranga Rao used fuzzy logic to investigate the strength variation with 
molar concentration of geopolymer concrete. High prediction accuracy was achieved 
with the fuzzy logic model used [132]. Godfrey et al. tested the applicability of a
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modified version of the build, operate and transfer method for urban water supply 
service using fuzzy logic statistical analysis. As a result of the study, it was concluded 
that this method is effective [133]. Hashemi and Zarabiha presented a fuzzy logic-
based approach to determine the ground response in an earthquake. The approach 
they used was useful for determining the ground response to earthquakes [134]. 
Hormozabad and Soto used a hybrid of semi-active magneto-rheological dampers and 
passive base isolation bearings to reduce the vibration of highway bridge structures. 
Their approach had advantages in achieving vibration control [135]. Chakraborty 
and Goswami used fuzzy logic and regression analysis to predict the safety factor 
of slopes. Of these two models, fuzzy logic was more successful [136]. Rogulj 
et al. used fuzzy logic to prioritise the renovation of the roofs of public buildings 
[137]. Hakim et al. generated a model to predict the compressive strength of high-
strength concrete via neuro-fuzzy systems. The fuzzy logic model used predicted the 
compressive strength with high success [138]. 

2.4 Image Processing and Applications in Civil Engineering 

Damadipour et al. determined the particle size distribution using image processing. 
The result showed high agreement between the predicted and actual values [139]. 
Tiwari et al. used silica fume and polypropylene fibre to stabilise the soil base and used 
image processing technique to evaluate the shrinkage limit. The image processing 
technique used is an important step for soil improvement [140]. Riazi et al. estimated 
the weight and damage load of the modelled bridge using image processing technique. 
In the process carried out using the genetic algorithm, the weight and damage load 
of the bridge were successfully estimated [141]. Carrasco et al. used digital image 
processing techniques to detect the width of cracks. The results obtained showed that 
the prediction success was high [142]. Xu and Liu performed reconstruction based 
on monocular vision for buildings using digital image processing technology. As a 
result, success has been achieved in this field with this image processing [143]. Zhang 
et al. used thermal image processing for the detection of underground defects in civil 
infrastructure. The image processing techniques used were compared, and a high 
correlation coefficient was achieved [144]. Shi et al. proposed an optimization model 
using digital image processing techniques for coarse aggregate contact analysis in 
asphalt mix [145]. Ma et al. automatically realised the rebar rebuilding using digital 
imagery [146]. Jiang et al. performed 3D reconstruction of coarse aggregate using 
optical laser triangulation and image processing. Promising results were obtained 
[147]. Jayanthi et al. successfully detected concrete capillary cracks using image 
processing [148]. Ya’acob et al. used advanced image processing and YOLO for 
crack detection in pavements. The model has high accuracy [149].
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2.5 Swarm Intelligence and Applications in Civil 
Engineering 

Saleem and Jo used a model combining genetic algorithm (GA) with another algo-
rithm to accurately determine the impact force on structures [150]. Bekdaş et al.  
used a new optimization algorithm for the optimal design of TMD for the safety of 
buildings. The algorithm used was compared with the GA [151]. Nigdeli et al. used 
modified particle swarm optimization (PSO) to adjust the contribution of the current 
values of the velocity in the inertia function [152]. Borodin and Zhangabay automat-
ically and statistically determined the optimal composition of slag-filled concrete 
using a swarm intelligence algorithm [153]. Mishra et al. presented swarm intelli-
gence methods used in slope stability assessment and compared them with antlion 
optimiser [154]. Yücel et al. found the optimum section values of the cantilever 
beam in order to minimise its total weight with swarm intelligence algorithms [155]. 
Kayabekir et al. performed the cost minimisation of L-shaped RC retaining wall with 
different metaheuristic algorithms including FPA. In the study, FPA outperformed 
the other algorithms [156]. Ulusoy et al. used algorithms including flower pollina-
tion algorithm (FPA) to improve the efficiency of active control with metaheuristics 
[157]. Hussien et al. introduced the crow search algorithm (CSA), which is one of 
the swarm intelligence algorithms and can be used in different engineering branches, 
with different aspects and different types [158]. Ulusoy et al. used different meta-
heuristic algorithms, including the bat algorithm, for the cost minimisation of RC 
beams. Finally, they concluded that an optimal design cannot be found with a single 
metaheuristic algorithm [159]. Kayabekir et al. used a flower pollination algorithm 
to minimise CO2 emissions from reinforced concrete T-beams [160]. Bekdaş et al.  
modified the Lèvy flight to three algorithms using swarm intelligence in various 
optimization to minimise the structural weight of a space truss. As a result, this 
modification had the most positive effect on the grey wolf algorithm [161]. Ulusoy 
et al. optimised the parameters of active control systems in the structure with FPA 
[162]. Naderpour et al. generated an estimation model for the moment capacity of 
spiral-reinforced concrete columns by using two different models combining neural 
network with PSO. The neural network using the PSO algorithm was more successful 
[163]. Yücel et al. used ANN to generate a prediction model for optimum dimensions 
of reinforced concrete cantilever retaining walls and employed flower pollination 
algorithm to obtain learning data [164]. Bekdaş et al. employed swarm-based opti-
mization algorithms in the optimum design of span lengths of frame structures and 
optimization of control systems and obtained effective results [165]. Bardhan and 
Asteris combined ANN and grey wolf optimization to predict the optimum moisture 
content and maximum dry density of the soil. Their proposed model provided a good 
prediction success [166]. Yücel et al. stated that swarm intelligence algorithms are 
generally used for optimization in the process of data generation for machine learning 
in structural engineering and performed their applications in structural problems 
[167]. Aydın et al. used the FPA to minimise the cost of reinforced concrete beams. 
They reached the most economical solution with random switching probability [168].
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Günay et al. successfully found the optimum sections of reinforced concrete column 
for different fire durations by hybridising the FPA and Jaya algorithm [169]. Huang 
and Wang used a hybrid RF and PSO for the prediction and control of bridge pier 
displacement in subway tunnel construction. The developed and optimised method 
is effective in prediction and control [170]. 
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54. Yucel M, Nigdeli SM, Bekdaş G (2020) Artificial neural networks (anns) and solution of 
civil engineering problems: anns and prediction applications. In: Artificial intelligence and 
machine learning applications in civil, mechanical, and industrial engineering. IGI Global, 
pp 13–38. https://doi.org/10.4018/978-1-7998-0301-0.ch002 

55. Zhang J, Li D, Wang Y (2020) Predicting tunnel squeezing using a hybrid classifier ensemble 
with incomplete data. Bull Eng Geol Environ 79:3245–3256. https://doi.org/10.1007/s10064-
020-01747-5

https://doi.org/10.1007/978-3-642-32894-7_27
https://doi.org/10.1007/978-3-642-32894-7_27
https://doi.org/10.1016/j.advengsoft.2013.12.007
https://doi.org/10.3233/JIFS-169452
https://doi.org/10.3233/JIFS-169452
https://doi.org/10.1007/s12652-020-02580-0
https://doi.org/10.1007/s12652-020-02580-0
https://doi.org/10.1016/j.eswa.2021.116158
https://doi.org/10.1016/j.matcom.2021.08.013
https://doi.org/10.1109/ACCESS.2020.2989133
https://doi.org/10.1109/ACCESS.2020.2989133
https://doi.org/10.1109/CSCI46756.2018.00234
https://doi.org/10.1109/CSCI46756.2018.00234
https://doi.org/10.1016/j.jobe.2019.100847
https://doi.org/10.1016/j.jobe.2019.100847
https://doi.org/10.1007/s00521-017-3141-2
https://doi.org/10.1007/s00521-017-3141-2
https://doi.org/10.3390/app9142810
https://doi.org/10.3390/app9142810
https://doi.org/10.1016/j.conbuildmat.2019.07.224
https://doi.org/10.1109/IAEAC47372.2019.8997825
https://doi.org/10.1109/IAEAC47372.2019.8997825
https://doi.org/10.1007/978-981-13-8331-1_1
https://doi.org/10.1007/978-981-13-8331-1_1
https://doi.org/10.1002/stc.2514
https://doi.org/10.4018/978-1-7998-0301-0.ch002
https://doi.org/10.1007/s10064-020-01747-5
https://doi.org/10.1007/s10064-020-01747-5


124 Y. Aydın et al.

56. Sathyan D, Govind D, Rajesh CB, Gopikrishnan K, Kannan GA, Mahadevan J (2020) 
Modelling the shear flow behaviour of cement paste using machine learning–XGBoost. J 
Phys Conf Ser 1451(1):012026. IOP Publishing. https://doi.org/10.1088/1742-6596/1451/1/ 
012026 
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84. Aydin Y, Bekdaş G, Işıkdağ Ü, Nigdeli SM (2023) The state of art in machine learning 
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156. Kayabekir AE, Yücel M, Bekdaş G, Nigdeli SM (2020) Comparative study of optimum 
cost design of reinforced concrete retaining wall via metaheuristics. Chall J Concr Res Lett 
11:75–81. https://doi.org/10.20528/cjcrl.2020.03.004 
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161. Bekdaş G, Yucel M, Nigdeli SM (2021) Evaluation of metaheuristic-based methods for opti-
mization of truss structures via various algorithms and Lèvy flight modification. Buildings 
11(2):49. https://doi.org/10.3390/buildings11020049 

162. Ulusoy S, Bekdaş G, Nigdeli SM, Kim S, Geem ZW (2021) Performance of optimum tuned 
PID controller with different feedback strategies on active-controlled structures. Appl Sci 
11(4):1682. https://doi.org/10.3390/app11041682 

163. Naderpour H, Parsa P, Mirrashid M (2021) Innovative approach for moment capacity esti-
mation of spirally reinforced concrete columns using swarm intelligence–based algorithms 
and neural network. Pract Period Struct Des Constr 26(4):04021043. https://doi.org/10.1061/ 
(ASCE)SC.1943-5576.0000612 
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Chapter 7 
Meta-heuristic Algorithms 
as an Optimizer: Prospects 
and Challenges (Part I) 

Ata Jahangir Moshayedi, Seyed Taha Mousavi Nasab, 
Zeashan Hameed Khan, and Amir Sohail Khan 

1 Introduction 

The search for optimal solutions extends across many disciplines, including engi-
neering and science. Optimization efforts are driven by the common goals of reducing 
energy consumption and costs while increasing profit, efficiency, productivity, and 
performance. In addition to traditional and meta-hierarchical approaches, optimiza-
tion algorithms based on nature-inspired models have emerged as highly effective 
tools. In group-based approaches, agents work together, and the collective actions of 
these agents inevitably lead to convergence. However, not all algorithms are suitable 
for the problem under consideration as each one has its own advantages and limi-
tations [ 1]. Within the domain of hybrid optimization, heuristic and meta-heuristic 
strategies serve as approximation techniques. Heuristic algorithms, oriented toward 
pragmatic, near-optimal solutions, adeptly navigate the constraints of computational 
expediency but lack the assurance of global optimality [ 2]. To ameliorate these imper-
fections and rectify the limitations inherent in heuristic methodologies, the advent 
of meta-heuristic algorithms has been instrumental [ 3]. In the realm of engineer-
ing applications, the ascendancy of meta-heuristic optimization methodologies is 
appreciable. Their intrinsic reliance on rudimentary principles, rendering gradient 
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information superfluous, renders them facile in their implementation [ 4, 5]. Fur-
thermore, their robustness to avoid trapping into the local optima enables them for 
applications in diverse domains [ 6]. Meta-heuristic algorithms typically include exit 
mechanisms designed to overcome regional optimization bottlenecks. The flexibility 
of the algorithm, which can be adjusted to address a wide range of optimization chal-
lenges, significantly enhances the effectiveness of these techniques [ 7]. Conversely, 
a meta-heuristic algorithm epitomizes a state-of-the-art approach for traversing solu-
tion spaces in pursuit of quality outcomes. 

Algorithms characterized by a singular solution are exemplified by the refriger-
ation simulation algorithm, the initiation of the search process commences with an 
initial candidate solution, subsequently undergoing refinement over successive algo-
rithmic iterations. In contrast, population-based algorithms utilize a large number 
of randomly chosen population of solutions as the starting point for optimization. 
As the algorithm progresses, the population is improved. The advantages of using 
population meta-heuristics, when compared to those of single-solution algorithms, 
are universally applicable as follows: 

1. The search space is rich in information-sharing capabilities, allowing for fast 
transfers to promising locations within the search environment. 

2. The abundance of solutions eliminates the risk of falling prey to local best-fit 
solutions. 

The advantages of enhanced exploration of algorithms based on single solutions 
can be seen in Swarm Intelligence (SI) which is a fascinating subdomain within 
population-oriented meta-heuristics algorithms. The fundamental principles of SI 
were first formulated in 1993, which encapsulates the emerging collective intelligence 
of clusters of elementary agents. Swarm Intelligence algorithms offer a powerful and 
flexible approach to optimization and problem-solving. Their ability to harness the 
collective intelligence of simple agents, adapt to changing conditions, and explore a 
wide solution space makes them a perfect choice for a range of applications. 

SI algorithms provide a decentralized, adaptable, and parallel approach to opti-
mization by global exploration of solution spaces, making them robust to noisy 
and dynamic environments. SI algorithms are computationally efficient, versatile, 
and intuitive, making them applicable across various domains, from engineering to 
finance. Their collective intelligence and adaptability offers advantages, enabling 
efficient problem-solving in complex scenarios. Within the realm of meta-heuristic 
algorithms, a common characteristic of these algorithms is the division of the search 
process into two distinct phases, i.e., exploration and exploitation. The exploration 
phase entails a systematic examination of promising regions within the search space, 
encompassing a wide array of potential solutions. This phase necessitates the inclu-
sion of stochastic operators in the algorithm, allowing for global and random traversal 
of the search space. Conversely, the exploitation phase involves the ability to con-
duct localized searches within the regions identified during the preceding exploration 
phase. Given the inherent randomness intrinsic to meta-heuristic algorithms, creating 
an appropriate balance between these two phases presents a formidable challenge.
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Over the past two decades, optimization algorithms inspired by natural phenomena 
have achieved remarkable success as sophisticated optimization techniques, running 
in parallel with traditional methodologies. 

This chapter explores algorithms inspired by mammalian behavior, subjecting 
them to rigorous investigation and comparative analysis, elucidating the respective 
pros and cons associated with each. The structure of this chapter is as follows: 
Sect. 2 provides an overview of various single-solution methods, while the subsequent 
Sect. 3 delves into population-based and nature-inspired algorithms. In the Sect. 4, a  
comprehensive discussion and comparison of meta-heuristic algorithms is discussed, 
shedding light on the benefits and drawbacks inherent in each approach. The final 
section encompasses the presentation of results, culminating in a comprehensive 
summary of these comparative analyses. 

2 Single-Solution-Based Meta-heuristic Algorithms 

This category of meta-heuristic algorithm is denominated as the “single-solution” 
approach, characterized by its capacity to refine and optimize a sole solution itera-
tively during implementation to attain the optimal outcome. In essence, these algo-
rithms are dedicated to the amelioration of solutions while actively exploring the 
local neighborhood of the solution space. Numerous examples of single-solution-
based algorithms exist, including but not limited to hill climbing, Simulated Anneal-
ing (SA), Tabu Search (TS), and Variable Neighborhood Search (VNS) [ 8]. Within 
this category, our debate will provide a concise overview of the SA and TS variants 
in the ensuing discussion. 

2.1 Simulated Annealing (SA) 

The Simulated Annealing algorithm (SA), conceived during the period spanning 
1983 to 1985 by S. Kirkpatrick and colleagues [ 9], introduced a progressive anneal-
ing strategy tailored for addressing intricate optimization challenges. This innovative 
approach draws its inspiration from the principles of statistical mechanics, wherein 
the annealing process involves the gradual heating and subsequent cooling of a mate-
rial, ultimately culminating in the formation of a stable crystalline structure. The 
robustness of this resulting structure is intricately linked to the rate at which the 
material undergoes cooling. If the initial temperature is too low or if a rapid cool-
ing process is used, the result is imperfections in a metastable state, resulting in 
an incomplete thermal equilibrium. Conversely, a slow and steady cooling process 
results in the formation of robust crystalline structures. 

The Simulated Annealing technique adeptly emulates the dynamic energy trans-
formations intrinsic to cooling processes until the eventual attainment of thermal
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Table 1 Simulated annealing algorithm (SA) 

Start 

1 Input Setting algorithm parameters and initial temperature 

2 Initial solution Generate an initial solution randomly 

3 Starting temperature Calculation of the degree of merit of the initial 
solution 

4 Repeat Save the initial solution as the best solution found so 
far 

Do steps 5–10 until the stop condition is met 

5 Create a neighborhood of the current solution and 
consider it as the new solution 

6 Calculate the merit of the new solution 

7 If the merit of the new solution is better than the best 
solution, then consider the new solution as the best 
solution 

8 Apply the SA selection rule 

9 a. If the merit of the new solution is better than the 
current solution, replace it with the current solution 

b. If the merit of the new solution is not better than the 
current solution, then calculate the value of delta, 
which is equal to the difference between the merit of 
the new solution and the current solution 

c. Calculate the probability of selection according to 
the following formula 

. P = e−(E(s)−E(s))
T = e−Δ f

T

d. Replace the previous solution with the new solution 
with probability P 

10 Reduce the temperature and go to step 5 

11 Output the best answer was discovered 

End 

equilibrium is achieved, signifying a stationary frozen state. A description of core 
steps in SA algorithm are furnished in Table 1, while the algorithm’s workflow is 
visually encapsulated in Fig. 1. 

Simulated Annealing exhibits degraded solutions under certain conditions, with 
the goal of preventing them from converging too soon. SA is different from other 
algorithms because it doesn’t rely on accumulated data during the search. The algo-
rithm goes through many iterations, starting from an original solution. After each 
iteration, it creates a new random neighbor. It accepts any changes that make the 
cost function bigger, but it keeps a flexible approach to finding solutions. Depending 
on the temperature and how fast the objective function deteriorates, the neighboring 
solution is chosen based on a pre-determined probability called “acceptance proba-
bility”. This represents the disparity between the newly created nearby solution with
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Fig. 1 Flowchart of simulated annealing algorithm 

the current solution for the objective, often called energy. As the algorithm grows, 
the probability decreases over time. In a bigger picture, this probability follows the 
principles of Boltzmann’s distribution. 

.P = e
−(E(s) − E(s))

T
= e

−Δ f

T
(1) 

This method utilizes a pivotal control parameter known as “temperature” to com-
pute the probability of accepting solutions that do not yield improvements. Once 
a state of equilibrium is attained, the temperature undergoes a gradual reduction in 
conformity with a prescribed cooling schedule, leading to the acceptance of a limited 
subset of solutions as the search process draws to a close. 

2.2 Tabu Search (TS) Algorithm 

In 1986, Glover [ 10] pioneered the development of the Tabu Search Algorithm (TS), 
a seminal meta-heuristic optimization algorithm which starts iterations from an ini-
tial solution, driven by the pursuit of the optimal solution to a given optimization 
problem. It delineates a neighborhood around the current solution at each iteration. 
Within this neighborhood, the algorithm identifies the most favorable neighboring 
solution provided this solution does not appear on the Forbidden List, the algorithm
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Table 2 Tabu search algorithm (TS) 

Start 

1 Initial Solution: S =. S0
2 Initialize the tabu list, the medium-term memory, and the 

long-term memory 

3 Repeat: Locate the most acceptable neighbor s’. /* The non-tabu or 
aspirational standard is met*/ 

4 . s = s,

5 Refresh your short-, medium-, and long-term memories as well 
as your tabu list and aspiration conditions 

6 If the criteria for intensification are satisfied, then intensity 

7 diversification if the diversification requirement is true 

8 Till the Stopping criteria are satisfied 

9 Output The top response was found 

End 

proceeds to transition to this next proximate solution (referred to as TL). If, how-
ever, the neighbor’s solution appears on the forbidden list, the algorithm uses a key 
“aspiration” factor that considers the possibility that if the neighbor’s solution shows 
better performance than the best solution in hand, the algorithm will move to it even 
if it’s on the forbidden list. 

The forbidden list undergoes continual updates as the algorithm advances to neigh-
boring solutions. Each prior move, which precipitated in the transition to a neighbor’s 
solution, is appended to this list to prevent the algorithm from reverting to the same 
solution in subsequent iterations. This mechanism, encapsulated within the forbidden 
list, plays a pivotal role in averting premature convergence to locally optimal solu-
tions. The Tabu Tenure parameter assumes a critical role in determining the duration 
for which movements remain on the Forbidden List. The iterative process, transi-
tioning from the current solution to neighboring solutions, persists until a predefined 
termination condition is met. Various termination conditions may be considered, 
including limits on the number of moves based on neighbor solutions. 

The algorithm’s operational details are summarized in the pseudo-code Table 2, 
while Fig. 2 provides a graphical representation of the Tabu Search algorithm’s 
flowchart within the context of the Prohibited Search Algorithm. 

In the realm of designing a Simple Tabu Search (TS) algorithm, several specific 
design considerations emerge, supplementing the customary challenges encountered 
in designing search-based Meta-heuristics (S-meta-heuristics), such as defining the 
neighborhood and initializing the solution. Notably, these include: 

• Tabu List: The incorporation of a short-term memory mechanism serves the pur-
pose of averting revisits to previously explored solutions. Yet, maintaining an 
exhaustive record of all accessed solutions for efficiency reasons proves impracti-
cal.
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Fig. 2 Flowchart of Tabu Search (TS) algorithm 

• Aspiration Criterion: A prevalent aspiration criterion involves the selection of a 
tabu move exclusively when it yields a solution superior to the best one already 
ascertained. Consequently, the identification of the best solution within a subset 
of solutions possessing specific attributes can be influenced by a tabu move, thus 
constituting an additional dimension of the aspiration criterion. 

In order to address the intricacy and diversity inherent in the search process, a 
suite of cutting-edge techniques is frequently incorporated into the framework of 
Tabu search: 

1. Medium-Term Memory: Within this cognitive reservoir resides a repository 
housing the paramount, i.e., the most optimal, solutions unearthed during the 
course of the search. The objective here is to accord preferential treatment to 
the attributes inherent in this assemblage of superior solutions, often leveraging 
weighted probability methodologies. These attributes serve to bias and steer the 
outcomes of the search process, reinforcing the exploration of promising areas 
within the search space. 

2. Long-Term Memory: The long-term memory compartment serves as a depos-
itory for information pertaining to solutions previously accessed and examined. 
It plays a pivotal role in guiding the search toward uncharted territories within 
the solution space. For instance, it serves as a bulwark against the inadvertent
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generation of solutions mirroring the characteristics of elite solutions, thereby 
facilitating the expansion of the search into previously unexplored regions of the 
solution space. 

3 Population-Based and Nature-Inspired Meta-heuristic 
Algorithms 

In the pursuit of optimal solutions, population-based algorithms engender dynamic 
transformations within the set of candidate solutions. These algorithms encompass 
a diverse array of methodologies, including Genetic Algorithms (GA) [ 11], Ant 
Colony Optimization (ACO) [ 12], Particle Swarm Optimization (PSO) [ 13], as well 
as bio-inspired approaches such as bee and Firefly algorithms. In recent years, the 
landscape of meta-heuristic algorithms has witnessed the emergence of innovative 
and notable contenders inspired by the natural world. Among these algorithms, the 
Grey Wolf Optimization algorithm (GWO) [ 14], Dragonfly Optimization Algorithm 
(DA) [ 15], Flower Pollination Optimization algorithm (FPO) [ 16], Whale Optimiza-
tion Algorithm (WOA) [ 17], Grasshopper Optimization Algorithm (GOA) [ 18], and 
Harris Hawks Optimization (HHO) [ 19] stand out prominently. This section proceeds 
to expound upon select algorithms from this distinguished cohort. 

3.1 The Genetic Algorithms (GA) 

John Holland, a researcher at the University of Michigan, came up with the idea 
of using hereditary computations in engineering optimizations in the 1970s. The 
exchange of acquired traits for qualities is at the heart of this computation. The task 
of machine intelligence is frequently accomplished by examining the problem area 
to identify the best response, albeit not necessarily optimal. The genetic algorithm is 
a typical approach that mimics the laws of cooperative organic progress. It employs 
Darwin’s characteristic determination standards to find the best equation for antic-
ipating or coordinating designs. For regression-based expectation techniques, the 
genetic algorithm is typically an effective choice. 

Within the answer space, genetic algorithms execute the most of the solution 
search which begins by generating an era that may be relied on to generate a group 
of vital look focuses known as “primary population,” which can be chosen delib-
erately or accidentally. In handling that relies on normal determination, the current 
population is chosen in proportion to the appropriateness of its generation for the 
next era, because GA uses factual strategies to directly look operations guaranteeing 
the ideal conclusion. Then hereditary administrators are connected, including vari-
ous combinations, change, and other potential administrators, and a new population 
is created. Following that, an unused population replaces the previous population, 
and the cycle repeats.
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Table 3 Genetic algorithm (GA) pseudo-code 

Start 

1 Beginning Generate a population of n chromosomes randomly (proper 
solutions to the problem); /* initialization */ 

2 Rate Evaluate the fitness. f (x) of each X chromosome in the 
population 

3 New population Form a new population. Repeat the following steps to complete 
the new population 

4 Selection Select two chromosomes (parents) from the population 
according to their fitness (the higher the fitness, The better the 
chance of selection) 

5 Combination Combine the parents to form new children according to the 
possibility of combining 

6 Mutation According to the probability of mutation, mutate the children in 
each locus (position in the chromosome) 

7 Adoption Incorporate new offspring into the new population 

8 Replacement Apply the newly created population to the algorithm process 

9 Return the most fittest individual from. f (x)

End 

The emergent population typically exhibits an enhanced degree of fitness, signify-
ing a progressive refinement over time. Attaining the zenith of conceivable iterations, 
either through convergence or the fulfillment of pre-determined termination criteria, 
culminates in a successful search. A succinct representation of the Genetic Algorithm 
is encapsulated within the pseudo-code provided in Table 3, while Fig. 3 intricately 
delineates the algorithm’s procedural flowchart for the restricted search paradigm. 

The key stages of a genetic algorithm: 

1. Coding: In this initial and challenging step, the algorithm represents the problem’s 
parameters in a coded format, often employing strategies like parallel coding, 
where the goal is to convert the solution into binary numbers. 

2. Assessment: The fitness function is derived by transforming the target function 
and optimizing it. It assigns a numeric value to each solution, indicating its qual-
ity. Higher-quality solutions have a greater chance of contributing to the next 
generation. 

3. Combination: The central operator in genetic algorithms is the combination oper-
ator. It merges chromosomes from previous generations to create a new gener-
ation. Parent sets exchange their traits in this process, promoting the sharing of 
favorable qualities and reducing genetic diversity. 

4. Mutation: Mutation introduces variability by altering certain qualities within 
the new population. It may remove or introduce traits, fostering diversity and 
potentially leading to novel solutions.
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Fig. 3 Flowchart of the 
genetic algorithm 

5. Decryption: After the algorithm produces the best solution, decryption reverses 
the encoding process to reveal the correct version of the answer. This step ensures 
the final result is interpretable and actionable. 

3.2 The Particle Swarm Optimization (PSO) 

The Particle Swarm Optimization (PSO) approach, introduced in 1995 by James 
Kennedy and Russell Eberhart, constitutes an innovative population-based stochastic 
search algorithm tailored for addressing intricate nonlinear optimization problems 
replete with discontinuous solutions. Inspired by the collective behaviors observed 
in nature, such as bird and fish migration, PSO relies on the coordination of group 
communication patterns which facilitates the exchange of personalized information, 
similar to the navigational signals seen in migratory birds. Although, not all particles 
are aware of the global optimum, the internal social interactions of each particle help 
to identify promising solutions through convergence. 

In this paradigm, particles are strategically dispersed throughout the search space 
corresponding to the target optimization function. At each particle’s present loca-
tion, an evaluation of the associated function value guides its trajectory within the 
search domain. Subsequently, a particle selects one or more top-performing peers, 
alongside a direction for movement, estimated by a fusion of its current state and 
past achievements. This iterative process recurs multiple times to achieve the desired 
optimization objective as shown in Algorithm 1.
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Algorithm 1 The pseudocode of PSO 
1: procedure START 

. V t+1
i j = wV t

i j + c1r
t
1 j (P

t
best,i − xti j ) + c2r

t
2 j (Gbest − xti j ) (2)

. xt+1
i j = xti j + V t+1

i j (3)

2: Here in Eq 2 and 3; 
3: V t+1 

i j = The velocity of a particle i in the direction j at a time t+1; 
4: w = Particle inertia coefficient [0,5,1]; c1 = Personal Acceleration Learning Factor [0,2]; 
5: c2 = Coefficient of learning or collective acceleration [0,2]; 
6: r1, r2 = Random numbers with a uniform distribution between [0,1]; 
7: Pt 

best,i = The best personal experience of a particle i at the time t ; 
8: Gbest = The best particle collective experience; 
9: xt+1 

i j = Position of the particle i in the direction j at a time t+1 
10: end procedure 

The PSO algorithm is not just the sum of its components. In isolation, individual 
particles lack the capacity to solve intricate problems. However, through interaction 
with other particles, a collective capacity for problem-solving is built as a social 
entity, resulting from the interactions and behaviors of individual particles. In the 
start, random initialization is performed on the particles to determine their initial 
positions and speeds. 

Subsequently, the position and velocity of each particle evolves as the algorithm 
progresses, based on the observations from previous steps. The PSO algorithm is 
primarily concerned with the complex interactions and dynamics that control the 
collective consciousness of the swarm of particles, driving it toward the ultimate 
global optimization goal. 

3.3 The Ant Colony Algorithm (ACO) 

Figure 4 shows the inter-relationships within the particle swarm algorithm through a 
concise schematic representation where the velocity attributes of particles navigating 
the search space within the PSO algorithm are evident. A comprehensive overview 
of the algorithm is detailed in the pseudo-code within Table 4, while Fig. 5 reflects 
the algorithm’s procedural flowchart, delineating its restricted search framework. 

The procedure unfolds as follows: initially, the particle resides at its present loca-
tion. This process involves the addition of the previous location parameter to the 
new velocity parameter, ultimately determining the particle’s velocity, as described 
by Eq. 2. Subsequently, the particle progresses toward its best personal experience, 
.ptbest,i , in a manner influenced by both random factor .r t1 j and an acceleration coeffi-
cient.c1 specific to that particle. It moves in alignment with this direction. In the next 
phase, the particle further advances along the trajectory guided by the best collective 
experience,.Gbest . This movement is influenced by the total learning coefficient.c2 and
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Fig. 4 Schematic representation of the particle swarm algorithm 

Table 4 Particle swarm optimization algorithm (PSO) 

Start 

1 Initialization Initialization of algorithm parameters 

2 Population Creating a random population of particles 

3 Evaluating Evaluating each particle and calculating its merit 

4 Considering the current position of each particle as its best 
experience 

5 Repeat Repeat steps 6–12 until the stop condition is met 

6 Repeat steps 7–11 for each particle 

7 Update the particle’s velocity vector 

8 Update the position of the particle according to its velocity 

9 Calculate the merit of the new particle 

10 If the competence level is better than the best personal 
experience, consider the new position as the best experience 

11 Compare the new particle with the best overall particle and if it is 
better, replace it with the best overall 

12 Output If the stop condition is not met, go to step 5, otherwise end 

End 

random factor .r t2 j . These three distinct motion vectors are then combined. Specifi-

cally, the vector connecting the current position of particle.xti j to the new position. xt+1
i j

is constructed in accordance with the aforementioned steps. The resulting particle’s 
velocity vector is denoted as the new step .V t+1

i j , and it is derived from the formula
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Fig. 5 The flowchart of PSO algorithm 

in Eq. (3), which, when applied to the previous position of particle .xti j , yields the 

new position .xt+1
i j within the search space. The flowchart of the PSO algorithm is 

depicted in Fig. 5. 
Dorigo’s seminal work [ 12] introduced the concept of ant colony optimization 

(ACO) as a meta-heuristic approach for tackling challenging optimization problems. 
This innovative method draws its inspiration from the natural behavior of real ant 
populations. In the nature, ants search for food near their colonies through a random 
search. When they find food, they assess its nutritional value and transport a portion 
of it back to their nest. In the process, they deposit a chemical substance on the ground 
known as a “pheromone” trail which serves as a guide for subsequent journeys. Other 
ants are able to recognize and follow this trail, allowing them to collectively identify 
the most effective route from food source to colony which serves to discover optimal 
paths. This has inspired the development of artificial ant colonies capable of solving 
complex optimization problems, including the well-known traveling salesman prob-
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Fig. 6 The behavior of ants for food preparation 

lem. Notably, since ants lack vision, their communication and interaction primarily 
rely on pheromone signals that mark their path. The more pheromone deposited on 
a particular route, the more frequently other ants utilize that path. 

Consequently, the quantity of pheromone on a route signifies its optimality and 
efficiency. A concrete example in Fig. 6 illustrates the objective of finding the optimal 
route from the starting point (nest) to the destination point (food source). It may be 
assumed that the probability of an ant selecting the correct path equals the probability 
of selecting an incorrect one. However, the key insight lies in the fact that the first ant 
to reach the destination point and return to the nest effectively traces the shortest path, 
resulting in a higher concentration of pheromone on this route. Therefore, pheromone 
levels precisely indicate the preferred path for subsequent ants, ultimately leading 
to the discovery of the shortest and most optimal route. Pheromone evaporation 
and probability-based decision-making mechanisms endow ants with the ability to 
uncover the shortest path, thereby enhancing their adaptability in solving a wide 
array of optimization problems. 

A crucial consideration in the ACO algorithm is the representation of the ant 
colony. In this context, a vector of. n design variables, each corresponding to an indi-
vidual ant, is employed to portray a colony of .m ants. For continuous variables, the 
colony is represented as a matrix, denoted as.X = [x1 x2 . . . xn]. This representation 
framework forms the foundation upon which the ACO algorithm operates. The sec-
ond aspect to consider pertains to the modeling of the pheromone communication 
network. In their work, Socha and Dorigo recommend the utilization of a normal 
distribution when devising a continuous model for this purpose. The standard devi-
ation serves as a metric to gauge the dispersion of ants around the current optimum,
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denoted as .xmin, within the design space. It quantifies the extent to which ants are 
distributed in proximity to this optimal point. To ensure consistent exploration of 
the design space by the ants, the algorithm selects the value of.xmin randomly within 
the design space. This selection follows a uniform distribution that spans an area at 
least three times larger than the dimensions of the design space. Within the colony, 
each ant independently determines the values for the trial solutions at each iteration, 
guided by the distribution characteristics within the colony. The ACO algorithm con-
tinually updates the values of each design variable at each iteration, as described by 
Eq. 4. 

Ultimately, the distribution of pheromones across the design space undergoes 
adjustment based on the information gathered during the optimization process. Given 
that Eq. 3 governs the representation of pheromone levels, the only requirement for 
this update is the tracking of .xmin. The  .std(std(“colony”)) function within the ant 
colony algorithm plays a pivotal role in maintaining the standard deviation for each 
individual plan parameter, thereby governing the dispersion of ants’ trajectories 
across the solution space. The accumulation of pheromones is a critical endeavor 
within this algorithm, serving as a means to guide the discovery of optimal solu-
tions within the candidate’s territory. Conversely, strategies to mitigate the adverse 
effects of premature convergence are imperative. In this regard, a straight-forward 
approach involves the dissipation of pheromone levels. This dissipation mechanism 
operates by adjusting the prevailing standard deviation for each variable, introducing 
a dissolving rate denoted by .γ > 1. It is worth noting that these artificial counter-
parts differ fundamentally from their real ant counterparts, as delineated in Table 4. 
Distinguishing real ants from artificial ants is based on the following: 

• Memory: In the realm of artificial ants, the concept of memory assumes signifi-
cance, enabling the retention of traversal paths and past movements for informed 
decision-making. 

• Artificial Obstacles: Artificial ants introduce the notion of simulating obsta-
cles within problem scenarios, altering problem intricacies to validate algorithmic 
robustness and explore diverse solution spaces. 

• Life in Discrete Environment: Unlike their natural counterparts, genuine ants are 
inherently dependent on their colony for survival, unable to thrive in isolation. 

• Artificial Pheromone: Artificial ants employ a representation of pheromone con-
centrations as a functional component, and guiding their exploration within the 
problem space. 

The summary of the Ant Colony Optimization (ACO) algorithm is detailed in 
Table 5 in pseudo-code format. Additionally, Fig. 7 presents an illustrative flowchart 
delineating the algorithm’s execution for the constrained search scenario. 

Within this algorithm, the predominant components are Solution Construction 
and Pheromone Updating, both of which are iterative processes that constitute the 
core of the algorithm’s operation. 

• Construction of Solutions: The process of constructing solutions is governed by a 
probabilistic state transition rule. Artificial ants, functioning as stochastic greedy
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Table 5 Ant colony optimization (ACO) 

Start 

1 Initialization Set the amount of pheromone 

2 Repeat For each ant Do 

3 The creation of solutions utilizing the amount of pheromone 

4 Amount of pheromone updated 

5 Vaporization 

6 Strengthening 

7 Till stopping requirements 

8 Output The best solution 

End 

Fig. 7 The flowchart of the ACO algorithm 

algorithms, employ probabilistic methods to assemble solutions. They combine 
partial solutions with complete ones iteratively until a comprehensive solution is 
formed. In the context of goal-oriented optimization problems, each ant constructs 
a path within a decision graph (or construction graph), adhering to this iterative 
procedure. 

• Pheromone Trails: These trails serve as a repository of “optimal” solution charac-
teristics, guiding ants in the construction of future solutions. These trails dynami-
cally adapt throughout the search process to incorporate new insights. They effec-
tively encapsulate the collective memory of the entire ant search operation. 

• Problem-Specific Heuristic Information: Context-specific information provides 
ants with additional guidance as they make decisions regarding solution construc-
tion. This information equips ants with valuable cues for optimizing their solution-
building process.
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• Pheromone Update: The generation of solutions is aimed to update the pheromone 
levels. This involves two key procedures aimed at implementing a global 
pheromone update rule. 

• Evaporation Phase: During this stage, the natural process of pheromone path-
way reduction occurs. Each pheromone’s value undergoes a specific percentage 
reduction, contributing to the overall adjustment of pheromone levels. 

Algorithm 2 The Ant Colony Algorithms 
1: procedure START 

. fpheromone(x) = e− (x−xmin)2

2σ2 (4)

. σ = std(colony) (5)

. τi j = (1 − ρ)τi j , ∀i, j ∈ [1, n] (6)

2: end procedure 

In Eq. 6, the symbol .ρ ∈ [0, 1] denotes the rate at which pheromone levels 
decrease. This crucial parameter plays a pivotal role in preventing premature con-
vergence of all ants toward “optimal” solutions. The evaporation process actively 
promotes diversity within the search area, fostering exploration. Another significant 
phase is the reinforcement step, which involves updating the pheromone trail based 
on the solutions generated. This update can be approached in three distinct ways, 
each offering a unique strategy for adjusting pheromone levels. 

The applications of the ACO (Ant Colony Optimization) algorithm are diverse 
and extend to various domains where finding the shortest path is a critical objective. 
Notable examples include: 

• Solving Project Scheduling Problems with Limited Resources: The ACO algo-
rithm has been effectively employed to address project scheduling problems in 
scenarios with resource constraints, as demonstrated in reference [ 20]. 

• Train Movement Scheduling: An innovative model based on the concept of an 
ant community system has been applied to tackle the complex challenge of train 
movement scheduling, as highlighted in reference [ 21]. 

• AntNet Algorithm Parameter Examination: The ACO algorithm, particularly 
the AntNet variant, has been subject to in-depth examination and analysis of its 
algorithmic parameters, as discussed in reference [ 22]. 

These applications showcase the versatility and effectiveness of the ACO algo-
rithm in addressing optimization problems across various domains.
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3.4 The Artificial Bee Colony Algorithm (ABC) 

Several swarm intelligence algorithms draw inspiration from the natural behavior 
of bees in the wild. These algorithms can be categorized into two groups: Explo-
ration Behavior and Mating Behavior. The Artificial Bee Colony (ABC) algorithm, 
introduced by Karaboga and Basturk in 2008 [ 23], simulates the search behavior of 
bees. In this algorithm, individual entities, akin to individual bees within a colony, 
represent simple sets of behavioral policies such as migration, defense, and mortality. 
However, when these entities form a collective, mirroring a bee colony, they exhibit 
complex emergent behaviors characterized by valuable attributes like scalability and 
adaptability.The organizational system of bees is governed by a set of basic external 
rules common to insects. Despite the diverse species of insects on Earth, leading to 
variations in their behavior patterns, social insects like bees have demonstrated the 
ability to solve complex problems. A prime example is the nectar collection process, 
characterized by its sophisticated organization. Within a bee colony, bees prefer to 
follow established paths to flowers, rather than searching for new ones. Each beehive 
includes a designated dance floor where bees perform specific dances to communi-
cate the location of flower patches. When a bee decides to forage for nectar, it selects 
a dancing bee from its hive, following the established path to the nectar source. 
After collecting nectar, each bee can perform one of the following actions based on 
measured probabilities: 

• Drop the food source and seek another by following a dancing bee. 
• Search for new food sources independently. 
• Return to the hive and engage in dancing to attract other bees. 

Algorithm 3 The Artificial Bee Colony Algorithms 
1: procedure START 

. pi = Fitness(Si )
∑Sn

n=1 Fitness(Sn)
(7)

. vi j = xi j + φi j (xi j − xk j ) (8)

. x j
j = x j

min + rand[0, 1] · (x j
max − x j

min) (9)

. (xi )(0) = Init(i, S), 1 ≤ i ≤ N (10)

. τt (t) = (1 − ρ)τi (t − 1) + 1

fit(xi ) + 1
(11)

2: end procedure 

The decision-making process is influenced by probabilities, and bees suggest loca-
tions for nectar collection on the dance floor. While the mechanism of bee selection 
by other bees is not fully understood, it is clear that the quality of nectar found by 
the dancing bee plays a crucial role.The algorithm comprises worker bees, observer 
bees, and scout bees. Observer bees wait to make decisions about food sources, while



7 Meta-heuristic Algorithms as an Optimizer … 149

worker bees oversee their own food sources. Scout bees embark on random quests 
to discover new food sources. Each bee’s position represents a potential solution 
to an optimization problem, with the quality of nectar (food quality) contributing 
to the solution’s value. The algorithm initializes a virtual swarm of bees, and the 
search begins randomly. Bees communicate with one another until they locate the 
best nectar source, and the strength of these interactions determines the solution 
to the optimization problem. Worker bees assess the nectar quality of food sources 
and generate solutions based on local knowledge, primarily visual information. Bees 
remember the new positions and discard the previous ones because the newly discov-
ered path have better quality than the previous ones. Once all worker bees complete 
their search, they inform the scout bees about the nectar sources and their locations 
which then choose a food source based on the probability.(pi ), calculated using Eq. 7. 

In the context of the algorithm, .pi represents the number of food sources, which 
is equivalent to the count of worker or observer bees. .Fitness(Si ) denotes the merit 
or quality value of the solution at position . i , corresponding to the quantity of nectar 
obtained from the food source in that specific position. The ACO algorithm utilizes 
Eq. 8 to generate a new candidate food position based on the position stored in 
memory. Thus, the variables . k (selected randomly from .k ∈ {1, 2, . . . , Sn}) and . j
(chosen randomly from .{1, 2, . . . , D}) represent individuals. It’s worth noting that 
the value of . k must be distinct from . i . The parameter .φi j assumes a random value 
within the range of [.−1, 1]. .φi j plays a crucial role in controlling the generation of 
neighboring food sources around.xi j . From this relationship, it becomes evident that 
reducing the difference between .xi j and .x jk leads to a decreased deviation from the 
position .xi j . Consequently, as the search process approaches the optimal solution, 
the step lengths also decrease. If the parameter’s value exceeds a certain limit, it is 
reset to an acceptable value. 

In the algorithm, food sources whose nectar is depleted by bees are replaced by 
new sources discovered by pioneering bees. This replacement involves randomly 
creating a new position and substituting it for an abandoned source. An artificial 
bee colony achieves this by randomly generating a new position and using Eq. 9 
to identify a new food source if the situation does not improve after a specified 
number of iterations, which is referred to as “abandoned food source.” The number 
of these iterations is a critical control parameter in the artificial bee algorithm and 
is commonly known as a constraint. Assuming the source that was abandoned is 
represented as leftSleft, a bee can discover a new food source by applying Eq. 9. 

Following the creation and evaluation of a candidate source location.(vi j) by the 
artificial bee, its effectiveness is gauged in comparison to the previous location. If 
the new food source proves to be equal or superior in quality to the previous one, 
it replaces the old one in memory. Conversely, if the new source is inferior, the old 
one remains in memory. In essence, a decision is made through a greedy selection 
process between the prior location and the newly proposed location. The Artificial 
Bee Cloning Algorithm employs four distinct selection processes:
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1. Global Selection by Observer Bees: Observer bees employ a global selection 
method to calculate the likelihood of discovering more promising regions at the 
current stage. 

2. Visual-Based Selection by Worker Bees: Worker bees select locations within 
an area, and observer bees memorize food sources in proximity based on visual 
cues such as color, size, and scent of the blossoms (sources). 

3. Greedy Selection: Greedy selection is conducted to identify a superior food 
source. 

4. Random Selection by Pioneer Bees: Pioneer bees make random selections with-
out following specific criteria. 

These selection processes contribute to the algorithm’s ability to explore and 
exploit different food source options effectively, ultimately leading to improved solu-
tions. The summary of the Artificial Bee Colony algorithm is presented in pseudo-
code in Table 6, and the algorithm’s flowchart is illustrated in Fig. 8, providing a 
comprehensive overview of the algorithm’s operation and structure. 

Initially, a designated area is selected for the search of nectar. Once the assessment 
of nectar availability within this defined zone is confirmed, the worker bee focus the 
food sources in close proximity. A re-evaluation of the nectar’s abundance is per-
formed, leading to the selection of the most suitable nectar source among the options. 
In the event that the chosen nectar source fails to meet the desired quality criteria, the 
vigilant monitoring honey bee selects a neighboring food source for reassessment, 
thoroughly examining both its quantity and quality of nectar. Should the nectar align 
with the desired quality standards, the newly identified position is cataloged as the 
optimal food source and retained in memory for reference. The foraging bees then 
turn their attention to the task of identifying and regenerating abandoned food sources 
within their vicinity. If these newly identified food sources ultimately meet the quality 
criteria, the iterative cycle concludes; otherwise, the monitoring honey bee continues 
to select fresh proximate food sources for further evaluation. 

Table 6 Artificial Bee Colony algorithm (ABC) 

Start 

1 Create (n) populations or scout bees as random numbers 

2 Finding the functional value of each of the bees in the first population 

3 According to the value of the function, m places are selected as better points, 
out of which e points are chosen as the best points, and m-e places are 
selected as other better points among the places found by the bees 

4 Specifying the neighborhood of these places to send new points 

5 Send bees to selected points, and select more bees to be chosen 

6 Determining the functional value of bees in each neighborhood or Golestan 
and its surroundings, to identify new scout bees, (m) new scout bees 

7 Send new bees to (n-m) remaining points 

8 Go to step 2 and repeat the steps until the stopping condition is met 

End



7 Meta-heuristic Algorithms as an Optimizer … 151

Fig. 8 The flowchart of the Artificial Bee Colony algorithm 

4 Conclusion 

In this chapter, we presented a comprehensive study of single-solution-based meta-
heuristic algorithms as well as some of the population and nature-inspired meta-
heuristic algorithms. The remaining nature based algorithms are discussed in the 
second part. The objective is to discuss the basic mechanism of action of each algo-
rithm, their pseudo-codes, flowcharts, and key features that provides an insight into 
pros and cons of these optimization algorithms so that it becomes easy to choose one 
for a particular application. 
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Chapter 8 
Meta-heuristic Algorithms 
as an Optimizer: Prospects 
and Challenges (Part II) 

Ata Jahangir Moshayedi, Seyed Taha Mousavi Nasab, 
Zeashan Hameed Khan, and Amir Sohail Khan 

1 Population-Based and Nature-Inspired Meta-heuristic 
Algorithms (contd.) 

The remaining algorithms in this section are described as follows: 

1.1 The Termite Clone Optimization (TCO) Algorithm 

In 1959, Paul-Pierre Grassé provided insights into the nest-building process of ter-
mites, revealing three distinct activities integral to their construction endeavors. Ini-
tially, a multitude of termites engages in seemingly random movements, with each 
termite commencing saliva secretion upon reaching a point slightly above the ground, 
thereby saturating the soil with saliva. Consequently, they shape small soil pellets 
through this salivary action. Remarkably, despite the apparent randomness of this 
behavior, the outcome exhibits a degree of regularity. At this stage’s culmination, 
miniature mounds emerge in a confined area, fashioned from these saliva-infused 
soil pellets. These diminutive hills then trigger a shift in termite behavior, serving as 
signals for the termites. Upon reaching these hills, each termite elevates its saliva-
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fueled soil pellet production to a highly energetic level, effectively transforming the 
small hills into pillars. This conduct persists until each column reaches a predeter-
mined height. Subsequently, termites exhibit a third behavior: if no other columns 
are proximate, they promptly abandon the current column; however, if numerous dif-
ferent columns surround the present one, termites embark on joining these columns, 
initiating nest construction. As the columns converge, termites communicate their 
need for assistance through scent and commence ceiling construction. Once a roof 
is complete, they diligently work on the remaining tops. 

Grassé coined the term “signaling” to describe this behavior, denoting actions fos-
tering coordination among organisms solely through environmental cues. Signaling 
presently stands as a pivotal concept in swarm intelligence. The termite clone opti-
mization (TCO) algorithm, introduced by Hedayatzadeh et al. in 2010, draws inspi-
ration from the intelligent actions of termites during movement and nest-building. 
Termites, akin to ants, navigate the search space randomly and gravitate toward areas 
rich in pheromones. 

A termite colony embodies a decentralized organization capable of executing 
complex tasks by adhering to specific behavioral norms for each individual insect. 
Four primary factors govern termites’ self-organizational prowess: positive feedback, 
negative feedback, unpredictability, and extensive interactions. Table 1 provides a 
detailed breakdown of the source code for the termite colony optimization algorithm. 

The termite clone optimization (TCO) method deploys a population of termites 
to navigate a D-dimensional search space denoted as.S ⊂ R in pursuit of the optimal 
solution. Let us assume that there exist .N termites within this region. Each termite, 
denoted as . I within the population, is associated with a position vector . xi , which 
furnishes a practical solution within the D-dimensional search space .S ⊂ R. In the  
context of TCO, each location vector. xi represents a hill, and the quality of this hill is 
quantified by the amount of pheromones, symbolized by the fitness value, adorning 
its slope. 

The TCO algorithm leverages this approach to optimize a numerical function, 
wherein the initial steps involve the determination of termite count and .Itermax, 
which signifies the maximum number of iterations. Subsequently, at the algorithm’s 
inception, each termite is randomly positioned within the search space. If . i is a 
point in the search space . S, and .Init(i, S) is the initialization function that places it 
somewhere randomly. Following starting, the termites alter their positions using the 
following method across iterations until the termination condition is met. After each 
iteration, the fitness value of each termite is evaluated. The fitness value determines 
the pheromone concentration at each termite site. The pheromone content at the. j-th 
site is determined using the following equation. 

In the context of the TCO algorithm, . ρ represents the evaporation rate, which 
falls within the range of .[0, 1]. Furthermore, .τi and .τi−1. respectively denote the 
pheromone levels at the current and previous locations of the i-th termite. Based on 
localized perception, each termite undergoes adjustments to its trajectory and selects 
a new location after evaluating pheromone concentrations. The migration of termites
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Table 1 Termite colony optimization algorithm (TCO) 

Start: 
1 Initialize.I termax , Determine. N , and. τ

2 For i = 1 to N 

3 Run equation (10). /Run equation (10). /every 
termite in the search space is placed at random 
when the algorithm starts/ 

4 Next i 

5 Do 

6 Calculate the termites’ fitness 

7 For i = 1 to N 

8 Run equation (11) 

9 Next i 

10 For i = 1 to N 

11 Find the termite’s nearest neighbors in position 
i 

12 Choose position bi next-best. 

13 If the termite is next to his neighbors, Then 

14 If.τi (t − 1) < τti (t − 1) Then 

15 Run equation (13) 

16 End If 

17 Else 

18 Run equation (12) 

19 End If 

20 Next i 

21 Adjust radius. τ and step size s 

22 Until . iter < Itermax

End 

is influenced by several factors, including the distance between a termite’s current 
location and previously visited sites, as well as the pheromone concentration at those 
visited locations. These considerations have led to the emergence of two distinct 
termite movement patterns within the algorithm (Fig. 1). 

When a termite finds itself within an area devoid of visited positions in its imme-
diate vicinity, it resorts to random movement within that local region. Conversely, if 
a termite’s nearby locations have been visited, it may choose to relocate to a position 
with the potential for higher returns. To explore more potentially lucrative areas, 
certain termites employ a random movement pattern. Within a radius of . τ , these ter-
mites embark on a random walk, with their current location serving as the center of 
the search area. To update a termite’s location, the following equation is employed:
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Fig. 1 Flowchart of the termite colony optimization algorithm 

Algorithm 1 The Artificial Bee Colony Algorithms 
1: procedure START 

xi (t) = xi (t − 1) + Rw(τ, xi (t − 1)) (1) 

If τi (t − 1) < τbi (t − 1), xi (t) = xi (t − 1) + ωbrb(bi − xi (t − 1)) (2) 
2: end procedure 

In Eq. 1: 

• .xi (t) = denotes the termite’s former location, which is replaced with its new posi-
tion (i.e., .xi (t)). 

• Rw = a random walk function that depends on the termite’s current position and 
the radius of the search . τ . 

• .Xmax and .Xmin = indicate the maximum and minimum values of the search space 
along a dimension, respectively, are used to establish the starting value of radius 
as a percentage of .|Xmax − Xmin|. 
Over the course of repetitions, the value of the search space is progressively 

dropped from max to min based on how the termites modify their track. Termites can 
explore enormous areas of the search space because of the large value of . τ during 
the initial rounds while the scout termites are encouraged to move more accurately 
in constrained areas by the modest values of . τ in recent iterations. 

A termite can utilize a selection process to modify its trajectory toward one of 
these pheromone gradients using the locally detected pheromones. In other words, the
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termite assesses the given pheromone information and modifies its course to a spot 
where the concentration of pheromone is highest. If the amount of pheromone in the 
termite’s present position is lower than that of the best local position (designated as 
bi), it will travel toward the best local position. The equation below is used to regulate 
the termite’s trajectory of movement. The termite’s attraction to the local optimal 
place is probabilistically controlled by the factors .1 < wb < 2 and .0 < rb < 1. 

The TCO algorithm encompasses two distinct movement patterns for its termite 
colony, fostering an efficient population-based approach for numerical function opti-
mization through their heterogeneity. One subset of termites resorts to the random 
movement pattern, primarily consisting of individuals unable to harness the social 
information provided by their peers. This random pattern within TCO serves as a 
mechanism to introduce diversity and stochasticity into the behavior of the termite 
colony. The deliberate increase in population diversity is often employed to com-
bat stagnation issues inherent in optimization. The contingent of termites engaging 
in random walks effectively regulates the colony’s diversity within the TCO algo-
rithm. This strategy serves as a perpetual stimulus, pushing the population out of 
states of stagnation by utilizing random termites to explore neighboring regions. 
This approach proves particularly effective when gradients do not align with the 
optimal solution or when numerous local optima point toward the global optimum. 

Conversely, the other group of termites adopts the second movement style, lever-
aging social information to adjust their trajectory toward more promising areas. This 
pattern encourages the swarm to manage its exploration effectively and steer toward 
convergence on the global optimum. Moreover, it acts as a preventive measure against 
premature convergence and stagnation, which can arise from excessively constrain-
ing an individual’s mobility trajectory within the colony. 

1.2 The Firefly Algorithm (FA) 

Despite its name, the firefly is a type of beetle and a subspecies of bugs. They possess 
unique sensory abilities to perceive their environment and possess the capacity to 
influence their surroundings. They emit a cool light devoid of infrared or ultraviolet 
wavelengths, displaying colors ranging from yellow to green or pale red, with wave-
lengths spanning 510 to 670 nm. Traditionally, scientists believed that the captivating 
displays of these insects’ bio-luminescence served the purpose of attracting mates or 
luring prey. Approximately 2,000 species of fireflies have been documented in tem-
perate and tropical climates and often found inhabiting marshes and forests, where 
their larvae find sustenance. Most species exhibit flight capability in both males and 
females though there are exceptions where females are flightless. 

The firefly algorithm, developed by X. S. Yang [ 24], draws inspiration from the 
luminous qualities of fireflies, particularly the optical interactions among them. This 
algorithm exemplifies swarm intelligence, wherein the cooperation (and possibly 
competition) among individuals with simple and low-level intelligence results in 
a collective intelligence surpassing that of any single member. The characteristic
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flashing light of fireflies serves as a pivotal aspect of this algorithm, and it serves two 
primary functions: attracting mates and warning potential threats. 

The pattern of these flashes adheres to physical laws, with the flashing behavior of 
fireflies governed by criteria of attractiveness, brightness, and distance, as expressed 
by.l ∝ 1

r2 . As distance (r) increases, light intensity (l) diminishes. This phenomenon 
has inspired Yang to model the firefly algorithm. Depending on the objective function, 
this flashing light can be represented in various ways, offering insights into the 
development of novel optimization techniques. The firefly algorithm does, however, 
exhibit two notable limitations: variations in light intensity and the formulation of 
attractiveness. For simplicity, one can assume that the inherent radiance of base-
level fireflies corresponds to their luminosity and is further dictated by the objective 
function. 

In the development of firefly-inspired algorithms, the following fundamental prin-
ciples have been applied: All fireflies, regardless of gender, exhibit attraction to one 
another. Light intensity influences their attractiveness, with each pair of fireflies expe-
riencing a reduction in attraction for dimmer individuals. The attraction strength cor-
relates with their luminosity, which diminishes with increasing distance between two 
fireflies. If their light intensities are similar, their movement becomes random. The 
value of the target function determines the luminance of fireflies. These principles 
underscore the foundation of firefly-inspired optimization methods. 

Types of Firefly algorithms While the fundamental firefly algorithm (FA) exhibits 
a considerable degree of efficacy, ongoing research has uncovered opportunities for 
enhancement. Numerous researchers have explored avenues to improve the algo-
rithm’s effectiveness and convergence rate. These research efforts have yielded var-
ious techniques, some of which are enumerated in Table 2. 

The FA optimization algorithm stands out as one of the most effective techniques 
for addressing complex optimization problems. Leveraging concepts from the accel-
erated worm algorithm, it has spawned a family of multi-agent systems-based algo-
rithms. Both real and artificial fireflies exhibit similar behaviors in this algorithm. It 
serves as a prime example of collective intelligence, demonstrating how relatively 
weaker agents can collaborate and work together to achieve outstanding results. 
The algorithm’s applicability extends to renowned optimization challenges such as 
the “traveling salesman” problem and addressing routing challenges in long-distance 
communication networks, serving as a valuable tool for research and problem-solving 
in these domains. 

Applications of the Firefly algorithm 
The firefly algorithm has garnered significant attention in recent times and finds appli-
cations in various domains. A brief overview of some of its applications includes: 

1. Digital Image Compression: Efficiently compressing digital images while min-
imizing computation time [ 33]. 

2. Picture Registration Verification: Employed for picture registration and verifi-
cation tasks [ 34]. 

3. Feature Selection: Outperforming other feature selection algorithms in terms of 
consistency, efficiency, and optimality [ 35].
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Table 2 Firefly algorithm (FA) variants 

1 DFA: Discrete firefly 
algorithm 

Sayadi et al. [ 25] have developed a potent discrete FA 
modification by extending the firefly method to handle 
NP-hard scheduling issues. Their findings suggested that 
DFA may outperform current algorithms like ACO 

2 CFA: Chaotic firefly 
algorithm 

Coelho et al. [ 26– 28] presented a disordered FA in 2011, 
and this CFA outperformed previous methods. Yang [ 29] 
evaluated the primary FA irregularity features to 
maximize efficiency by altering, under various factors 

3 LFA: Lagrangian firefly 
algorithm 

Another fascinating form is the Lagrangian firefly 
technique, which Rampriya et al. [ 30] proposed to address 
the number requirement problem for a power system 

4 MFA: Memetic firefly 
algorithm 

With promising results, Fister Jr et al. [ 31] developed the 
discrete memetic firefly method, a variation of FA, to 
address combinatorial network coloring problems 

5 HFA: Hybrid firefly 
algorithm 

By fusing existing algorithms with FA, several hybrid 
algorithms have been created. For instance, Abdullah et 
al. [ 32] utilized FA with variable coefficients and ant 
colony optimization to estimate the parameters of the 
nonlinear biological model. They demonstrated how this 
combination may be a potent tool for numerous 
applications with the least amount of processing effort 

4. Engineering Design: Demonstrated effectiveness in addressing nonlinear, multi-
quality engineering design challenges [ 36]. 

5. NP-Hard Scheduling Problems: Successfully resolving NP-Hard scheduling 
problems through a discrete Firefly algorithm variant [ 37]. 

6. Economic Loading: Reducing power dissipation and solving economic loading 
problems [ 38]. 

7. Scheduling and Traveling Salesperson Problems: Offering viable solutions to 
scheduling and traveling salesperson problems. 

Furthermore, firefly algorithm finds applications in various other domains, includ-
ing grid computing, queuing systems, combinatorial optimization, classification, 
clustering, optimization in dynamic environments, and independent test sequence 
generation in software testing. A summary of firefly algorithms is detailed as a 
pseudocode in Table 3, and Fig. 2 illustrates the flowchart of the prohibited search 
algorithm. 

The firefly algorithm (FA) initiates by creating a population of fireflies, followed 
by an evaluation of their compatibility with the objective function. Subsequently, 
the light intensity of each firefly is adjusted based on this compatibility assessment. 
The fireflies are then ranked, and their positions are updated accordingly. If the 
desired objective has not been achieved, the process iterates, reevaluating all fireflies 
for compatibility with the goal function until the desired outcome is attained. This 
iterative process ensures that the algorithm converges toward the optimal solution.
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Table 3 Firefly optimization algorithm (FA) 

Start: 
1 Create a solution set.x1, x2, . . . , xk at random 

2 Calculate the intensity for each. I1, I2, . . . , Ik
member solution 

3 Move each firefly X toward other brighter 
fireflies, and If there aren’t any other brighter 
fireflies nearby, relocate each firefly at random 

4 Update the solution set 

5 If a termination requirement is met, stop; if not, 
continue back to step 2 

End 

Fig. 2 Flowchart of the 
firefly algorithm
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Algorithm 2 The BAT Algorithms 
1: procedure START 

fi = fmin + ( fmax − fmin)β (3) 
vt i = vt−1 

i + (xt−1 
i − x∗) · fi (4) 

vt i = xt−1 
i + vt−1 

i (5) 

At+1 
i = α At 

i , r t+1 
i = r0 1 (1 − exp(−γ t)) (6) 

Where α and γ are fixed numbers. In essence, here is similar to the cooling coefficient in the 
Simulated Annealing algorithm. For every 0<α<1 and  γ>0 we have the following equation: 

At 
i → 0, r t i → r0 i , t → ∞ (7) 

2: end procedure 

1.3 The Bat Algorithm (BA) 

Yang introduced the bat algorithm (BA) in 2010, inspired by the characteristics of 
echolocation used by bats to locate prey. The BA also incorporates a frequency tuning 
mechanism to expand the population’s exploration capabilities. It simulates changes 
in pulse emission rate and sound characteristics of bats during their search for prey 
to strike a balance between exploration and exploitation. 

Bats encompass a vast range of species, varying in size from small bee bats 
weighing merely 1.5 to 2 g to large bats with a wingspan of approximately 2 m and 
weighing up to 1 kg. Echolocation is used to varying degrees by different bat species. 
Microbats, the smaller varieties, rely extensively on echolocation for locating their 
nests in the dark, finding prey, and avoiding obstacles. They emit loud pulses of sound 
and perceive echoes from surrounding objects, with pulse characteristics differing 
among species and being associated with hunting behaviors. The focus here is on the 
characteristics of bat echolocation, and how they relate to optimizing an objective 
function, enabling the development of an intelligent BA algorithm. Yang devised the 
BA based on three fundamental principles: 

1. Universal Echolocation: All bats utilize echoes to gauge distances and differen-
tiate between food sources, obstacles, and background signals. 

2. Random Flight and Pulse Emission: Bats fly at a velocity.vi in position.xi with 
a minimum frequency . fmin, variable wavelength, and loudness .A0 during their 
prey search. They autonomously adjust the wavelength (or frequency) of their 
emitted pulses and modulate the pulse emission rate . r based on the proximity to 
their target. 

3. Variable Volume: While loudness can vary in several ways, it is assumed to range 
from a high (positive) .A0 to a minimum constant value .Amin.
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For simplicity, BA does not employ beam tracking, although it could be considered 
for future enhancements. Beam tracking is computationally intensive but finds utility 
in computational geometry and various applications. Additionally, frequency and 
wavelength are intrinsically linked. 

For example, a frequency range of [20 kHz, 500 kHz] corresponds to air wave-
lengths ranging from 0.7 mm to 17 mm. Consequently, the adaptation of frequency 
or wavelength can be tailored for diverse applications, taking into account ease of 
implementation and other considerations. Each bat is characterized by a velocity 
.vt
i and a location .x

t
i in iteration . t within a .d-dimensional search space or solution 

domain. The best current solution among all bats is denoted as . x∗. Accordingly, 
the three aforementioned principles can be formulated as equations governing the 
evolution of .xti and . vt

i . 
In Eq. 14, .β ∈ [0, 1] is a random vector derived from a uniform distribution. As 

mentioned before, we can use wavelength or frequency for implementation; depend-
ing on the amplitude of the problem, we will use . fmin = 0, and . fmax = 0(1). Each 
bat is first given a frequency that is evenly drawn from .[ fmin, fmax] and assigned 
at random. The bat algorithm may be viewed as a resonant frequency method as a 
result, offering a perfect blend of exploitation and exploration. 

The volume and pulse emission in the area with prospective solutions offer a way 
for automated control and auto magnification. To provide an efficient mechanism in 
the bat algorithm for controlling exploration and exploitation and switching to the 
exploitation phase if necessary, we must modify the height and emission rate of the 
pulse during repetitions. The volume decreases as the pulse propagation speed rises 
when a bat locates its prey. As a result, the loudness may be set to any level of comfort 
between.Amin presuming the bat has just caught its victim and has momentarily ceased 
making noise. With these presumptions, we arrive at the equation shown below: 

.At
i → 0, r ti → r0i , t → ∞ (8) 

In the simplest case, we use. α =. γ = 0.9 to 0.98 in our simulations. The summary of 
the bat algorithm is written in the pseudocode Table 4, and Fig. 3 depicts the flowchart 
of the prohibited search algorithm. 

First, the initial parameters are set, and after defining the frequency, beat rate, and 
volume, they are set. The procedure ends if the maximum number of iterations is 
more than. t , but if it is less than. t , fresh solutions and speed updates are created along 
with the solution. If .Rand < ri , the best solutions are chosen, and regional solutions 
are created; otherwise, this problem is not taken into account. Now, if the relationship 
between .Rand < Ai and . f (xi ) < f (x∗) is true, new solutions are allowed; if not, it 
rates the bats and chooses the best option that is now feasible. 

Types of bat algorithms 
One of the key advantages of bat algorithm is fast convergence in iteration by switch-
ing from exploration, which has made it an effective algorithm for applications such 
as classification. The types of BA are shown in Fig. 4 , which include:
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Table 4 Bat algorithm (BA) 

Start: 
1 Set up the bat populations.x0i (for.i = 1, 2, . . . , n) and.v0i from scratch 

2 Initialize the loudness,.A0
t , the pulse rates. r

0
t , and the pulse frequency. f 0i

3 While (the halt condition is not satisfied) 

4 Create fresh approaches by varying the frequency 

5 Changing locations and speeds (Eqs. (15, 16)) 

6 . rand > r ti
7 choose the best option from the available options 

8 Generate a local solution. xnew = xold + εAk

9 End if 

10 Create a fresh answer by flying at random 

11 if.rand < Ak
i and. f (xki ) < f (xkbsf)

12 Accept the fresh approaches 

13 Reduce.Ak+1
i and increase.rk+1

i (eq. (17)) 

14 End if 

15 Sort bats according to current best. xtbsf
16 End While 

End 

Fig. 3 Flowchart of the bat algorithm
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Fig. 4 Types of bat algorithms 

1. Fuzzy Logic Bat Algorithm (FLBA): Sahai and Khan presented this type of 
algorithm by introducing fuzzy logic in BA [ 39]. 

2. Multi-Objective Bat Algorithm (MOBA): Yang added distributed multi-
objective optimization to the bat algorithm, demonstrating its efficacy for resolv-
ing a variety of engineering design benchmarks [ 40]. 

3. K-Mean Bat Algorithm (KMBA): For efficient clustering, Komarasay and Wahi 
introduced a KMBA that combines K-means and bat algorithms [ 41]. 

4. The Chaotic Bat Algorithm (CBA): by Lin et al. They suggested this approach 
for parameter estimation in dynamic biological systems using Levy flight and 
disorder maps [ 42]. Another CBA utilizing various recurrent mappings was also 
presented by Gandomi and Yang [ 43]. 

5. The Binary Bat Algorithm (BBA): was developed by Nakamura et al. to address 
classification and feature selection issues [ 44]. 

6. The Improved Bat Algorithm (IBA): was presented by Jamil et al. [ 45] and 
effectively combined Levy flight with a precise estimate of changes in loudness 
and pulse rate. 

Applications of Bat Algorithms 

This algorithm has been used in the fields of optimization, classification, image 
processing, feature selection, scheduling, data mining, and other issues, which are 
explained in Table 5.
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Table 5 Applications of bat algorithm 

1 Continuous optimization It is one of the earliest applications of BA that has 
received extensive study in optimization design 
engineering. It has been shown that BA can handle 
extremely nonlinear issues and find the best solutions [ 46, 
47]. Case studies cover tall building design, batch 
systems, and pressure pipe design. BA is also proficient at 
resolving issues with many objectives 

2 Combined scheduling and 
optimization 

Continuous optimization issues can be readily addressed 
from the perspective of computational complexity, 
however, they may still be quite difficult 

3 The estimate of parameters 
and inverse issues 

By using BA, Yang et al. were able to perform parameter 
estimation as an inverse issue and examine topological 
shape optimization in microelectronics applications [ 48]. 
BA can deliver superior answers to least squares and 
sorting techniques if an inverse problem is appropriately 
phrased 

4 Classification, clustering, 
and data mining 

When Komarasamy and Wahi used BA to study 
clustering, they discovered that combining the two 
techniques might improve performance [ 49]. Other 
researchers have studied BA and found it advantageous in 
several domains, including electronic learning, clustering 
problems, using BA and its extension as a kind of 
Bayesian optimization, using BA to categorize data 
Subarray, etc 

5 Image processing A modified BA for image matching was reported by 
Zhang and Wang, who demonstrated that their model is 
more efficient and adaptable than previous models like 
genetic algorithms [ 50] 

6 Fuzzy logic Reddy and Manoj presented research that integrated fuzzy 
logic with BA to discover the capacitor values that would 
minimize overall losses in distribution networks [ 51] 

1.4 Cat Swarm Optimization Algorithm (CSO) 

Chu and his colleagues originally introduced the cat swarm optimization algorithm 
(CSO) in 2006 to address optimization issues[ 52]. This method is based on study-
ing how cats behave. The studies’ findings demonstrated that the cat swarm algo-
rithm outperforms the particle swarm technique. Tsai and his associates introduced 
the parallel architecture of the cat crowding method in 2008 to enhance the pro-
gram’s convergence and search-ability [ 53]. Following that, adjustments to the par-
allel optimization technique of the cat swarm optimization were made by Tsai and 
his colleagues in 2011 to enhance the approach [ 54]. Cat swarming was a cluster-
ing technique used by Santosa and Ningrum in 2009 [ 55]. The clustering algorithm’s 
performance is enhanced by changing the formulation. They enhanced the cat swarm 
optimization’s categorization. This approach may also be used to solve optimization
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Fig. 5 Flowchart of the CSO algorithm 

issues including system identification IIR [ 56], least-significant-bit replacement [ 57], 
and water resource systems [ 58]. 

The CSO algorithm’s precise computing processes are shown in Fig. 5, and the 
summary of the algorithm’s steps is included in Table 6 while the computational 
methods are summarized. 

Seeking Mode (Resting) 

The cat is sleeping in this manner while keeping an eye on its surroundings. The cat 
chooses its next course of action when it detects prey or danger. The cat moves slowly 
and cautiously if it chooses to do so and watches into the M-dimensional solution
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Table 6 Cat swarm optimization algorithm (CSO) 

Start: 
1 Make a population of cats as a starting point, disperse them over the M-dimensional 

solution space.Xi,d , and select a maximum velocity value at random for each cat’s 
velocity. Vi,d

2 Give each cat a flag and classify them into the searching or tracing mode operation 
based on the MR value 

3 Save the cat with the highest fitness level after considering each cat’s fitness level. 
The finest answer to date is represented by the location of the best cat. Xbest

4 Utilize the cats in the tracing or seeking modes in accordance with the following 
instructions based on their flags 

5 Terminate the procedure if the termination requirements are met. Alternatively, 
perform steps 2 through 5 again 

End 

space while it is in the seeking mode, much as while asleep, to choose its next course 
of action. The cat is cognizant of its surroundings, its surroundings, and its options for 
mobility in this scenario. Four parameters—searching memory pool (SMP), seeking 
range of the selected dimension (SRD), counts of dimension to change (CDC), and 
self-position consideration—are used in the CSO algorithm to describe these (SPC). 

SMP is the total number of copies made of each cat during the search procedure. 
SRD is the largest difference between the new and old values in the dimension 
selected for mutation. The CDC predicts how many dimensions will change. The 
algorithm’s searching process is defined by each of these parameters. The Boolean 
variable SPC represents the cat’s present location as a potential migration location. 
SMP’s value cannot be impacted by SPC. Below is a description of the searching 
mode’s operation. 

• Step1. Create SMP versions of each cat. The cat’s present location is kept as one 
of the copies if the SPC value is true, which causes SMP-1 copies to be produced. 

• Step2. Use the equation below to get the new location in relation to CDC for each 
copy. 
Where .Xcn is the new position, .R is a random number ranging from 0 to 1, and 
.Xc is the current position. 

• Step3. The fitness scores (FS) for the new positions should be calculated. The 
probability of each candidate’s points being selected as one if all FS values are 
identical, Otherwise, use the following computation to determine the likelihood 
of choosing each candidate point. 
Where.Pi is the probability that the current candidate, .cati , will be chosen, .FSi is 
the fitness value of .cati , .FSmax is the maximum value of the fitness function, . FSb
is equal to .FSmax for minimization problems, .FSmin is the minimum value of the 
fitness function, and .FSb is equal to .FSmin for maximization problems.
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Algorithm 3 Cat Swarm Optimization Algorithm 
1: procedure START 

. Xcn = (1 ± SRD · R) · Xc (9)

. Pi = |FSi − FSb|
|FSmax − FSmin| , where 0 < i < j (10)

. vk,d = vk,d + r1 · c1(Xbest,d − Xk,d ) (11)

. Xk,d,new = Xk,d,old + vk,d (12)

2: end procedure 

Monitoring Mode (Movement) 
The tracking mode mimics a cat pursuing its prey. The cat chooses its speed and 
direction depending on the position and speed of the prey after locating it while 
in resting (search mode). The CSO provides the following as the cat k speed in 
dimension d. Where in Eq. 11, .vk,d is the location of the cat with the best solution, 
.Xk,d is the position of the .catk , .c1 is a constant, and .r1 is a random number between 
[0,1]. The cat traverses the M-dimensional decision space at this speed, reporting 
each new location it assumes. The cat’s speed will be set to the maximum speed if 
it surpasses the maximum speed. Each cat’s new location is determined using the 
formula below. While in Eq. 12,.Xk,d,new is the cat’s new location in dimension d and 
.Xk,d,old is the cat’s existing position in dimension d. 

Termination Requirements 
The algorithm is terminated based on the termination criterion. A good termination 
condition must be chosen in order for the method to converge correctly. Common 
CSO termination criteria include running duration, iteration count, and degree of 
improvement. 

1.5 The Grey Wolf Optimization Algorithm (GWO) 

In 2014, Seyed Ali Mirjalili published the grey wolf optimization algorithm. Grey 
wolves’ hierarchical structure and social behavior while hunting inspired this meta-
heuristic algorithm. This technique is population-based, has a straightforward pro-
cedure, and can be easily scaled up to large-scale challenges. Grey wolves are top 
predators, meaning they are at the very top of the food chain. Grey wolves tend 
to dwell in packs of 5 to 12 individuals. This group’s members have a clear social 
structure and particular responsibilities. Each wolf herd has four degrees to hunt, as 
shown in Fig. 6. 

• Alpha wolves .(α), who can be either male or female, are the pack leaders. The 
herd is dominated by these wolves. 

• Beta wolves .(β), assist alpha wolves in making decisions and are often chosen to 
place them.
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Fig. 6 Pyramidal structure 
of the wolf population 
hierarchy 

• Lower than beta wolves, delta wolves .(δ) comprise senior wolves, predators, and 
wolves that care for the young. 

• Omega wolves .(ω), the position at the bottom of the hierarchy has the fewest 
privileges over the other members. And anyway, they only consume food and do 
not take part in decision-making. 

There are three basic steps in this algorithm: 

1. Observing, tracking, and pursuing the hunt. 
2. Approaching the prey, encircling (looping) it, and deceiving it until it stops moving 
3. Hunting is under attack. Optimization is done using alpha, beta, and delta wolves. 

One wolf is assumed to be the alpha wolf of the algorithm, the wolf beta, and 
delta are involved, and the other wolves are considered to be their followers. Grey 
wolves have the ability to estimate the hunting position. To model this process, see 
the following steps: In the initial search, we have no idea about the hunting position. 
. α,. β and. δ wolves are thought to have better first-hand knowledge of hunting position 
(optimal answer point). 

The alpha wolf commands the attack when the prey is encircled by wolves and 
stops moving. The reduction of vector a is used in the modeling of this operation. As 
a lower, the coefficient vector A similarly reduces since A is a random vector in the 
interval [-2a, 2a]. If .|A| < 1, the wolf’s alpha (and the rest of the wolves) will go 
after its prey and if .|A| > 1 the wolf will stay away from the prey (and the rest of 
the wolves). 

All wolves must adjust their locations by alpha, beta, and delta positions by the 
grey wolf algorithm. Grey wolves circle the victim as they hunt. The following 
equations give a mathematical model of siege behavior. Coefficient vectors, the prey 
position vector, and the grey wolf position vector are all included below the current 
iteration, t.
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Algorithm 4 The Grey Wolf Optimization Algorithm 
1: procedure START 

. D = |C(Xp)(t) − X(t)| (13)

. X(t + 1) = Xp(t) − A · D (14)

Vectors A and B are calculated as follows: 

. A = 2a · r1 − a (15)

. C = 2r2 (16)

. 

Dα = |C1 · Xα − X|,
Dβ = |C2 · Xβ − X|,
Dδ = |C3 · Xδ − X|.

(17)

. 

Dα = |C1 · Xα − X|,
Dβ = |C2 · Xβ − X|,
Dδ = |C3 · Xδ − X|.

(18)

. X(t + 1) = X1 + X2 + X3

3
(19)

2: end procedure 

In the relationships mentioned above, . r1, .r2 are random numbers in the interval 
[0,1] as well as the variable declines linearly from 2 to 0 over the iterations. Alpha 
is generally in charge of hunting operations. Hunting is possible for beta and delta 
wolves on occasion. In the grey wolf hunting behavior mathematical model, we 
hypothesized that . α, . β, and . δ have superior knowledge of probable prey sites. The 
first three answers are the most useful, as given in the equations below, the other 
agents must update their positions based on the parts of the best search agents. 

The summary of the grey wolf optimization is written in the pseudocode Table 7, 
and Fig. 7 depicts the flowchart of the prohibited search algorithm. The order of the 
GWO algorithm is as follows: 

1. All of the solutions are assessed for acceptability, and the top three are chosen as 
. α, . β, and . δ until the procedure is completed. 

2. The top three answers (. α, . β, and. δ wolves) can predict the hunting position using 
the following equation in each cycle. 

3. The rest of the answers are updated by tracking the locations of the . α, . β, and . δ
wolves in each iteration. 

4. The vectors a and (therefore) are modified after each iteration. 
5. The position of the alpha wolf is introduced as the optimal place at the end of the 

repetitions.
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Table 7 Grey wolf optimization algorithm 

Start: 
1 Begin Initializing algorithm patterns 

2 Generate Creating a random population of wolves 

3 Assessing the condition of each wolf and calculating its merit 

4 Calculate identifying the best wolf as Alpha wolf 

5 Repeat steps 6 to 12 until the stop condition is stopped 

6 Repeat steps 7 to 11 for each wolf 

7 Calculate three new positions for the wolf 

8 Find the position of the wolf according to three positions 

9 Calculate the merit of the new wolf 

10 If the merit of the new wolf is better than the alpha wolf, consider 
the new wolf as alpha 

11 If the merit of the new wolf is not better than the alpha wolf, 
compare it with the beta and delta wolves 

12 If the merit of the new wolf is not better than the alpha wolf, 
compare it with the beta and delta wolves 

13 Output Return alpha 

End 

2 Investigating the Benefits and Drawbacks 
of Meta-heuristic Algorithms 

A meta-heuristic technique is a framework for solving optimization problems that 
may be applied to a wide range of difficulties with modest modifications. Finding 
excellent solutions to problems involving hybrid optimization is greatly facilitated by 
using meta-heuristic methods. Or, to put it another way, a meta-heuristic algorithm is 
a creative way to explore the answer space for optimal solutions. Every meta-heuristic 
method attempts to solve a recognized, difficult optimization issue. Meta-heuristic 
techniques have the following characteristics: 

1. These methods provide competitive solutions and make it possible to avoid the 
algorithm being trapped in the local minima. 

2. These methods are usually presented to solve discrete problems but can also be 
used for continuous problems. 

3. These techniques frequently draw inspiration from biology, animal behavior, and 
physics ideas. 

4. The difficulty of setting and matching a number of parameters is the most typical 
drawback of these methods. 

Each proposed meta-heuristic algorithm has advantages and disadvantages, and 
therefore, it is significant to examine some of the notable pros and cons of these 
algorithms (Table 8).
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Fig. 7 Flowchart of the GWO algorithm
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Table 8 Comparison of different optimization algorithms 
Algorithm Advantages Disadvantages 

SA 1. Very low memory consumption 1. Depends heavily on the initial value of the 
parameters 

2. Easy to implement 2. If you choose the wrong value for the initial 
temperature parameter, it will most likely get 
stuck in the local optimum 

3. Provides acceptable answers due to the focus 
on local search 

3. Predicting the appropriate initial value for the 
problem parameters is impossible without a 
benchmark 

4. Due to the existence of a guided random 
process (low acceptance probability for 
non-optimal responses), it has the ability to 
surpass local optima 

5. Converges to the optimal solution through 
searching for justified solutions to an 
optimization problem 

TS 1. Flexible memory structures 1. Following an unprofitable path and facing an 
unfavorable situation without hope of escape 

2. Long-term memory 2. Creating rounds and sequences in search 

3. An attitude based on periodicity 3. Long computation time and generating 
cheerful answers 

4. Focusing and diversifying 4. Lack of proper diversification at high 
computation times 

5. Strategic fluctuations 

6. Reconnect the route 

7. Creating a variety of lists of answers to avoid 
clutter in the responses and getting stuck in the 
local optima 

8. The various list of answers in the previous 
step are updated in each step 

9. Guide the search to achieve good answers in a 
complex answer space 

10. Better use of search information 

11. Variety in search 

GA 1. Effective search in large spaces to find the 
overall optimal point 

1. How to write a fitness operator 

2. Using the value of the target function to guide 
the search 

2. Algorithm immaturity: the distance between 
one chromosome and other chromosomes that 
leads to the problem’s optimal local solution 

3. Utilizing prospective rules as a tool to direct 
space search activities 

3. High memory consumption 

4. The generality of the algorithm and the 
independence of its components 

4. Achieving an acceptable balance between 
exploration and exploitation 

5. A very simple and understandable search 
approach 

6. Performing accurate calculations 

7. Encoding continuous functions discretely 

(continued)
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Table 8 (continued) 
Algorithm Advantages Disadvantages 

PSO 1. Memory benefit 1. Convergence occurs early 

2. Information sharing and collaboration among 
particles 

2. Getting carried away by the optimism of the 
locals. 

3. Accelerated convergence 3. Dwindling population variety 

4. Greater adaptability in the face of an ideal 
local situation 

5. Ease of implementation and execution 

ACO 1. Flexibility 1. Lack of intelligence of elements due to 
symbolic communication and lack of direct 
communication with each other 

2. Parallel, random, and directed search 2. Lack of a predetermined plan in the behavior 
of ants due to the random nature of their 
behavior with each other 

3. Solving hybrid optimization problems 3. Life in a discrete environment; real ants 
cannot survive apart from colonies 

4. Optimization in problems that require finding 
the shortest path 

4. Time-consuming 

ABC 1. Very fast convergence 1. Population variety is dwindling 

2. Collective intelligent data 2. Getting carried away by the optimism of the 
locals 

3. Ability to perform global searches 

FA 1. Automatic segmentation 1. Oscillation algorithm in search space 

2. The ability to deal with challenges involving 
multiple quality levels 

2. If there are more absorptions, the algorithm’s 
computation time should be extended 

3. Random control is set to repeat ratio 

4. Fast convergence 

BA 1. Simple, flexible, and easy to implement 1. This technique’s accuracy suffers at high 
speeds and may plateau after a few steps 

2. Frequency regulation 

3. Auto zoom 

4. Parameter control 

CSO 1. Solve optimization issues 

2. The cat swarm clustering algorithm may be 
regarded as a good enough clustering technique 

1. Finding a workable solution takes a while, 
impacting the algorithm’s efficiency and 
convergence 

3. When in tracking mode, they communicate 
the same details on the best option, in their 
opinion 

2. Requires a high-speed processor to obtain 
reasonable results 

GWO 1. It only needs to initialize two parameters 1. The GWO is not appropriate for global 
optimization problems since it is prone to 
slipping into the trap of local optimization 

2. It’s simple to generalize to the following n 
spaces 

3. High-speed convergence
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3 Conclusion 

Population-based random search is a type of evolutionary algorithm. A clear advan-
tage is that they are intrinsically parallel, allowing them to look at the search space 
from diverse angles. A comparable study of sub-spaces leads to locations where 
the statistical average of the objective function is high, and the possibility of a final 
optimal point is higher. Because these approaches, unlike one-way methods, explore 
the entire answer space, there is less possibility of being stuck in a locally optimal 
spot. Evolutionary algorithms are procedures that are not reliant on a specific path. 
This distinguishes them from prior methods, allowing them to scan the whole search 
space effectively. 

Furthermore, evolutionary algorithms are not reliant on the function’s or deriva-
tive’s continuity. It is only essential to determine the value of the goal function at 
different stages during the search process. These algorithms just demand data on 
the quality of the solutions produced by each set of variables, whereas accurate 
approaches necessitate a comprehensive grasp of the issue structure and variables. 

The theory of creating a model for congestion intelligence introduces a new idea 
for developing artificial intelligence disciplines that create new possibilities for build-
ing hardware and designing computer software. Congestion intelligence provides 
new ways to control multi-factorial systems. The ability of these systems is due to 
their teamwork, and this makes them more valuable than when one of these factors 
works alone. Studying crowded intelligence helps us identify systems with agents 
having the same goals. The simple design of these systems helps to build better 
information technology systems that are as robust and appropriate as systems found 
in nature. Congestion intelligence is the key to managing a world that increasingly 
includes complex networks of computers. 

This research examined a few population-based and single-solution meta-heuristic 
methods. Each of these algorithms was also given its own set of benefits and draw-
backs. The quality and speed with which meta-heuristic algorithms work varies is 
also important. Depending on the nature of problems, these methods perform differ-
ently. In some situations, an algorithm may perform better than others in a given task, 
while others may perform worse. According to some recent studies, each algorithm 
can assist consumers in resolving various issues. Each method may answer numer-
ous questions in various fields, including image processing, fuzzy basins, reservoir 
operation, etc., to name a few. 
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Chapter 9 
Depth Perspective-Aware Multiple 
Object Tracking 

Kha Gia Quach, Pha Nguyen, Chi Nhan Duong, Tien Dai Bui, and Khoa Luu 

1 Introduction 

Multiple Object Tracking (MOT) has long been considered one of the most critical 
problems in computer vision. It has recently received much attention due to its 
potential in many relevant real-world applications. Solving MOT efficiently and 
robustly is challenging due to missing or inaccurately detected objects, occlusions, 
and overlapping in crowded scenes. Among those factors, occlusions caused by 
object movements or detectors’ failure have been shown to deteriorate the overall 
performance of existing MOT solvers greatly [ 17]. Our work tackles some crucial 
drawbacks in current MOT solvers, especially occlusions, by proposing a simple yet 
effective geometric-based approach that leverages perspective information from the 
scene. 

To track multiple targets, e.g., pedestrians on the move, a standard paradigm is 
track-by-detection, which primarily has two main steps: (1) detecting objects in each 
frame and (2) assigning ID for each detection by linking them across multiple frames. 
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Our work focuses on the second stage, i.e., data association and tracking. Hence, our 
algorithm can be used on top of any existing object detectors. Most MOT methods 
[ 1, 6, 9, 21, 26, 36, 41, 44, 49, 56] that solely rely on the detection results, i.e., 2D 
bounding boxes and their associated features, could lead to ID switching between 
tracked objects, when an object is occluded in the scene, either by the other objects or 
scene backgrounds. This challenging occlusion problem can be technically handled 
with the support of perspective or depth information from the scene. Hence, by 
tracking 3D real-world coordinates of the objects, 3DMOT methods [ 15, 30, 37, 45] 
can provide better results. Unfortunately, using such 3D information usually comes 
with an expensive cost. In particular, a monocular depth estimation method is needed 
if depth sensors are unavailable. Thus, during training, such methods often require 
video frames and depth information whose ground truth labels sometimes need to 
be made available or affordable in practice. Moreover, their 3D-based algorithms are 
also computationally expensive, which could also affect the real-time performance 
of many algorithms. 

Contributions of this Work: This work introduces Depth Perspective-aware 
Multiple Object Tracking (DP-MOT) to solve the occlusion problems in MOT. Our 
contributions are four-fold. 

• A simple yet efficient Subject-Ordered Depth Estimation (SODE) method is 
derived from a camera model and geometry-based technique to approximate the 
depth positions of the detected subjects provided by any detector. 

• A new  Active pseudo-3D Kalman filter method with an adaptive control variable 
provides dynamic and stable tracking of object movements w.r.t depth ordering. 

• A new  high-order association matrix is computed by measuring first-order and 
second-order similarity between the detected objects and tracks to improve the 
association step in handling occlusions (as shown in Fig. 1c). 

• The proposed DP-MOT method consistently achieves the state-of-the-art (SOTA) 
results compared to recent MOT approaches [ 1, 8, 9] on the standard MOT bench-
marks. 

SODE versus Traditional Calibration Methods: Although the presented SODE 
is simple and performs unsupervised, it can achieve high real-time accuracy. More 
important, it is quite different from traditional methods (Fig. 1a) where manual cal-
ibration is required to transform to a bird’s eye view. Indeed, SODE can generally 

Fig. 1 Illustrations of a Traditional calibration method, b Subject-Ordered Depth Estimation, and 
c High-order Association
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work for any new videos without calibration while the traditional methods require a 
manual calibration in every new setup between two views. 

Assumptions in SODE: Given a set of 2D frames in a video captured with a 
fixed camera height and rotation, this work aims to tackle the occlusion problem 
in real-time using a new simple geometry-based depth perspective-aware approach 
(see Fig. 1b). Particularly, far apart from prior work, the proposed method does not 
require depth or 3D boxes as ground truth. It can be used as an “add-on” component 
to support other tracking methods with any detector to improve performance. 

Human Detection and Appearance Extraction in SODE: It is noticed that 
SODE can work with any off-the-shelf deep learning methods for human detection 
and subject appearance deep feature extraction. The development of human detection 
and deep feature extraction is not in the scope of this work. In the experiments in this 
work, deep Feature Embedding Network (FEN) derived from [ 44] is used to extract 
appearance features for the detected boxes to obtain enriched objects. 

2 Related Work 

This section reviews recent works on track-by-detect MOT algorithms, summarized 
in Table 1. Generally speaking, the algorithms can be categorized as follows: 

Tracking by solving the matching problem: The Hungarian algorithm has been 
used in several methods as a matcher to associate the detection by some kinds of 
appearance features [ 31]. Kim et al. [ 17] proposed to use colors as the appearance 
features. Some other methods try to improve the accuracy of the matcher by antic-
ipating the locations of objects in the next frame. Ren et al. [ 36] and Chen et al. 
[ 6] introduced reinforcement learning to predict the movement of objects. Further-
more, Maksai et al. [ 26] applied a bi-directional Long Short-Term Memory (LSTM) 
to estimate the motion of trajectories. Quach et al. [ 33] proposed a dynamic graph 
to transform pre-computed Re-ID features to new context-aware ID features, hence 
it performs better matching and yields more accurate results. Similarly, Nguyen 
et al. [ 29] proposed a novel global association graph model with Link Prediction 
approach to predict existing tracklets location and link detections with tracklets via 
cross-attention motion modeling and appearance re-identification. Recently, Li et al. 
[ 22] proposed an end-to-end identity association network that consists of a geometry 
refinement network and an identity verification module to perform data association 
and reason the mapping between the detections and tracklets. 

Tracking as an end-to-end framework: Sun et al. [ 41] and Xu et al. [ 49] pre-
sented an assignment algorithm that optimizes the tracker in an end-to-end frame-
work. Wang et al. [ 44] introduced a shared weight model between the detection 
and the association stage with an improved triplet loss to push away the embedding 
of different identities in one batch. Bergmann et al. [ 1] (Tracktor) shows a simple 
approach by exploiting the bounding box regression of the object detector to guess 
the position of objects in the next frame in a high-frame-rate video sequence without 
camera motion. Chu and Ling [ 9] designed a model having an affinity estimation
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and multi-dimensional assignment component for visual object tracking. Zhou et 
al. [ 55] employed a straightforward approach, which trained a network to predict 
the movement offset from the previous frame and then matched it with the nearest 
tracklet center point. Joint Detection Embedding (JDE) [ 44] is a fast, simple, yet 
practical approach that solves detection and embedding representation tasks in a sin-
gle network structure and a fused loss function. Li and Gao et al. [ 21] introduced 
a graph network to extract appearance and motion similarity separately. Sun et al. 
[ 42] constructed three networks to compute three matrices representing the object’s 
motion, type, and visibility for every matching step. Peng et al. [ 32] passed a couple 
of frames to a single network, which can generate the target’s bounding box pair 
between two frames. Therefore, no association step is needed. Xu et al. [ 50] (Deep-
MOT) formulated MOT metrics as a loss function to construct a complete trainable 
tracking procedure. Yin et al. [ 51] trained a Siamese neural network for the joint 
task of single object tracking and multiple object association simultaneously. Chan 
et al. [ 5] proposed an end-to-end network for detecting and tracking multiple objects 
simultaneously. Meinhardt et al. [ 27] introduced a new tracking-by-attention mech-
anism with data association via attention between the frames. Recently, Yu et al. [ 52] 
proposed using a visual-language model (VLM) to generate pseudo-textual descrip-
tions for each tracking target, which are domain invariant and can enhance object 
matching across frames. They also introduce a Trackbook, a collection of pre-defined 
textual prompts that capture common object attributes in different domains. 

Tracking with 3D information. Some tracking methods use additional data from 
multiple cameras or special GPS or IMU sensors to solve the occlusion problem. Hu 
et al. [ 15] relied on ego-motion provided by a sensor to predict a vehicle’s future 
location and used a weighted bipartite matching algorithm on affinities between 
tracks and detections. Weng et al. [ 45] use LiDAR point cloud to obtain oriented 3D 
boxes from a 3D object detector, then use a primary 3D Kalman filter to estimate 
objects’ state and the Hungarian algorithm to associate tracks with new detection. 
Scheidegger et al. [ 37] exploited the 3D information of surrounding pedestrians 
to achieve highly accurate predictions. Weng et al. [ 46] (GNN3DMOT) took full 
advantage of 2D and 3D motion and appearance features, then constructed a graph 
neural network to compute the affinity matrix. Rajasegaran et al. [ 34] lifted people’s 
3D information to represent the 3D pose of the person, their location in the 3D space, 
and the 3D appearance then computed the similarity between predicted states and 
observations in a probabilistic manner. 

However, these physics-based approaches are also prone to failure with sensor 
noises and uncertainty in detecting occluded people, which often occur in real-world 
scenarios. 

3 The Proposed DP-MOT Approach 

This section will detail three main components in the proposed framework as shown in 
Fig. 2, including the Subject-Ordered Depth Estimation to estimate depth ordering of
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Table 1 Comparison of the properties between our online MOT approach and others 

Methods Domain Depth 
aware 

3D label 
Req. 

Association Dyn. Mov. 
Upd. 

RT 

Tracktor [ 1] 2D ✗ N FO ✗ ✗ 
CenterTrack [ 55] ✗ N FO ✗ ✓ 
JDE [ 44] ✗ N FO ✗ ✓ 
DeepMOT [ 49] ✗ N FO ✗ ✗ 
FAMNet [ 9] ✗ N PW ✗ ✗ 
STRN [ 48] ✗ N Graph ✗ . −
MOTDT [ 7] ✗ N FO ✗ ✗ 
AB3DMOT [ 45] 3D ✓ Y FO ✗ ✓ 
3DT [ 15] ✓ Y FO ✓(LSTM) ✗ 
3D-PMBM [ 37] ✓ Y .− ✗ ✓ 
Ours 2D ✓ N High-order 

(FO+SO) 
✓(A-3DKF) ✓ 

Kalman Filter (KF), Requirement (Req.), Dynamic (Dyn.), Movement (Mov.), Update (Upd.), first-
order (FO) and second-order (SO), Real-time (RT), Yes (Y), No (N). “. −” denotes an unknown 
property 

bounding boxes, the active pseudo-3D Kalman Filter component for tracking object 
positions, and the High-order Association for computing first-order and second-order 
perspective-aware association cost matrices. 

3.1 Problem Definition 

Assume that the video sequence contains.N frames, and there are.K objects that need 
to be tracked, we define the trajectory of the.k-th object as. Tk = {b0k,b1k, · · · ,btk, · · · ,

bN
k }, and .btk = (x, y, w, h), where . t denotes the frame number, the pair .(x, y) spec-

ifies the top-left location of the bounding box, while .w and . h, respectively, are the 
width and height of the detected object. Let.Bt = {bt1,bt2, · · · ,btk, · · · ,btNO

} denotes 
a set of .NO detected objects at the .t-th frame. The pipeline in this work consists of 
three main steps: 

Firstly, the depth estimation SODE module (Sect. 3.2) provides the estimated 
depth . ẑ based on 2D geometry information of the boxes. Then, FEN [ 44] is used  
to extract appearance features .e .∈ R

512×1 to obtain objects.b̂tk = {x, y, ẑ, w, h, e}. 
Secondly, the active pseudo-3D Kalman filter (Sect. 3.3) will help to keep track 
trajectories .Tk up-to-date and predict new 3D-location of the tracked objects in the 
next frame. Finally, we compute a cost matrix .C ∈ R

NT ×NO (.NT and .NO are the 
number of tracked objects in frame .t − 1 and the number of detected objects in 
frame. t , respectively), by considering appearance similarity and 3D-spatial distance 
between each pair of predicted track .Tk from frame .t − 1 and detected object .b̂ti in 
frame. t . The computing of this matrix. C details in Sect. 3.4. Based on this cost matrix
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Fig. 2 Our proposed framework with three main components: the subject-order depth estimation, 
the active pseudo-3D Kalman filter, and the high-order association. The subject-order depth estima-
tion approximates the ordering of objects in the scene according to their distance from the camera 
using only the provided bounding box from the detector. In the active pseudo-3D Kalman filter, 
solid color boxes, i.e., blue, red, and orange, represent track IDs, while dash color boxes represent 
the predicted location of tracked objects in the current frame . t . Green color boxes are detected 
objects in the current frame. t

. C, the association problem is solved using the Hungarian algorithm to correctly assign 
detected objects to their corresponding existing tracks .Tk or create new tracks for 
new objects. We also remove lost tracks when objects exit the scene as such tracks 
cannot match with any detected objects for several frames. 

3.2 Subject-Ordered Depth Estimation 

Given the shortcomings of existing learning-based monocular depth estimation 
approaches, we propose a novel mechanism to mathematically approximate depth 
ordering, which can be used on top of any existing MOT trackers. Motivated by 
the standard camera setup in most tracking applications such as video surveillance 
(see Fig. 1b), we revisit a classical geometry-based technique to estimate the depth 
ordering of the detected bounding boxes directly. 

To utilize the setup as shown in Fig. 2, we choose the world coordinates of 3D 
world points.(x, y, z) defined by.X,Y,Z axes and origin. O such that the ground plane 
(the plane where objects reside) coincides with the plane.y = 0, i.e., an object’s height 
is represented by its . y coordinate. In contrast, . z represents its depth, i.e., distance 
from the origin (see Fig. 2). This simple setup for the world coordinate allows the 
camera pose to be represented by only camera height . h and pitch angle .θX to form 
a camera coordinate frame with .Xc,Yc,Zc axes, and origin . C.
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Let .K ∈ R
3×3 and .P = [R|t] ∈ R

3×4 denote the camera intrinsic and extrinsic 
matrices, respectively. Given the setup in Fig. 1b, the rotation matrix .R contains 
components along the .X,Y and . Z axes as we allow small errors for the roll .θZ and 
yaw.θY angles, while the translation vector .t = [0,Yc, 0]. 

The projection of a point.(x, y, z, 1) in the homogeneous coordinates to the image 
coordinate .(u, v, 1) then reads: 

.

⎡
⎣
u
v

1

⎤
⎦ = 1

ZKP

⎡
⎢⎢⎣
x
y
z
1

⎤
⎥⎥⎦ (1) 

= 1 Z 

⎡ 

⎣ 
f 0 uc 
0 f vc 
0 0 1  

⎤ 

⎦ × 

⎡ 

⎣ 
r1 r2 r3 0 
r4 r5 r6 Yc 

r7 r8 r9 0 

⎤ 

⎦ × 

⎡ 

⎢⎢⎣ 

x 
y 
z 
1 

⎤ 

⎥⎥⎦ 

where the rotation matrix is defined as 

.R = Rz(θZ )Ry(θY )Rx (θX ) =
⎡
⎣
r1 r2 r3
r4 r5 r6
r7 r8 r9

⎤
⎦ (2) 

= 

⎡ 

⎣ 
cos θZ − sin θZ 0 
sin θZ cos θZ 0 
0 0 1  

⎤ 

⎦ × 

⎡ 

⎣ 
cos θY 0 sin  θY 
0 1 0  

sin θY 0 cos  θY 

⎤ 

⎦ × 

⎡ 

⎣ 
1 0 0  
0 cos  θX − sin θX 
0 sin  θX cos θX 

⎤ 

⎦ 

= 

⎡ 

⎣ 
cos θZ cos θY cos θZ sin θY sin θX − sin θZ cos θX cos θZ sin θY cos θX + sin θZ sin θX 
sin θZ cos θY sin θZ sin θY sin θX + cos θZ cos θX sin θZ sin θY cos θX − cos θZ sin θX 

− sin θY cos θY sin θX cos θY cos θX 

⎤ 

⎦ 

Expanding the terms in (1) for the  . v coordinate and using some basic algebraic 
manipulations, we obtain the relation between the object’s position. y, . z in the world 
coordinate and the image coordinate. v as follows (note that we write . y as a function 
of . v): 

.y(v) = z ((v − vc)r9 − f r6) − fYc + x ((v − vc)r7 − f r4)

(vc − v)r8 + f r5
. (3) 

Recall that most tracking applications; it is expected to track objects moving on the 
grounds. The grounds can be either flat, slope, or bumpy; however, to simplify the 
problem, we use a plane to approximate the grounds. Thus, the object’s translation 
in the .Y-axis is approximately equal to . 0. Under this approximation, the bottom of 
the detected bounding boxes corresponds to the coordinates.y = 0 in the real world. 
Thus, we have .y(vl) = 0, where .vl represents the . v coordinate at the bottom of a 
detected bounding box. The estimated object depth can then be derived as in Eq. (4). 

.z̄ = fYc + x ( f r4 + (vc − vl)r7)

(vl − vc)r9 − f r6
. (4)
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We choose the world coordinate of 3D world points such that .θY and .θZ are equal 
to 0. Thus, .r4 and .r7 are equal to 0, and we can omit the second term in Eq. 4. It  
shows that the approximated depth . z̄ of a 3D point .(x, y, z) and its corresponding 
image coordinate .vl appear co-linear as we consider other values to be constant 
and relatively small. As a result, we can directly use . vl , i.e., the bottom line of the 
objects’ bounding boxes, to estimate the depth ordering between objects. We aim to 
relax the need to estimate absolution depth value . z in meters. In other words, our 
estimated depth order . ẑ of an object box .btk is defined as a quantized depth value . z
as .ẑ = q( 1

vl
). Setting up the world coordinate to have zero yaw and roll angles in . P

should be relatively easy via standard camera calibration in practice, compared to the 
huge amount of labeled training data required by other learning-based methods. In 
the case of moving cameras, e.g., handheld cameras or cameras mounted on vehicles, 
the world coordinate is replaced by an ego-coordinate system with the origin .O at 
the center bottom of the moving car/person holding the camera at the current time. t . 
As a result, we can rewrite extrinsic matrix .Pt as 

. Pt =
⎡
⎣
1 0 0 0
0 1 0 Yc

0 0 1 0

⎤
⎦ (5) 

Since we only consider objects’ locations at time. t and.t + 1while performing online 
tracking, we can approximate those coordinates with the same extrinsic matrix, i.e., 
.Pt ≈ Pt+1. Then, the estimated object depth can be rewritten as in Eq. (6). 

.z̄ = fYc

(vl − vc)
. (6) 

Thus, we can also obtain estimated depth order . ẑ of an object box .btk as .ẑ = q( 1
vl

). 
Therefore, our depth ordering estimation is applicable in the case of dynamic cameras. 
We conduct some experiments using this depth ordering computation. Surprisingly, it 
works well in different scenarios, including static and moving cameras, on sequences 
in both MOT challenge [ 20, 28] and nuScene dataset [ 3]. 

In the next Sect. 3.3, we will show how the estimated depth ordering information 
can be integrated into our active pseudo-3D Kalman filter to improve tracking per-
formance significantly. Furthermore, the pseudo-3D Kalman filter can help correct 
missed objects caused by human jumping or inaccurately detected boxes. 

3.3 Active Pseudo-3D Kalman Filter 

Based on the refined objects with the estimated depth . ẑ, we propose an extension 
of Kalman filter (KF), named active pseudo-3D Kalman Filter (A-p3DKF), to sig-
nificantly improve the tracking accuracy. In particular, each object in the scene is
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associated with a KF tracker,.Kt [i], i = 1 . . . NT , that actively maintains and updates 
its state. In the following, we describe the configurations of a particular tracker. 

Given depth information for each detected bounding box, we formulate states for 
each tracker as .st,t [i] = [cx , cy, ẑ, s, r, c,

x , c
,
y, ẑ

,, s ,], where .cx , cy specify the center 
of the box, . ẑ is the estimated depth of the object computed based on (4), and . s, r
are scale and ratio parameters, respectively. The remaining are the derivatives of box 
location and scale, i.e., the velocity of those measures. We use double subscript. st1,t2
to denote that . s is predicted at time step . t1 and updated at . t2, respectively. Unlike 
traditional pseudo-3D Kalman filters, we proposed to add a control variable, i.e., 
acceleration, defined as .ût,t = .[c,,

x , c
,,
y, ẑ

,,] and a control matrix (. G). Given an initial 
state .s1,0 and the co-variance (uncertainty) matrix .A1,0, we can first predict the next 
state .st+1,t and uncertainty .At+1,t at time .t + 1 taking into account sudden changes 
or movements as follows, 

.st+1,t = Fst,t + Gût,t ,At+1,t = FAt,tFT + Q, (7) 

where . F and .G are the state transition and the control matrix, and .Q is the process 
noise uncertainty. 

.G =
[
diag3×3(0.5Δt2)
diag3×3(Δt)

]
,Q = Gσ 2GT ,Δt = 1. (8) 

We can compute the control variable.ût,t from the difference between three adjacent 
frames based on the optimized optical flow [ 18] instead of pre-defined fixed acceler-
ation values, e.g., set as zero for constant velocity. To reduce the computational cost 
of optical flow, we only compute flow between two small sets of key points, i.e., 16 
from our experiments, limited within an extended region of detected objects. This 
parameter .ût,t can be estimated from the scene dynamics in the following steps. 

• Step 1. Compute the local optical flow of each tracker around the location at (. cx , 
. cy) in three consecutive frames as .δt−1,t and .δt,t+1. 

• Step 2. Compute control variable as 
.ût,t = [δt,t+1

x − δt−1,t
x , δt,t+1

y − δt−1,t
y , γ (δt,t+1

y − δt−1,t
y )], where .γ is the ratio 

obtained from Eq. (3). 

Finally, we can correct the prediction of A-3DKF with a new predicted bounding 
box (measurement) at time . t in the following steps. 

• Step 1. Compute the Kalman Gain 
.Kt = At,t−1HT (HAt,t−1HT + Rt )

−1, where .H is the observation matrix and . Rt

is the measurement uncertainty. 
• Step 2. Update state with measurement 

.st,t = st,t−1 + Kt (zt − Hst,t−1), where . zt is the detector prediction. 
• Step 3. Update covariance matrix .At,t = (I − KtH)At,t−1, where . I is the identity 
matrix. 

• Step 4. Predict the new state .st+1,t = Fst,t + Gût,t ,
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3.4 High-Order Association Matrix Computing 

Given the enriched information obtained from our framework, i.e., the relative object 
depths, the velocity, and acceleration vectors predicted from the A-3DKF, this section 
describes a novel usage of such information to improve the association task. Unlike 
traditional similarity/cost matrix computation, our proposed cost matrix is computed 
based on two crucial pieces of information: first-order and second-order relationships 
between tracks and detections. Our cost matrix.C ∈ R

NT ×NO measures the similarity 
between.NT tracked objects predicted from A-3DKF from previous frame.t − 1 and 
.NO detected objects at current frame . t . 

3.4.1 Matrix Computing Based on First-Order Relationship 

The first-order cost matrix.CF ∈ R
NT ×NO is directly computed based on appearance 

features and depth-aware intersection over Union (d-IoU) distances between tracks 
and detections. These distances are formulated as two matrices, .Ca ∈ R

NT ×NO and 
.Cd−I oU ∈ R

NT ×NO . In the following, we describe the design of .Ca and .Cd−I oU . 
Appearance Matrix. Our appearance matrix follows closely with recent works 

on Multiple Object Tracking, where the score of associating the.i-th track to the. j-th 
detected object is assigned to the matrix element .Ca(i, j) and is computed by the 
cosine similarity between two appearance vectors, i.e., 

.Ca(i, j) = ei · e j
||ei|| · ||e j|| (9) 

Note that here .e ∈ R
512 is the appearance vector obtained from the FEN introduced 

in Sect. 3.1. 
Depth-aware Intersection over Union (IoU) Matrix. Since we only estimate 

the depth ordering of the detected and tracked objects, we extend the traditional 2D 
overlapping cost matrix to IoU considered within an allowable range of distance 
in-depth, named d-IoU. The d-IoU matrix is defined as, 

.Cd−I oU (i, j) = bi ∩ b j

bi ∪ b j
⊗ (||ẑi − ẑ j|| < τZ

)
(10) 

where . τZ , which is experimentally set to . 3, is the ranging threshold for depth steps 
to consider objects having proximity or overlapping. 

3.4.2 Matrix Computing Based on Second-Order Relationship 

The second-order cost matrix.CP ∈ R
NT ×NO is computed based on appearance fea-

tures and spatial features of each object/track concerning other objects/tracks within
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a frame. This section describes our novel method to utilize the output of SODE and 
A-3DKF to compute second-order spatial and appearance distances. 

Let us denote by .xk = {cx , cy, ẑ} ∈ R
3 and .vk = {c,

x , c
,
y, ẑ

,} ∈ R
3 the location 

and the velocity vector of the .k-th tracked object (.k = 1 . . . NT ) at time . t −
1, respectively. Given .xk and .vk from our active pseudo-3D Kalman filters, we 
can obtain the predicted location .x̃k for the .k-th tracked object. After obtain-
ing the predicted 3D positions of the tracked objects, we denote by .d̃i j the dis-
tance between .x̃i and . x̃ j , i.e., .d̃i j = ||x̃i − x̃ j||. We also define a vector . D̃k =
s([d̃k1, . . . , d̃k(k−1), dk(k+1), . . . d̃kNT ]T )where the function.s(·) sorts all the provided 
elements in ascending order. Intuitively, the vector.D̃k associated with the.k-th tracked 
object contains the sorted distances between itself to the remaining tracked objects. 

Let .{yl}NO
l=1 denote the bounding boxes and estimated depth values returned by 

the detector and SODE at time step . t , where .yl = {cx , cy, ẑ} ∈ R
3. Similarly, let 

.dpq = ||yp − yq|| be the distance between the predicted bounding boxes . p and . q, 
and .Dl = s([dl1, . . . , dl(l−1), dl(l+1), . . . dlNO ]T ) be the sorted distances between the 
.l-th detected bounding box to the remaining boxes. We assume that the number of 
objects and their assigned IDs remain unchanged from frame .t − 1 to frame . t and 
that the detected bounding boxes in frame . t match their predicted locations. Under 
such assumption, if tracked object . k matches the bounding box . l, it is expected that 
.||D̃k − Dl|| = 0. In this case,.D̃k and.Dl act as useful feature vectors for the association 
task. 

However, in practice, it usually happens that .NT /= NO since new objects may 
appear in frame . t or some existing objects are no longer captured by the camera. In 
such scenarios, algorithms such as graph matching have proven valuable choices for 
robust matching. However, employing such algorithms is computationally expensive, 
which may degrade the real-time performance of our tracking pipeline. Therefore, 
we propose an approximation scheme to use the distance information while keeping 
the existing linear assignment framework. In particular, given two vectors . D̃ ∈ R

NT

and .D ∈ R
NO from a tracked object and a detected box, without loss of generality, 

let first consider .NT ≤ NO. We propose a new second-order function . f (D̃,D) :
R

NT × R
NO |→ R to measure the distance between . D̃ and . D as follows, 

f ( ̃D, D) = 
NT∑
i=1

||D̃[i] − D[ j−1+i]||, (11) 

where j = arg min 
j=1...NO

||D̃[1] − D[ j]||

where the notation.D[i] denotes the.i-th element of the vector. D. Note that the above 
problem can be solved efficiently, since. D̃ and. D are sorted vectors, by first searching 
for. j using binary search in.O(log NO), and then compute the value of. f in.O(NT ). 
In the case of .NT > NO, we will ignore all the other .i-th elements where .i > NO. 
In summary, our second-order spatial distance matrix .CPd is defined as. CPd (i, j) =
f (D̃i ,D j ). This way, we can incorporate a second-order spatial relationship between 
tracks and detections within a current frame and a constrained spatial relationship
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between weighted bipartite graph matching between current and previous frames. 
Similarly, we can compute our second-order appearance distance matrix .CPa as 
.CPa (i, j) = f (Ãi ,A j ).where.Ãi and.A j are the sorted cosine distances between the 
appearance vector of tracked objects and detected bounding boxes to their remaining 
ones in frame . t . 

In summary, our cost matrix .C ∈ R
NT ×NO is the combination of the following 

C = CF + CP = α (Ca + Cd−I oU  ) + β
(
CPa + CPd

)
(12) 

The values of hyper-parameters . α and . β, which control the weights for each com-
ponent, are manually chosen through experiments in the next section. 

4 Experiment Results 

4.1 Databases and Evaluation Metrics 

Datasets. To evaluate the effectiveness of the proposed DP-MOT, it experiments 
on MOT Challenge [ 20, 28] with the pedestrian tracking dataset. This dataset has 
two different versions, including MOT16 and MOT17. Each includes several real-
world video sequences recorded on the streets with numerous occlusions and the 
challenging motion of people crossing and hiding each other. Videos have diverse 
views, illuminated conditions, and video frame rates. MOT16 and MOT17 share the 
same videos but have different annotation sets. nuScenes [ 3] is one of the large-
scale datasets for Autonomous Driving with 3D object annotations. It contains 1,000 
videos of 20-second shots in a setup of 6 cameras, i.e., three front and three rear ones, 
with a total of 1.4M images. It also provides 1.4M manually annotated 3D bounding 
boxes of 23 object classes based on LiDAR data. This dataset is an official split of 
700, 150, and 150 videos for training, validation, and testing, respectively. 

Metrics. MOT methods are commonly evaluated in multiple criteria. Multiple 
Object Tracking Accuracy (MOTA) and ID F1 score (IDF1) are the most critical 
MOT metrics, together with Mostly Tracked objects (MT), Mostly Loss objects 
(ML), and ID switches (ID Sw.). 

4.2 Ablation Studies 

In this section, we perform several ablation studies to show the role of each proposed 
module. 

Comparisons of Subject Ordered Depth Estimation and SOTA Depth Estima-
tion. This experiment aims to study the effectiveness of the proposed SODE method 
in estimating the orders of objects in the scene. Since we only need to approximate
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Fig. 3 Comparisons of the 
depth estimation approaches, 
including FCRN [ 19], 
Monodepth [ 12], 
Monodepth2 [ 13], 
LKVOLearner [ 43], 
SfMLearner [ 54] and our 
proposed SODE on People 
RGB-D dataset. The higher 
and more left one is better. 
Best viewed in color 

relative depth information, i.e., depth ordering between detected objects w.r.t. the 
camera, in this experiment, we propose to evaluate the accuracy of our estimator by 
comparing the estimated relative depth to the ground-truth depths provided by the 
RGB-D People dataset [ 24, 39]. 

In particular, for each frame . t , based on the ground-truth depth information, we 
sort the bounding boxes by their depths in ascending order to obtain a set of indexes 
.dtruth. With the same set of bounding boxes, we use our proposed method to esti-
mate their relative depths and sort the bounding boxes according to their estimated 
depths to obtain the vector .destimated. Then, the accuracy of depth orders is validated 
via the Longest Common Subsequence (LCS) metric between .destimated and .dtruth as 
.Accuraccy = LCS(dtruth ,destimated )×100

|dtruth | . Figure 3 illustrates the achieved performance in 
terms of speed and accuracy of our SODE compared to other depth estimation meth-
ods on 2,000 randomly selected database frames. Since all methods also used the 
same detected bounding boxes in their estimation process, we excluded the detection 
time and only reported the depth estimation step to obtain the subject-ordered list. 
As can be seen, our SODE method outperforms other approaches in computing the 
subject order w.r.t. depth property while maintaining real-time processing speed. The 
processing time of the SODE step is fast due to its simplicity in computation. The 
SODE method achieves relatively good accuracy thanks to re-using the learned “per-
spective” knowledge from the detector. Figure 4 presents the relative visualization 
of depth estimation methods. Notice that the outputs of other methods are the depth 
maps with exact depth values, so the depth value for each pedestrian is computed as 
the average depths of all pixels inside the bounding box of that subject and projected 
on the .X Z plane. We found that such a way of getting depth orders could nega-
tively impact many existing depth estimation approaches in our experiments due to 
overlapping with background and other foreground objects. Our SODE is less likely 
to be confused by other background/foreground information as the only source of 
information is the “perspective” knowledge from the pre-trained pedestrian detector. 

To further evaluate our proposed SODE, we conduct another experiment on the 
MOT-17 validation set using different estimated depth values from other depth esti-
mation approaches in our MOT framework. In such a way, we will demonstrate that
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Fig. 4 Visualization of the depth estimation approaches, including FCRN [ 19], Monodepth [ 12], 
Monodepth2 [ 13], LKVOLearner [ 43], SfMLearner [ 54] and our proposed SODE on MOT17 
dataset. Green arrows indicate right positional correlations and red arrows indicate wrong posi-
tional correlations on the.X Z plane. Best viewed in color and zoom in



9 Depth Perspective-Aware Multiple Object Tracking 195

Table 2 Evaluation on MOT-17 (SDP detectors) validation set with provided boxes from SDP 
detector for different depth estimation approaches regarding MOT metrics and depth ordering 
accuracy 

Depth models MOTA.↑ IDF1.↑ MT.↑ ML.↓ ID Sw..↓ LCS Acc. 
. ↑

Monodepth [ 12] 63.9 68.2 142 152 975 79 

Monodepth2 [ 13] 64.1 70.2 145 154 862 81.5 

SfMLearner [ 54] 64.7 70.7 151 155 537 88.2 

LKVOLearner [ 43] 64.9 72.4 153 154 507 81.3 

FCRN [ 19] 65.5 72.2 157 145 330 84.1 

Our SODE 66.6 72.8 179 142 399 91.8 

. ↓ means the smaller the better; . ↑ means the larger the better 

using the proposed depth estimation method, we can observe similar or better perfor-
mance than directly using the absolute depth, i.e., information in meters. The results 
are shown in Table 2. As shown in the last column of Table 2, the depth orders pro-
vided by other depth estimation methods are less accurate than our SODE method. 
Thus, it reduces the performance of our MOT framework since we are using the 
same tracking approach described in Sects. 3.3 and 3.4. Such a gap in the accuracy 
of depth orders is because of the depth orders estimated using the average depths 
of all pixels inside the bounding box of an object. The depth information within the 
bounding box can be redundant and noisy. 

Improvements with Active 3D Kalman Filter and High-order Association. 
Firstly, we target the use of object’s 3D locations from our SODE in the motion 
model, i.e., the use of 3D information and the use of the acceleration in Kalman 
Filter as Active Kalman Filter and the use of high-order association approach, i.e., 
considering the second-order relationship between objects within a frame in addition 
to the first-order similarity. 

Table 3 shows the evaluation results on the MOT-16 and MOT-17 validation set 
using the provided bounding box annotations. By using either the proposed A-3DKF 
motion model or the high-order association approach, we can achieve about 2–3% 
improvements on all MOT metrics, especially for MT and ML, which shows that it 
keeps tracking the pedestrian precisely. 

Hyper-parameters in Cost Matrix. In this section, we conduct experiments on 
the impact of the choice of . α and . β in Eq. (12). Table 4 shows that slightly more 
weight on the first-order cost matrix than the second-order cost matrix gives the best 
overall results than other configurations for . α and. β. Note that .α = 1.0 and. β = 0.0
are the same as only using first-order in the cost matrix for association.
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Table 3 Evaluation on MOT-16 (FRCNN detector) and MOT-17 (SDP detectors) validation set 
with provided boxes from various detectors for improvements with KF using 3D information, 
acceleration, and high-order similarity matrix 

Motion 
models 

Association Detector MOTA.↑ IDF1 .↑ MT .↑ ML.↓ ID Sw.. ↓

2DKF First-order FRCNN 54.7 55.3 25.7 26.8 1254 

2DKF High-order FRCNN 57.7 57.3 30.6 23.6 1172 

3DKF First-order FRCNN 57.6 56.2 28.8 30.7 955 

3DKF High-order FRCNN 58.7 58.2 32.1 21.7 903 

A-2DKF First-order FRCNN 57 55.5 28.63 25.1 1524 

A-2DKF High-order FRCNN 57.2 57.6 29 24.95 819 

A-3DKF First-order FRCNN 58.6 58.3 29.8 22.4 862 

A-3DKF High-order FRCNN 58.9 59.6 31.33 21.6 821 

2DKF First-order SDP 68.6 63.7 39.4 16.7 1275 

2DKF High-order SDP 70.8 65.2 46.2 13.6 1023 

3DKF First-order SDP 71.1 66.5 45.4 13.2 928 

3DKF High-order SDP 72.4 66.8 48.2 12.5 773 

A-2DKF First-order SDP 69 63.5 47.19 18.07 1205 

A-2DKF High-order SDP 71.7 58.4 47.62 8.24 651 

A-3DKF First-order SDP 71.9 65.1 49.6 13 1075 

A-3DKF High-order SDP 72.4 68.3 51.5 13.4 524 

. ↓ means the smaller the better;. ↑ means the larger the better 

Table 4 Evaluation on MOT-17 (SDP detectors) validation set with various choice of hyperparam-
eters in computing affinity matrix 

.α .β MOTA.↑ IDF1.↑ MT.↑ ML.↓ ID Sw.. ↓
0.1 0.9 65.7 61.7 38.58 17.09 3137 

0.3 0.7 66.0 61.7 41.36 16.48 3008 

0.5 0.5 72.2 60.2 47.7 11.5 840 

0.6 0.4 72.4 68.3 51.5 13.4 524 

0.7 0.3 71.2 59.5 42.3 15.3 861 

0.9 0.1 72.0 51.9 44.6 17.3 875 

1.0 0.0 71.9 65.1 49.6 13 1075 

. ↓ means the smaller the better;. ↑ means the larger the better 

4.3 Benchmark Evaluation 

Comparisons with the State-of-the-art MOT systems on MOTChallenge. We 
achieve state-of-the-art results on both MOT16 and MOT17 testing benchmarks 
using public detection and online settings. In this experiment, we adopt our best model 
setting with SODE and A-3DKF for motion model and high-order association. Table 5 
shows the results achieved on these MOT challenges’ benchmark sets. These results
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Table 5 Comparisons among MOT methods with public detections on MOTChallenge test sets 

Set Method MOTA.↑ IDF1.↑ MT.↑ ML. ↓
MOT17 DP-MOT (ours) 65.0 67.1 28.8 27.5 

TMOH [ 40] 62.1 62.8 26.9 31.4 

Lif_T [ 14] 60.5 65.6 27.0 33.6 

LPC_MOT [ 10] 59.0 66.8 29.9 33.9 

MPNTrack [ 2] 58.8 61.7 28.8 33.5 

Tracktor++V2 [ 1] 56.3 55.1 21.1 35.3 

FAMNet [ 9] 52.0 48.7 19.1 33.4 

eHAF [ 38] 51.8 54.7 23.4 37.9 

jCC [ 16] 51.2 54.5 20.9 37.0 

MOT16 DP-MOT (ours) 63.7 66.2 25.8 28.2 
TMOH [ 40] 63.2 63.5 27.0 31.0 

Lif_T [ 14] 61.3 64.7 27.0 34.0 

LPC_MOT [ 10] 58.8 67.6 27.3 35.0 

MPNTrack [ 2] 58.6 61.7 27.3 34.0 

Tracktor++ [ 1] 54.4 52.5 19.0 36.9 

KCF [ 8] 48.8 47.2 15.8 38.1 

GCRA [ 25] 48.2 48.6 12.9 41.1 

MOTDT [ 7] 47.6 50.9 15.2 38.3 

. ↓ means the smaller the better; . ↑ means the larger the better 

further emphasize the advantages of our DP-MOT with significant MOTA score 
improvements of 8.7% and 9.3% on MOT17 and MOT16, respectively. Qualitative 
results on several videos of MOT challenges are illustrated in Figs. 5 and 7. Our  
proposed DP-MOT can effectively handle the occlusions during the tracking process. 
Using the depth orders from SODE helps the later steps, i.e., high-order association 
computation, correctly associate the detections with track IDs. For example, in Fig. 5, 
when two persons walk across each other, having the depth order of objects helps to 
avoid box switching from happening as in other approaches. 

Comparisons with the State-of-the-art MOT systems on nuScene dataset. Our 
goal in this experiment is to demonstrate the generalization of our proposed method. 
It applies not only to static camera settings but also to dynamic camera settings, 
i.e., autonomous driving scenarios, on nuScene dataset [ 3]. We also compare our 
approach with other vision-based MOT approaches, including CenterTrack [ 55] and 
DEFT [ 4] on nuScene dataset. Our proposed approach achieves competitive results 
with other MOT approaches (Table 6).
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Fig. 5 Tracking results in comparison with other methods (Tracktor [ 1], FAMNet [ 9] and eHAF 
[ 38]) on MOT challenge video MOT16-08. Best viewed in color 

Table 6 Comparison of MOT performance on the nuScenes validation set for Vision Track chal-
lenge 
Method AMOTA AMOTP MOTAR MOTA 

. ↑
MOTP 
. ↑

RECALL 
. ↑

MT.↑ ML.↓ IDS.↓ FRAG 
. ↓

CenterTrack 
[ 55] 

0.068 1.543 0.349 0.061 0.778 0.222 524 4378 2673 1882 

DEFT [ 4] 0.213 1.532 0.49 0.183 0.805 0.4 1591 2552 5560 2721 

Ours 0.242 1.541 0.568 0.197 0.832 0.453 1643 2162 1362 1462 

5 Conclusions 

This work has presented a simple yet efficient subject-ordered depth estimation to 
tackle the MOT occlusion problem by ordering the detected subjects’ depth positions. 
Then, the new active pseudo-3D Kalman filter was proposed to keep updating the 
movement and order of objects dynamically. In addition, we have shown that intro-
ducing first-order and second-order relationships between the tracks and detected 
objects to the data association steps helps to consistently boost the performance to 
achieve state-of-the-art results on the MOT challenges. Our simple SODE will foster 
future work in studying what prior knowledge is available in off-the-shelf detectors. 
Due to the limitation of optical flow, people tracking in a crowd scene can be slower 
than in a normal scene. Our future work aims to study the impact of various 2D 
detectors on the accuracy of depth orders and how to extend and improve recent 
end-to-end 2D-MOT approaches using a similar pseudo-3D idea.
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Appendix 

Method Details 

This section provides more details on the proposed methods, i.e., A-3DKF and SODE, 
and network structure for feature embedding. 

Feature Embedding Network 

Network Structure. The Feature Embedding Network (FEN), a deep convolutional 
neural network, is used to extract appearance features . e for each detected box. FEN 
is based on the network employed in [ 44] where we only use its feature embedding 
branch and modify its inputs to take detected boxes and provided features of the 
corresponding boxes. The backbone of FEN is DarkNet-53 [ 35] to balance accuracy 
and speed. Feature Pyramid Network [ 23] structure is applied to the backbone to 
handle objects at different scales. The feature embedding branch is connected with 
the backbone structure by a convolution layer with 512 channels to obtain identity 
embedding features at each location and scale. The embedding feature vector . e
.∈ R

512×1 is extracted from the resulting feature map. 
Comparison of Network Structure for Feature Embedding. In this section, we 

compare the choice of deep network structures, i.e., in terms of input sizes, in the 
feature sub-net (FEN). Each detected box will be cropped from an image and resized 
to fit the network input. We perform this experiment using three different input sizes, 
i.e., small (.32 × 96), medium (.45 × 135), and large (.64 × 192). Table 7 shows the 
results of the MOT-16 training set to demonstrate the effects of the input sizes on the 
MOT results. The higher resolutions mean better appearance features are extracted, 
but the network is more complex. To balance accuracy and speed, we can choose an 
appropriate input size accordingly. The running speed of each configuration is 46 fps, 
38 fps, and 30 fps for FEN-Small, FEN-Medium, and FEN-Large, respectively. We 
use the large input size in all other experiments for the best performance. 

Occlusion Handling with A-3DKF 

One observation from our experiments is that most methods fail because the detector 
mistakenly identifies two targeted subjects as one, i.e., a bounding box covers both
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Table 7 Various configurations of Feature Embedding sub-net evaluated on MOT-16 training set. 
. ↓ means the smaller the better; . ↑ means the larger the better 

Network 
structure 

MOTA.↑ IDF1.↑ MT.↑ ML.↓ ID Sw..↓ Speed (fps) 
. ↑

FEN-Large 55.4 54.7 27 26 789 30 

FEN-Medium 54 54 24.5 29.3 806 38 

FEN-Small 52.1 55.0 23.6 31.5 1116 46 

Fig. 6 An example of how our proposed approach (the last row) successfully handles a large 
overlapping case in MOT Challenge Video comparing with the state-of-the-art approaches Tracktor 
[ 1], eHAF [ 38], and FAMNet [ 9] (other rows). Best viewed in color 

objects or partially when a large overlapping occurs. (See Fig. 6). Such cases can 
be detected by checking the column of matrix . C containing the two smallest values 
where the difference is smaller than threshold .τC . We will not use the detected box 
to update the state of A-3DKF. We will keep the two corresponding tracks activated. 

Implementation Details 

Parameters. The weights combining first-order and frame-wise cost matrix, i.e., 
. α and . β, are experimentally set to .0.45 and .0.55, respectively. The threshold for 
distance in depth .τz is set to .

1
10 × H , where .H is the height of the input image. 

Dataset splits. FEN is trained on multiple large-scale datasets with pedestrian 
identity annotations described in [ 44]. These pedestrian datasets, which contain both
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bounding box and identity annotations, are Caltech [ 11], MOT-16 training set [ 28], 
CUHK-SYSU [ 47], and PRW [ 53]. 

We use a dataset published by MOT challenges to evaluate the performance 
of pedestrians, including MOT 2016 and MOT 2017. We use the validation set 
of MOT16 (including MOT16-02, MOT16-04, MOT16-05, MOT16-09, MOT16-
10, MOT16-11 and MOT16-13 videos), for ablation study and parameter config-
uration. The testing set of MOT16 (including MOT16-01, MOT16-03, MOT16-06, 
MOT16-07, MOT16-08, MOT16-12 and MOT16-14 videos) and MOT17 (includ-
ing MOT17-01, MOT17-03, MOT17-06, MOT17-07, MOT17-08, MOT17-12 and 
MOT17-14 videos) are used to generate results and submit to challenge for Table 5. 

Fig. 7 Tracking results in comparison with other methods (Tracktor [ 1], FAMNet [ 9] and eHAF 
[ 38]) on MOT challenge video MOT16-08. Best viewed in color 

Table 8 Results of individual sequences in MOTChallenge MOT-17 test sets.. ↓ means the smaller 
the better;. ↑ means the larger the better 

Sequences Camera 
setting 

MOTA.↑ IDF1 .↑ MT.↑ ML. ↓

MOT17-01 static 54.9 63.6 7 5 

MOT17-03 static 81.9 78.6 106 11 

MOT17-08 static 36.3 40.7 16 30 

MOT17-06 handheld 59.8 60.0 69 59 

MOT17-07 handheld 59.4 57.8 15 14 

MOT17-12 handheld 53.8 59.3 20 35 

MOT17-14 vehicle 45.3 55.2 17 51
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Additional Results 

This section illustrates more results than other SOTA methods in Fig. 7. We also  
show the results of individual sequences in the MOT-17 challenge in Table 8. 
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Chapter 10 
AI-Driven Predictive Maintenance 

Ramazan Ünlü and İsmet Söylemez 

1 Introduction 

Industry 4.0 has greatly affected maintenance strategies in production and other 
sectors, as in many areas. In particular, developments in the field of artificial intel-
ligence have caused classical maintenance strategies to change almost completely, 
making innovative and data-based approaches more popular. Although traditional 
approaches with a “fix it when it breaks” mentality may seem economically benefi-
cial at first glance, unexpected downtimes, production line interruptions and rushed 
repairs make this strategy expensive and risky in the long run [ 1]. Preventive mainte-
nance strategy, on the other hand, represents a more proactive maintenance strategy 
that is planned in advance to eliminate equipment malfunctions. This strategy, which 
often follows a planned schedule based on time or usage capacity, can increase oper-
ating costs by causing unnecessary downtime and resource usage. Moreover, since 
the real-time status of the equipment is not taken into account, it is not possible 
to detect unexpected malfunctions, which can further increase operating costs [ 2]. 
Beyond these approaches, with the emergence of Industry 4.0 and the development 
of artificial intelligence in almost every field, an AI-based predictive maintenance 
(PdM) strategy has overtaken traditional methods. This advanced strategy leverages 
AI and machine learning to predict equipment failures before they occur. By analyz-
ing complex patterns in machine condition data, PdM not only improves the efficiency 
of maintenance strategies, but also offers an element of sustainability by extending 
the life of machine components [ 3]. AI algorithms play a pivotal role in this strat-
egy, offering a refined and data-driven approach to monitoring critical machinery 
situations, such as tool wear and spindle motor functionality. This approach aims to 
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optimize maintenance scheduling, as opposed to the lack of maintenance or excess 
maintenance of traditional methods. 

PdM aims to integrate the system developed using real-time data into opera-
tional decision-making processes to ensure an optimum balance between corrective 
and preventive maintenance strategies. This approach will contribute to the opti-
mal realization of maintenance strategies in a way that traditional methods cannot. 
While traditional methods come into play either after a malfunction or after a pre-
planned time, PdM enables malfunctions to be detected in advance by following a 
predictive mechanism [ 4]. Therefore, adopting artificial intelligence-driven main-
tenance strategies in production is also very important in terms of efficiency and 
strategic decision-making. It goes beyond traditional methodologies by incorporat-
ing advanced data analytics, ultimately increasing the operational life of production 
equipment and streamlining maintenance processes. Beyond all this, the successful 
implementation of PdM also means a transition toward more sustainable and smart 
production in line with the principles of Industry 4.0 [ 5]. On the other hand, the shift 
from reactive and preventative maintenance to AI-based maintenance strategies also 
represents a fundamental shift in the manufacturing industry. This shift represents 
not just a change in maintenance techniques, but a wholesale transformation toward 
a more data-driven, efficient and sustainable approach to maintaining equipment 
health. As the manufacturing industry continues to evolve under the influence of 
Industry 4.0, predictive maintenance powered by artificial intelligence and machine 
learning is expected to play an increasingly important role in improving operational 
efficiency and competitiveness.[ 7, 8]. In the literature there can be found aforemen-
tioned maintenance strategies (see Fig. 1) those are encapsulated and explained how 
those strategies are needed to revolutionized through this chapter. 

Fig. 1 Workflow of the case study
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2 Traditional Maintenance Approaches 

Reactive maintenance, which can be described as a “wait until it breaks” strategy, 
means taking action only after a failure occurs. While this approach is seemingly 
cost-effective due to the lack of upfront maintenance costs, it can often lead to higher 
overall costs. Unforeseen malfunctions of machines not only require urgent repair 
costs, but also cause production losses due to unexpected downtime. Failure to carry 
out regular maintenance checks in this method means that wear and deterioration 
in equipment goes unnoticed until a failure occurs, which can lead to more serious 
and costly damage. Additionally, reactive maintenance can negatively impact the 
lifespan of machines, as operating equipment to the point of failure often causes fur-
ther damage. The unpredictability associated with reactive maintenance also creates 
challenges in resource allocation and inventory management, as emergency repairs 
often require urgent procurement of parts and labor, which can be significantly more 
expensive and less efficient than planned maintenance activities [ 9]. Preventive main-
tenance, on the other hand, is a more proactive approach and is structured around 
performing maintenance tasks based on specific usage metrics (such as machine 
usage hours or production cycles) at predetermined intervals. The primary purpose 
of preventive maintenance is to prevent malfunctions before they occur and extend 
the overall service life of the equipment. This approach leads to more efficient oper-
ations and a reduced risk of unexpected downtime, but it is difficult to optimally plan 
maintenance intervals. Maintenance may be performed too frequently, which may 
cause unnecessary machine downtime and increase labor and material costs. Con-
versely, if maintenance intervals are too long, the risk of equipment failure increases. 
On the other hand, preventive maintenance is often performed by following the same 
strategy for many different machines, which does not take into account the vary-
ing conditions and usage patterns of each machine, potentially leading to inefficient 
maintenance practices. It also does not use the advanced diagnostics and predictive 
analytics available in modern maintenance strategies that can more accurately predict 
equipment failure and optimize maintenance schedules [ 6]. 

2.1 Limitations and Challenges of Traditional Maintenance 
Methods 

The transition from traditional strategies to more complex and artificial intelligence-
based systems actually represents a radical paradigm shift. However, this radical 
change has now become necessary due to various limitations of traditional methods. 
The definitions and limitations of traditional methods are briefly summarized below: 

1. Reactive Maintenance

• It operates on a “fix it when it breaks” philosophy.
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• Often results in unplanned operational pauses and inflated maintenance costs 
due to emergency repairs.

• Potentially causes to more severe failures and safety hazards over time [ 1]. 

2. Preventive Maintenance

• A proactive approach involving scheduled maintenance activities.
• Despite its proactive nature, it can cause to inefficiencies due to unnecessary 
downtime and resource utilization.

• Often does not consider the real-time condition of equipment, leading to either 
over or under-maintenance [ 2]. 

3. Limitations of Traditional Methods

• Traditional methods often fail to prevent failure or predict future conditions 
of equipment accurately.

• Reactive and preventive approaches do not effectively leverage advancements 
in data analytics and IoT technologies.

• These methods are increasingly inadequate for modern, automated, and com-
plex manufacturing environments, leading to higher operational costs and 
reduced equipment lifespan [ 10]. 

Hence, the shift from traditional maintenance approaches to predictive maintenance, 
underpinned by AI and machine learning, reflects the manufacturing industry’s move 
toward more strategic, efficient, and sustainable practices. This transition is not 
merely a change in techniques but a transformation toward an approach that is aligned 
with the advanced, data-driven, and predictive capabilities required in contemporary 
manufacturing settings. 

3 Fundamentals of AI-Enhanced Predictive Maintenance 

Adopting AI in the field of Predictive Maintenance (PdM) is transforming conven-
tional maintenance practices by leveraging the capabilities of sophisticated technolo-
gies like machine learning, data analytics, and the Internet of Things (IoT). The core 
principle of PdM revolves around the proactive use of insights gleaned from data 
to identify the most opportune times for maintenance actions. This method involves 
collecting and analyzing information from various sources, such as sensor outputs, 
patterns of equipment usage, and environmental conditions, to detect early signs 
of potential equipment failures. Consequently, PdM aims to improve the planning 
of maintenance activities, thereby decreasing unexpected equipment downtime and 
enhancing the longevity of the machinery [ 11]. 

In the context of AI-powered Predictive Maintenance (PdM), the amalgamation of 
state-of-the-art technologies is reshaping how industrial maintenance is performed. 
The quintessence of PdM is found in the smooth integration of Machine Learning
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(ML), Data Analytics, and the Internet of Things (IoT), which collectively reform 
conventional maintenance methodologies and procedures. These integral technolo-
gies collaborate to transform large datasets into usable knowledge, paving the way for 
predictive functionalities previously deemed unachievable. An introductory descrip-
tion of each critical component follows: 

Machine Learning in PdM: Machine learning algorithms enable PdM models to 
process and analyze data collected from industrial systems to operate effectively. 
These algorithms go beyond classical statistical methods and are quite successful in 
detecting complex and nonlinear relationships. Therefore, it is possible to achieve 
satisfactory prediction success even in very complex systems. It is possible to use 
a wide variety of algorithms depending on the structure of the problem and the 
dataset. 
Deep Learning in PDM: Deep learning methods, a special branch of machine 
learning, are more advanced than machine learning and have the ability to capture 
very complex patterns. On the other hand, it can be used to process and analyze 
much more complex data such as images and sounds. It has become possible to 
design advanced PdM systems by detecting some patterns that relatively simpler 
Machine Learning cannot capture, thanks to Deep Learning methods [ 3]. 
Data Analytics in PdM: Data analytics, which covers various processes aimed 
at analyzing data from industrial machines and operations, generally includes the 
processes of preparing data by using many data pre-processing methods. Thanks to 
advanced analytics, including statistical analysis and trend analysis, it transforms 
raw data into valuable information that is crucial to detect equipment failures in 
advance, optimize maintenance schedules and increase operational efficiency [ 2]. 
Internet of Things (IoT) in PdM: IoT plays a key role in PdM by providing 
the infrastructure to collect data continuously and in real time through a network 
of sensors and devices embedded within industrial machines. This setup allows 
instant monitoring of many parameters such as temperature, vibration, etc., which 
are very important for early abnormality detection and therefore preventive main-
tenance action, and the collection of these data to create raw data [ 12]. 

To summarize, the use of machine learning, deep learning, data analytics and IoT 
systems have become a necessity for the creation of effective PdM systems. These 
systems, each connected to each other, constitute the main structure of PdM sys-
tems. Together, they form an integrated ecosystem that increases efficiency, mini-
mizes downtime and promotes a proactive maintenance culture in the manufacturing 
industry. 

3.1 Benefits Over Traditional Methods 

In the ever-evolving landscape of the manufacturing sector, the integration of AI-
driven predictive maintenance (PdM) marks a watershed moment, heralding a new era
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in line with the visionary ethos of Industry 4.0. This shift from traditional maintenance 
methods to more advanced, predictive strategies is not just a change in techniques; 
it represents a fundamental transformation toward practices that are exponentially 
more efficient, anticipatory, and sustainable. But what exactly sets this new approach 
apart from its predecessors? As we delve into the multifaceted benefits of predictive 
maintenance, from its impact on cost reduction to its role in extending equipment life 
and enhancing safety, the profound implications of this technological leap become 
increasingly clear. This evolution in maintenance strategies is a testament to the 
power of foresight in technology, paving the way for a more robust and resilient 
manufacturing landscape. 

AI-driven PdM significantly uplifts operational efficiency by aligning mainte-
nance schedules with the actual needs of the equipment. This precise scheduling is 
based on real-time data and predictive analytics, ensuring that maintenance is only 
performed when truly necessary. Such an approach markedly reduces periods of 
unproductive downtime, which is often the consequence of unexpected equipment 
failures or unnecessarily frequent maintenance under traditional strategies. The effi-
ciency gains from PdM are not just limited to reduced downtime. They also encom-
pass improved utilization of maintenance resources, including manpower and spare 
parts, and better planning of maintenance activities. This optimized resource allo-
cation directly translates into smoother production processes and heightened overall 
productivity in manufacturing settings. By ensuring equipment operates at its opti-
mal condition, PdM contributes to the minimization of operational interruptions and 
maintains consistent production quality [ 13]. 

Improving the efficiency of a system will have a number of other benefits as well. 
For instance, by anticipating potential failures and addressing them proactively, PdM 
helps avoid the significant costs associated with unplanned downtime and emergency 
repairs. This predictive approach allows for the scheduling of maintenance tasks 
during non-peak hours, minimizing the impact on production. Furthermore, PdM 
extends the lifespan of equipment by preventing the excessive wear and tear that 
often results from operating faulty machinery. The extended equipment life and 
optimized maintenance interventions culminate in considerable savings over time, 
contributing to a more favorable financial standing for the organization. These cost 
savings are further augmented by the efficient use of maintenance resources and spare 
parts, reducing waste and inventory costs. In essence, PdM offers a robust return 
on investment, making it a financially prudent choice for modern manufacturing 
firms [ 14]. 

On the other hand, safety is a paramount concern in manufacturing, and PdM 
contributes significantly to creating safer work environments. By predicting and pre-
venting equipment failures, PdM reduces the risk of accidents that can result from 
malfunctioning machinery. This proactive maintenance approach is particularly cru-
cial in industries where equipment failure can lead to serious safety hazards. By ensur-
ing that machinery is functioning correctly, PdM mitigates the risk of catastrophic 
failures that could endanger the lives of workers. Additionally, a well-maintained 
machine is less likely to contribute to workplace accidents, further enhancing the 
safety of the manufacturing environment. The implementation of PdM also fosters a
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culture of safety and responsibility, as it demonstrates a commitment to maintaining 
equipment in top condition, thereby prioritizing the well-being of employees [ 15]. 

Besides all these benefits, AI-driven PdM has broader implications in Industry 
4.0, where it is integral to the ethos of Industry 4.0 and represents a paradigm shift 
in maintenance strategies. Its reliance on AI, IoT, and data analytics dovetails with 
the broader goals of Industry 4.0, which emphasize automation, data exchange, and 
manufacturing technologies. PdM plays a critical role in realizing the vision of smart 
factories, where data-driven decision-making and automation lead to more efficient, 
sustainable, and competitive manufacturing operations. The proactive nature of PdM 
aligns with the sustainability objectives of modern industries by reducing waste, 
optimizing energy usage, and prolonging equipment life, thereby contributing to 
more environmentally friendly manufacturing practices [ 3]. 

Finally, the ongoing advancements in IoT and AI technologies have been piv-
otal in enabling the collection, analysis, and interpretation of large volumes of data, 
which are the cornerstone of effective PdM systems. These technologies facilitate the 
development of sophisticated predictive models that can accurately forecast equip-
ment failures, allowing for timely and precise maintenance interventions. As more 
data becomes available and these models are refined, the predictions become increas-
ingly accurate, leading to more effective and efficient maintenance strategies. This 
continuous improvement cycle is essential for the evolution and success of PdM in the 
context of Industry 4.0 [ 16], and those improvements help PdM to marks a significant 
advancement in the field of industrial maintenance. Its emphasis on efficiency, cost-
effectiveness, and safety, coupled with its alignment with the principles of Industry 
4.0, positions it as a critical component in the future of smart manufacturing. The 
integration of advanced technologies in PdM is not just enhancing operational capa-
bilities but also paving the way for more sustainable, safe, and competitive industrial 
practices. 

4 Technological Foundations of Predictive Maintenance 

In the dynamic landscape of Industry 4.0, predictive maintenance (PdM) has emerged 
as a critical strategy, reshaping maintenance approaches in manufacturing through 
the integration of advanced technologies as aforementioned machine learning, data 
analytics, sensors, and the Internet of Things (IoT). The technological foundations 
of PdM represent a confluence of these elements, each playing a crucial role in 
transforming data into actionable insights for maintenance decision-making. Some 
of those technologies are briefly summarized as follows.
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4.1 Machine Learning and Data Analytics in Predictive 
Maintenance 

Machine learning and data analytics are at the heart of predictive maintenance, pro-
viding the computational power to process and analyze vast amounts of data col-
lected from industrial equipment. These methodologies enable the identification of 
patterns and anomalies that indicate potential equipment failures. Predictive main-
tenance leverages a variety of machine learning algorithms, from basic regression 
models to sophisticated neural networks, to forecast equipment health and main-
tenance needs. The power of machine learning and data analytics allows for more 
accurate predictions of equipment failures, facilitating timely maintenance interven-
tions that enhance operational efficiency and extend equipment lifespan [ 11, 17]. 

Neural Networks: Deep Neural Networks (DNNs), including Convolutional Neu-
ral Networks (CNNs) and Recurrent Neural Networks (RNNs), have become piv-
otal in PdM. DNNs, with their multiple layers of processing, are adept at modeling 
complex, nonlinear relationships in data. CNNs are particularly effective for pro-
cessing data with spatial hierarchies, such as images or time-series data from 
sensors, making them suitable for tasks like anomaly detection. RNNs excel in 
handling sequential data, essential for analyzing time-series data and capturing 
temporal dependencies crucial for predicting equipment failures [ 18]. 
Regression Analysis: Regression models, both linear and nonlinear, are funda-
mental in PdM for establishing relationships between various equipment param-
eters and predicting future failures. For instance, logistic regression and polyno-
mial regression are used to model complex, nonlinear relationships that simpler 
linear models cannot capture. These regression models are crucial for tasks like 
Remaining Useful Life (RUL) estimation, where predicting the time until equip-
ment failure is essential for maintenance scheduling [ 19]. 
Ensemble Learning Methods: Techniques like Gradient Boosting Machines 
(GBM), Light GBM, and XGBoost are increasingly being used in PdM. These 
methods combine multiple learning algorithms to improve predictive accuracy. 
For example, GBM and XGBoost are particularly effective for handling unstruc-
tured and complex datasets often encountered in industrial settings. 
Supervised Learning Algorithms: Algorithms like Support Vector Machines 
(SVMs) and K-Nearest Neighbors (K-NN) are widely used in PdM for classi-
fication and regression tasks. These algorithms help in identifying the likelihood 
of equipment failure and the classification of equipment health status, based on 
historical and real-time data [ 20]. 
Data Preprocessing and Feature Engineering: Efficient data processing and fea-
ture extraction are crucial in maximizing the predictive quality of machine learning 
models for PdM. This includes handling high-dimensional data, addressing class 
imbalance, and selecting relevant features that contribute most significantly to 
predicting failures[ 21]. 
Application in Various Industries: Machine learning-based PdM is not limited to 
a single industry but has widespread applicability across different sectors, includ-
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ing aerospace, semiconductor manufacturing, and discrete parts manufacturing. 
This versatility showcases the robustness of machine learning algorithms in cater-
ing to diverse maintenance requirements. [ 22, 23] 
Continual Learning in PdM: As industries evolve and equipment undergoes 
changes, continual learning approaches in machine learning are becoming vital. 
These methods enable predictive models to adapt and incorporate new knowledge 
after deployment, ensuring that they remain effective over time despite changes in 
data distribution and operational conditions [ 24]. 

To sum up, machine learning and data analytics are thus fundamental to the efficacy 
of predictive maintenance strategies. These methodologies not only enhance the 
accuracy of maintenance predictions but also significantly contribute to the overall 
efficiency and sustainability of manufacturing operations. The adoption and continual 
advancement of these techniques are pivotal in maintaining the competitiveness and 
operational excellence of modern industries. 

4.2 Role of Sensors and IoT in Data Collection 

The integration of sensors and the Internet of Things (IoT) into predictive mainte-
nance (PdM) systems has brought about a revolutionary change in data collection 
within the manufacturing industry. This shift from traditional methodologies is under-
scored by the ability to continuously monitor and assess the health of equipment, 
leading to maintenance interventions that are both timely and precise. At the forefront 
of this transformation is the expanded role of sensors in data collection. These devices 
are strategically embedded in industrial equipment, monitoring various parameters 
such as temperature, vibration, pressure, and sound. This deployment of diverse sen-
sors offers real-time insights into the operational status of machinery. Early detection 
of any anomalies that might indicate impending equipment failure becomes possi-
ble. Furthermore, modern sensors have evolved beyond mere data collection tools. 
Equipped with advanced features like wireless communication and self-diagnostic 
capabilities, they are adept at functioning in the demanding conditions of industrial 
environments, providing high-quality, reliable data. The granularity of sensor data 
is another crucial aspect. High-resolution data capture allows for a more nuanced 
analysis of equipment performance and health. This level of detail is instrumental in 
making accurate predictions and diagnoses. 

IoT’s central role in this paradigm extends to data collection and analysis. It pro-
vides the necessary infrastructure for connecting these myriad sensors to centralized 
systems. This interconnectedness not only facilitates the aggregation of sensor data 
but also its transmission to cloud-based platforms or on-premise data centers for 
advanced analysis, as detailed by [ 25]. The real-time processing of sensor data, a 
capability intrinsic to IoT technologies, is indispensable in PdM. This immediacy in 
information processing, highlighted by [ 26], is critical in preempting equipment fail-
ures and optimally scheduling maintenance activities. Additionally, IoT platforms are



216 R. Ünlü and İ. Söylemez

instrumental in integrating sensor data with other relevant operational and environ-
mental information. This comprehensive data amalgamation enhances the accuracy 
of predictive analysis, offering a holistic view of equipment health and performance. 
However, this IoT-driven data collection landscape is not without its challenges and 
opportunities. The overwhelming volume and speed at which data is generated pose 
significant challenges in terms of effective data management. Strategies must be 
devised to handle this influx, ensuring the relevance and accuracy of the data ana-
lyzed for maintenance predictions. Security and reliability also emerge as paramount 
concerns with the proliferation of IoT devices in industrial settings. Implementing 
robust security measures to safeguard against data breaches and ensure data integrity 
is essential, a concern echoed by [ 27]. Furthermore, the integration of IoT tech-
nologies with existing industrial systems demands careful planning and execution 
to ensure compatibility and minimize operational disruptions, a process explored 
by [ 28]. 

In conclusion, the role of sensors and IoT in enhancing data collection for predic-
tive maintenance is both complex and transformative. These technologies bring forth 
significant advantages over traditional maintenance methods. The continuous, real-
time monitoring capabilities they provide pave the way for a maintenance approach 
that is not only more proactive but also markedly more efficient. This enhancement in 
maintenance management is a critical factor in boosting the reliability and longevity 
of manufacturing equipment, ultimately propelling the industry toward a more inno-
vative and resilient future. 

4.3 Data Processing and Analysis for Prediction 

The collected data undergoes extensive processing and analysis to extract mean-
ingful insights for predictive maintenance. Data preprocessing techniques such as 
normalization and filtering are applied to clean the data and remove noise. Machine 
learning models are then trained on this processed data to detect patterns indicative 
of equipment failure. These models continuously evolve and improve as more data 
is collected, leading to increasingly accurate predictions. The integration of machine 
learning with data analytics enables the development of robust predictive models that 
inform maintenance decisions, thereby reducing downtime and maintenance costs 
[ 29, 30]. 

5 Case Study 

In this section, we embark on an in-depth case study focused on the implementation 
of predictive maintenance for milling machines, a cornerstone in modern manufac-
turing. By integrating a sophisticated classification model, this study aims to not only 
identify but also categorize various potential failures, a step crucial for enhancing the
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efficiency and longevity of these vital machines. This approach represents a signifi-
cant leap from traditional maintenance practices, employing advanced data analytics 
to address issues before they escalate into costly downtime. Here, we will explore 
the methodology, challenges, and transformative potential of this model, providing 
valuable insights into its practical application in the field of industrial machinery 
maintenance. All implemented steps are summarized and illustrated in Fig. 1. 

5.1 Dataset 

This dataset is based on a milling machine model and includes 10,000 data points 
created by [ 31], each with 14 distinct features. The features are:

• UID: Unique identifier for each data point, ranging from 1 to 10,000.
• Product ID: Denoted by a letter (L, M, or H) representing the product quality 
(Low, Medium, High) and a serial number specific to each variant.

• Type: Product type derived from the Product ID.
• Air Temperature [K]: Generated through a random walk process, normalized 
around 300 K with a standard deviation of 2 K.

• Process Temperature [K]: Also generated via a random walk, normalized to a 
standard deviation of 1 K, and set higher than the air temperature by 10 K.

• Rotational Speed [rpm]: Derived from a power of 2860 W, with added normally 
distributed noise.

• Torque [Nm]: Normally distributed around 40 Nm with a standard deviation of 
10 Nm.

• Tool Wear [min]: Varies based on the product quality variant, adding 2 to 5 min 
of wear per process. 
The dataset also includes a “machine failure” labels, which is marked “1”, “2”, 
“3”, “4”, and “5” based on the following failure modes occur:

• Tool Wear Failure (TWF): Tool replacement or failure happens randomly 
between 200–240 minutes of wear.

• Heat Dissipation Failure (HDF): Occurs if the difference between air and process 
temperature is below 8.6 K, and the rotational speed is under 1380 rpm.

• Power Failure (PWF): If the calculated power (from torque and rotational speed) 
is outside the 3500 W to 9000 W range.

• Overstrain Failure (OSF): Triggered if the product of tool wear and torque 
exceeds certain limits based on the product variant.

• Random Failures (RNF): A 0.1% chance of failure regardless of process param-
eters. 

The dataset is designed for predictive maintenance applications, where the objective 
is to predict machine failure without explicit knowledge of which specific failure 
mode triggered it. Therefore, this is an multi-class classification problem and, so 
failure types, define as target, are labeled based on given explanation above (Table 1).
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Ta
bl

e 
1 

Il
lu
st
ra
tio

n 
of
 th

e 
ra
w
 d
at
a 

U
D
I

Pr
od
uc
t 

ID
 

Ty
pe

A
ir
 te
m
-

pe
ra
tu
re
 

(K
) 

Pr
oc
es
s 

te
m
pe
ra
-

tu
re
 

(K
) 

R
ot
at
io
na
l 

sp
ee
d 
(r
pm

) 
To

rq
ue
 

(N
m
) 

To
ol
 

w
ea
r 

(m
in
) 

M
ac
hi
ne
 

fa
ilu

re
 

T
W
F

H
D
F

PW
F

O
SF

R
N
F 

28
17

L
49
99
6

L
30
0.
1

30
9.
4

14
34

47
.3

12
7

0
0

0
0

0
0 

62
60

M
21
11
9 

M
30
1.
2

31
0.
8

13
96

47
.4

5
0

0
0

0
0

0 

85
69

L
55
74
8

L
29
7.
9

30
8.
6

16
91

29
.6

11
6

0
0

0
0

0
0 

23
14

M
17
17
3 

M
29
9.
1

30
8.
8

17
25

26
.6

17
2

0
0

0
0

0
0 

70
66

L
54
24
5

L
30
0.
8

31
0.
6

13
84

52
.9

16
5

0
0

0
0

0
0 

68
99

M
21
75
8 

M
30
1

31
1.
6

14
48

43
.9

14
5

0
0

0
0

0
0 

57
02

M
20
56
1 

M
30
2.
5

31
1.
9

13
47

54
.3

12
5

0
0

0
0

0
0 

39
42

L
51
12
1

L
30
2.
2

31
1.
4

19
87

19
.9

20
0

0
0

0
0

0
0 

31
60

H
32
57
3

H
30
0.
4

30
9.
8

14
09

47
.5

13
8

0
0

0
0

0
0 

20
34

H
31
44
7

H
29
8.
8

30
8.
5

13
59

47
.6

85
0

0
0

0
0

0 

74
31

M
22
29
0 

M
30
0

31
1.
4

13
84

46
.1

7
0

0
0

0
0

0 

59
53

L
53
13
2

L
30
0.
7

31
0.
8

15
63

33
.8

10
4

0
0

0
0

0
0 

60
75

M
20
93
4 

M
30
1

31
0.
8

15
33

39
.3

19
4

0
0

0
0

0
0 

32
86

L
50
46
5

L
30
1.
2

30
9.
9

16
87

29
.7

30
0

0
0

0
0

0 

36
27

M
18
48
6 

M
30
2.
2

31
1.
5

13
60

53
36

0
0

0
0

0
0 

51
16

M
19
97
5 

M
30
4.
2

31
3.
7

21
13

18
.4

13
9

0
0

0
0

0
0 

19
03

L
49
08
2

L
29
8

30
7.
6

16
94

29
.1

16
9

0
0

0
0

0
0 

48
22

L
52
00
1

L
30
3.
5

31
1.
9

14
05

45
.6

10
0

0
0

0
0

0 

53
29

M
20
18
8 

M
30
3.
7

31
2.
9

14
06

41
.9

48
0

0
0

0
0

0 

60
61

L
53
24
0

L
30
1

31
1.
1

16
15

35
.6

15
8

0
0

0
0

0
0 

83
45

L
55
52
4

L
29
8.
8

30
9.
7

16
09

40
.4

16
9

0
0

0
0

0
0 

(c
on
tin

ue
d)



10 AI-Driven Predictive Maintenance 219

Ta
bl

e 
1 

(c
on
tin

ue
d)
 

U
D
I

Pr
od
uc
t 

ID
 

Ty
pe

A
ir
 te
m
-

pe
ra
tu
re
 

(K
) 

Pr
oc
es
s 

te
m
pe
ra
-

tu
re
 

(K
) 

R
ot
at
io
na
l 

sp
ee
d 
(r
pm

) 
To

rq
ue
 

(N
m
) 

To
ol
 

w
ea
r 

(m
in
) 

M
ac
hi
ne
 

fa
ilu

re
 

T
W
F

H
D
F

PW
F

O
SF

R
N
F 

40
75

L
51
25
4

L
30
2

31
0.
7

14
53

42
.7

92
0

0
0

0
0

0 

35
91

L
50
77
0

L
30
1.
8

31
0.
6

14
03

46
.8

15
1

0
0

0
0

0
0 

94
4

M
15
80
3 

M
29
5.
6

30
6.
2

14
77

45
40

0
0

0
0

0
0 

48
32

L
52
01
1

L
30
3.
5

31
2

13
66

54
.5

30
1

0
1

0
0

0 

59
46

M
20
80
5 

M
30
0.
8

31
0.
8

14
15

44
.5

87
0

0
0

0
0

0 

82
60

L
55
43
9

L
29
9.
1

31
0.
5

14
71

38
.4

14
6

0
0

0
0

0
0 

68
80

H
36
29
3

H
30
0.
8

31
1.
2

22
37

17
95

0
0

0
0

0
0 

56
22

M
20
48
1 

M
30
2.
9

31
2.
2

12
92

54
.4

13
6

0
0

0
0

0
0 

75
55

M
22
41
4 

M
30
0.
3

31
1.
4

13
71

50
.2

10
9

0
0

0
0

0
0 

36
52

L
50
83
1

L
30
2.
1

31
1.
5

14
44

44
.9

97
0

0
0

0
0

0 

50
90

M
19
94
9 

M
30
3.
9

31
3.
1

14
83

47
.2

71
0

0
0

0
0

0 

68
16

L
53
99
5

L
30
0.
9

31
0.
7

14
27

44
.1

14
1

0
0

0
0

0
0 

76
14

L
54
79
3

L
30
0.
5

31
1.
3

14
75

46
.3

49
0

0
0

0
0

0 

69
92

L
54
17
1

L
30
0.
8

31
1.
1

15
09

33
.4

17
2

0
0

0
0

0
0 

74
28

L
54
60
7

L
30
0

31
1.
4

16
34

31
.9

0
0

0
0

0
0

0 

60
99

M
20
95
8 

M
30
0.
8

31
0.
7

19
24

22
.4

36
0

0
0

0
0

0 

35
74

L
50
75
3

L
30
1.
8

31
0.
6

14
52

48
.4

11
0

0
0

0
0

0
0 

72
27

L
54
40
6

L
29
9.
7

30
9.
6

13
99

51
.3

14
4

0
0

0
0

0
0 

78
30

L
55
00
9

L
29
9.
8

31
1.
2

16
64

28
.3

17
3

0
0

0
0

0
0 

19
72

L
49
15
1

L
29
7.
9

30
7.
6

12
98

52
.7

13
2

0
0

0
0

0
0 

74
48

M
22
30
7 

M
30
0.
3

31
1.
9

16
77

30
.8

48
0

0
0

0
0

0



220 R. Ünlü and İ. Söylemez

5.2 Preprocessing the Data 

In the subsequent phase of our exploration, we delve into the crucial stage of data 
preprocessing, a foundational step in transforming raw data into a refined format 
suitable for effective analysis. This process is essential in ensuring the integrity and 
usability of the dataset, particularly in predictive maintenance where accuracy is 
paramount. We will navigate through various techniques employed to clean, nor-
malize, and organize the data, addressing potential anomalies and inconsistencies. 
By meticulously preparing the data, we lay the groundwork for the sophisticated 
analysis that follows, setting the stage for accurate and reliable predictive modeling. 

The initial step involves a preliminary review of the data. Upon examination, 
it’s apparent that there are two indices present: the general index (UDI) and the 
ProductID which can be eliminated, they cannot give any useful information about 
the target values. Additionally, the “Type” is a categorical variable, while the rest of 
the data appears to be numerical. Categorical variables can be challenging, since some 
algorithms are not able to handle with them because of the mathematical foundation 
of them. Hence, we will need to also handle with that categorical variable during the 
preprocessing step. 

To proceed step by step, it’s essential to check for missing values in the dataset. 
Once identified, suitable strategies need to be implemented for handling these gaps. 
For instance, we could use imputation methods where missing values are replaced 
with statistical estimates like the mean or median of the respective column. Alter-
natively, if the missing data is not randomly distributed and could bias the analysis, 
we might consider using more sophisticated techniques such as k-nearest neigh-
bors (KNN) imputation. Another approach could be to completely remove rows or 
columns with a high percentage of missing values, provided that such exclusion does 
not significantly impact the dataset’s integrity or the study’s outcome. Because this 
is a synthetic dataset, we do not face with any missing values. 

In the intricate process of data analysis, the significance of checking for cor-
relations between variables cannot be overstated. This step is crucial as it aids in 
uncovering underlying relationships that might not be immediately apparent, pro-
viding deeper insights into the behavior and characteristics of the dataset. Under-
standing these correlations is especially vital in predictive maintenance, as it helps 
in identifying redundant features that could skew the model’s accuracy. For instance, 
highly correlated variables can lead to multicollinearity, potentially distorting the 
results of predictive models. Thus, by meticulously examining these relationships, 
we ensure that our analysis is not only more precise but also more reflective of the 
true dynamics within the data. This approach paves the way for more effective and 
efficient predictive models, crucial in the realm of machine maintenance. We observe 
that certain features, specifically process temperature and air temperature, exhibit a 
strong correlation. Similarly, a notable correlation is present between torque and 
rotational speed. In light of this, it might be prudent to eliminate one of the tem-
perature variables to reduce redundancy. However, the distinct relationship between 
torque and rotational speed could serve as a valuable indicator of potential failures,
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Fig. 2 Correlations between attributes 

warranting the retention of both these measurements in our analysis. Figure 2 shows 
the correlation between variables. It should be noted that a threshold value of 0.8 has 
been established to display only features with high correlation. 

Also, other variables, namely “UDI” and “Product ID”, are dropped as mentioned 
before, because they may not contribute significantly to our predictive analysis due 
to their lack of predictive power. After doing this, we streamline our dataset by con-
solidating the various failure modes into a singular feature, designed for multiclass 
classification. This consolidation not only simplifies our model but also enhances 
its analytical focus. Subsequently, after this integration, we remove the individual 
failure mode columns to avoid redundancy and maintain the clarity of our dataset. On 
the other hand, as we mentioned above, we need to handle with categorical variable, 
namely “Type”, in order to prepare dataset for the classification mode. We imple-
mented this by using “get_dummies” function from “pandas” module and created 
two new columns called as “Type_L” , “Type_M”. “Type_H” is disregarded since 
highly dominated by others, and so might not able to insightful information about 
the target.
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Unearthing hidden patterns in data often requires the astute derivation of new 
features from existing ones. This approach can be instrumental in revealing insights 
that are not immediately apparent. In our case study, for instance, we introduce the 
following new features to deepen our analysis:

• Power: Calculated as the product of rotational speed and torque, this feature aims to 
provide a more comprehensive understanding of the machine’s operational dynam-
ics.

• Power and Wear: By multiplying Power with Tool Wear, we create a feature 
that reflects the interaction between the machine’s performance and its wear rate, 
offering a nuanced perspective on its overall efficiency and health.

• Process Temperature per Power Output: This ratio gives us a clearer picture of 
how the machine’s process temperature correlates with its power output, potentially 
unveiling critical operational patterns. 

These newly crafted features are not just additional columns in our dataset; they 
represent a strategic effort to uncover deeper, more meaningful relationships within 
the data, enhancing the predictive power of our model. After doing all these prepro-
cessing steps, data looks likes as shown in Table 2. 

At this juncture, there’s another critical step to undertake: assessing the dataset for 
any imbalance issues. Evaluating and rectifying imbalances is essential, as skewed 
data can lead to biased models that do not accurately reflect real-world scenarios. 
Imbalance often occurs when one class of data is significantly more prevalent than 
others, which can cause predictive models to favor the majority class, overlooking 
the nuances and patterns of less represented classes. This can especially impact the 
performance of the model in real-life applications where balanced prediction is cru-
cial. By identifying and addressing these imbalances, we can enhance the robustness 
and fairness of our predictive model, ensuring it performs effectively across all data 
scenarios. Figure 3 shows how the data is imbalanced. As it can be seen the nor-
mal signals dominates the failure signals, so we need to handle with this fact while 
creating train and test set will be described in Sect. 5.4. 

5.3 Feature Selection 

In the next crucial phase of our analysis, we turn our attention to feature selection, 
a process pivotal in refining our predictive model for optimal performance. Fea-
ture selection involves meticulously identifying and retaining only those variables 
that contribute most significantly to the predictive power of our model. This not only 
enhances the model’s efficiency but also aids in avoiding the pitfalls of overfitting and 
complexity. Among various techniques, within this framework, we have employed 
backward regression as our primary method for feature selection. This technique 
methodically evaluates the dataset, progressively removing the least significant fea-
tures based on specific criteria until only the most impactful variables remain. By
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Fig. 3 Total number of 
failure types 

applying backward regression, we ensure that our final model is both streamlined 
and potent, equipped with the most relevant features that drive accurate predictions. 
In our analysis, we established a threshold for p-values at 0.05 to identify and elim-
inate features lacking significant predictive information. As a result of this stringent 
criterion, the newly created feature “Type_M” did not meet the threshold and was 
subsequently removed from the dataset. This decision was based on the principle 
that retaining only statistically significant features would lead to a more accurate and 
efficient predictive model. Therefore, the training stage will be started by remaining 
11 features, namely “Air temperature (K)”, “Process temperature (K)”, “Rotational 
speed (rpm)”, “Torque (Nm)”, “Tool wear (min)”, “Power”, “Power wear”, “Tem-
perature difference”, “Temperature power”, “Type_L”. 

5.4 Modeling and Evaluation 

At this stage of our analysis, we have selected XGBoost as our training model, 
drawn to its unique ability to map out decisions and their possible consequences. 
The XGBoost, which stands for Extreme Gradient Boosting, is a scalable, distributed 
gradient-boosted ensemble learning model. It provides parallel tree boosting and can 
be used for regression, classification, and ranking problems. To ensure the effective-
ness of this stage, we first employed the Synthetic Minority Over-sampling Technique 
(SMOTE). This technique addresses the challenge of imbalanced datasets by creating 
synthetic samples from the minority class, thus balancing the dataset without losing 
crucial information. By doing so, SMOTE helps in enhancing the model’s ability to 
identify and learn from the underrepresented class, improving its overall predictive 
performance. 

Next, we divided our dataset into training and testing subsets. Randomly selecting 
20% of the data for testing ensures that our model is evaluated on a diverse and
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Fig. 4 Confusion matrix of the results of the test data 

representative sample, providing us with a reliable measure of its performance. This 
approach helps in avoiding overfitting, ensuring that our model can generalize well 
to new, unseen data. Lastly, we normalized the training set using the MinMaxScaler 
from the scikit-learn.preprocessing module. Normalization is crucial as it scales 
the feature values to a uniform range, typically 0 to 1. This process is particularly 
beneficial for models like XGBoost, as it ensures that all features contribute equally 
to the decision-making process, preventing any single feature with a larger scale from 
dominating the model’s predictions. 

Once the model training is completed, the next crucial step involves assessing its 
performance using the test dataset. The effectiveness of the model is quantitatively 
analyzed through a confusion matrix. A confusion matrix is not just a mere table; it’s 
a powerful tool that provides comprehensive insights into the accuracy of predictions. 
It helps in breaking down the number of correct and incorrect predictions, catego-
rizing them into true positives, true negatives, false positives, and false negatives. 
This clarity is instrumental in understanding the model’s strengths and weaknesses, 
particularly in differentiating between types of errors. By using a confusion matrix, 
we can fine-tune our model’s parameters, aiming for a balance between sensitivity 
(true positive rate) and specificity (true negative rate), which is crucial for enhancing 
the overall predictive performance of the model. Figure 4 illustrates the confusion 
matrix of the results on the test data. 

Drawing insights from the confusion matrix allows us to offer the following 
fundamental interpretations:
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• True Positives for “No failure”: The model correctly predicted “No failure” 1913 
times.

• False Positives for “No failure”: The model incorrectly predicted “No failure” 
when it was actually one of the failure types a total of 16 times (6 “wear failure 
(TWF)”, 1 “Heat dissipation failure (HDF)”, 4 “Power failure (PWF)”, 1 “Over-
strain failure (OSF)”, 4 “random failures”).

• False Negatives for “No failure”: The model failed to predict “No failure” when it 
should have 17 times (8 “wear failure (TWF)”, 1 “Heat dissipation failure (HDF)”, 
“Overstrain failure (OSF)”, 1 “Power failure (PWF)”,3 “Random failures (RNF)”).

• For “wear failure (TWF)”, the model correctly identified 2 case, but there were 6 
cases where it predicted “No failure” instead (False Negatives).

• “Heat dissipation failure (HDF)” was correctly identified 20 times, but there was 
1 instance where the model predicted “No failure” (False Negative).

• “Power failure (PWF)” was correctly identified 12 times, but there were 4 instances 
where “No failure” and 1 instance where “Heat dissipation failure (HDF)” was 
incorrectly predicted (False Negatives).

• “Overstrain failure (OSF)” was correctly identified 19 times, with 1 instance of a 
False Negative.

• “Random failures (RNF)” were not correctly identified at all; the model incorrectly 
predicted “No failure” in all 4 instances. 

In summary, the model is highly accurate in predicting “No failure” but less so 
for “wear failure” and “random failures”. It performs reasonably well for “heat 
dissipation”, “power”, and “overstrain” failures. The higher numbers on the diagonal 
from top-left to bottom-right indicate correct predictions, and the model’s strength 
seems to lie in identifying “No failure”, “heat dissipation failure”, “power failure”, 
and “overstrain failure”. However, it struggles with “wear failure” and “random 
failures”, where it tends to predict “No failure” instead. Improvements in the model 
could aim to reduce the False Negatives in “wear failure” and “random failures” 
while maintaining the high True Positive rates for the other failure modes. 

Another useful thing is examining importance of features on the model to see 
change on which feature highly affect the results. Figure 5 provides a visual repre-
sentation of the various elements that contribute to the predictive power of a model, 
allowing us to discern which aspects carry the most weight in decision-making. At 
the foundation of this hierarchy are “Type_M” and “Type_L”, which are accorded 
minimal importance. Their influence on the model’s outcome is relatively marginal, 
suggesting that the product types, in this case, offer little in the way of predictive 
value. 

Ascending the scale of importance, “Process Temperature” and “Air Temperature” 
emerge with a slight edge over the product types, indicating a modest contribution 
to predictive accuracy. “Temperature Power” takes a step further, offering a mod-
erate enhancement to the model’s discernment. “Rotational Speed” and “Torque” 
closely follow, marking themselves as notable yet not dominant features within the 
predictive framework. The narrative changes as we consider “Temperature Differ-
ence”, which stands out with a higher degree of importance. This suggests that the
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Fig. 5 Sorted importance of the features 

model relies more heavily on the relative difference between temperatures rather than 
individual temperature readings. “Power” then assumes a pivotal role, substantially 
influencing the model’s predictions. It’s indicative of the model’s sensitivity to the 
energy dynamics of the system being studied. Above all, “Power Wear” commands 
the highest importance, signifying its role as the cornerstone of predictive insights. 
This feature, likely an interaction between the machine’s power and wear character-
istics, is deemed most indicative of the outcomes the model aims to predict. “Tool 
Wear” similarly plays a significant role, just a notch below ’Power Wear’, underscor-
ing its relevance in assessing the machine’s condition. In essence, the figure tells a 
story of hierarchy and significance where “Power Wear” and “Tool Wear” are the 
protagonists, bearing the most substantial narrative weight in the machine’s opera-
tional tale. Conversely, the types of products linger in the background, contributing 
less to the plot of prediction. Through this lens, one gains not only an understanding 
of each feature’s role but also guidance on where to direct attention for maintenance 
strategies and further data analysis.
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6 Benefits and Challenges 

As we set the stage for an in-depth case study on predictive maintenance, it’s crucial 
to understand the broader context in which these technologies operate within the 
manufacturing sector. The following analysis synthesizes the theoretical underpin-
nings with a practical exploration, offering insights into the tangible rewards and 
hurdles encountered when applying AI-driven PdM in a real manufacturing envi-
ronment. In the current manufacturing environment, the incorporation of AI-driven 
predictive maintenance (PdM) is a significant development, bringing with it a host of 
benefits as well as a set of challenges that need careful navigation. This analysis aims 
to delve deeply into these aspects, offering insights into the rewards and obstacles 
associated with PdM, and discussing strategies to effectively manage them. A key 
advantage of AI-driven predictive maintenance is the enhancement of operational 
efficiency. PdM significantly reduces unplanned downtime and improves the avail-
ability of equipment. Predictive algorithms facilitate timely maintenance, ensuring 
that machinery operates at peak performance. This not only accelerates production 
rates but also improves the overall equipment effectiveness (OEE), a crucial metric in 
manufacturing, as noted in the research by Lee et al. [ 1]. Another significant benefit 
is cost reduction. By predicting equipment failures before they occur, PdM mini-
mizes the expenses related to unplanned maintenance and emergency repairs. This 
proactive approach leads to more efficient use of resources, including labor and spare 
parts, and extends the lifespan of equipment, thereby reducing overall maintenance 
costs, a point highlighted in the study by Biggio and Kastanis [ 32]. Moreover, PdM 
contributes to safer work environments by anticipating equipment failures that could 
lead to accidents, ensuring the safety of the workforce and compliance with industry 
safety standards, thus reducing the risk of costly accidents and liability issues, as 
observed by Khan et al. [ 33]. 

However, the implementation of AI-driven predictive maintenance is not with-
out its challenges. Technical complexities are a significant hurdle. Successful PdM 
deployment requires sophisticated data analytics capabilities and the integration of 
various technologies, including IoT and machine learning. Managing the quality, stor-
age, and analysis of data can be particularly challenging, as discussed by Susto et al. 
[ 34]. Additionally, the initial financial investment for implementing PdM can be sub-
stantial. The costs associated with sensors, IoT infrastructure, data storage, and ana-
lytics software can be daunting, especially for small and medium-sized enterprises. 
Moreover, integrating PdM into existing operations demands significant organiza-
tional changes. There can be resistance to adopting new technologies, and training 
personnel to effectively use and interpret predictive maintenance data is a crucial yet 
challenging task, as indicated in the work by Darabnia and Demichela [ 35]. 

To overcome these challenges, a balanced approach is necessary. Strategic invest-
ment in PdM technologies, prioritizing high-value assets for early implementation, 
can help balance costs and benefits. Building technical expertise is also crucial. Col-
laborating with technology partners and investing in employee training are essential 
for overcoming technical challenges. Leveraging expertise from vendors and aca-
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demic institutions can aid in the seamless integration of PdM technologies into exist-
ing systems. Furthermore, fostering a culture that embraces technological advance-
ments is vital. Effective change management practices, clear communication of the 
benefits of PdM, and involving employees in the transition process can mitigate 
resistance to new technologies. Hence, AI-driven predictive maintenance offers clear 
benefits in enhancing operational efficiency, reducing costs, and improving safety 
in the manufacturing sector. However, the associated challenges, including techni-
cal, financial, and operational obstacles, require a balanced and strategic approach. 
Addressing these challenges through careful planning, skill development, and fos-
tering an organizational culture receptive to technology will be key as industries 
advance toward more sophisticated manufacturing paradigms, ensuring their com-
petitiveness and sustainability in the long run. Finally, this discussion on the potential 
and pitfalls of AI-driven PdM sets the foundation for a closer examination within 
our case study. The subsequent section will apply these concepts to an actual sce-
nario, demonstrating how the theoretical benefits and challenges of PdM manifest 
in a practical setting. By observing PdM in action, we will see the direct impact of 
these strategies on operational efficiency, cost management, and safety compliance, 
and how the barriers to implementation can be navigated in a live manufacturing 
environment. 

7 Future Trends and Developments 

The future of AI in predictive maintenance (PdM) within the manufacturing sec-
tor is on the cusp of a transformative era, marked by the seamless integration of 
emerging technologies and a continuous evolution in maintenance practices. This 
exploration is not just a glimpse into the future but a deep dive into the predictions, 
emerging technologies, and the evolving landscape of manufacturing maintenance. 
At the forefront of this transformation is the advancement in machine learning and 
deep learning. These technologies are not just progressing; they are reshaping how 
we approach equipment failure predictions. This evolution is set to bring about a 
significant leap in the accuracy and nuance of predictive models [ 36]. Concurrently, 
the convergence with Industry 4.0 is deepening, paving the way for more efficient 
fault detection and diagnosis, particularly in vital components like induction motors. 
This synergy is not just an addition to PdM; it’s a reinvention of its core capabilities. 

Moreover, emerging technologies such as AI-powered anomalous sound detec-
tion are slated to play a pivotal role in smart maintenance. This is not just about 
detecting faults; it is about revolutionizing how these faults are identified - through 
automated detection that enhances the capabilities of factory automation [ 7]. Fur-
thermore, the rise of digital twins is not just an advancement; it is a game-changer. By 
creating virtual replicas of physical systems, they offer a level of insight into equip-
ment health and performance that was previously unattainable, making maintenance 
predictions more accurate and insightful, a transformation [ 37]. The impact of these 
emerging technologies is profound. Deep learning, for instance, is set to significantly
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influence maintenance strategies. Its ability to handle complex datasets is not just an 
improvement; as noted in the literature it is a crucial development for advanced pro-
duction systems [ 38]. Additionally, the incorporation of intelligent decision-making 
algorithms in response to failure predictions is expected to enhance the predictive 
maintenance process substantially [ 39]. Also, machine learning’s role in fostering 
sustainable smart manufacturing is becoming central within the Industry 4.0 frame-
work, automating fault detection and diagnosis, thereby minimizing downtime and 
increasing component utilization rates [ 3]. As we look at the transforming landscape 
of manufacturing maintenance, predictive maintenance in smart manufacturing is 
increasingly reliant on intelligent technologies like cyber-physical systems and big 
data analytics. The use of multi-agent systems and deep learning offers efficient solu-
tions for PdM in smart industrial production systems, a forward-thinking approach 
underscored [ 36]. AI-based algorithms, particularly those utilizing machine learn-
ing and deep learning, are being extensively applied to manage the health status 
of industrial equipment, enhancing performance and reliability [ 1]. Additionally, 
the emergence of Smart and Intelligent Predictive Maintenance (SIPM) integrates 
intelligent sensors in smart factories, addressing contemporary challenges and future 
research directions which can be defines as a novel trend [ 11]. 

In conclusion, the trajectory of AI-driven predictive maintenance in the manu-
facturing sector is characterized by a journey toward technological sophistication 
and innovative application. The integration of advanced methodologies like machine 
learning, deep learning, digital twins, intelligent decision-making algorithms, and the 
concept of SIPM, will not only enhance predictive capabilities but also significantly 
contribute to the sustainability and efficiency of smart manufacturing practices. 
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8. Kiangala KS, Wang Z (2020) An effective predictive maintenance framework for conveyor 
motors using dual time-series imaging and convolutional neural network in an industry 4.0 
environment. IEEE Access 8:121033–121049 

9. Friedrich C, Lechler A, Verl A (2014) Autonomous systems for maintenance tasks— 
requirements and design of a control architecture. Procedia Technol. 15:595–604. 2nd Inter-
national conference on system-integrated intelligence: challenges for product and production 
engineering 

10. Diaz-Elsayed N, Hernandez L, Rajamani R (2021) A framework for the health-ready charac-
terization of manufacturing systems. Manuf Lett 

11. Pecht M, Kang M (2019) Predictive maintenance in the IoT era, pp 589–612 
12. Kaliyannan GV, Anbupalani MS, Kandasamy S, Sivaraj S, Gunasekaran R (2023) Role of IoT in 

industry predictive maintenance. In: Integration of mechanical and manufacturing engineering 
with IoT: a digital transformation, pp 191–213 

13. Wang X, Liu M, Liu C, Ling L, Zhang X (2023) Data-driven and knowledge-based predictive 
maintenance method for industrial robots for the production stability of intelligent manufac-
turing. Expert Syst Appl 234:121136 

14. Cho S, May G, Tourkogiorgis I, Pérez R, Lázaro Ó, de la Maza B, Kiritsis D (2018) A hybrid 
machine learning approach for predictive maintenance in smart factories of the future, pp 
311–317 

15. Zheng H, Paiva ARC, Gurciullo C (2020). Advancing from predictive maintenance to intelligent 
maintenance with AI and IIOT. arXiv:abs/2009.00351 

16. Turner C, Emmanouilidis C, Tomiyama T, Tiwari A, Roy R (2019) Intelligent decision support 
for maintenance: an overview and future trends. Int J Comput Integr Manuf 32:936–959 

17. Bose SK, Kar B, Roy M, Gopalakrishnan PK, Basu A (2018) Adepos: anomaly detection based 
power saving for predictive maintenance using edge computing. In: Proceedings of the 24th 
Asia and South Pacific design automation conference 

18. Krishnamurthy V, Nezafati K, Stayton EL, Singh V. Explainable AI framework for imaging-
based predictive maintenance for automotive applications and beyond. Data-Enabled Disc Appl 
4:1–15 

19. Lee J, Mitici M (2023) Deep reinforcement learning for predictive aircraft maintenance using 
probabilistic remaining-useful-life prognostics. Reliab Eng Syst Saf 230:108908 

20. Gutschi C, Furian N, Suschnigg J, Neubacher D, Voessner S (2019) Log-based predictive 
maintenance in discrete parts manufacturing. Procedia CIRP 79:528–533 

21. Rosati R, Romeo L, Cecchini G, Tonetto F, Viti P, Mancini A, Frontoni E (2023) From 
knowledge-based to big data analytic model: a novel IoT and machine learning based decision 
support system for predictive maintenance in industry 4.0. J Intell Manuf 34(1):107–121 

22. Welte R, Estler M, Lucke D (2020) A method for implementation of machine learning solutions 
for predictive maintenance in small and medium sized enterprises. Procedia CIRP 93:909–914 

23. Natanael D, Sutanto H (2022) Machine learning application using cost-effective components 
for predictive maintenance in industry: a tube filling machine case study. J Manuf Mater Process 
6(5):108 

24. Hurtado J, Salvati D, Semola R, Bosio M, Lomonaco V (2023) Continual learning for predictive 
maintenance: Overview and challenges. Intell Syst Appl 200251 

25. Jayashree LS, Selvakumar G, Jayashree LS, Selvakumar G (2020) Enterprise IoT development 
platforms. Getting started with enterprise Internet of Things: design approaches and software 
architecture models, pp 129–142 

26. Murugiah P, Muthuramalingam A, Anandamurugan S (2023) A design of predictive manufac-
turing system in IoT-assisted industry 4.0 using heuristic-derived deep learning. Int J Commun 
Syst 36(5):e5432 

27. Nangia S, Makkar S, Hassan R (2020) Iot based predictive maintenance in manufacturing sector. 
In: Proceedings of the International conference on innovative computing & communications 
(ICICC) 

28. Passlick J, Dreyer S, Olivotti D, Grützner L, Eilers D, Breitner MH (2021) Predictive mainte-
nance as an internet of things enabled business model: a taxonomy. Electron Mark 31:67–87

http://arxiv.org/2009.00351


10 AI-Driven Predictive Maintenance 233

29. Yeh C, Lin M-H, Lin C-H, Yu C-E, Chen M-J (2019) Machine learning for long cycle main-
tenance prediction of wind turbine. Sensors (Basel, Switzerland) 19 

30. Traini E, Bruno G, D’Antonio G, Lombardi F (2019) Machine learning framework for predictive 
maintenance in milling. IFAC-PapersOnLine 

31. Matzka S (2020) Explainable artificial intelligence for predictive maintenance applications. In: 
2020 third international conference on artificial intelligence for industries (AI4I) 

32. Biggio L, Kastanis I (2020) Prognostics and health management of industrial assets: current 
progress and road ahead. Front Artif Intell 3:578613 

33. Khan M, Ahmad A, Sobieczky F, Pichler M, Moser BA, Bukovskỳ I (2022) A systematic 
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Chapter 11 
Artificial Intelligence in Production 
Systems and Integration with Lean 
Manufacturing 

İsmet Söylemez and Ramazan Ünlü 

1 Introduction 

Lean is described as a set of management approaches that eliminate waste to improve 
efficiency and effectiveness. Lean’s basic principle is to decrease and eliminate non-
value-added operations and waste. According to the American Society for Quality 
[ 1], “Lean manufacturing, or lean production, is a system of techniques and activities 
for running a manufacturing or service operation. The techniques and activities differ 
according to the application at hand but they have the same underlying principle: the 
elimination of all non-value-adding activities and waste from the business”. Value 
is the process that directly affects a product or service. Value-added activity can 
also be referred to as the part that the customer pays for. This is because when 
customers pay for the product, they pay for the activities that achieve the quality 
standards they expect in the product. However, some processes are unavoidable. 
These processes/activities may not directly change/affect the product (such as quality 
control). Processes that are necessary to complete the product but do not add value 
are called non-value-added activities. Some processes are neither value-adding nor 
non-value-adding. All activities that fall outside of these are called waste. Seven 
wastes are defects, overproduction, waiting, transportation, inventory, motion, over-
processing [ 2]. Recently, an additional type of waste, “non-utilized talent/capability”, 
has been considered as the eighth waste in lean production practices [ 3]. 

Quality defects refer to physical defects in the product. The customer does not 
accept these products. Additional time is spent fixing these defective products. In 
some cases, these defects cannot be corrected and are completely removed from 
production as scrap. Managers decide to overproduction more than demand to avoid 
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some variability or uncertainty. However, since no analytical solution method is used 
to determine how much more they will produce, there may be products in stock for a 
long time. There may be waiting for raw materials or finished products in enterprises. 
Semi-finished products are also waiting between processes. The product is trans-
ported between processes, or after completion, the finished product is transported 
to the finished product warehouse. Although this transport is considered, necessary 
transport is a major source of waste because it may be over-transported due to long 
routes. During the moving products may cause damaged, lost, broken, etc., products. 
All the money spent on raw materials or finished products are wasted by holding them 
in stock. The money tied up here could be used for other investments to be more 
competitive. There are also work-in processes (WIP) between machines/stations. For 
instance, the product has been cut and some of the cut parts have been processed in 
the next machine, while some of them are placed in an intermediate inventory area to 
be used later should also be considered waste. As compared to transportation, motion 
refers to the producer or worker. If there is more movement than the employee should 
do, this is also waste (i.e. if the employee bends twice when he/she could complete the 
process with a single bend). Activities that are performed for more quality operations 
than the customer expects are referred to as over-processing. In addition, it is also 
a waste not to utilize the talent/capabilities of an employee (engineer, worker, etc.) 
such as not allowing them to use them, or assigning them different and/or simpler 
tasks. 

In the literature, it is seen that smart systems applied in manufacturing systems are 
named differently. In some studies, it is seen as smart manufacturing [ 4] and in oth-
ers as advanced manufacturing [ 5]. Technologies connected to smart manufacturing 
were categorized into the past, present and future, along with recommendations for 
future development paths. A survey was carried out, primarily based on publications 
viewed from the standpoint of smart manufacturing or the eight associated technolo-
gies used in production [ 4]. The idea of intelligent manufacturing is a broad one that 
is always evolving. Three fundamental paradigms can be distinguished within intel-
ligent manufacturing: new-generation intelligent manufacturing, digital-networked 
manufacturing and digital manufacturing. Advanced manufacturing technology and 
new-generation AI technologies are deeply integrated into new-generation intelli-
gent manufacturing [ 5]. AI has the potential to significantly advance sustainable 
development. The expectations are predicated on the utilization of a few crucial AI-
related skills. These are skills related to computer vision, such as image recognition 
and classification, or natural language processing, such as speech recognition and 
machine translation [ 6]. AI can be used in lean manufacturing applications where 
such information needs to be utilized. 

ML algorithms can be classified in reinforcement learning, supervised, unsuper-
vised and deep learning algorithms [ 7]. There are a lot of papers in the field of 
manufacturing [ 8– 10]. Hybrid machine learning approach combining unsupervised 
learning and semi-supervised learning methods and novel predictive maintenance 
approach is provided [ 11]. For the clustering and classification, both optimization 
and machine learning techniques are presented as a systematic review by Azevedo
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et al. [ 12]. Moreover, machine learning-based crash prediction models are searched 
as a systematic review by Yasir et al. [ 13]. 

At the first stage, it would be useful to first present the similarities and differences 
between traditional production and lean production. Traditional manufacturing sys-
tems have the following characteristics [ 14]: 

1. During the production process, if a process is working, don’t fix it. You should 
complete the process where necessary and intervene at the end. 

2. Standardized work (people performing the same task the same way and duration) 
only exists in documents like standard operation procedures (SOPs), rarely in 
reality. You have to comply with how and how long it is defined in this SOP 
document. 

3. Focuses on training and relies on people to not make mistakes. Trainings are 
planned and all staff are trained. They are also trusted that employees will no 
longer make mistakes. 

4. Systems thinking (views the organization as a whole), often ignoring or unable 
to see the enormous opportunities for improvement. Managers consider whether 
there are prospects for whole system improvement. 

In contrast to traditional manufacturing, lean manufacturing (LM) has the follow-
ing characteristics: 

1. Always look for ways to improve processes. Even if there is a product in pro-
duction, the system is stopped and an on-site inspection (as called Gemba at LM 
literature) is carried out. As a team (responsible managers, supervisor, foreman 
and operator), the points to be improved are identified. If immediate improvement 
is possible, it is implemented; if a certain time is required, it is planned for later. 
In lean manufacturing, it is even recommended to organize a suggestion system 
for identifying improvements. In this way, improvements can be realized not only 
by managers but also by those responsible operators for production. 

2. Everyone performs the same task the exact same way until a better way is discov-
ered; then everyone performs the task the new and improved way. Before starting 
the standard operation procedure preparation process, all the points where the 
process can be improved are studied. Then the standard operation procedure is 
prepared for the improved system. 

3. Focuses on building processes that are error proofed (a person cannot make a 
mistake or it would be difficult to do so). It is critical to develop employees 
through training. However, along with training in lean manufacturing, it argues 
that instead of relying on the employee, a system should be established to prevent 
him/her from making mistakes. 

4. Views the organization as a series of interrelated processes that can and should be 
improved. From the most basic production stage (such as drilling a piece of wood 
on a CNC drilling machine) to the entire production system (such as all planning 
and/or purchasing processes), the focus is on improvement in every stage/area. 

LM studies are generally in the form of case studies in the literature. Theoreti-
cal studies are almost non-existent. But different applications have been presented
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for different systems. Some literature studies are summarized as follows. Manurung 
et al. [ 15] presented articles from 2017 to 2022 applying the lean manufacturing 
technique. Kumar et al. [ 16] focused on studies which are integration of LM and 
Industry 4.0. Authors presented a systematic literature review. Moreover, another 
article approaches the issues of LM and Industry 4.0 in a novel way, measuring the 
adoption of its technology, methodologies and tools and presenting it in network 
visualizations [ 17]. The following article critically reviews lean manufacturing and 
reverse engineering for joint propeller shafts, covering definitions, design, organi-
zation, materials and tools. It analyses LM concepts, wastes, strategies, obstacles 
and implementation, focusing on how lean tools and techniques contribute to market 
reputation and performance improvements [ 18]. 

In this chapter, the relationship between artificial intelligence (AI) and lean man-
ufacturing (LM) aims to make manufacturing processes more efficient, flexible and 
customer-centring. AI offers the potential to optimize production processes and solve 
problems using features such as data analysis, machine learning algorithms and recur-
sion capabilities. After this stage, some lean manufacturing techniques and their 
relationship with artificial intelligence will be detailed. 

2 Methodology 

At this stage of the study, some LM techniques and their definitions will be mentioned. 
Real-life sample applications are also available in this section. An overview of the 
relationship between AI and LM is given in Fig. 1. 

2.1 Kaizen 

There are many different definitions of Kaizen. Some of them are as follows. Look-
ing back at early Japanese literature, Imai defines Kaizen as “a culture of ongoing 
improvement involving everyone-top management, managers and workers” [ 19]. 
Davis defines Kaizen as “a process aimed at making continuous improvement, by 
focusing on and eliminating wastes inherent to the manufacturing processes being 
employed” [ 20]. Coimbra defines Kaizen as “a long-term strategy that systemati-
cally seeks to achieve small, incremental changes in processes in order to improve 
efficiency and quality” [ 21]. Abdulmouti defines Kaizen as a “Productivity tool that 
emphasizes continuous improvement through regular, incremental improvement” 
[ 22]. In summary, Kaizen can be expressed as continuous improvement or change for 
the better. Improvements can sometimes be realized easily by taking action quickly. 
These are called small Kaizen. In some situations, a long time and a team of people 
need to work in a planned way to apply improvements. These kinds of Kaizens are 
called such as kobatsu Kaizen, Kaizen in 8 or 10 steps.
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Fig. 1 An overview of the relationship between AI and LM 

Kaizen practices are usually planned by white-collar employees. However, the 
observation of the points to be improved goes to the actual area where the production 
is carried out or the service is provided. This activity is called Gemba in LM literature. 
The whole team (white-collar engineers, managers and employees) goes to the real 
area, and the problem is identified. Then root cause of the problem is defined, and the 
most suitable improvements are decided. Improvements are made either immediately 
(small Kaizen) or later in a planned manner (large Kaizen). 

In the manufacturing sector, it is possible to see more Kaizen applications. 
Improvements can be carried out to shorten the time spent in the process of placing 
raw materials or finished products in the warehouse. You can also see the usage 
of equipment used to assemble products on the assembly line with the help of an 
overhead suspension system. This way, the employee can quickly pick up and use 
the equipment that will be used throughout the day, instead of constantly leaving it 
on the belt and picking it back up. However, Kaizens can be applied not only in the 
production sector but also in the service sector. There are real-life applications that 
will shorten and facilitate the time spent by nurses in a hospital to prepare the syringe 
during the blood collection process for patients. 

A sample system is given in Fig. 2. In a system with two operators (Opt 1 and Opt 
2), the second operator leaves the equipment she/he uses on the line while assembling 
the products. There may be a loss of time constantly taking the equipment and 
returning it to the table throughout the day. However, thanks to the hanger system, 
the first operator leaves the equipment when the operation is completed, instead of
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Fig. 2 Example of Kaizen 

leaving it on the line, and the equipment remains suspended in the air. The operator 
eliminates the loss of time due to pick-up and drop-off. In addition, the weight of the 
equipment he/she will use throughout the day is loaded on the hanger system instead 
of the handle. Thanks to this Kaizen, the first operator can work more efficiently. 

Kaizens can be identified in different departments such as quality control, main-
tenance and production planning. Following are some examples of potential Kaizens 
in different departments, and how machine learning techniques can be applied. In 
the production line, it is difficult to understand why there are deviations at a certain 
stage in the production process. AI algorithms can analyse historical production data 
and identify abnormal situations in processes. They can also predict future produc-
tion performance based on this data. In quality control, quality issues are recurring 
frequently on the production line. AI can be used to optimize quality control pro-
cesses on the production line. Visual recognition algorithms can be used to identify 
and reject defective products. Processes are interrupted due to unexpected machine 
breakdowns during the production process. Using AI algorithms, AI can be anal-
ysed machine data and predict potential failures of a specific machine. In this way, 
planned maintenance processes can be optimized in the maintenance department. 
Productivity in production processes may be low. By analysing data from production 
processes, AI can identify opportunities for improvement. This can be used to opti-
mize process parameters, adjust speeds and reduce waste. Finally, an example for the 
human resources management department could be as follows. Staff are experiencing 
productivity losses due to specific skill deficiencies. By analysing staff performance 
data, the AI can identify specific training needs. In this way, customized training 
programmes can be created to improve staff skills.
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2.2 Heijunka 

Heijunka is an another important concept in the principles of lean manufacturing. 
Heijunka aims to smooth out fluctuations in the production process and make produc-
tion activities more regular. The word “Heijunka” is of Japanese origin and means 
“levelling” [ 23, 24]. Heijunka is used especially to meet fluctuations in customer 
demand and to stabilize variations in the production process. The concept is based 
on correcting irregularities in production and making processes more stable. Some 
of Heijunka’s main principles are as follows:

• Production Smoothing: Heijunka focuses on reducing fluctuations of production 
volume. This aims for a continuous and constant production rate and thus smooths 
out variations in the supply chain.

• Steady Demand Fulfilment: Heijunka adjusts the production process to meet cus-
tomer demands. This can increase the ability to respond more flexibly to sudden 
changes in demand.

• Kanban Utilization: Heijunka incorporates the Kanban system. Kanban is a man-
agement system that organizes the production process and controls the flow of 
materials. This system is used to ensure a continuous flow of materials and to keep 
inventory levels low. This topic will be explained in detail in the Kanban section.

• Balancing Workstations: Heijunka aims to balance the workload between work-
stations. Thus, it minimizes variations in the production process and increases 
efficiency. 

Heijunka’s aim is to reduce the effects of fluctuations in the production process, 
lower inventory levels and meet customer demands more consistently. This can help 
to create a production system that is in line with the principles of lean manufacturing 
in general. 

Heijunka is levelling at planning systems. Actually, levelling is applied in plan-
ning department. It means planning in smaller batches in the production plan. It can 
be understood more clearly with the example given. Let’s assume that five differ-
ent products are produced in a production company. These products have different 
demand quantities. Generally, set-up times are required before the production of 
products begins. Managers do not want to switch to the production of another prod-
uct before completing the entire product order in order to minimize the loss of time 
that will occur due to setup time. That is, first the entire order of type A product is 
completed. Then we move on to other products. Unlike traditional production, lean 
manufacturing involves production in small batches. That is, instead of completing 
the entire order of product A, a part of it is completed and moved on to other prod-
ucts. In this way, production of different products can be achieved in short periods 
by making small production plans. In order to avoid more setup time, first of all, 
improvements are made to minimize the setup time. In Table 1a, there is a traditional 
production schedule of one day (540 min). After all the demands for the products 
are completed, we move on to the next product. However, Table 1b demonstrates the 
system with a production plan in smaller batches.
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In order to realize Heijunka applications, demand forecasting must first be done 
appropriately and accurately. Some examples of Heijunka applications of machine 
learning are as follows. Demand fluctuations cause production disruptions and inven-
tory problems. AI can generate future demand forecasts by analysing historical sales 
data and other relevant factors. This can be used to align production levels with 
demand. Fluctuations in production processes affect machine or worker capacities, 
reducing productivity. AI algorithms can predict fluctuations in the production flow 
and generate a more homogeneous production plan in a given period. This can be used 
to optimize capacity planning and regulate worker/machine utilization. By analysing 
stock levels and order history, AI can determine optimal stock levels. In this way, 
stock waste can be reduced and orders can be managed more accurately. Moreover, 
imbalances on the production line are causing overloads at certain workstations and 
capacity gaps at others. AI can analyse fluctuations on the production line and opti-
mize workstations to use them in a more balanced way. This can make every stage 
of the process run more efficiently. AI can add value to Heijunka applications in data 
analysis, forecasting and optimization. However, for this technology to be applied 
effectively, it is important to focus on the right data sets, the selection of algorithms 
and the principles of continuous improvement. 

2.3 Yamazumi 

Yamazumi is a term used in lean manufacturing techniques and is used specifi-
cally for the organization of workstations and workload equalization. Yamazumi is 
a Japanese term meaning “load balancing” or “load equalization”. The Yamazumi 
is an approach for visualizing time data of specified actions in an investigated pro-
cess [ 25]. Yamazumi analysis aims to balance the workload of workstations on the 
production line. This aims to optimize the amount of work at each workstation and 
thus minimize time losses on the production line. This technique is aimed at elim-
inating inequalities in the production process and increasing efficiency. Yamazumi 
analysis is used to identify and correct imbalances between workstations. Thus, the 
workload at all workstations is optimally distributed, reducing waiting times and 
waste in the production process. This allows the production process to be faster and 
more efficient [ 26]. Let’s take an automotive assembly line. Vehicle parts are assem-
bled at different workstations of this line. However, some stations spend more time 
than others, leading to imbalances across the line. Yamazumi analysis focuses on 
balancing the workload on this assembly line. First, the time spent at each worksta-
tion is determined. Then, appropriate adjustments are made to equalize these times. 
For example, if one station has a longer processing time than the others, additional 
workers can be assigned to that station or unnecessary steps in the process can be 
eliminated to reduce the time. Thus, the workload is equalized and time losses on 
the production line are minimized. Through Yamazumi analysis, it is possible to 
eliminate imbalances on the production line, reduce time differences between work-
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stations and increase productivity. This ultimately contributes to a faster and more 
cost-effective production process. 

“How the artificial intelligence may be used in the Yamazumi application?” This 
question is gaining importance due to the increasing popularity of artificial intelli-
gence. Let’s take an automotive production line where vehicle doors are assembled. 
Let’s consider the use of artificial intelligence to balance between workstations:

• Data Analytics: By analysing historical production data, AI can determine the 
average times of door assembly operations at each workstation. This analysis can 
reveal which stations are spending more time and the need for balancing.

• Optimization Algorithms: AI can use mathematical optimization algorithms to 
balance times between workstations. By optimizing the workload, these algorithms 
can distribute the work times at each station in the best possible way.

• Continuous Improvement: By monitoring production data in real time and evaluat-
ing performance metrics, AI can make recommendations for continuous improve-
ments. For example, if a station is consistently spending more time on a particular 
process, it can report this to the operators and suggest correction strategies.

• Learning Algorithms: AI can make future workload predictions by analysing data 
changes and trends over time. Thus, it can better adapt to future changes to balance 
between workstations. 

In this example, AI can be used in areas such as data analysis, optimization, 
continuous improvement and learning in the Yamazumi analysis process to more 
effectively balance the workload on the production line. In the given example (see 
in Table 2), the product is produced by three operators (Opt 1, Opt 2 and Opt 3). 
The operations shown in yellow are denoted by non-value-added activity (NVA), in 
green by value-added activity (VA) and in red by Muda (M). The total workloads 
of each operator are 49 s, 70 s and 42 s, respectively. In other words, a product can 
be produced in every 70 s. When we analyse the red-coloured operations, it can be 
said that there are inefficiencies. The first operator has 16.32% wastage, and the 
second operator has around 20% wastage. These wastes should be focused on first, 
and wastes should be tried to be eliminated. At the same time, improvements can 
be made even in the yellow-coloured processes, which are expressed as mandatory 
wastes. In this way, productivity can be increased even more. Even if only wastes 
are removed, a product can be produced in 56 s (i.e. productivity can be increased by 
20%). Even a more balanced production can be achieved by shifting some tasks of 
the second operator to the previous or next operator. For example, if the task “Tighten 
the 4th wheel” is transferred to the following operator, productivity will be further 
increased. Because in the new line balance the total workloads are 41, 48 and 52, 
respectively. The productivity gain would be 25.71% (Fig. 3). 

AI can be used for workload estimation or coordination between workers and also 
employee talent and performance analysis. For the Yamazumi applications, difficult 
to balance in the process due to workload fluctuations between workstations. AI 
algorithms can predict future workload by analysing historical workload data. This 
can help to plan workstations in a more balanced way over time.
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Table 2 Detailed operator activities 

Operator Type Verb Detail Time (s) 

Opr 1 NVA Pick up Pick up the subframe 2 

Opr 1 NVA Pick up Pick up 2 stamps and put them on 3 

Opr 1 NVA Put Pick and place 2pcs wheels 2 

Opr 1 NVA Fix Pick up 2 screws and fix it 7 

Opr 1 VA Tighten Tighten the 1st wheel 12 

Opr 1 VA Tighten Tighten the 2nd wheel 15 

Opr 1 M Push Give subframe to the 2nd operator 8 

Opr 2 NVA Rotate Rotate the subframe 8 

Opr 2 NVA Take Pick up 2 stamps and put them on 4 

Opr 2 NVA Put Pick and place 2pcs casters 5 

Opr 2 NVA Fix Pick up 2 screws and fix it 2 

Opr 2 VA Tighten Tighten the 3rd wheel 27 

Opr 2 VA Tighten Tighten the 4th wheel 10 

Opr 2 M Drag Drag the finished subframe aside 8 

Opr 2 M Turn back Turn back for the new product 6 

Opr 3 NVA Take Pick up the box 4 

Opr 3 NVA Take Pick up the product 9 

Opr 3 VA Place Place in the bin 22 

Opr 3 NVA Control Quality control 2 

Opr 3 NVA Take Take the bin and put on the pallet 5 

Workload imbalance between workstations reduces productivity. AI algorithms 
can be used to optimize communication and collaboration between workstations. 
Workload forecasts can be communicated to workstations appropriately, enabling 
more effective coordination. Worker skill levels and performance may be uneven. 
By analysing worker skill and performance data, AI can assess workers’ abilities and 
performance. AI can help to more appropriately assign workers to workstations and 
better balance the workload. By tracking and analysing instant workload changes, AI 
can provide solutions that can be reacted to quickly. This is especially important when 
there are sudden changes in demand or unexpected situations. In Yamazumi appli-
cations, AI can be used to optimize workload on workstations, increase efficiency 
and minimize imbalances. 

2.4 Kanban 

One of the basic principles of lean manufacturing is also Kanban. Kanban is a 
Japanese word meaning “visual card” or “visual sheet” [ 27, 28]. It is a manage-
ment method used in lean manufacturing systems to make the production process
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Fig. 3 Example of Yamazumi 

more effective and efficient. The Kanban system aims to organize, control and opti-
mize the flow of materials at a workstation or in a production process. Basically, 
thanks to this system, a workstation receives a signal before receiving materials or 
products from the previous station. A Kanban system usually includes the following 
steps:

• Demand Determination: Each workstation determines its need for materials or 
products and expresses this need with a Kanban card.

• Kanban Card: A Kanban card is a visual card containing information about the 
material or product. This card contains the quantity requested, predetermined spec-
ifications and other relevant information.

• Request Signal: When the first workstation has produced the requested material 
or product, it communicates this request to the next workstation with a Kanban 
card. This is a signal that the material or product has been requested.

• Material Flow: When the next workstation receives the Kanban card, it replaces 
it with the represented material or product and starts the process. In this way, the 
material flow and the production process continue in a continuous and balanced 
manner. 

The Kanban system provides advantages such as keeping stock levels low, preventing 
imbalances between workstations, optimizing production processes and responding



11 Artificial Intelligence in Production Systems … 247

to customer demands more quickly and flexibly [ 29]. Kanban is generally divided 
into two main types [ 27]. 

1. Signal Kanban (Production Flow Signal Kanban): System sends signal cards to 
the manufacturer of the materials a workstation needs, indicating how much of 
which material is required. If the material has run out or dropped to a certain level, 
these cards signal that new material must be produced or procured. 

2. Production Kanban: System be used to organize the flow of material between 
workstations. A workstation receives a Kanban card showing the materials needed 
to start its production. 

These classifications are used to adapt the basic principles of Kanban to specific 
use cases. Signal Kanban plays an important role in regulating material flow and 
controlling stock levels, while production Kanban is intended to regulate and optimize 
the workflow between workstations. 

In the furniture industry, Kanban can provide a number of advantages and make 
business processes more effective. Here are some examples of the purposes of Kanban 
in this industry:

• Order Tracking and Forward Planning: The Kanban system allows to visually 
track each order in the furniture production process. This allows the business to 
see more clearly which orders it is working on at which stage. At the same time, 
it can be used to better plan future orders.

• Stock Control: Kanban cards contain information about the status of each material 
and product. In this way, stock levels can be visually monitored and unnecessary 
stock build-ups can be avoided.

• Improving Production Flow: Kanban can help to better organize the workflow 
between workstations. Since each workstation has a specific capacity, it prevents 
overloads and increases efficiency.

• Quick Response and Flexibility: The ability to respond quickly to changes in 
customer demands is another advantage of using Kanban in the furniture industry. 
A flexible production process makes it possible to adapt more quickly to customer 
needs. 

Kanban applications in the furniture industry can be used to optimize business pro-
cesses, respond better to customer demands, keep inventory levels under control and 
increase overall efficiency. This can bring significant benefits in terms of both produc-
tion and customer satisfaction. The Kanban system manages material demands based 
on certain rules. However, stock levels can fluctuate due to unexpected demand fluc-
tuations. AI algorithms can predict future demands by analysing historical demand 
data. This can be used to better plan stock levels and respond to demand fluctuations 
more effectively. Moreover, the Kanban system aims to minimize waste by keeping 
stock levels at a certain point. However, there can be difficulties in determining opti-
mal stock levels. AI learning algorithms can optimize inventory levels by analysing 
supply chain data and demand patterns. This can reduce costs by reducing waste. 
The production rate can vary depending on demand fluctuations or capacity issues at 
certain workstations. AI learning algorithms can help to balance workstations more



248 İ. Söylemez and R. Ünlü

effectively by analysing production rate data. This enables dynamic adjustment of 
production speed according to demand. 

2.5 Single Minute Exchange of Dies (SMED) 

SMED stands for “Single-Minute Exchange of Die”. This method is one of the other 
tools within lean manufacturing principles that are used to increase production speed, 
reduce inventories and improve productivity [ 30]. The main goal of SMED is to min-
imize changeover times (tool changeover times) between machines or workstations. 
This enables small batches to be produced more frequently in mass production and 
the adoption of flexible production processes. The main elements of SMED are [ 31]:

• Internal and External Tool Change: It divides tool change processes into two main 
categories, “internal” and “external”. Internal tool change refers to operations that 
can be performed while the machine is running, while external tool change refers 
to operations that require machines to be stopped.

• Parallel Processes: Intrinsic tool change uses parallel operations to perform part 
of the processes while the machine is running and the other part when the machine 
is stopped. This is a strategy to reduce the total tool change time.

• Standardization: Standardizing tool change processes ensures that the same steps 
and processes are applied for each change. This reduces inconsistencies and errors 
in the process.

• Work Units and Layout: Organized placement of tools and materials ensures that 
the necessary tools can be found quickly. This makes tools easily accessible and 
processes faster. 

SMED is an important tool, especially in production processes that need to cope 
with short production runs and rapidly changing customer demands. This method 
is frequently used to optimize total production processes and increase production 
flexibility. Let’s look at an example of the SMED method from a manufacturing 
sector: For example, an automotive manufacturing plant has a production line where 
different car models are produced. Machine set-ups (tool changes) are required for the 
production of each model, and these set-up times can affect the total production time. 
The following steps can be followed when implementing SMED. Firstly, identifying 
internal and external tool change. Internal tool change is to identify operations that 
can be performed while the machine is running. For example, changing a part on 
a workstation or making adjustments while the machine is running. External tool 
change is identifying operations that must be performed when the machine stops. 
For example, physically changing a mould. Secondly, determine the steps that can 
carry out internal and external tool change processes in parallel. By prioritizing, 
identifying critical steps and trying to accelerate these steps with priority. Lastly, 
standardizing tool change processes. Ensuring that the same steps and processes are 
applied in each change. Standardization ensures that the process is consistent and 
fast.
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Estimating and planning changeover times can be difficult, especially depending 
on variable factors. By analysing past changeover time data and relevant factors, 
machine learning can predict future changeover times. This can be used to plan 
changeover times more effectively with AI. Furthermore, it can be difficult to under-
stand which factors affect changeover times and where improvements need to be 
made to increase efficiency. By analysing factors associated with changeover times 
and productivity indicators, AI algorithms can identify which factors have the most 
impact. This can be used to identify opportunities for improvement. In addition to 
this, AI can be used to better understand the factors that influence changeover times 
and their interactions. Thus, it can create an optimized changeover plan and reduce 
waste in the process. Lastly, when abnormalities or delays in changeover times are 
not identified, problems can occur in the process. AI can identify abnormal situa-
tions by analysing historical changeover times and transaction data. In this way, early 
detection and intervention of abnormal situations can be possible. 

2.6 Poka-Yoke 

Poka-Yoke is a Japanese term meaning “error prevention” or “mistake prevention”. It 
is a technique used in lean production and quality management [ 32]. Its purpose can 
be summarized as preventing or correcting errors and inaccuracies before they occur 
in processes. Poka-Yoke aims to minimize the possibility of operators or workers 
making mistakes. Poka-Yoke techniques usually involve simple and low-cost solu-
tions. These solutions are designed to prevent errors such as incorrect assembly of 
a process or a product, being in the wrong position or taking a wrong step. In this 
way, it is possible to improve quality and keep errors to a minimum [ 33]. 

It is possible to understand Poka-Yoke through a few examples. On an assembly 
line, two identical parts are mixed between different models. A mark or label of a 
specific colour or shape is placed on each part, allowing workers to select the correct 
part. Another example, USB devices can often be damaged by trying to plug them in 
the wrong way. The USB connector can be designed so that it can only be plugged 
in the correct direction. This way, users cannot make the mistake of plugging in the 
wrong direction. These examples show how Poka-Yoke techniques are designed to 
prevent errors. Poka-Yoke can have various applications in production processes and 
everyday life and is used as a measure to improve quality by preventing errors in 
advance. 

Manual detection of errors in visual inspection processes can be difficult. AI can 
automatically detect defective products using visual recognition algorithms. This 
speeds up quality control processes and makes them more precise. Defects can 
occur when abnormal conditions that occur during the process are not detected. By 
analysing process data, AI can identify normal operating conditions and detect devi-
ations from these conditions. This can be used to identify abnormal conditions at an
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early stage. Lastly, defects in production equipment cannot be predicted in advance. 
By analysing sensor data of production equipment, machine learning can predict 
potential fault conditions in advance. This is valuable for planned maintenance and 
error prevention. 

3 Conclusion and Future Works 

This study presented the growing popularity of artificial intelligence (AI) in the 
production sector, driven by technological advancements. AI is crucial for faster 
and more effective problem-solving during production, enabling both solutions to 
current issues and proactive prevention of potential problems. Lean manufactur-
ing, pioneered by Japanese companies, focuses on efficiency and waste reduction, 
employing methods like Kaizen, Heijunka and Kanban. AI enhances lean manu-
facturing by streamlining processes and improving usability, aiming to demonstrate 
its effectiveness in production systems and discussing potential contributions. After 
reaching a certain stage, the use of artificial intelligence techniques will accelerate 
the processes. With the help of artificial intelligence techniques, continuous improve-
ment studies can be carried out more easily and quickly. 

In this study, some widely used lean technique methods (such as Kaizen, Heijunka, 
Yamazumi, SMED, Kanban and Poka-Yoke) are mentioned. General information 
about these methods is mentioned. In addition, a general study on how artificial 
intelligence techniques can be used is presented. In particular, this study will be the 
first step for many studies that can be done in the future. Especially for large-scale 
companies, the use of artificial intelligence techniques may be in question. Lastly, 
application studies will make advantage of artificial intelligence. 
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Chapter 12 
A Multiobjective Metaheuristic 
Algorithm Perspective to Design Riesz 
Digital Differentiator Exhibiting 
Zero-Phase Response 

Chandan Nayak 

1 Introduction 

In recent years, there has been a notable surge in interest in the investigation 
of employing evolutionary algorithms to realise digital differentiators [1]. All the 
researchers have considered the design of digital differentiator as a single-objective 
optimisation problem and aimed to minimise the magnitude response error [1–3]. 
The eventual aim of a single-objective optimisation is to discover the optimum result 
that fulfils the problem’s requirements, which leads to the minimisation or maximi-
sation of the objective function under the maintained constraints. However, in the 
digital differentiator-type optimisation problems, there are two distinct objectives: 
magnitude response error and phase response error, which must be optimised simul-
taneously. Neglecting to account for the phase response in the cost function of the 
digital differentiator-type optimisation problem may result in distorted output and 
dependency on prior knowledge [4]. As more than one objective needs to be optimised 
in a digital differentiator-type multiobjective optimisation problem, it is necessary 
to understand the idea of multiobjective optimisation to get near the proper Pareto 
optimal solution. The single-objective function typically has an extremum point as 
its optimal result; however, getting such a result in multiobjective issues is problem-
atic [5]. This is a fundamental difference between single-objective and multiobjec-
tive optimisation problems. As a result, the multiobjective optimisation problem’s 
solution is not just a single point but rather a collection of points representing the 
compromises among the problem’s many objectives [6]. The aforementioned collec-
tion of points is also known as the Pareto set [6]. Based on new preference data, the
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decision-maker must choose the best option. Without this preference information, 
all Pareto optimum solutions are equivalent [7]. 

Generally, a posteriori or a priori preference specification method addresses multi-
objective challenges. In the priori preference specification method, the designer trans-
forms the multiobjective optimisation problem into a single-objective optimisation 
problem by allocating weights to the cost function. The priority level assigned to each 
objective is based on the designer’s previous experience [8]. The priority preference 
specification approach offers a straightforward solution that requires little memory 
and is much more computationally efficient [9]. But, it has several drawbacks [10]. 
The optimisation algorithm should be run multiple times with different weights to 
acquire the Pareto optimal set and Pareto optimal front because the designer does 
not always have access to the prior information. Moreover, an evenly disseminated 
set of weights might not fully cover the search space. Since all of the weights in this 
method are supposed to be positive, the non-convex regions of the Pareto front are 
inaccessible. 

Additionally, the additive weights used in these methods make it impossible to 
detect the concave regions of the Pareto optimum front. Finally, before the algorithm’s 
execution, the preference information should be defined in a priori approach. Any 
changes to the priori information will result in a new algorithm run. 

In contrast to a priori techniques, the posteriori approach would offer the designer 
with a wide variety of Pareto optimal results rather than just one solution in a single 
algorithm run. Additionally, in the posteriori approach, any Pareto optimum front can 
be approximated, and the researchers do not need to determine the weight. Also, it 
preserves the problem’s multiobjective character and examines its performance. The 
coverage (solutions distribution) objective is crucial in the posteriori approach since 
the designer must choose a solution from the available Pareto optimal solutions. The 
limitations of a priori methods can be successfully overcome by metaheuristic-based 
approaches. Population-based multiobjective metaheuristic approaches can perfectly 
satisfy the convergence and coverage goals since they can simultaneously explore 
the search area for many objectives and offer various results in a single run. 

In the literature on stochastic optimisation, multiobjective optimisation 
approaches have been added with improved mechanisms to locate a precise approx-
imation of the real Pareto optimal front and uniformly distributed solutions. Evolu-
tionary algorithms form the foundation for some of the most well-known poste-
riori techniques, such as decomposition-based multiobjective evolutionary algo-
rithm (DBMOEA) [11], multiobjective differential evolution (MODE) [12], non-
dominated sorting genetic algorithm (NSGA) [13], NSGA version II (NSGA-II) 
[14], and multiobjective particle swarm optimisation (MOPSO) [15]. However, the 
multiobjective salp swarm algorithm (MOSSA) [16] is recently proposed and is a 
highly efficient posteriori method. It finds application in two-dimensional airfoil 
design [16], marine propeller design [16], feature selection [17], virtual machine 
placement [18], energy demand management [19], etc. 

The broad applicability of the MOSSA has motivated the authors to employ 
MOSSA to design a zero-phase response (ZPR) FIR-type digital differentiator. Due 
to the relationship it has to the Riesz potential, the ZPR differentiator is also known
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as the Riesz differentiator. The FIR-type Riesz differentiator is a multimodal, multi-
dimensional, nonuniform, nonlinear, and multiobjective design problem addressed 
in this article. 

Even though many studies have reported the digital differentiator design, the phase 
response is the component of differentiator design that receives the least attention [1, 
20]. Numerous applications of a system with ZPR can be found in biomedicine, data 
transfer, and the processing of video and audio signals [4]. Phase distortion in the 
digital differentiator of the infinite impulse response (IIR) type cannot be rectified 
directly in any way. However, the issue can be partially handled with finite impulse 
response (FIR)-digital differentiator by employing the symmetry criterion. Only a 
zero-phase Riesz differentiator, which adds no delay to the processed signal, can 
eliminate phase distortion, which is focussed in this study. 

The key points of the current research contribution are outlined below. 
As per authors’ best knowledge, this is the initial report in which an odd order, 

specifically the first-order digital Riesz differentiator, has been designed, which 
claims the novelty of this research work. 

(i) Moreover, this is the first time a metaheuristic multiobjective optimisation 
algorithm has been used to design the Riesz digital differentiator. Two different 
properly balanced cost functions have been developed for this multiobjective 
optimisation problem, which is minimised simultaneously by using some of 
the benchmark algorithms like NSGA-II, MOPSO, and the proposed MOSSA. 

(ii) Then, using the optimised coefficients, DRFODs are designed with nearly 
optimal magnitude along with nearly ZPR characteristics. 

(iii) After comparing the statistical results of NSGA-II and MOPSO-based 
DRFODs, performance superiority has been established for the proposed 
MOSSA-based DRFOD design approach. 

(iv) Moreover, the practical utility and applicability of the ZPR characteristic of 
the proposed DRFOD are visually investigated by differentiating several ECG 
signal excerpts taken from PhysioNet ECG data sets [21]. 

(v) Finally, the differentiated output of the proposed MOSSA-based DRFOD 
with the ZPR is further examined in real time using a widely used hardware 
accelerator called TMS320C6713 digital signal processor. 

The content of the remaining of this article is arranged as follows: Sect. 2 intro-
duces the problem formulation for the proposed DRFOD. Section 3 briefly describes 
the employed multiobjective evolutionary computation technique, and extensive 
MATLAB-based simulation results are explained in Sect. 4. Additionally, Sect. 4 
explains the hardware implementation of the suggested paradigm for producing 
feature signals linked to QRS. At the conclusion, the final insights of this article 
are presented in Sect. 5.
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2 Problem Statement and Performance Metrics 

The ideal digital differentiator, denoted as Di(ω) = ( jω) p, is defined with respect to 
the frequency, ω, and the order of the digital differentiator, indicated as p. The typical 
differentiator Di(ω) introduces a phase shift of ((1/2) × (πp)) in its output, causing 
phase alteration if precise phase characteristics are not attained for the intended 
differentiator. This phase alteration is greatly undesirable in various applications 
such as biomedicine, data transmission, and video and audio signal processing. 
Consequently, there is strong inclination towards designing a ZPR digital differ-
entiator, which introduces no phase delay to the processed signal. This necessity has 
stimulated the author to realise zero-phase differentiator. 

Equation (1) illustrates the frequency response (FR) of the zero-phase differen-
tiator. 

Gj(ω) = |ω|p (1) 

where ω ∈ [0, 1] denotes the normalised frequency, and p represents the order of 
the digital differentiator. 

The Riesz kernel is derived by performing the Fourier transform (FT) on Eq. (1), 
as demonstrated in Eq. (2) [22, 23]. 

K(t) = 
( 
1/2┌(−p) cos(pπ/2)|t|−p−1

) 
(2) 

where the gamma function, denoted by Г(·), is a complex-valued function that 
generalises the factorial function to non-integer values. 

For the signal x(t), the pth-order Riesz derivative is derived by convolving x(t) 
and the Riesz kernel as shown in (3) [22]. 

Dp x(t) = x(t) × K(t) (3) 

Dp x(t) = 1 

2┌(−p) cos(pπ/2) 

∞{ 

−∞ 

|t − τ |−p−1 x(τ )dτ (4) 

The FT of (4) is calculated using (5). 

FT 
[ 
Dp x(t) 

] = X (ω)|ω|p (5) 

where X(ω) denotes the FT of x(t). 
The created Riesz differentiator Gdt(ω) is a very close approximation of the 

perfect Riesz differentiator, Gi(ω), only when the designed differentiator’s FR Hd(ω) 
substantially resembles that of the ideal differentiator Hi(ω) FR and is arithmetically 
linked as per (6) [22–30].
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Gdt = 
Hd (ω) + Hd (−ω) 

2 cos(pπ/2) 
(6) 

The significant restriction of Riesz digital differentiator (DD), Gdt(ω), as defined 
in (6), is that it cannot be used to design first as well as other odd-order differentiators 
as Gdt(z)→ ∞ for all the odd values of p. However, here the main concern is to design 
a digital Riesz first-order (p = 1) differentiator (DRFOD), Gdpropfo(ω), as shown in 
(7), which has exactly zero-phase characteristic and near-ideal magnitude response. 
However, to date, the researchers have neither designed the DRFOD, which has ZPR, 
nor the phase response has been demonstrated. 

Gdpropfo(ω) = Hd (ω) + Hd (−ω) (7) 

Notably, a perfect optimal differentiator response that abides by the mathematical 
relationship in (7) can produce a flawless ZPR [22]. However, due of the size restric-
tion of the impulse response number, it is impossible to have a perfect differentiator 
response. Thus, as a substitute of the ideal ZPR, a close approximation can only 
be achieved by approximately formulated multiobjective functions and efficiently 
chosen multiobjective evolutionary computation techniques with suitable control 
parameters. 

In this article, the constraint mentioned in (7) for odd values of p for the design 
of the DRFOD is overcome by employing a meticulous multiobjective evolutionary 
computation technique called MOSSA [16]. A very nearly zero-phase characteris-
tics and extraordinarily accurate magnitude response characteristics of the proposed 
DRFOD are obtained compared to the ideal zero-phase differentiator counterpart for 
the full Nyquist frequency band. 

An N th-order FIR-type differentiator is defined by (8). 

Hd (z) = 
N∑ 

n=0 

h(n) 
zn 

(8) 

where the set of coefficients that need to be optimised for Hd(z) is depicted by h(n). 
The equivalent FR of Hd(z) is denoted by (9). 

Hd (ω) = 
N∑ 

n=0 

h(n) 
ej ω n (9) 

The flow chart of the integer order DRFOD design approach using 11th-order 
Hd(z) is depicted in Fig. 1. The FR of the realised DRFOD, Gdpropfo(ω), comes 
close to the FR of the ideal ZPR differentiator Gi(ω) by adopting the NSGA-II, 
MOPSO, and the MOSSA with the efficiently developed multiobjective function 
JDRFOD presented in (10). 

Minimise JDRFOD = 
{( 
JMAG_ DRFOD 

) 
, 
( 
JPHG_ DRFOD 

)} 
(10)
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where objective1: JMAG_DRFOD represents the maximum of normalised magnitude 
response error as shown in (11), and objective2: JPHG_DRFOD represents the phase 
response error as shown in (12).

Randomly initialize {(N/2)+1} coefficients of Hd(z) 

Start 

Calculate Hd(z-1) 

Find Nth order Gdpropfo(z)  
Gdpropfo(z)= Hd(1/z) + Hd(z) 

Calculate JMAG_DRFOD and JPHG_DRFOD using (11) and (12), respectively 

Estimate the phase 
)(dpropfoG and magnitude 

|Gdpropfo(ω)| responses 

Apply multi-objective optimisation technique 

Announce the final solution of Gdpropfo(z)  

Amend Hd(z) by the employed technique, next 
find Hd(1/z), and realize 

Gdpropfo(z)= Hd(1/z) + Hd(z) 

Calculate the magnitude 
response |Gi(ω)|  

Check the end 
criteria 

Yes 

No 

Fig. 1 Flow chart of the multiobjective optimisation technique based DRFOD design methodology 
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JMAG_DRFOD = max 

[ ||Gi(ω)| − |Gdpropfo(ω)|| 
π p 

] 
(11) 

JPHG_DRFOD = 
512∑ 

k=1 

|∠Gdpropfo(ωk )| (12) 

The performance of the realised DRFODs is estimated by employing total phase 
error T phase, normalised maximum absolute magnitude error (MAMEnorm), total 
normalised magnitude error (TMEnorm), maximum phase error (MPE), and average 
group delay (τ total) metrics as defined in (13)–(17), respectively. 

Tphase = 
512∑ 

k=1 

|∠Gdpropfo(ωk )| (13) 

MAMEnorm = max 

[|| 
|||Gi(ω)| − 

| 
|Gdpropfo(ω) 

| 
| || 
|| 

π p 

] 

(14) 

TMEnorm = sum 

[|||Gi(ω)| − 
||Gdpropfo(ω) 

|||| 

π P 

] 

(15) 

MPE = 
[||Gdpropfo(ω) 

||] (16) 

τtotal(ω) = 
1 

512 

512∑ 

k=1 

τdpropfo(ωk ) (17) 

where τdpropfo(ω) = − d θdpropfo(ω) 
d ω and θdpropfo(ω) = ∠Gdpropfo(ω) is the phase response 

of the Gdpropfo(ω). 

2.1 Definitions for Multiobjective Optimisation Problems 

Multiobjective optimisation considers multiple objectives. To solve multiobjective 
problems, each objective should be optimised simultaneously. The proposed multi-
objective DRFOD design problem is shown in (10)–(12). The nature of multiobjec-
tive optimisation problems does not allow the designer to compare solutions using 
relational operators because of several objectives. 

Using relational operators, researchers safely determine whether one solution is 
superior to another when there is just one goal, but when there are multiple objectives, 
the need for another operator called Pareto optimum dominance is essential. It is also 
the leading operator to compare two solutions when considering numerous objectives 
[31].
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2.1.1 Pareto Domination 

Let’s assume two vectors: 
→ 
z = (z1, z2, z3, . . . ,  zm) and 

→ 
y = (y1, y2, y3, . . . ,  ym). y 

dominates z(y ≺ z) if the following criteria is achieved. 

∀j ∈ {  1, 2, 3,  . . .  ,  m }, [ fj(
→ 
y ) ≤ fj(

→ 
z )] ∧  

∃j ∈ {  1, 2, 3,  . . . ,  n }, [ fj(
→ 
y ) <  fj(

→ 
z ) ] (18) 

Analysing (18), it is revealed that in a multiobjective optimisation problem, a 
solution y is only regarded as superior or dominates a solution z if it outperforms the 
solution z in at least one of the objective values while the other objectives are held 
equal. In this instance, it is argued that one solution predominates the other. If the 
above condition is not satisfied, two solutions are denoted to as Pareto optimal or non-
dominated solutions. The non-dominated results are essential for a multiobjective 
optimisation problem. In multiobjective optimisation, the Pareto optimality is also 
significant and is described as follows [32]. 

2.1.2 Pareto Optimality 

Let us assume 
→ 
y ∈ Y . The solution 

→ 
y is Pareto optimal if 

{ ∍
→ 
z ∈ Y | → 

z ≺ → 
y } (19) 

For each multiobjective problem, a collection of Pareto optimal sets denotes the 
optimum trade-offs among the various objectives. In multiobjective optimisation, 
this set of solutions is known as the Pareto optimum set. On the other hand, the 
Pareto optimum front describes how the Pareto optimal sets are projected into the 
objective space. The following defines these two sets. 

2.1.3 Pareto Optimal Set 

The Pareto set comprises Pareto optimal outcomes. 

Pset = {  
→ 
y , 

→ 
z ∈ Y | ∍

→ 
z ≺ 

→ 
y } (20) 

2.1.4 Pareto Optimal Front 

This set contains the Pareto solutions set’s objective values.
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∀j ∈ {  1, 2, 3, .  .  .  ,  n }, Pfront : =  {  fj (
→ 
y ) | → 

y ∈ Pset } (21) 

A multiobjective evolutionary algorithm results in a set of solutions evenly 
distributed over the Pareto optimal front. The decision-maker can then choose a 
solution that best fits the tolerable criteria by comparing solutions using the four 
definitions above. The proposed DRFOD-type multiobjective and multimodal opti-
misation problem is solved independently by employing NSGA-II [14], MOPSO 
[15], and MOSSA [16] algorithms to obtain the near-the-Pareto optimal solution. 

3 Multiobjective Evolutionary Computation Techniques 

The DRFODs are individually designed by using NSGA-II [14], MOPSO [15], and 
the recently proposed MOSSA [16]. The widely used NSGA-II and MOPSO, among 
other multiobjective evolutionary methods are well-known and find applications in 
several domains [32–35]. Thus, the algorithm steps for the design of the DRFOD 
using NSGA-II and MOPSO are not discussed in this article. However, a brief descrip-
tion of MOSSA and its step-by-step procedure to realise DRFOD is discussed in 
Sect. 3.1. 

3.1 Multiobjective Salp Swarm Algorithm (MOSSA) 

A unique and highly efficient bio-inspired optimiser known as MOSSA [16] has 
been proposed by Mirjalili et al. in recent multiobjective optimisation literature to 
address a variety of complex multiobjective optimisation problems with uncertain 
search areas. The MOSSA mimics the salps’ unique swarming behaviour called salp 
chain while navigating and hunting in the deep water. Salps are thought to create the 
salp chain to improve hunting strategy and mobility. 

In MOSSA, the salp population is divided into leaders and followers. This segrega-
tion of salps into two independent groups forms the foundation for the mathematical 
model of the salp chain. The leader in the salp chain is found first and directs the 
remainder of the flock (followers). The follower salps build a chain-like structure by 
following one another, which improves hunting and mobility. 

The salps are directed towards the food source using the MOSSA, and the food 
source is modified throughout epochs. A repository of food sources is equipped 
with the MOSSA. The top non-dominated results generated during optimisation are 
kept in this repository. Using Pareto dominance operators, each salp is matched with 
all the repository members during optimisation. If a salp leads a solution in the 
repository, then the repository member is replaced by this salp. If a salp completely 
dominates a group of members in the repository, it is included, and all the previously 
stored repository members are excluded. A salp should be immediately rejected if
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at least one of the repository members dominates it in the new population. A salp 
must be included in the repository if found non-dominated compared to all repository 
members. By following these principles, it is possible to ensure that the repository will 
always contain the non-dominated results that the algorithm has thus far produced. 
The step-by-step mechanism of MOSSA for the design of the DRFOD is discussed 
below. 

Step 1: The locations of the np salps (candidate solutions) are randomly initialised 
within the upper (ub) and lower (lb) bounds of the search landscape as depicted 
by (22). 

xi j = lb + (ub − lb) × rand, i = 1, 2, . . . ,  np; j = 1, 2, . . . ,  D (22) 

where D, xi j , and rand ∈ [0, 1] are the maximum dimension of the search land-
scape, jth dimension of the search environment, where the ith salp is located, and 
the random number, respectively. 
Step 2: Calculate JDRFOD for each salp by employing (10). Decide the non-
dominated salps. By using the newly acquired non-dominated salps, amend the 
repository. 
Step 3: If the repository is packed, then execute Steps 4–5; else, jump to Step 6. 
Step 4: Adopt the repository amendment method to discard one repository 
member. 
Step 5: Include the non-dominated salp in the repository update. 
Step 6: From the repository, select a food source F. 
Step 7: Utilise (23) to determine c1. 

c1 = 2e−(4l/L)2 (23) 

By decreasing the value of c1 throughout iterations, the steady diversification and 
intensification phases are maintained in the current research. L and l are the total and 
active iterations, respectively. 

By decreasing the value of c1 during iterations, the consistent exploitation and 
diversification phases are preserved in the current study. 

Step 8: If (i = =  1), execute Step 9 for each salp xi, where i = 1, 2, …, np; 
otherwise, execute from Step 10. 
Step 9: Using (24), adjust the leading salp position x1 j with respect to F. 

x1 j = 

{ 
F + (lb + (ub − lb)c2)c1 if c3 ≥ 0.5 
F − (lb + (ub − lb)c2)c1 if c3 < 0.5 

(24) 

where the two randomly generated numbers, c3 and c2, fall between 0 and 1. 
Step 10: Amend the follower salp position by utilising (25). 

xi j = 0.5(xi−1 
j + xi j) (25)
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where xi j for i ≥ 2 represents the position of the jth dimension’s ith follower salp. 
Step 11: Restore the salp’s location within lb and ub if it leaves the search area. 
Step 12: Continue Steps 2 through 11 until you reach the extreme number of 
function evaluations (FEs) f max(= D × 10,000) [36]. 
Step 13: Return the repository once f max has been attained and reveal the Pareto 
optimal DRFOD solutions. 

4 Results and Discussions 

The designed DRFODs’ performance using NSGA-II, MOPSO, and the MOSSA 
techniques are compared through extensive experimental analysis in subsequent 
subsections. FR, convergence speed, execution time, robustness analysis, and 
percentage improvement (PI) are rigorously analysed to ensure the efficiency of 
the proposed filter design problem. All the simulations are done in the MATLAB 
environment (MATLAB R2022b), powered by a Windows 10 operating system, a 
core i5 9th gen Intel processor, and 8 GB of memory. 

4.1 Selection of Optimal Candidate Solution from the Pareto 
Optimal Front 

All algorithms’ standard control variables are kept identical in the design process to 
compare the evolutionary computation techniques (ECTs) in similar conditions. The 
standard control variables are np (=100), f max (=10,000 × D), and minimum (lb = −  
2) and maximum (ub = 2) values of the search landscape. The best values of control 
variables of the NSGA-II, MOPSO, and MOSSA, which are selected by rigorously 
running the algorithms several times, are presented in Table 1.

The individual Pareto optimal fronts resulted by MOSSA, MOPSO, and NSGA-
II for the zero-phase DRFOD design are depicted in Figs. 2, 3, and 4, respectively, 
to qualify the results. For improved illustration, a combined Pareto optimal fronts 
resulted by MOSSA, MOPSO, and NSGA-II are shown in Fig. 5. In Figs.  2, 3, 4, 
and 5, the Pareto optimal fronts are achieved by optimising two objective functions, 
JMAG_DRFOD (refer to (11)) and JPHG_DRFOD (refer to (12)), simultaneously. In Figs. 2, 
3, 4, and 5, the x-axis denotes the MAMEnorm metric, and the y-axis denotes the 
MPE (degree) metric. As shown in Fig. 2, the proposed MOSSA obtained more 
uniformly distributed approximate Pareto optimal sets in the search arena. However, 
the Pareto optimal fronts obtained by MOPSO (refer to Fig. 3) and NSGA-II (refer 
to Fig. 4) are discrete, incomplete, and fail to obtain all Pareto sets. The Pareto 
fronts obtained by MOPSO (refer to Fig. 3) and NSGA-II (refer to Fig. 4) have some  
gaps in the middle, which harm the coverage of the obtained Pareto front. However, 
compared to MOPSO and NSGA-II, the distribution of Pareto fronts obtained by 
MOSSA is the most uniform and near the true Pareto front. It demonstrates the high
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Table 1 Optimal internal control parameters of the NSGA-II, MOPSO, and MOSSA for the 
realisation of the 22nd-order DRFOD 

Control parameter NSGA-II MOPSO MOSSA 

Mutants number Nm 40 – – 

Rate of mutation Mr 0.02 – – 

Percentage of crossover Pc 0.7 – – 

Percentage of mutation Pm 0.4 – – 

size of repository Nr – 100 100 

ϕ1 – 2.05 – 

ϕ2 – 2.05 – 

ϕ – ϕ1 + ϕ2 = 2.05 + 2.05 = 4.10 – 

w – 2/ 
( 
ϕ − 2 + √

ϕ2 − 4ϕ 
) 

– 

Coefficient co1 – ϕ1 × w – 

Coefficient co2 – ϕ2 × w – 

Grids in each dimension Ng – 10 – 

Adaptive coefficient – – c1 = 2 e−(4l/L)2

coverage ability of MOSSA. In summary, all the above results indicate that due to 
balanced exploration and exploitation capability, MOSSA has obtained improved 
Pareto optimal and well-distributed solutions in the decision area of the DRFOD 
optimisation problem compared to MOPSO and NSGA-II.

The optimal coefficients of three instances (refer to candidate solutions A, B, and 
C in Figs.  2, 3, and 4) resulted from the Pareto optimal front of MAMEnorm and MPE 
(degree) for NSGA-II, MOPSO, and MOSSA along with its corresponding perfor-
mance metrics are given in Tables 2, 3, and 4, respectively. For the proposed DRFOD 
design, the candidate solution with the lowest MAMEnorm metric and an acceptable 
MPE metric is selected and considered the optimal solution for the DRFOD design. 
In Table 2, for the NSGA-II-based design, the candidate solution B with MAMEnorm 

metric of 0.0669 and MPE metric of 9.6703E-014 degree is selected as the optimal 
solution of the DRFOD design problem. In Table 3, for the MOPSO-based design, the 
candidate solution B with MAMEnorm metric of 0.0652 and MPE metric of 5.8672E-
014 degree is selected as the optimal solution of the DRFOD design problem. In 
Table 4, for the MOSSA-based design, the candidate solution B with MAMEnorm 

metric of 0.0110 and MPE metric of 4.9648E-014 degree is selected as the optimal 
solution of the DRFOD design problem. These optimal NSGA-II, MOPSO, and 
MOSSA solutions are used to realise the proposed DRFODs.
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Fig. 2 Pareto optimal front of MAMEnorm and MPE (degree) for MOSSA-based DRFOD design 

Fig. 3 Pareto optimal front of MAMEnorm and MPE (degree) for MOPSO-based DRFOD design
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Fig. 4 Pareto optimal front of MAMEnorm and MPE (degree) for NSGA-II-based DRFOD design 

Fig. 5 Combined Pareto optimal front of MAMEnorm and MPE (degree) for MOSSA, MOPSO, 
and NSGA-II-based DRFOD design



12 A Multiobjective Metaheuristic Algorithm Perspective to Design Riesz … 267

Table 2 Optimised coefficients and performance metrics of the 22nd-order DRFOD using NSGA-
II 

h(n) A: NSGA-II B: NSGA-II C: NSGA-II 

h(22) = h(0) − 0.035725360262 − 0.016078340120 − 0.029354412472458 
h(21) = h(1) 0.002165129169 0.040124896818 0.081297362249453 

h(20) = h(2) 0.009382631619 − 0.042221668239 − 0.031215025941272 
h(19) = h(3) 0.002697981910 − 0.015613313412 − 0.020664884085262 
h(18) = h(4) − 0.017075551784 − 0.023212807994 − 0.094687829095061 
h(17) = h(5) − 0.023337706522 − 0.009410239443 0.007021384924658 

h(16) = h(6) − 0.038128844386 − 0.039396880528 − 0.004592380821448 
h(15) = h(7) 0.006758936995 0.012806006061 0.047450998692530 

h(14) = h(8) − 0.073239927836 − 0.040415568385 0.003801547066346 

h(13) = h(9) − 0.000284650348 0.000416222361 0.001989808814252 

h(12) = h(10) − 0.663126339106 − 0.635522324696 − 0.536422448603026 
h(11) 1.552728992526 1.541024964537 1.541233916645824 

MPE (degree) 9.9266E-014 9.6703E-014 7.1820E-014 

MAMEnorm 0.0625 0.0669 0.1925 

Table 3 Optimised coefficients and performance metrics of the 22nd-order DRFOD using MOPSO 

h(n) A: MOPSO B: MOPSO C: MOPSO 

h(22) = h(0) − 0.010706506257 − 0.001295308686 0.025217089044 

h(21) = h(1) 0.006939623713 0.014266951744 0.027852764058 

h(20) = h(2) 0.012593523344 0.006385002537 0.029416723635 

h(19) = h(3) 0.028055276947 0.018335858662 − 0.020529743988 
h(18) = h(4) − 0.012699395994 0.016159118033 0.038336925161 

h(17) = h(5) 0.003547606453 − 0.006187420867 − 0.008562607779 
h(16) = h(6) − 0.029003174554 − 0.013590172169 − 0.026309378847 
h(15) = h(7) − 0.032161299189 − 0.011600274401 − 0.007014460428 
h(14) = h(8) − 0.066579469287 − 0.057258973881 − 0.015688732381 
h(13) = h(9) − 0.019398162952 − 0.018515079934 0.008795002367 

h(12) = h(10) − 0.607236897118 − 0.655535575099 − 0.607887628336 
h(11) 1.562106840901 1.552065819113 1.447381165420 

MPE (degree) 6.1135E-014 5.8672E-014 3.3719E-014 

MAMEnorm 0.0608 0.0652 0.1844
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Table 4 Optimised coefficients and performance metrics of the 22nd-order DRFOD using MOSSA 

h(n) A: MOSSA B: MOSSA C: MOSSA 

h(22) = h(0) − 0.008639574200 − 0.008664701108 − 0.025692490018 
h(21) = h(1) 0.001009335950 0.000889522827 − 0.000600753804 
h(20) = h(2) − 0.011182123645 − 0.009303284761 − 0.009764001895 
h(19) = h(3) 0.001515949078 0.000000088944 0.021055730143 

h(18) = h(4) − 0.016841401796 − 0.015291361288 0.024212790763 

h(17) = h(5) − 0.000497103188 0.000040946633 − 0.009184658331 
h(16) = h(6) − 0.025869195151 − 0.026637426615 − 0.031111802546 
h(15) = h(7) − 0.002918620720 0.000233774253 − 0.028867627249 
h(14) = h(8) − 0.069737081021 − 0.071876732254 − 0.070369611631 
h(13) = h(9) 0.000750571572 0.000868459021 − 0.010768995301 
h(12) = h(10) − 0.637702724615 − 0.637664804058 − 0.538827233188 
h(11) 1.572420263640 1.569503263635 1.6566495570964 

MPE (degree) 5.1763E-014 4.9648E-014 2.7205E-014 

MAMEnorm 0.0102 0.0110 0.1347 

4.2 FR Analysis of the Designed DRFODs 

The proposed NSGA-II, MOPSO, and MOSSA-based DRFODs’ marvellously 
detailed FR comparison charts are displayed in Figs. 6, 7, and 8. The FR perfor-
mance of the designed DRFODs is visually investigated in terms of absolute magni-
tude error (AME), magnitude response (MR), group delay response, phase delay 
response (−θ dprop(ω)/ω), phase response, and absolute phase error (APE). From the 
phase response plots (refer to Fig. 6a), it can be observed that almost ZPR is obtained 
for all the cases, and it is only due to the incorporation of fitness function JPHG_DRFOD 
(refer to (12)). As a result, a very small APE is observed in Fig. 6b. Also, the designed 
differentiators’ phase and group delay responses are shown in Fig. 7a-b, from which 
almost zero delay is observed for all the cases. Thus, any signal that passes through 
will produce the differentiated output with zero-phase distortion.

Figure 8a presents the MR comparison plots of all designed DRFODs and the 
ideal Riesz differentiator. It can be seen that, in comparison with the NSGA-II and 
MOPSO-based DRFODs, the MR of the proposed MOSSA-based DRFOD more 
closely resembles the ideal Riesz differentiator MR over the whole Nyquist frequency 
band. Figure 8b illustrates the AME comparison plots of the designed DRFODs in 
the dB scale, and improved performance is observed for the MOSSA-based design 
approach. 

The performance of all designed DRFODs is further investigated numerically 
using the T phase in degree, τ total in samples, TMEnorm, and MPE (in degree), 
MAMEnorm, and MAMEnorm (in dB) metrics to study its design efficacy. The 
results of the performance comparison are depicted in Table 5. Table 5 shows that
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Fig. 6 a Phase response and b absolute phase error plots of the NSGA-II, MOPSO, and the proposed 
MOSSA-based DRFODs 
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Fig. 7 a Phase delay and b group delay plots of the NSGA-II, MOPSO, and the proposed MOSSA-
based DRFODs

regarding the MPE, T phase, and τ total performance metrics, the proposed MOSSA-
based DRFOD results have sensibly superseded the corresponding metrics resulting 
from the NSGA-II and MOPSO-based designed DRFODs.

It is also noticed from Table 5 that the MAMEnorm, MAMEnorm (in dB), and 
the TMEnorm metrics obtained by the MOSSA-based DRFOD have outperformed 
the corresponding metrics resulted by the MOPSO and NSGA-II-based DRFODs. 
Therefore, from the discussions on the simulation results mentioned above, it is easily 
understood that with an almost ZPR and near-ideal MR characteristics, the proposed 
MOSSA-based DRFOD is much superior to NSGA-II and MOPSO-based DRFODs.
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Fig. 8 a Magnitude response and b absolute magnitude error plots of the NSGA-II, MOPSO, and 
the proposed MOSSA-based DRFODs

Table 5 Performance comparison of all designed DRFODs 

Phase response 

Algorithms MPE(degree) Tphase (degree) τ total (samples) 

NSGA-II 9.6703E-014 5.3291E-012 7.4917E-014 

MOPSO 5.8672E-014 5.0466E-012 6.5171E-014 

MOSSA 4.9648E-014 4.8990E-012 5.9812E-014 

Magnitude Response 

Algorithms MAMEnorm MAMEnorm(dB) Total Magnitude Error 

NSGA-II 0.0669 −23.4882 13.8406 

MOPSO 0.0652 −23.7098 9.5587 

MOSSA 0.0110 −39.1384 1.5076

4.3 Execution Time and Convergence Profile Analysis 
for Comparing MOSSA with NSGA-II and MOPSO 

The rate at which an evolutionary algorithm advances towards the global optimum 
is known as convergence speed. The efficacy of any evolutionary algorithm can be 
evaluated from the number of FEs needed to attain the minimum cost value. To 
estimate the optimised set of DRFOD coefficients, an algorithm convergence profile 
is also reported for each case of program execution (refer to Fig. 9). The number 
of FEs and execution times to find the optimal solutions is presented in Table 6. 
From Fig. 9, it is observed that MOSSA consumes the lowest number of 9100 FEs 
to reach the near-global optimal solution. The execution time evaluated for finding 
the optimal solution represents the searching efficacy of the optimisation technique. 
Table 6 shows that the MOSSA requires the lowest execution time of 58.7245 s to 
execute 9100 FEs compared to other algorithms.
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Fig. 9 Convergence profiles 
of MOSSA, MOPSO, and 
NSGA-II-based DRFODs 

Table 6 Statistical data of DRFODs 

Statistical Data Best Worst Average Median SD 

Algorithm MAME (dB) 

NSGA-II − 23.4882 − 8.9713 − 11.2459 − 11.7214 1.9854 

MOPSO − 23.7098 − 10.2216 − 13.6219 − 13.9160 1.2849 

MOSSA − 39.1384 − 32.1068 − 37.5614 − 37.7548 0.5672 

Algorithm Computational time in second 

NSGA-II 76.9725 101.8842 95.7824 96.2243 0.6827 

MOPSO 133.7560 264.9842 246.1243 251.1078 1.8741 

MOSSA 58.7245 109.7058 87.1192 90.2214 1.2172 

Algorithm Number of function evaluations needed 

NSGA-II 19,750 26,000 24,500 24,800 239 

MOPSO 10,600 21,000 19,500 19,900 268 

MOSSA 9100 17,000 13,500 14,000 120 

4.4 The Reliability and Robustness Analysis 

The reliability and robustness of the NSGA-II, MOPSO, and MOSSA in terms of 
average-case performance are examined with the help of the MAME metric, computa-
tional time, and the number of FEs required to execute the algorithm for 50 separate 
times, to evaluate various statistical parameters, namely standard deviation (SD), 
median, average, worst, and best values. The experimental results are showcased in 
Table 6. The robustness of the MOSSA for designing DRFOD is justified by the fact 
that the average MAME (dB) value is almost closer to the best MAME (dB) value. 
Moreover, the lowest SD value of 120 in terms of the number of FEs needed and an
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acceptable SD value of 1.2172 s in terms of computational time justify the robust 
behaviour of MOSSA for the DRFOD-type search optimisation problem. 

4.5 Hypothesis Testing 

Both nonparametric (Wilcoxon rank-sum test) and parametric (two-sample t-test) 
statistical hypothesis tests have been conducted using pairwise combinations of 
the proposed MOSSA and the cutting-edge employed NSGA-II and MOPSO algo-
rithms to investigate the consistency in the performance of the proposed evolutionary 
algorithm for the realisation of digital differentiators. 

4.5.1 Two-Sample t-test 

The two-sample t-test examines the null hypothesis that two samples with the same 
mean are drawn from the same population with a normal distribution [37–41]. The 
null hypothesis is rejected at a specific significance (α) or (1  − α) × 100% confidence 
level (CL), implying that the mean of the two samples of various lengths chosen from 
populations generated by two separate systems differs significantly. Below is the 
method for conducting a t-test to assess the effectiveness of the proposed algorithm. 

Step 1: As seen below, define the alternative (Ha) and null (H0) hypotheses. 
H0: There is no notable distinction in the utilised performance metric between 

the two data sets acquired for the benchmark and proposed algorithms. 
Ha: Between the two data sets, there is a significant disparity. 
Step 2: Calculate the standard deviations (S1, S2) and the means (μ1, μ2) of the  

data sets with p1 and p2 sample lengths, respectively. The benchmarked algorithm is 
represented by subscript 1, and the proposed method is represented by subscript 2. 

Step 3: Use (26) and (27) to calculate the degrees of freedom (d) and tcal, 
respectively. 

d = p1 + p2 − 2 (26) 

tcal = μ1 − μ2 /(
S2 
1 
p1 

) 
− 

(
S2 
2 
p2 

) (27) 

Step 4: From the t distribution chart, infer and choose the critical value of t (tα, d) 
for α = 0.01.
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4.5.2 Wilcoxon Rank-Sum Test 

Unlike the two-sample t-test, which requires a normal distribution of the data set, the 
Wilcoxon rank-sum test examines the null hypothesis that two samples are obtained 
from the same population without a specific kind of distribution [37]. In this study, 
the Wilcoxon rank-sum test is employed to assess the performance of the proposed 
algorithm compared to the benchmark algorithm in terms of the MAMEnorm metric 
for digital differentiators, conducted pairwise. The following is the technique for 
doing this test. 

Step 1: Define the alternate hypothesis (Ha) and the null hypothesis (H0). 
H0: Regarding MAMEnorm, no significant difference exists between the two data 

sets acquired for the benchmark algorithm and the suggested technique. 
Ha: Between the two data sets, there is a significant disparity. 
Step 2: Assume that n1 and n2 are the sample size for the benchmark and 

the proposed algorithms, respectively. Arrange the total (n1 + n2) samples with 
their corresponding ranks in ascending order. The mean ranks of contradictory 
observations should be assigned. 

Step 3: Let W1 be the total of the ranks for the benchmark algorithm’s data. Then, 
W2 is described by 

W2 = (0.5) (n1 + n2 + 1) (n1 + n2) − W1 (28) 

Step 4: Determine whether the null hypothesis should be accepted or rejected 
based on the critical value (UC) at a particular α from the Wilcoxon rank-sum test 
table [37]. This study employs two distinct values of α, such as 0.01 and 0.05. 

The solutions obtained from the two-sample t-test and Wilcoxon rank-sum test for 
the pairwise union of NSGA-II, MOPSO, and MOSSA, as depicted in Table 7, are  
the pieces of evidence that the MOSSA rejects the null hypothesis with a reasonably 
high value of CL. Hence, compared to NSGA-II and MOPSO-based designs, the 
MOSSA consistently attains the lowest value of the MAME metric.

4.6 Comparison of Percentage Improvement Among All 
the Optimally Designed DRFODs 

Figures 10 and 11 depict the percentage improvement attained by the proposed 
MOSSA compared to NSGA-II and MOPSO-based DRFODs in terms of MPE 
(PIMPE) and MAMEnorm (PIMAMEnorm) metrics, respectively.

It is ensured from Fig. 10 that in terms of the PIMAMEnorm metric, the proposed 
MOSSA-based DRFOD achieves 84 and 83% compared to NSGA-II and MOPSO-
based design approaches, respectively.
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Table 7 Results of Wilcoxon rank-sum test and t-test for the proposed DRFODs for 100 
independent runs of algorithms 

p Algorithms Wilcoxon rank-sum test Two-sample t-test 

n1 n2 Critical 
value 

W1 W2 Accept/ 
reject the 
null 
hypothesis 
(CL) 

tcal Accept/ 
reject the 
null 
hypothesis 
(CL) 

0.05 0.01 

1 NSGA-II-MOSSA 7 10 42 37 32 121 Reject 
(99.00%) 

6.7491 Reject 
(99.99%) 

6 8 29 25 25 80 Reject 
(99.00%) 

5 9 22 18 19 86 Reject 
(95.00%) 

MOPSO-MOSSA 7 10 42 37 34 119 Reject 
(99.00%) 

5.6415 Reject 
(99.99%) 

6 8 29 25 25 80 Reject 
(99.00%) 

5 9 22 18 19 86 Reject 
(95.00%)

Fig. 10 Illustration of the 
percentage improvement in 
MAMEnorm resulting from 
the MOSSA-based DRFOD 
compared with the NSGA-II 
and MOPSO-based DRFODs

Figure 11 shows that the proposed MOSSA-based zero-phase DRFOD achieves 
a PIMPE of 49 and 15% compared to NSGA-II and MOPSO-based differentiators, 
respectively.
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Fig. 11 Illustration of the 
percentage improvement in 
MPE resulting from the 
MOSSA-based DRFOD 
compared with the NSGA-II 
and MOPSO-based DRFODs

4.7 Comparative Study of the Proposed MOSSA-Based 
DRFOD with Other Reported Riesz Differentiators 

A comprehensive comparative analysis between the proposed DRFOD and digital 
Riesz DDs documented by other researchers is provided in Table 8, emphasising the 
importance of this study. In [28], Tseng et al. have employed the classical DD design 
techniques such as discrete cosine transform (DCT), Tustin’s method, and fractional 
differencing (FD) method to realise the fractional-order digital Riesz differentiators 
of order p = 0.3 and 0.5. Similarly, Kaur et al. employed the FD approach to design 
the fractional-order digital Riesz differentiator of order p = 0.6 in [22]. However, the 
design approach presented in [28] and [22] cannot be employed to design first order 
(p = 1) as well as other odd orders digital Riesz differentiators as G(z) → ∞ for odd 
values of p (refer to (6)). In this study, the design challenge, as discussed above, has 
been overcome by employing a meticulous multiobjective ECT called MOSSA.

In [28], a 99th-order FIR- and the 15th-order IIR-type digital Riesz fractional-
order differentiators (FODs) are designed. To realise 15th-order IIR-type Riesz FOD, 
32 (= 2 (15  + 1)) coefficients are required. Similarly, to realise a 99th-order FIR 
Riesz FOD, 100 (= 99 + 1) coefficients are required. The real-time implementation 
of these higher-order digital Riesz FODs has a higher computational burden due to an 
enhanced mathematical complexity. However, for a practical application like online 
ECG pre-processing, the differentiator should be computationally efficient, highly 
accurate, and lower order [4]. In this scenario, the proposed 22nd-order FIR-type 
DRFOD needs only 23 (= 22 + 1) coefficients which ensures the computational 
superiority compared to the higher-order differentiators of [22, 28] for practical 
applications. 

Moreover, the design method outlined in both Sects. 2 and 3 can be applied to 
implement both lower-order (N < 22) and higher-order (N > 22) DRFODs. It has 
been noted that the FR of the differentiator improves with increasing order, however,
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Fig. 12 Illustration of the percentage improvement in MAMEnorm resulting from the MOSSA-
based DRFOD compared with the reported DRFODs 

with an increase in computational overhead. Hence, it has become a significant 
challenge for researchers to efficiently construct the differentiator, achieving the 
desired frequency response with minimal order using optimization techniques. 

The 22nd-order DRFOD that is created in this article to produce extremely accu-
rate MR and accurate zero-phase effectively tackles this design trade-off. Moreover, 
Table 8 shows that compared to the existing digital Riesz FODs [28], the proposed 
DRFOD achieves sensibly enhanced design performances in terms of MAMEnorm 

and MAMEnorm (dB) metrics besides its computationally efficient design feature. The 
approximate MAMEnorm and MAMEnorm (dB) metrics of the reported digital Riesz 
FODs [28] are calculated from pictorial examination of the respective magnitude 
plots. Compared to the digital Riesz FOD of order p = 0.3 designed by the FD method 
(model name: FD0.3), the proposed DRFOD achieves a percentage improvement 
(PIMAMEnorm) of 82% (= (0.0600–0.0110)/0.0600) in terms of MAMEnorm metric. 
Table 8 and Fig. 12 show the PIMAME attained by the proposed DRFOD over the 
existing digital Riesz FODs in terms of the MAMEnorm metric. 

4.8 Experiment Results and Analysis 

The real-time performance of the proposed DRFOD is studied against several 
real ECG signals under noisy conditions. PhysioNet QTDB [21] ECG signals are 
employed for this purpose. The digital differentiator has played a pivotal role in the 
ECG QRS complex detection application, where the digital differentiator is used to 
generate the feature signal (differentiated output) corresponding to the QRS complex 
region [3]. The subsequent stages further process the generated feature signal to 
determine the exact location of the QRS complex [3]. The QRS detection accuracy is 
directly proportional to the feature signal generation capacity of the employed digital 
differentiator [3].
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As the noise is inherent in the ECG signal, random noise is generated and added to 
several real ECG signals. The noise-contaminated ECG signals representing several 
arrhythmia situations are fed to the proposed DRFOD to examine its robust feature 
signal generation capability, as shown in Figs. 13, 14, 15, and 16. In each figure, the 
first subplot represents the raw ECG signal representing several arrhythmias (ECG 
corrupted by high-grade muscle artefacts depicted in Fig. 13(a), irregular heart rate 
shown in Fig.  14a, high amplitude T-waves presented in Fig. 15a, and complex 
ECG pathology shown in Fig. 16a); the second subplot represents the random noise; 
the third subplot represents the noise-contaminated ECG signals, and the fourth 
subplot represents the differentiated output. Most of the reported QRS detectors fail 
to identify the exact locations of the QRS complex region for the aforementioned 
ECG arrhythmias [3]. However, the differentiated outputs shown in each figure are 
good evidence of the robust feature signal generation capability of the proposed 
DRFOD for all the aforementioned ECG arrhythmia conditions due to its almost 
zero-phase and near-ideal magnitude characteristics. Thus, it is noteworthy that the 
proposed DRFOD can be used for precise ECG QRS complex detection tasks. 
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Fig. 13 Application demonstration of the proposed DRFOD in real noise-contaminated ECG 
signal: a Raw ECG of QTDB record ID-Sel104m corrupted by high-grade muscle artefacts, 
b Random noise, c Noise-contaminated ECG, d Output of the proposed DRFOD
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Fig. 14 Application demonstration of the proposed DRFOD in real noise-contaminated ECG signal 
a Raw ECG of QTDB record ID-Sel232m representing irregular heart rate contaminated with muscle 
artefacts, b Random noise, c Noise-contaminated ECG, d Output of the proposed DRFOD
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Fig. 15 Application demonstration of the proposed DRFOD in real noise-contaminated ECG signal 
a Raw ECG of QTDB record ID-Sel230m representing high amplitude T-waves, b Random noise, 
c Noise-contaminated ECG, d Output of the proposed DRFOD
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Fig. 16 Application demonstration of the proposed DRFOD in real noise-contaminated ECG signal 
a Raw ECG of QTDB record ID-Sel213m representing complex ECG pathology, b Random noise, 
c Noise-contaminated ECG, d Output of the proposed DRFOD 

4.9 Hardware Realisation of the Proposed Model 
for QRS-Related Feature Signal Generation 

The differentiated output of the proposed DRFOD with the ZPR is further examined 
in real time by using a widely used hardware accelerator called TMS320C6713 
digital signal processor starter kit (DSK) (flash memory: 512 Kbytes, DRAM: 16 
Mbytes, and clock frequency: 225 MHz) of Texas Instrument (TI). The employed 
DSK has superior computational capability along with the power-optimised feature. 
Thus, the industry uses the DSK for mobile-based applications to extend the battery 
life. Figure 17a shows the snapshot of the experimental setup.

In the experiment, firstly, the optimised coefficients (refer to the third column of 
Table 4) of the MOSSA-based DRFOD are used to realise the differentiation stage in 
C programming language using the TI’s code composer studio (CCS) v3.1 integrated 
development environment (IDE). After debugging, the program is built and dumped 
to the digital signal processor on the DSK by using an embedded JTAG emulator with 
a USB host interface. Finally, a five-second MITDB ECG excerpt with a sampling 
frequency of 360 Hz, as shown in Fig. 17b, is applied to the differentiation stage 
realised on DSK. The corresponding differentiated output (Fig. 17c) is routed to the 
Tektronix TDS 2002B digital storage oscilloscope (DSO) through the line output 
jack of the on-board AIC23 codec. In Fig. 17c, it can be seen that the feature signal 
is generated corresponding to each QRS complex region in the input ECG signal. 
Thus, it ensures the accurate zero-phase feature of the proposed MOSSA-based
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 (a)

 (c) (b) 

Fig. 17 a Experimental set-up; (b) MITDB raw ECG record ID-100 and (c). Differentiated zero-
phase output

DRFOD. To process the ECG signal of 5 s duration, the TMS320C6713 digital 
signal processor needs only 3.86613E + 06 clock cycles. As the TMS320C6713 
digital signal processor operates with a clock rate of 225 MHz, the differentiated 
output is calculated in approximately 17.183 ms (= (1/225 MHz) × (3.86613E + 
06) clock cycles). Moreover, it needs only 9.55 μs (= 17.183 ms/(5 s × 360 samples/ 
s)) to calculate each sample, which is relatively low compared to the sampling interval 
of 2777.77 μs (= 1/360 Hz).
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5 Conclusion 

This article uses the multiobjective salp swarm algorithm (MOSSA) to imple-
ment the FIR-type zero-phase digital Riesz first-order differentiator (DRFOD). 
The MOSSA applies an evenly distributed control mechanism to enable simulta-
neous local exploitation and global exploration of the search landscape. This inno-
vative control mechanism of MOSSA amplifies the search capability. It circum-
vents premature convergence by escaping from the local optima to arrive closer 
to the global best solution in the minimum number of epochs. Due to this, accu-
rately zero-phase and highly accurate magnitude response (MR) of the proposed 
DRFOD is achieved, and it outperforms the conventional non-dominated sorting 
genetic algorithm version II (NSGA-II) and multiobjective particle swarm optimisa-
tion (MOPSO)-based DRFOD design approaches. The maximum phase error (MPE) 
and the maximum normalised absolute magnitude error (MAMEnorm) of the proposed 
MOSSA-based DRFOD are as low as 4.9648E-014 degrees and 0.0110, respectively. 
Regarding MPE, the proposed DRFOD achieves a percentage improvement (PI) of 
49 and 15% compared to NSGA-II and MOPSO-based DRFODs, respectively. 

Similarly, regarding MAMEnorm, the proposed DRFOD design achieves a PI of 
84 and 83% compared to NSGA-II and MOPSO-based designs, respectively. Finally, 
applying the MOSSA-based Riesz differentiator for generating feature signals related 
to the ECG QRS complex region is thoroughly investigated to justify the accurate 
zero-phase response of the proposed DRFOD. 
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Chapter 13 
Utilizing Cobb-Douglas Production 
Function in the Modeling of Joint 
Security and Quality of Service (QoS) 
in 5G Network 

Tiew On Ting , Su Fong Chien , and Arash Bozorgchenani 

1 Introduction 

In this modern era, the advent of 5G networks promises unprecedented connectiv-
ity, enabling a wide range of applications from autonomous vehicles to smart cities. 
However, this increased connectivity also exposes the network infrastructure to new 
security threats [ 1– 3]. Intrusion detection systems (IDS) play a critical role in safe-
guarding 5G networks by identifying and mitigating numerous forms of threats. 
Simultaneously, maintaining high-quality service delivery is essential to meet user 
expectations, ensuring high throughput of the wireless network. 

Traditionally, security and quality of service (QoS) have been treated as separate 
concerns. Security mechanisms, such as firewalls and encryption, are deployed to 
protect against attacks, while QoS mechanisms ensure efficient data transmission. 
However, the interplay between security and QoS is complex. For instance, deploying 
stringent security measures may impact network performance, leading to latency 
or packet loss. Conversely, prioritizing QoS over security may leave the network 
vulnerable to attacks, compromising its integrity. 

In this context, our research aims to bridge the gap between security and QoS in 
5G networks. By addressing the trade-offs between security and QoS, we pave the 
way for more resilient and responsive 5G networks. We propose a joint modeling 
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approach that considers both aspects simultaneously. By adopting the notion of inte-
grating security requirements with QoS constraints, we seek to enhance intrusion 
detection while minimizing the impact on service quality. Our work contributes to 
the development of efficient and adaptive intrusion response mechanisms that strike 
the right balance between security and user experience. 

The rest of the book chapter is structured as follows. Section 2 presents the orig-
inal formulation of joint security and QoS in 5G network. Section 3 reformulates 
the optimization model, taking the inspiration from the exponential term avail-
able in the Cobb-Douglas Production function. Furthermore, Sect. 4 presents the 
parameter sensitivity analysis for the two parameters of interest, namely .α1 and 
. α2. In Sect. 5, we design a small case study and demonstrate feasible solutions 
via Binary Integer Programming and Quadratic Unconstrained Binary Optimiza-
tion (QUBO) methodologies. Lastly Sect. 6 concludes the paper with suggestions to 
future works. 

2 Original Formulation 

The modeling starts by presenting the excerpts from the original formulation, adopted 
from previous work [ 4]. However, the firmware utility attacks were not considered 
in the work as only the software utility attacks were considered. In this work, both 
firmware attacks .H and software attacks .K are considered in the problem formula-
tion. Prior to this, the knowledge of the nature of both attacks is essential to under-
standing the insights of the problem formulation presented in this work. As such, 
both threats are discussed in the following paragraphs. 

Firmware is the low-level code that runs directly on hardware components, such 
as baseband processors in 5G devices or network infrastructure components like 
routers and base stations. Some common attacks involving firmware are: 

i. Firmware Tampering—Attackers may modify or replace the firmware on net-
work devices, 

ii. Firmware Contamination—Attackers embed malicious code in the firmware 
during the manufacturing of the device, and 

iii. Firmware Exploits—Attackers exploit vulnerabilities in the firmware to gain 
control or execute arbitrary code. 

In the context of 5G networks, the software includes the operating systems, appli-
cations, and protocols that manage and facilitate network operations and user inter-
actions. The vast applications of the software also mean that it is more exposed to 
vulnerabilities, such as malware, ransomware, Denial-of-Service (DoS), Man-in-the-
Middle (MitM) attacks. 

Hereby, it is worthwhile noting that this work does not aim to present an accurate 
model representing the actual scenario. Rather, our focus here is to investigate the
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effective solution to the optimization model by incorporating the Cobb-Douglas pro-
duction function and conducting the parameter sensitivity analysis from the proposed 
model. 

2.1 Security Function 

A heterogeneous network architecture comprises of many network components such 
as smartphones, tablets, laptops, IoT devices, base stations, servers. Notably, these 
devices are susceptible to cyberattacks. To mitigate the exploding network attacks, 
the Security Agent (SA) is required to monitor, detect, and respond to security threats. 
These security agents are either software or hardware component deployed within an 
organization’s IT infrastructure to protect systems by providing continuous surveil-
lance and enforcing security policies. 

Taking the inspiration from previous works in [ 4, 5], we consider the following 
security utility function: 

.γ sec
m (Lm) = K ,

mn(Lm)

K + K̄
+ H ,

mn(Lm)

H + H̄
(1) 

where 

.Lm is an integer number representing the security level detected by an mth 
Security Agent (SA) where .Lm ∈ {1, . . . , N }, 

.K ,
mn(Lm) is the number of detected software attacks at .Lm detection level, 

.K is the number of known software attacks, 

.K̄ is the number of unknown software attacks, 
.H ,

mn(Lm) is the number of detected firmware attacks at .Lm detection level, 
.H is the number of known firmware attacks, and 
.H̄ is the number of unknown firmware attacks. 

In terms of network security, the aim here is to maximize (1), which entails finding 
the maximum number of attacks in a network. This ensures the high security of a 5G 
network against any potential cyberattacks. 

2.2 Quality of Service (QoS) Function 

QoS is a network measure that determines quality and ranks the priority of data traffic 
transmission on a network. It ensures various data traffic such as voice, video, and 
data, receive appropriate service levels. The QoS of a network consists of three main 
components, given by: 

.γ QoS
m (Lm) = B(Lm) + η(Lm) + ψ(Lm) (2)
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where 

.B(Lm) is the bandwidth consumption (in unit [bps] by a SA for the detection level 
.Lm , 

.η(Lm) is the consumed computational resources (in unit [s]) by a SA for the detec-
tion level .Lm , and 

.ψ(Lm) is the monetary cost (in unit [$]) by a SA for the detection level .Lm . 

To acquire the equally contributing quantitative fraction of each component above, 
all three components are normalized using the ubiquitous formula: 

.X̃ = X − Xmin

Xmax − Xmin
(3) 

Choosing .Xmin = 3.33 and .Xmax = 33.33 will constrain the normalized values 
within the range .3.33 ≤ X̃ ≤ 33.33, and thereby . 10 ≤ γ QoS

m (Lm) ≤ 100. Hence, 
performing normalization to the three quantities in (1) results in: 

.γ QoS
m (Lm) = B̃(Lm) + η̃(Lm) + ψ̃(Lm) (4) 

We aim to minimize the expression (4) above. However, to be consistent with the 
maximization of the security function (1), the minimization of (4) is converted into 
a maximization through inversion, as follows: 

.γ QoS
m (Lm) = 1

B̃(Lm) + η̃(Lm) + ψ̃(Lm)
(5) 

2.3 Security and QoS Function 

With respect to security and QoS, both objective functions are now combined into a 
single objective function by direct addition, which can be written as follows: 

.γm(Lm) = γ sec
m (Lm) + γ QoS

m (Lm) (6) 

Here, by introducing two positive weights,. α and. β (.α + β = 1), multiplying each 
weight to each of the terms in (6), we obtain the following function: 

.γm(Lm) = αγ sec
m (Lm) + βγ QoS

m (Lm) (7) 

Further, the aforementioned optimization problem can be written as: 

. Maximize
Lm

{
M∑

m=1

γm(Lm)

}
(8)



13 Utilizing Cobb-Douglas Production Function … 289

It is known that .Lm ∈ R
M is the decision vector that holds the detection level for 

the.mth SA. In this case,.n ∈ {1, . . . , N }. The vector.Lm can be further expanded into 
a two-dimensional matrix, i.e., .L ∈ R

M×N. 
Next, considering the decision matrix .X ∈ R

M×N where each element . xm,n ∈
{0, 1} is a binary number. This means that when .xm,n = 1, the .nth detection level in 
matrix .Lm,n is selected by the .mth SA. 

Taking into account the binary decision variables, which is the inclusion of matrix 
. X into (8), resulting in a complete optimization model: 

.P2 :Maximize
X,L

{
M∑

m=1

N∑
n=1

[
αγ sec

m,n(Lm,n) + βγ QoS
m,n (Lm,n)

]
xm,n

}
(9) 

subject to 

.. C1 α + β = 1

C2
L∑

l=1

xm,l ≤ 1 ∀m,

where 

.C1 ensures total of the two coefficients to be unity, and 

.C2 assures that each SA is assigned either none or only one detection level. 

The optimization problem above assigns the detection level to the SAs while con-
sidering the trade-off between the security detection efficiency and the QoS. 

The following section illustrates basic principles of Cobb-Douglas production 
function and demonstrates how we can utilize this function to convert the optimization 
model depicted in (9) into a new optimization model. The advantages of this new 
model will be discussed in the same section. 

3 Cobb-Douglas Production Function 

The Cobb-Douglas production function is an econometric model that demonstrates 
how input affect production [ 6– 9]. It is a specific functional form of the production 
function, widely used to represent the relationship between the input quantities, 
particularly physical capital and labor, and the resulting outputs. Developed and 
tested against statistical evidence by Charles Cobb and Paul Douglas between 1927 
and 1947, it became known as the Cobb-Douglas production function [ 6, 7]. In a 
nutshell, the Cobb-Douglas production function can be written as 

.Q(K , L) = AK αLβ (10)
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where 

.Q is the output produced from inputs .K and . L , 

.L is the labor investment: the amount of labor expended, which is typically 
expressed in hours, 

.K represents the capital investment: the amount of physical capital input, such 
as the number of hours for a particular process, 

.A denotes the total factor productivity (TFP) that measures the change in output 
that is independent of the inputs, and 

.α, β are constants reflecting the output elasticity of the inputs, with . α + β = 1

From the production function above, it is observed that the Cobb-Douglas function 
has two distinctive parameters. α and. β that control the elasticity of two input factors, 
namely labor . L and capital . K . This is in-line with the two fundamental functions in 
the context of a secure 5G network, considering both security . S and QoS (denoted 
as . Q) in the problem formulation. The following subsection describe this in detail. 

3.1 Novel Formulation of Security and QoS Based 
on Cobb-Douglas Theory 

By adopting a similar strategy as in our previous work [ 5], we reformulate the opti-
mization model in (9) based on Cobb-Douglas theory. Upon comparison of the Cobb-
Douglas function with (9), we highlight some interesting observations below: 

i. There are two main components in both functions (9) and (10): security & QoS 
and .K &. L , 

ii. Both functions contain coefficients. α and. β, which play similar roles in general, 
and 

iii. In both functions, .α + β = 1. 

We start by applying the natural log to (10), 

. ln Q(K , L) = ln (AK αLβ)

= ln A + ln K α + ln Lβ

= ln A + α ln K + β ln L (11) 

By comparing (11) to (7), 

. ln A = 0

A = e0

A = 1
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. α ln K = αγ sec
m (Lm)

ln K = γ sec
m (Lm)

K = exp(γ sec
m (Lm))

. β ln L = βγ QoS
m (Lm)

ln L = γ QoS
m (Lm)

L = exp(γ QoS
m (Lm))

As such, substituting the values above into (10) gives the following: 

.Q(Lm) = [
exp(γ sec

m (Lm))
]α [

exp(γ QoS
m (Lm))

]β
(12) 

3.2 New Optimization Model Based on Cobb-Douglas 
Function 

Referring to original optimization model in (9), the maximization model can thus be 
revised as: 

. P2 :Max
X

{
M∑

m=1

N∑
n=1

[(
K ,

mn

K + K̄
+ H ,

mn

H + H̄

)α,
1

×
(

1

B̃ × η̃mn × ψ̃mn

)α,
2

]
xmn

}

(13) 

. C1.1 :
N∑

n=1

xmn ≤ 1, ∀m

C1.2 :
N∑

n=1

(
H ,

mn

H + H̃

)
xmn ≥ δs, ∀m

C1.3 :
N∑

n=1

Bmnxmn ≤ δb, ∀m

C1.4 :
N∑

n=1

ηmnxmn ≤ δη, ∀m

C1.5 :
N∑

n=1

ψmnxmn ≤ δψ, ∀m

C1.6 : xmn ∈ {0, 1}, ∀m and n
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where .X ∈ R
M×N is the decision matrix where each element is binary (i.e., . xmn ∈

{0, 1}) representing the . nth detection level for the . mth SA. The decision vector 
.L ∈ R

M represents the detection level for the SAs, and coefficients .α1 and .α2 are 
specified in general form, 

.α,
i = αi

1 − αi
(14) 

Here, the summation .α1 + α2 = 1. From the optimization model (13), we observe 
the following: 

i. The software and firmware securities are both a decimal value well below 1. 
ii. The second term is a value within one as all the QoS factors (.B̃mn, η̃mn, and.ψ̃mn) 

are values larger than one. We can keep the initial normalization in [3.3. −33.3] 
for each component, thereby ensuring the second term to be well below zero. 

We would like to note that the mathematical model presented here is slightly differ-
ent from model in our previous work, given by equation (14) in [ 5]. Note that the 
preliminary terms in (13) are added instead of multiplied as in [ 5]. Based on our 
analysis, this minor difference does not affect the final solution obtained. 

4 Graphical Parameter Analysis 

This section investigates the sensitivity of relevant parameters to better understand 
their effect in the new optimization model. 

4.1 Analysis on . α parameter 

Here, a graphical analysis of the impact of . α is conducted to demonstrate its effect 
on the optimization problem given in (9), considering both .α,

1 and . α,
2. 

.α,
i = αi

1 − αi
(15) 

The values of .α,
i are calculated based on the formula above for the respective . αi

values, as depicted in Table 1. For simplicity, we assume the following simplified 
notations: 

.S = K ,
mn

K + K̄
+ H ,

mn

H + H̄

Q = 1

B̃ × η̃mn × ψ̃mn
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Table 1 Respective.α,
1 and.α,

2 values calculated from (15) 

.α1 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

.α,
1 1.00 0.11 0.25 0.43 0.67 1.00 1.50 2.30 4.00 9.00 . ∞

.α2 1.0 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 0.0 

.α,
2 .∞ 9.00 4.00 2.30 1.50 1.00 0.67 0.43 0.25 0.11 1.00 

Fig. 1 Observations for.α1 versus.Sα,
1 × Qα,

2 for three conditions of S and Q pairs 

Hence, the core part of (9) is then 

.Sα,
1 × Qα,

2 (16) 

Furthermore, we are interested in observing the effect of .α1 versus . Sα,
1 × Qα,

2

under three different conditions: 

i. .S > Q: Let .S = 0.9 and . Q = 0.1
ii. .S = Q: Let .S = 0.5 and . Q = 0.5
iii. .S < Q: Let .S = 0.1 and . Q = 0.9

One important observation from the three curves depicted in Fig. 1 is that all three 
plots are concave, each having a maximum point. This leads to the insight that we 
can locate a maximum point at the turning point where 

. 
d(Sα,

1 × Qα,
2)

dα1
= 0

With this strategy, we obtain the optimal value of .α1 as provided in (27). The proof 
from the derivation process is presented in Sect. 4.3.
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Fig. 2 Three elasticity scenarios in Cobb-Douglas function 

4.2 Output Elasticity Based on Cobb-Douglas Function 

Output elasticity in the context of the Cobb-Douglas production function and quality 
of service (QoS) in network systems is highly relevant because it helps understand 
how changes in inputs affect outputs and, consequently, the quality of the service pro-
vided. In the Cobb-Douglas production function, elasticity measures how responsive 
an output is to changes in inputs, specifically: 

i. Output Elasticity of Capital (. α)—This measures the change in output resulting 
from the change in the capital input. 

ii. Output Elasticity of Labor (. β)—This measures the change in output resulting 
from the change in the labor input. 

Further, we investigate the elasticity of the output based on . α and . β. Output 
elasticity measures the responsiveness of output to a change of (10) by either capital 
.K or labor . L in production, as interpreted below: 

i. Elasticity 1: .α + β = 1, scaling of inputs .K and . L will also scale the output. 
This means doubling usage of capital K and labor L function display constant 
returns to scale, meaning that doubling the usage of capital .K and labor . L will 
also double its output. 

ii. Elasticity 2:.α + β < 0 ,returns to scale are decreasing. It means that the increase 
in capital .K and labor . L will produce slightly less output. 

iii. Elasticity 3:.α + β > 0, returns to scale are increasing. It means that the increase 
in capital .K and labor . L will produce slightly higher output. 

The graphs in Fig. 2 are drawn based on different values of .α + β: . α + β =
1, .α + β = 0.8, and .α + β = 1.2. This analysis adopts relevant values of . S = 0.5
and .Q = 0.5. The interpretation from the observations of the three graphs is that 
increasing .α + β shifts the maximum point to the right side.
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4.3 The Optimal .αi Parameter Value 

By equating both .α,
1 and .α,

2 in terms of . α1, from (15), we know that 

.α,
1 = α1

1 − α1
(17) 

. α,
2 = α2

1 − α2

Substituting .α2 = 1 − α1, we obtain 

. α,
2 = 1 − α1

1 − (1 − α1)

= 1 − α1

α1
(18) 

Now, assuming 

. S = K ,
mn

K + K̄
+ H ,

mn

H + H̄

Q = 1

B̃ × η̃mn × ψ̃mn

Thus we have the following functions 

. s(α1) = S
α1

1−α1

q(α1) = Q
1−α1
α1

The derivation for the above functions are 

. s ,(α1) = S
α1

1−α1 · ln S · 1

(1 − α1)2

= S
α1

1−α1

(1 − α1)2
· ln S

q ,(α1) = Q
1−α1
α1 · ln Q ·

(
− 1

α2
1

)

= −Q
1−α1
α1

α2
1

· ln Q

Next, we substitute .s(α1), .Q(α2), (17), and (18) into (13), resulting in
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. f (α1) = S
α1

1−α1 × Q
1−α1
α1

To find the maximum value of . f (α1), we find its derivative, which is equivalent to 
zero. Applying the chain rule for the derivation of (19) 

. 
d f (α1)

dα1
= S

α1
1−α1 (q ,) + Q

1−α1
α1 (s ,)

= S
α1

1−α1

(
−Q

1−α1
α1

α2
1

· ln Q

)
+ Q

1−α1
α1

(
S

α1
1−α1

(1 − α1)2
· ln S

)

=
(

− S
α1

1−α1 Q
1−α1
α1

α2
1

· ln Q

)
+

(
S

α1
1−α1 Q

1−α1
α1

(1 − α1)2
· ln S

)
(19) 

To find the optimal . α1, the  (19) above is equivalent to zero, results in 

.
S

α1
1−α1 Q

1−α1
α1

(1 − α1)2
· ln S = S

α1
1−α1 Q

1−α1
α1

α2
1

· ln Q (20) 

Simplifying the equation, noting that the terms with. S and.Q can be canceled out 
on both sides, the following equation is obtained: 

.
ln S

(1 − α1)2
= ln Q

α2
1

(21) 

Next, moving all squared terms to the left side results in 

.

(
α1

1 − α1

)2

= ln Q

ln S
(22) 

Perform square root to both sides, 

.
α1

1 − α1
=

/
ln Q

ln S
(23) 

Multiply both sides by (.1 − α1) gives  

.α1 = (1 − α1)

/
ln Q

ln S
(24) 

Expanding the term on the right side, 

.α1 =
/
ln Q

ln S
− α1

/
ln Q

ln S
(25)
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Then collecting the similar factor .α1 on the left side results in 

.α1

(
1 +

/
ln Q

ln S

)
=

/
ln Q

ln S
(26) 

Finally, we obtain the factor . α1, 

.α1 =
/

ln Q
ln S(

1 +
/

ln Q
ln S

) (27) 

In order to prove the maximum point, we substitute .S = Q and obtain .α1 = 0.5. 
From this outcome, it is evident from Fig. 1 that this is indeed the maximum point. 

5 Results and Discussions 

We adopt Quadratic Unconstrained Binary Optimization (QUBO) approach in find-
ing a feasible solution to the formulated problem. Prior to the solution, a small case 
study representing the real world scenario is designed and presented in this section. 

5.1 Quadratic Unconstrained Binary Optimization (QUBO) 

QUBO is a mathematical formulation used in the field of quantum computing and 
optimization problems [ 10– 15]. It represents optimization problems in a specific 
format suited for quantum annealing devices, such as D-Wave’s quantum annealers. 
In a QUBO formulation, the goal is to minimize a quadratic objective function subject 
to binary variables. These binary variables can only take on two values, typically 
denoted as 0 and 1. The general form of a QUBO problem is as follows: 

.minx

(
n∑
i

Qi xi +
n∑
i

Qi j xi x j

)
(28) 

where 

.xi are the binary variables, 

.Qi are the linear coefficients, 

.Qi j are the quadratic coefficients.
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The objective in this optimization model is to find the assignment of binary values 
.xi that minimizes the overall value of the quadratic expression. 

QUBO problems arise in various fields, including combinatorial optimization, 
machine learning, and logistics, among others. Quantum annealers, such as those 
provided by D-Wave, are specialized devices designed to solve QUBO problems 
efficiently by exploiting quantum effects like quantum tunneling and entanglement. 
Researchers and practitioners often transform optimization problems from their orig-
inal form into QUBO form to leverage quantum annealing capabilities or other opti-
mization techniques suited for QUBO problems. 

To solve the function in the previous subsection . f (x) = 4.00x1 + 3.63x2 +
3.08x3 + 2.86x4 + 2.67x5 using QUBO, we need to express it in quadratic form, 
then construct the corresponding QUBO matrix. 

First, we need to identify the quadratic terms in the function. Since there are no 
quadratic terms (no .x2i terms), we only have linear terms. To represent linear terms 
in a QUBO matrix, we need to square them. This allows us to create a quadratic 
function in terms of binary variables. We introduce penalty terms to ensure that each 
variable is either 0 or 1. Here’s how it is accomplished: 

i. Square each linear term: 
.(4.00x1)2 = 16.00x21 , 
.(3.63x2)2 = 13.1769x22 , 
.(3.08x3)2 = 9.4864x23 , 
.(2.86x4)2 = 8.1796x24 , 
. (2.67x5)2 = 7.1289x25

ii. Introduce penalty terms for each variable to ensure they are binary (0 or 1): 
. −2x1 + 2x22 − 2x23 + 2x24 − 2x25

Now, we combine all terms to form the QUBO function: 

. f (x) = 16x21 + 13.1769x22 + 9.4864x23 + 8.1796x24 + 7.1289x25 − 2x1 + 2x2 − 2x3 + 2x4 − 2x5

To represent this in a QUBO matrix form, we set the coefficients of the quadratic 
terms along the diagonal of the matrix, and the linear coefficients as the off-diagonal 
elements. Since there are no cross-product terms, the off-diagonal elements will be 
zero. 

. Q =

⎡
⎢⎢⎢⎢⎣
16 0 0 0 0
0 13.1769 0 0 0
0 0 9.4864 0 0
0 0 0 8.1796 0
0 0 0 0 7.1289

⎤
⎥⎥⎥⎥⎦

The linear terms can be stored in a separate vector, . h: 

.h = [−2, 2,−2, 2,−2]
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With this QUBO matrix .Q and linear vector . h, the QUBO solver is utilized to find 
the optimal solution .X = [0, 0, 0, 0, 1] and . f (X) = 2.67, which is similar to the 
solution by Binary Integer Programming. 

6 Conclusions 

In this work, we present the formulation of the optimization problem, considering 
both joint security and QoS utility functions based on Cobb-Douglas production 
function theory. Subsequently, we conduct a series of parameter analyses to inves-
tigate the effect on the cost function with variations in relevant parameter values 
(.α1 and . α2). Additionally, we provide a mathematical proof for the optimality of 
. α1. Before concluding, we present a small case study demonstrating a feasible solu-
tion using the Binary Integer Programming method and the prominent Quadratic 
Unconstrained Binary Optimization (QUBO) strategy. 
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Chapter 14 
Enhancing Low-Dose SPECT 2D 
Reconstruction from One-Dimensional 
Projections By Using Conditional 
Generative Adversarial Networks 
for Improved Image Quality 

Adis Alihodzic 

1 Introduction 

SPECT is a medical procedure that utilizes single-photon emission computed tomog-
raphy [ 6, 19, 46]. This imaging technique was established on gamma-ray projection 
and is across the board in clinical practice and research. In general, it is well-known 
that gamma rays from SPECT devices induce a confident capacity of danger to human 
health and seriously increase the chance of cancer in people [ 6]. Consequently, in 
clinical practice, it is strongly advised that the radiation dose be reduced to the lowest 
possible level [ 5]. Deflating radioactive radiation indicates generating poorer pro-
jection data that include a smaller number of photons, which ultimately results in 
the reconstructed images being affected by high Poisson noise, extreme antiques, 
and small resolution, directly affecting the diagnostic accuracy [ 49]. Hence, it is a 
very challenging problem in SPECT to achieve a high-quality reconstructed image 
while keeping the radiation dose low. Algorithms used for 2D image reconstruction 
from 1D projections have been divided into two groups. The first group consists of 
algorithms based on mathematical analytic techniques, such as Filtered back pro-
jection [ 3] and Fourier’s slice theorem [ 14], while the second group of algorithms 
refers to algebraic iterative reconstruction techniques [ 7, 22, 38, 42]. Until recently, 
filtered back projection was the prevailing method for reconstructions in X-ray CT 
and most SPECT and PET reconstructions [ 13, 25, 50]. The disadvantages of fil-
tered back projection algorithms are that they require much scanning and filtering, 
i.e., it is hard to establish a compromise between blur and noise [ 21]. Alternatively, 
algebraic reconstruction algorithms based on iterations are more adaptable but less 
efficient than filtered-back projection algorithms. Compared to analytical techniques 
for image reconstruction (such as filtered back projection), the algebraic iterative 
reconstruction techniques perform reconstruction with a lower dose of radiation, so 
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the quality of the reconstructed image is kept. However, some studies show that these 
techniques still generate images in which the loss of low-contrast abnormalities was 
observed, as well as changes in the appearance, streak artifacts, and structure of the 
image itself [ 29]. In addition to the mentioned deterministic algorithms for tomog-
raphy, metaheuristics are also used in the literature, such as genetic algorithm [ 45] 
and evolutionary algorithm [ 4]. In the last few years, in addition to the mentioned 
approaches, several other modifications have been proposed to obtain better recon-
structions at low doses of radiation, that is, for a small number of projections [ 11, 15, 
27, 44]. Guided by the ALARA (as low as reasonably achievable) paradigm, artifi-
cial intelligence algorithms have been exploited in medical imaging in the last few 
years to achieve the best possible quality of the reconstructed image at low radiation 
doses. These algorithms promise to preserve the quality of the reconstructed image 
for very low doses of radiation. These techniques can be classified into three classes 
[ 40, 41]. The first class contains algorithms combining traditional iterative recon-
struction algorithms with deep neural networks to create new architectures of deep 
neural networks [ 52]. The second class of algorithms is related to the non-filtering 
or pre-processing of projection data (sinograms) utilizing deep neural networks to 
decrease noise on the original sinogram and accomplish the reconstruction of the 
enhanced (filtered) sinogram by operating classic approaches of image tomography 
[ 12, 30]. The third class uses reconstructed images obtained at low radiation doses 
as input to a convolution network to generate high-resolution images. This class is 
characterized by the exploitation algorithms, such as deep convolutional neural net-
works (DCNN) [ 10, 26], DenseNet and deconvolution [ 53], a deep encoder-decoder 
(EA) network [ 9, 23], and generative adversarial networks (GAN) [ 17, 51] and vari-
ants [ 34]. The ensuing sections in this paper are positioned as obeys. In Sect. 2, the  
techniques for image reconstruction are presented in detail. Section 3 illustrates the 
problem of SPECT reconstruction and how generative adversarial networks (GANs) 
and conditional generative adversarial networks (CGANs) are involved in SPECT 
reconstruction at low radiation doses. In Sect. 4, an experimental analysis related to 
data preparation, evaluation of the obtained results, and their comparison with con-
ventional algorithms for low-dose image reconstruction was performed. This section 
has also been devoted to discussing the outcomes achieved. The last section is booked 
for a summary of the chapter. 

2 Conventional Techniques for Image Reconstruction 

2.1 Filtered Back Projection 

Traditional techniques for 2D image reconstruction from 1D projections (sinogram) 
initially employed back projection .B(x, y) in medical image analysis (CT, SPECT, 
et al.) [ 3, 20, 37]. Back projection is defined related the sinogram, i.e., the Radon 
transformation . f̃ (ρ, θ) as follows
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.B(x, y) =
π{

0

f̃ (x cos θ + y sin θmθ)dθ, (1) 

where the parameters. ρ and. θ are utilized to determine the location of the line. l pierced 
by the parallel lines (rays) perpendicular to it. Since back projection generates visible 
image blur, filtered back projection (FBP) is operated instead based on high-pass 
filters, such as Ram-Lak, Butterworth, Hann, Shepp-Logan, and Cosine [ 3]. Although 
iterative methods for image reconstruction are preferred for better reconstruction 
quality and noise reduction, filtered back projection is still used because of its speed, 
simple implementation, shallow use of computer resources, and more straightforward 
mathematical interpretation compared to iterative methods. The FBP is defined by 

. f (x, y) =
π{

0

f̃ (x cos θ + y sin θ, θ)dθ, (2) 

where operator . f̃ is given by 

. f̃ (ρ, θ) = 1√
2π

F−1
s→ρ

[
|s|Fρ→s( f̃ (ρ, θ))

]
, (3) 

while.F and.F−1 are the 1D and the inverse 1D Fourier transforms respectively, and 
.|s| is high-frequency filter. 

2.2 Iterative Reconstruction Techniques 

Unlike filtered back projection (FBP), iterative reconstructive techniques consume 
incomparably more resources and are usually evaluated on graphics processing units. 
However, in most cases, these techniques successfully solve the problems caused by 
FBP techniques. One frequently used iterative technique for image reconstruction 
is the SIRT (Simultaneous Iterative Reconstruction Technique) [ 8, 18]. This tech-
nique iteratively updates the image so the reconstruction rate is gradually sweetened 
from iteration to iteration. The description of the steps of this technique is given in 
Algorithm 1. 

Algorithm 1: Pseudocode of SIRT technique 

Input: Projection data, i.e., the sinogram. p of the image being reconstructed. 
Step 1: Initialization of the reconstruction image.x0 to arbitrary gray level values, 

e.g., all pixels of the image.x0 can have an intensity equal to zero. The number of 

iterations . n and the convergence parameter . α are set to predefined values.
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Step 2: for .i = 0, 1, 2, · · · , n do 

a) Projection calculation .p(i) = Wx(i), where the matrix .W is the image 

transformation in the projection space. 

b) The determination of the error .ei = p − pi as the difference between the 

original . p and the estimated sinogram. pi . 

c) Iterative update of the reconstruction image .xi by using the formula 

. xi+1 = xi + αWT ei .

Output: The reconstructed image .xn+1 due to the projection data . p. 

In the pseudo-code of Algorithm 1, the application of the matrix.W to the image. x(i)

represents a forward projection, while the multiplication of the matrix .WT with the 
error .e(i) refers to the inverse operation, i.e., to the weighted back projection. 

2.3 Iterative Statistical Reconstruction Techniques 

In this section, statistical iterative reconstruction techniques will be described. With 
these techniques, projection data are not assumed to be modeled by line integrals, 
as with analytical methods (filtered back projection). During reconstruction, these 
methods consider factors such as the SPECT or PET device’s attenuation, scattering, 
and detector resolution. It is known that detectors produce fogging or noise during 
operation, which is usually modeled using some distribution. For example, the Pois-
son distribution is used in the OSEM (Ordered Subset Expectation Maximization) 
method [ 54]. Since the OSEM algorithm is a modification of the MLEM (Maximum 
Likelihood Expectation Maximization) algorithm, the MLEM algorithm will be first 
described below [ 43]. Let it be necessary to find the reconstruction image . x if the 
weight matrix .A and the measured data (projections) . p are known. The matrix . A
tells about the probability of detecting an event through a particular projection. More 
specifically, it contains information about how each pixel in the image contributes to 
the measurement at each detector for each projection angle. Namely, for each pair 
of detectors and pixels in the image, the value in the matrix tells how much the pixel 
contributes to the measurement at that detector. It can be determined by factors such 
as the distance between the pixel and the detector, the absorption of photons as they 
pass through the tissue, and other characteristics of the SPECT scanning system. A 
Poisson distribution with a mean value of.Ax is always associated with measurements 
or projections . p. Approximate determination of the image . x is reduced to solving 
the following optimization problem using maximum likelihood estimation 

.

minimize
x

f (x)

subject to x ≥ 0,
(4)
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where . f is the negative log-likelihood function defined by 

. f (x) = 1TAx − pT lnAx. (5) 

Since the function . f (x) is convex, each of its local minimums is also global on the 
domain where it is defined, so searching for the reconstruction image . x is reduced 
to the use of the projected subgradient method 

.xk+1 = [xk − αk∇ f (xk)]+ (6) 

where the parameter . α indicates the speed of convergence, i.e., the step size of the 
algorithm, while the operator .[·]+ is used to set the negative elements of the vector 
to zero. The gradient .∇ f (xk) of the function . f at the point .xk is given by 

.∇ f (xk) = AT (1 − p/Axk). (7) 

The equation that describes the classic MLEM algorithm is obtained when the gra-
dient.∇ f (xk) is included from the last equation in Eq. (6), and for the step size.αk in 
. k iteration takes this estimate .αk = xk/AT 1. Thus, the reconstruction of image . x is 
iteratively found using the following MLEM algorithm 

.xk+1 = c
xk

AT 1
AT p

Axk
, (8) 

where . c represents the scaling constant, while the expressions both .p/Axk and 
.xkA Tp/Axk represent forward projection and back projection, respectively. 

The OSEM algorithm improves the original MLEM algorithm, which relies on 
enhancing the speed and efficiency of iterative image reconstruction. The OSEM 
algorithm, unlike the MLEM algorithm, instead of utilizing all projections at once, 
splits the data into smaller subsets, which are usually chosen and established on some 
order, for example, even and odd projections. OSEM algorithm, exploiting smaller 
subsets, encourages quicker convergence of the algorithm. In addition, the division 
of projections into subsets supports their independent processing, so their process-
ing can be parallelized and decrease the reconstruction time, ultimately affecting 
the overall time needed to acquire the final image. Also, the OSEM algorithm can 
possess additional regularization techniques to improve the stability and quality of 
image reconstruction. It is usually more flexible than the classic MLEM algorithm 
and can be adapted for different detector geometries or different characteristics of 
the measured data (projections). In this paper, for comparative analysis, several types 
of statistical iterative techniques will be exploited, such as OSEM (Ordered Subset 
Expectation Maximization) [ 54], BSREM (Block Sequential Regularized Expecta-
tion Maximization) [ 31, 47] and KEM (Kernel expectation maximum) [ 16, 48].
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3 Application of Conditional Generative Adversarial 
Networks (CGANs) for SPECT Reconstruction 

3.1 Generative Adversarial Networks (GANs) 

Generative adversarial networks (GANs) are unsupervised training models in which 
the generator .G (neural network) tries to learn patterns in data to produce new 
(unseen) data. These networks consist of two parts (generator and discriminator) 
that fight against each other. The generator .G(·) at the input receives a vector of 
random values.z ∼ pz and transforms it into a fake (generated) data.G(z) ∼ pg which 
tries to approximate the accurate data .x ∼ pdata. The discriminator .D(·, ·) acquires 
accurate data .x ∼ pdata and generated data .G(z) ∼ pg , and it tries to determine 
which of them are generated (false) or real. It indicates that if the generator . G(z)
deceives the discriminator .D(x,G(z)), the discriminator (binary classifier) will not 
classify the generated data as false, so it must be further improved. On the other hand, 
whenever the discriminator succeeds in distinguishing the generated from real data, 
the generated data must be updated (fixed) because it is not good enough. Since the 
discriminator is a binary classifier, it can be found by maximizing the loss function 
(binary cross-entropy) as follows 

. max
D

[
log D(x) + log(1 − D(G(z)))

]
. (9) 

Knowing that the generator.G(·)wants to trick the discriminator.D(·, ·), i.e., to make 
him believe that the data generated by .G(·) is authentic, it implies that .G(·) can be 
got in this way 

. min
G

[
log(1 − D(G(z)))

]
. (10) 

Based on the last two relations, the generator and discriminator can be found as 
follows 

. min
G

max
D

[
log(D(x)) + log(1 − D(G(z)))

]
. (11) 

According to the last relation, the goal of GANs is to find.G(·) and.D(·, ·) such that 
the generated data .G(z) is as similar as possible to the actual data . x. In other words, 
training the network aims to achieve the global optimum, i.e.,.pg = pdata. Alternating 
GAN training involves training the discriminator first, followed by the generator, and 
repeating this process. During the discriminator’s training, the generator’s parameters 
are fixed, and the discriminator learns to determine the weaknesses of the present 
generator in order to successfully distinguish the true data from the generated ones. 
Analogously, the discriminator’s parameters were fixed while the generator was 
training. Due to the concurrent search for gradient descent of the generator and 
discriminator loss functions, the disadvantages of generative adversarial networks
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can be organized into two groups. The first one refers to the vanishing gradient 
problem that occurs when the discriminator begins to distinguish real examples from 
generated ones very successfully. Then, due to the discriminator’s good performance, 
the error function’s gradient tends to zero, so propagating the gradient through the 
model does not achieve the desired effect; that is, the parameters of the model change 
very little or even remain unchanged. The second category refers to the discriminator 
getting stuck in one of the local minima, which means the generator finds one or more 
examples that the discriminator accepts as accurate, so it learns to map each input 
vector, up to slight variations, to those examples. 

Algorithm 2: Pseudocode of training GANs by stochastic gradient descent 

Input: Initialization of the number of steps to . m, the total number of iterations to 
. n, and weights and parameters of generator (. G) and discriminator (. D) randomly. 

for .i = 1, 2, · · · , n do 

for . j = 1, 2, · · · ,m do 

Sample a set of . k examples .{z1, z2, · · · , zk} from the distribution . pz . 

Sample a set of . k examples .{x1, x2, · · · , xk} from the distribution .pdata . 

Compute the discriminator loss and update its weights by stochastic gradient 

ascent, where the gradient of the empirical error is calculated as 

.∇θD
1
k

∑k
i=1

[
log D(xi ) + log(1 − D(G(zi )))

]
. 

end for 

Sample a set of . k examples .{z1, z2, · · · , zk} from the distribution . pz . 

Compute the generator loss and update its weights by stochastic gradient 

descent, where the gradient of the empirical error is calculated as 

.∇θG
1
k

∑k
i=1 log(1 − D(G(zi ))). 

end for 

Output: Set of learned weights for generator (. G) and discriminator (. D). 

3.2 Conditional Generative Adversarial Networks (CGANs) 

Conditional generative adversarial networks (CGANs) were introduced by 
researchers Mehdi Mirza and Simon Osindero [ 34]. These networks are a variation 
of generative adversarial networks (GANs) that incorporate conditional informa-
tion into the generation process. These networks enable the controlled generation of 
images by adding additional input data that determine the desired characteristics of
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Low-dose 
sinogram Xlow 

Reconstructed 
image YSinogram Xapp 

Fig. 1 Configuration of the proposed approach for low-dose reconstruction in two stages 

the generated images. This technique allows for more precise control over the image 
generation process and enables the generation of images with specific properties or 
styles. For example, the CGANs can be used to generate images of people. In that 
case, additional information is provided, such as age, gender, hair color, or facial 
expression, as a condition for generating the image. The network will use this con-
ditional information and the latent noise vector to generate an image that satisfies 
the given conditions. This type of network also fits well in SPECT applications, 
where, based on conditional information (sinogram for a regular dose of radiation), 
a sinogram of better quality is generated by a sinogram created from a low dose of 
radiation. More about these networks can be found in the paper [ 2]. 

3.3 SPECT Reconstruction 

This section describes a hybrid approach based on conditional generative adversarial 
networks (CGANs) [ 33] and well-known traditional analytic and algebraic itera-
tive methods to produce a high-quality reconstruction of images in SPECT imaging 
if low radiation doses are available. In other words, modern approaches such as 
GANs and conventional reconstruction methods will produce high-quality SPECT-
reconstructed images based on low-radiation sinograms. 

3.3.1 Mathematical Formulation of the Problem 

Give a sinogram.Xlow generated at low radiation doses by a SPECT device (e.g., 60 
views). In addition to the sinogram.Xlow, let there also be a sinogram.Xhigh produced 
at normal radiation doses (120 views) so that the sinogram .Xhigh will represent a 
label in the dataset. Let . f represent the mapping that the sinogram .Xlow maps into 
the sinogram.Xapp so that the sinogram.Xapp very well approximates the high-quality 
sinogram.Xhigh, i.e., holds.||Xapp − Xhigh|| → 0. The mapping of. f in this paper, for
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which .Xapp = f (Xlow) is realized through CGAN, which generates a high-quality 
sinogram .Xapp, which also represents the first stage of our approach. In the second 
phase of our approach, the reconstruction of the original image is conducted based on 
the sinogram.Xapp by exploiting traditional methods, such as Filtered Back Projection 
and others [ 1, 20, 37]. In other words, traditional methods refer to discovering the 
function. g to hold.Y = g(Xapp), where. Y is the reconstruction of the original image, as 
shown in Fig. 1. The two-phase process for SPECT image reconstruction is depicted 
in Fig. 1. In the remainder of the section, the first phase of our approach based on 
conditional generative adversarial networks (CGANs) will be described in detail 
since the traditional methods utilized in the second phase of our approach were 
explained earlier. 

3.3.2 The CGAN Model for Sinogram Enhancement 

The first phase of our two-phase approach uses the CGAN architecture, which con-
sists of two convolutional neural networks shown in Fig. 2. The first neural network 
is the generator’s network.G(·), and it induces a sinogram of enhanced quality. G(X)

based on previously constructed low-quality sinograms .X (low radiation dose) uti-
lizing the SIMIND simulator [ 35]. Thus, the generator network .G(·) creates false 
high-quality sinograms.G(X) compared to real high-quality sinograms. Y generated 
by the SIMIND simulator at regular radiation doses. The second convolutional net-
work is the discriminator network.D(·, ·). This network evaluates the false sinograms 
.G(X) by comparing them with the real SPECT sinograms, i.e., with the labels . Y. 
The main task of the discriminator network is to try to learn to classify the fake 
high-quality sinograms .G(X) from the accurate labels .Y as well as possible. For 
comparison requirements, the. l1 metric is often the best choice, and it needs to be as 
small as possible, i.e., .||G(X) − Y||1 → 0. 

3.3.3 Architecture of the Generator Network 

It is known for SPECT sinograms that the edges are not clearly defined, and that 
is why the gradients are very uniform, which indicates the presence of projected 
low-frequency components. It most often happens due to various factors, such as 
absorption, scattering, and detector limitations. As a result, the edges of sinograms 
between different human body organs cannot be located. In addition, to reconstruct 
high-frequency components in SPECT, such as contrast and sinusoidal shapes, it 
is necessary to do much preprocessing with image processing techniques in the 
frequency domain concerning the Fourier transform. High-frequency components 
indicate faster changes in intensity, e.g., impulsive transitions between organs or 
tissues and changes expressed in the concentration of radioactive substances in small 
areas. On the other hand, low-frequency components in SPECT refer to soft edges 
between tissues or organs and the presence of radioactive substances. Unlike the high-
frequency components, these components indicate slower and more gradual changes.
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Fig. 2 CGAN framework based on generator (. G) and discriminator (. D) was developed to enhance 
the quality of sinograms derived from low-dose imaging 

In order to create a better-quality SPECT sinogram through the generator network, it 
is necessary to reserve a certain number of layers for both high-frequency and low-
frequency components. In other words, it needs to represent the generator network 
as an encoder-decoder architecture, where the encoder extracts low frequencies, and 
the decoder serves to restore high-frequency components. This kind of architecture 
is precisely realized through the U-NET network [ 39]. So, with this network, the 
encoder performs a DownSampling operation in which the spatial resolution of the 
sinogram is reduced using convolution, thus losing details on the SPECT sinogram 
but preserving information about low frequencies. On the other hand, the decoder 
in the U-NET network performs the UpSampling operation through deconvolution, 
which increases the spatial resolution, thus restoring the details or high-frequency 
components lost through the encoder. Thus, the combination of encoder and decoder 
allows the U-NET network to efficiently learn the representation of the input sinogram 
at low radiation dose to generate a new sinogram that reflects the features of the 
labeled sinogram, even when the input sinogram is drastically poorer in detail than 
the labeled sinogram. In this paper, the encoder and decoder are realized over eight 
blocks, so the first four blocks are exploited for the DownSampling operation and the 
remaining four for UpSampling. Therefore, the input-depleted SPECT sinogram is 
passed through the encoder to extract its features through four DownSampling blocks. 
Each of the four blocks in the encoder comprises two connected layers followed by 
convolution operations, Batch normalization, and LeakyReLU activation, as shown 
in Fig. 3. In order to achieve a better extraction of features from the SPECT sinogram 
for each block, the size of the convolution filters is set to three, while the stride is 
equal to one. In this way, the size of the sinogram through the blocks is reduced by 
factor two so that the encoder sinogram’s fourth block has a dimension of 16. × 16. 
Along with reducing the sinogram, the number of filters increases so that in the
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Fig. 3 Design of the generator network (. G) 

fourth block of the encoder, it is equal to the number 512. After the encoder, there 
is a bottleneck layer at which the sinogram reduces its dimension to 8. × 8 while 
the number of filters increases to 1024. Behind the bottleneck layer, the training 
process moves to the decoding stage, where through four blocks of the decoder, 
the sinogram is enlarged from 8. × 8 to 128. × 128 using deconvolution. In this case, 
the number of filters is reduced from 1024 to 64. Bicubic interpolation was used 
to rescale the decoder’s sinogram to a larger dimension to create the desired high-
quality sinogram. Batch normalization and LeakyReLU activation are utilized for 
each decoder block to achieve stability and speed during training. Apart from the 
mentioned configuration, it is necessary to establish a symmetrical skip connection 
between pairs of DownSampling and UpSampling blocks in order to obtain finer 
details (edges) on the generated sinogram. The skip connection also ensures that high-
resolution information is exchanged directly between the encoder and the decoder. 
Another convolutional layer is usually added after the decoder to generate a sinogram 
of the initial dimensions. 

3.3.4 Architecture of the Discriminator Network 

As stated so far, the goal of the discriminator network is to assemble a clear distinction 
between the labeled sinogram (created at moderate radiation dose) and the gener-
ated sinogram (created from the low radiation sinogram and the labeled sinogram). 
In this paper, the Patch2GAN discriminator model is employed to realize the dis-
criminator since it is more accurate, efficient, and better distinguishes the generated 
sinograms of labeled ones, which is crucial in medical applications [ 24]. Namely, 
Patch2GAN operates with local blocks of the image and not with the entire image, 
which GAN does, so it can better concentrate on the details of the image, such as
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Fig. 4 Layout of the discriminator (. D) with specifications of convolutional blocks. The input into 
the discriminator is the matrix. Y, which represents the labeled sinogram obtained from normal-dose 
radiation and the sinogram.G(X) generated by the generator (. G) 

sinusoidal features of the sinogram expressed through low and high spatial frequen-
cies, edges, contrasts. In addition, Patch2GAN better catches artifacts, which usually 
arise in generated sinograms constructed from low doses of radiation. Unlike the clas-
sic discriminator network, Patch2GAN simulates a significantly smaller number of 
parameters. At the input, the Patch2GAN discriminator model accepts two images: 
a generated one using a low-quality sinogram and a labeled image (sinogram) built 
at normal radiation doses. The output from Patch2GAN is a probability matrix of 
usually square format in which each element indicates a predictive value relative to 
a particular “patch” of the generated sinogram. The outcome from the PatchGAN 
network is obtained by averaging the elements of the evaluation matrix. 
Based on simulation tests, it has shown that the best outcomes are reached when the 
evaluation matrix is in 14. × 14 format because then the resolution and contrast of 
the sinogram are drastically improved, i.e., the structure of the generated sinogram is 
fully preserved compared to the labeled sinogram. In the experimental analysis, the 
discriminator network established on the Patch2GAN model consists of five parts, 
depicted in Fig. 4. Since this discriminator network is based on the "Downsampling" 
operation, each part reduces the dimensionality of the passed inputs. Thus, the first 
part of the network is realized via a 2D convolutional layer with 64 filters of size 5, 
using stride 2 to reduce the feature map. The second and third parts of the network 
are adjusted analogously, with 128 and 256 filters allocated for the second and third 
parts, respectively. The second and third parts of the network are equipped with two 
more layers each for Batch normalization and LeakyReLu operation. The fourth part 
of the network uses 512 filters of size 3, and for map reduction, it uses stride 1.
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This part also includes the LeakyReLu layer. The fifth part is realized through the 
convolutional layer and has only one filter of size 3, while the stride is set to the value 
3. Behind this layer is the evaluation matrix of the format .14 × 14. 

3.3.5 Loss Function 

In this section, the loss function .L(·, ·, ·) for the CGAN model will be presented as 
a sum of two terms, where the first one is the adversarial loss denoted as .lA(·, ·) and 
the second one is .L1 loss marked as.lS(·), which constrains the generator network to 
penalize the diversity between the generated.G(X) and the labeled sinogram. Y. It is  
formally defined as follows 

.L(G, D, λ) = lA(G, D) + λlS(G), (12) 

where . λ is the hyperparameter used to establish the balance between the above 
losses. The loss .lA(·, ·) enables the generator .G(·) to yield convincing sinograms, 
while the loss .lS directs to generating sinograms that will be very similar to the 
labeled sinograms. Therefore, digging for the generator .G(·) and the discriminator 
.D(·, ·) reduces to solving of the next problem 

. min
G

max
D

L(G, D, λ). (13) 

Formulation of loss . lA(·, ·)

In the CGAN model, the assignment of the loss.lA is to conduct the generator network 
.G(·) to create a proper sinogram.G(X) established on the current sinogram. X induced 
at a low radiation dose. In doing so, the generator network .G(·) should confuse the 
discriminator .D(·, ·) so that the discriminator can hardly distinguish whether it is 
a generated or marked sinogram. In the fight against fraud by the generator, the 
generated sinogram.G(X) reveals the quality characteristics of the labeled sinogram 
by preserving sinusoidal details and contrast. Formally, the loss .lA is defined as 
follows 

.lA(G, D) = EX,Y

[
log D(X,Y)

]
+ EX

[
log(1 − D(X,G(X)))

]
. (14) 

Consequently, the loss of.lA(G, D) points that the generator.G(·) sweetens the quality 
of the generated sinogram by minimizing the classification accuracy of the discrim-
inator .D(·, ·), while the discriminator .D(·, ·) maximizes the classification accuracy 
in terms of increasing the distinction between the generated .G(X) and the labeled 
sinogram. Y. The competition between the generator and the discriminator lasts until 
a calm state or equilibrium is reached.
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(a) (b) (c) 

Fig. 5 a SIEMENS E. CAM device. b WB phantom. c HT phantom 

Formulation of loss . lS(·)

In the CGAN model, the purpose of the. lS loss is to enhance the consistency between 
images.G(X) and. Y. During the building of the sinogram.G(X), it is vital to note that 
due to the appearance of sums in the sinogram. X, the quality of the restored sinogram 
.G(X) may decrease, particularly in comparison with the sinogram .Y (generated at 
standard radiation dose). In order to discourage this issue, the loss. lS must be realized 
as a metric based on the pixel difference between the labeled sinogram .Y and the 
generated sinogram.G(X) to remove the high sum of the sinogram. X , and sweetened 
low contrast, since the loss of .lA preserves details and high contrast. Therefore, the 
loss . lS is formally expressed as follows. 

.lS(G) = EX,Y

[
||Y − G(X)||1

]
. (15) 

Consequently, the loss of .lS(G) in the sinogram domain penalizes the difference at 
the pixel level. It, together with the loss of . lA, ensures acceptable performance in 
detail and contrast restoration and overall sum reduction. 

4 Performance Evaluation and Results 

4.1 Creating Datasets 

In this section, the SIMIND Monte Carlo simulator was employed to construct the 
dataset in order to simulate the process of the. γ camera of the original SIEMENS E. 
CAM device 1 (see Fig. 5a.). To assemble the dataset for our two-phase approach, two

1 https://ttgimagingsolutions.com/product/siemens-e-cam/. 

https://ttgimagingsolutions.com/product/siemens-e-cam/.
https://ttgimagingsolutions.com/product/siemens-e-cam/.
https://ttgimagingsolutions.com/product/siemens-e-cam/.
https://ttgimagingsolutions.com/product/siemens-e-cam/.
https://ttgimagingsolutions.com/product/siemens-e-cam/.
https://ttgimagingsolutions.com/product/siemens-e-cam/.
https://ttgimagingsolutions.com/product/siemens-e-cam/.
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(a) (b) (c) 

Fig. 6 a 120-views sinogram. b 60-views sinogram. c 30-views sinogram 

digital phantoms are simulated using the SIMIND simulator [ 32]. The first phantom 
is the Whole Body (WB), and the second is the Human Trunk (HT). The exposition 
of these models is given in Fig. 5b, c. Through the SIMIND simulation, it is assumed 
that the orbit of the detector is circular and covers 360. ◦C, and the radius of rotation 
is set to 15 cm. In addition, the number of detectors is equal to 128, each 2.2mm 
wide. In the simulation, the energy window that determines the range of gamma-ray 
energies the detectors can detect is 18% around the gamma-photon center energy, 
which is set at 141 keV. With this configuration, the phantoms are radiated from 
120 angles/views, so the number of photons for the WB phantom is .2.81 × 108, 
and for the HT, .1.16 × 108. Slices are taken from the simulated phantoms where 
the projected data quality is acceptable, resulting in 250 2D sinograms for the WB 
phantom and 300 2D sinograms for the HT phantom. So, after this, the dataset has 
a total of 550 2D sinograms, with .80% of them used for training and the remaining 
.20% for testing. All extracted sinograms are .120 × 128 in size. In Fig. 6, there are 
three 2D sinograms. The first one from the left to right is the reference sinogram, and 
the remaining two are used in the first phase of training the CGAN model to generate 
better quality sinograms that will serve as input to the second phase of our model, 
on which the analytic filtered back projection will be applied. Since all sinograms 
are matrix-represented, the sinogram presented in Fig. 6b is created by sampling 
a reference sinogram to take the odd rows of its matrix, and the elements of the 
missing even rows in the resulting sinogram are set to zero. Therefore, this sinogram 
has sampled by 60 views regarding the reference sinogram. The last sinogram shown 
in Fig. 6c was created analogously, and it has been sampled from 30 views due to the 
reference sinogram shown in Fig. 6a. 

The sinogram from any sparse-view level in the test set is fed into the generator 
(U-NET) network. The network’s output is then presented as the synthesized sino-
gram. In Fig. 7b, the synthesized sinogram of the chest slice of the WB phantom 
was obtained by operating the CGAN, which as input uses the low-dose sinogram 
shown in Fig. 7a. According to the content depicted in Fig. 7b, the CGAN delivers
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(a) (b) (c) 

Fig. 7 a Low-dose sinogram. b Sinogram produced by CGAN. c Normal-dose sinogram 

an adequate rate compared to the regular-dose sinogram shown in Fig. 7c. Based on 
this, the CGAN reasonably restores the normal-dose sinogram when a low radiation 
dose is fed to its input. The restored sinogram also keeps precise original sinusoidal 
waves and contrasts. Consequently, it affects the accuracy of global reconstruction 
and structure restoration. 

4.2 Metrics for Qualitative Evaluation of Reconstructed 
Images 

To evaluate the experimental results of the two-phase algorithm based on the CGAN 
model and traditional FBP, metrics such as NMSE(Normalized Mean Square Error), 
PSNR (Peak Signal-to-Noise Ratio), SSIM (structural similarity). NMSE metric is 
calculated by averaging the squared difference of the intensity pixels between the 
reconstructed image .RI and ground truth .GT as follows 

.NMSE =
∑M

i=1

∑N
j=1(RI (i, j) − GT (i, j))2∑M
i=1

∑N
j=1 GT (i, j)2

, (16) 

where .MN is the size of the reconstructed image. 

PSNR serves as an accurate measure for estimating image distortion or the existence 
of noise. It can be expressed as 

.PSN R = 10 × log
MAX2

I

MSE
(dB), (17) 

where.MAXI is the maximum pixel intensity of an image,. I is the ground truth, and 
.MSE is defined as follows
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.MSE = 1

MN

M∑
i=1

N∑
j=1

(RI (i, j) − GT (i, j))2. (18) 

SSIM is one of the most widely exploited metrics for measuring the similarity of two 
images in medical imaging. It is defined as 

.SSI M(I, J ) = (2μIμJ + C1)(2σI J + C2)

(μ2
I + μ2

J + C1)(σ
2
I + σ 2

J + C2)
, (19) 

where . I and .J are reconstructed image and ground-truth, respectively, .μI is the 
average of . I , .μJ is the average of . J , .σ 2

I and .σ 2
J represent the variance of . I and . J , 

respectively, and .σI J is the covariance of . I and . J . At the  same  time, .C1 and .C2 are 
stabilization constants preventing division by zero in case the denominators are close 
to zero. 

4.3 The Discussion of Experimental Results 

In this section, the experimental outcomes fetched utilizing the two-phase CGAN-
FBR approach and the other four conventional algorithms, where FBP is an analytic 
method. At the same time, OSEM, BSREM, and KEM are iterative statistical meth-
ods. The mentioned algorithms compete in image reconstruction based on sinograms 
obtained through 30-view and 60-view sampling of the reference sinogram gener-
ated from 120 views/angles. The following global metrics measure the best-achieved 
results: PSNR, SSIM, and NMSE. In implementing the CGAN-FBR approach, the 
weight parameters are optimized using the ADAM method [ 28], where the momen-
tum Adam parameters .β1 and .β2 are set to values of 0.45 and 0.95, respectively. In 
addition, the learning rates for the generator and discriminator networks are set to 
the numbers 0.00001 and 0.001, respectively. The CGAN-FBR model is trained for 
2000 epochs, while the mini-batch size is 32. This model is implemented in Python 
with the help of the PyTorch library. Other algorithms competing with the CGAN-
FBP model are also implemented in Python using the PyTomography library [ 36]. 
All algorithms are executed on machine AMD Ryzen 5 5600 X Core AM4 4.6GHz 
processor with 64GB DDR5 4800MHz RAM, MSI GeForce RTX 4070 Ti Gaming 
X Slim 12G graphics card, and Windows 11. × 64 operating system. Training the 
CGAN-FBR model on this machine required about 10 h. The results of the compar-
ative analysis between the mentioned algorithms are shown in Tables 1 and 2. For  
all algorithms, PSNR, SSIM, and NMSE metrics were evaluated on the test data 
set, so only average results are shown in Tables 1 and 2. In these tables, the global 
metrics, such as PSNR and SSIM, validate the reconstructed images’ quality and 
quantitatively compare their accuracy.
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Table 1 Quality metrics were evaluated for reconstructing images using five competing methods 
from projection data consisting of 30 views 

Algorithms PSNR SSIM NMSE 

CGAN-FBP 40.51 0.93 0.0009 

OSEM 36.51 0.54 0.0167 

BSREM 36.01 0.45 0.0769 

KEM 35.89 0.39 0.0594 

FBP 33.76 0.37 0.0698 

The best-achieved results are marked in bold letters 
Table 2 Quality metrics were evaluated for reconstructing images using five competing methods 
from projection data consisting of 60 views 

Algoritms PSNR SSIM NMSE 

CGAN-FBP 46.09 0.97 0.0001 

OSEM 42.07 0.83 0.0030 

BSREM 41.91 0.79 0.0109 

KEM 41.50 0.75 0.0110 

FBP 39.79 0.71 0.0308 

The best-achieved results are marked in bold letters 

According to the outcomes of the simulation presented in Table 1, it is observed, 
based on global metrics, such as PSNR, SSIM, and NMSE, that the proposed CGAN-
FBP approach, even at low radiation doses (30 angles/views), gives realistic recon-
structions. In addition, it produces far better results than other methods (OSEM, 
BSREM, KEM, FPB) when reconstructions are made over sinograms created at low 

(a) (b) (c) 

(d) (e) (f) 

Fig. 8 Transaxial cross-sections through chest parts were generated employing a low-dose FBP 
and b Low-dose OSEM. c Low-dose BSREM. d Low-dose KEM. e Low-dose CGAN-FBP. 
f Normal-dose FBP
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radiation doses. Thus, in SPECT imaging with very low doses, traditional meth-
ods have a much lower reconstruction performance than the proposed CGAN-FBP 
method, which suggests that it is a more robust method and, therefore, can better 
maintain high-quality image reconstruction in SPECT imaging at very low doses of 
radiation. The increase in the radiation dose from 30 angles/views to 60 angles/views 
directly affects the quality of the reconstruction itself, which is recorded tabularly 
through Table 1, as well as visually depicted in Fig. 8 where the need for visual 
comparison uses a transaxial section of the chest region. It is not difficult to see 
that the qualitative results of the reconstruction accuracy shown in Table 2 coincide 
with the visual contents shown in Fig. 8 from (a) to (e). Images from (a) to (e) were 
taken at a low radiation dose (60 angles/views), while the image under (f) was taken 
with FBP versus a normal sinogram (120 angles/views). In this case, the proposed 
CGAN-FBP model is also superior to other techniques regarding visual appearance 
and quantitative analysis of the data presented in Table 2. It is essential to say that 
in this experimental analysis, Poisson noise was equally represented in both training 
and testing data, which is usually not the practice case. Therefore, the developed 
method must be robust to noise, making it more robust on unseen data. Also, reduc-
ing the radiation dose in SPECT imaging implies fewer photons, further affecting 
the increase in Poisson noise. The increase in the Poisson noise directly reduces the 
contrast in the image, which is directly reflected in the quality of the reconstructed 
image. Although the proposed CGAN-FBP method gives satisfactory results in terms 
of the grade of the reconstructed image, it is still very demanding in terms of time 
and hardware, so in further research, emphasis should be placed on discovering a 
more optimal framework, which will undoubtedly represent a challenge in further 
research in this area. 

5 Conclusion 

This chapter introduces a combined CGAN-FBP model based on hybridizing condi-
tional generative adversarial networks (CGANs) and analytic techniques for image 
reconstruction from projections such as Filtered Back Projection (FBP). The pri-
mary intent was to exploit CGAN to generate better-quality sinograms based on 
low-dose sinograms to get enhanced reconstructed images in SPECT imaging uti-
lizing conventional techniques. It is revealed that the CGAN-FBP model based on 
the generator and discriminator network can habilitate the complicated sinusoidal 
elements and almost wholly retrieve the standard sinogram’s authentic distinction, 
decreasing the noise and patting the contrast in the reconstructed image. Additionally, 
it was found that, compared to iterative methods for image reconstruction, the pro-
posed hybridized model achieves superior qualitative and quantitative results. Con-
sequently, the CGAN-FBP model can reduce the dose of radioactive tracer required 
for SPECT imaging while maintaining the quality of the reconstructed images.
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Chapter 15 
Performance of Weightless Swarm 
Algorithm on Numerical Benchmark 
Functions 

Yu Dou and Tiew On Ting 

1 Introduction 

Particle Swarm Optimization (PSO) is an evolutionary computation proposed by 
Eberhart and Kennedy, which was inspired by the social and cooperative behavior of 
bird flocks [ 16]. The key feature of PSO is finding optimal solutions through collab-
orative information sharing among its population. PSO simulates birds by design-
ing particles with only two properties: speed and position. Each particle separately 
searches for the locally optimal solution in the search space, which is recorded as the 
current local best position. This information is then shared with other particles, aid-
ing in identifying the current global best position. At each iteration, all the particles 
learn from the local and global best positions to adjust their movement trajectories 
and speeds in the next iteration. As the iterations proceed, the population gradually 
converges towards the global optimum. PSO has the advantages of fast convergence 
speed, relatively stable performance, and simple operation. It is now widely used 
in engineering [ 22, 36], physics [ 31, 47], chemistry [ 8, 27], medicine [ 1, 3], and 
computer science [ 26, 41]. 

Since its establishment, PSO has seen extensive development. It is essential to 
highlight that PSO is currently advancing along four main trends as follows [ 5]: 

(1) Adaptive parameters. In canonical PSO, three adjustable parameters exist:. w,. c1, 
and . c2. The concept of inertia weight .w was first proposed by Shi et al. [ 39] to  
balance the global search and local exploitation. Additionally, Shi et al., provided 
guidelines for selecting the inertia weight. They suggest a linear decrement of. w
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from 0.9 to 0.4 during the optimization [ 38]. PSO with adaptive inertia weight 
factor (PSOAIWF), proposed by Liu et al., adjusts the inertia weight based on a 
particle’s fitness compared to the average fitness. This algorithm assigns lower 
inertia values to particles with higher fitness and higher inertia weights to those 
with lower fitness [ 21]. A similar modification of inertia weight can also be 
found in literature [ 7, 29, 54]. The essence of these algorithms lies in using 
adaptive inertia weight based on time, fitness, or success rate to enhance PSO 
performance. Besides, the adjustment of acceleration coefficients.c1 and. c2 is also 
common. In literature [ 33], Ratnaweera et al. first proposed the concept of time-
varying acceleration coefficients. PSO with individual coefficients adjustment 
(PSO-SAIC), proposed by Wu et al., adjusts each particle’s inertia weight and 
social acceleration coefficient based on the relationship between its fitness and 
global optimal fitness. This strategy facilitates diversity injection, mainly when 
particles are close to the global best position [48]. In addition, some papers utilize 
adaptive particle’s velocity to improve the performance of PSO [ 50, 51]. 

(2) Designing varied topological structures and altering particles’ learning modes 
are vital to preserving population diversity in PSO. PSO’s topology, which 
describes a particle’s neighborhood relations and interactions, influences infor-
mation transmission and directly impacts the optimization and convergence abil-
ities of the particles. Generally, there are two particle swarm topologies: static 
and dynamic. In static topology, the neighborhood of each particle remains 
unchanged during the optimization process. Examples include global topol-
ogy, local topology, Von Neumann topology [ 13], wheel topology [ 9], and four 
clusters topology. In dynamic topologies, the neighborhood of some particles 
changes during iterations, examples of which include Clan topology [ 10], multi-
ring topology [ 4], and random population topology [ 28]. According to Elliackin 
et al. [ 11], in PSO, particles converge faster using global topology compared to 
other topologies. 

(3) Combine PSO with other optimization algorithms or strategies to form a hybrid 
algorithm. This strategy amplifies the strengths and mitigates the weaknesses of 
both PSO and the combined algorithms. A common approach involves integrat-
ing PSO with algorithms like Genetic Algorithm (GA) [ 2], Differential Evolution 
(DE) [ 23], Artificial Bee Colony algorithm (ABC) [ 18], Grey Wolf Optimizer 
(GWO) [ 40], and Gravitational Search Algorithm (GSA) [ 24]. Another approach 
involves incorporating specific strategies into PSO. Sun et al. [ 42] developed a 
quantum behavior PSO (QPSO) by combining quantum theory and PSO. This 
algorithm ensures the discovery of the global optimum within the search space. 
In addition, the niching technique utilized in PSO can effectively solve multi-
modal optimization problems [ 19, 20]. The primary objective of this technique 
is to maintain a diverse population. While the niching technique aids in finding 
more accurate solutions, it typically increases computational costs due to slower 
convergence. 

(4) Multi-swarm optimization is a variant of PSO that employs multiple sub-swarms 
rather than a single standard swarm. The core principle of multi-swarm optimiza-
tion involves each sub-swarm concentrating on a specific region, with a unique
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diversification method dictating sub-swarm initiation. This framework is adept 
at optimizing multi-modal problems characterized by numerous local minima. 
In recent research, Xia et al. introduced MSPSO, a model based on a multiple-
swarm framework, which integrates three strategies (DNS, SRS, PDS) to bal-
ance early and late exploitation abilities [ 49]. Kumar proposed the multi-stage, 
multi-swarm PSO (MS2PSO), targeting common PSO issues like premature 
convergence, the disproportionate influence of the global best, and oscillations 
[ 17]. Additional applications and explorations of multi-swarm optimization are 
detailed in studies [ 6, 35, 53]. 

Most improvements to PSO involve adding new strategies or enhancing exist-
ing ones in the canonical framework. While these variants enhance PSO’s perfor-
mance, they simultaneously increase the algorithm’s complexity and computational 
demands, which may overshadow PSO’s inherent advantages of rapid convergence 
and straightforward implementation. Is there an algorithm that maintains accuracy 
and speed of convergence while reducing the complexity of PSO? Ting et al. pro-
posed a more straightforward and faster algorithm based on PSO named Weightless 
Swarm Algorithm (WSA) [ 44, 46]. In contrast to canonical PSO, WSA eliminates 
the inertia weight and individual acceleration coefficients, accelerating convergence 
and reducing computational costs. Simultaneously, WSA retains the characteristics 
of robust stability and high accuracy. Therefore, in most circumstances, WSA is an 
efficient substitution for PSO. 

In recent years, the effectiveness of WSA has been demonstrated across various 
applications. Ting et al. utilized WSA to implement Maximum Power Point Tracking 
(MPPT) in photovoltaic modules, effectively adapting to variations in environmental 
temperature and irradiance [ 45]. The results demonstrated superior accuracy com-
pared to conventional methods such as P&O and IncCond, particularly under rapidly 
changing conditions. Ting applied WSA to optimize the Material Reduction Rate 
(MRR) during drilling processes, highlighting its effectiveness in identifying fea-
sible solutions without violating constraints while emphasizing its stability when 
compared to PSO [ 43]. Jayaprakasam et al. [ 15] employed WSA to minimize Peak 
Sidelobe Level (PSL) in open-loop Collaborative Beamforming (CBF), surpassing 
GA and PSO in terms of effectiveness. Reddy et al. [34] investigated the application of 
WSA as a transformation technique to enhance the performance of machine learning 
classifiers for SONAR data classification. The study showcased that WSA signif-
icantly improved the accuracy of classifiers, including Random Forest, Stochastic 
Gradient Descent, and Decision Tree, with the Random Forest classifier’s Mathews 
Correlation Coefficient increasing from 75.27% to 81.81%, outperforming traditional 
dimensionality reduction techniques like PCA and LDA. 

The chapter aims to compare the performances of WSA and four alternative algo-
rithms while also investigating the sensitivity of the social acceleration coefficient 
in WSA. The subsequent sections are organized as follows: Sect. 2 outlines the spe-
cific steps and strategies WSA employs. Section 3 provides comprehensive details 
regarding the simulations conducted. Section 4 presents a comparative analysis of 
five algorithms and an examination of WSA’s parameter sensitivity. Finally, Sect. 5 
offers a concise conclusion.
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2 Algorithms 

This section explains how PSO and WSA work in detail and offers a comparison. 
It also includes a case study to illustrate the differences better. Specifically, in what 
situation can WSA be more efficient than PSO? 

2.1 Particle Swarm Optimization (PSO) 

As introduced in Sect. 1, PSO involves the navigation of particles representing poten-
tial solutions within a search space, guided by personal and global best positions. 
Through iterative convergence driven by individual and collective experiences, these 
particles progressively approach an optimal solution. The following equations show 
the iteration process of the canonical PSO [ 37]: 

.V t+1
i = wV t

i + c1r1(Pbest
t
i − Xt

i ) + c2r2(Gbest
t
i − Xt

i ), (1) 

.Xt+1
i = Xt

i + V t+1
i (2) 

where subscript . i denotes the ith particle, superscript . t denotes the iteration time, 
.w is the inertia weight, .V is the velocity, .X is the individual position, Pbest is the 
local best position, Gbest is the global best position, .c1 is the cognitive acceleration 
coefficient,.c2 is the social acceleration coefficient, and. r1,. r2 are the random numbers 
within [0, 1]. As shown below, Fig. 1 illustrates the PSO process in a flowchart, while 
Algorithm 1 provides the corresponding pseudo-code for this process. 

Algorithm 1 Particle Swarm Optimization (PSO) 
1: Initialize swarm with population size N , individual positions Xi , and velocities Vi for each 

particle i 
2: Initialize Pbesti and Gbest  with corresponding initial values 
3: while termination condition not met do 
4: for each particle i do 
5: Calculate the fitness Fi of particle i 
6: if Fi is better than the fitness of Pbesti then 
7: Update Pbesti to Xi 
8: end if 
9: if Fi is better than the fitness of Gbest  then 
10: Update Gbest  to Xi 
11: end if 
12: Update the velocity Vi using Eq. 1 
13: Update the position Xi using Eq. 2 
14: end for 
15: end while 
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Fig. 1 Flowchart for particle 
swarm optimization (PSO) Start 

No 

End 

Is termination 
criteria met? 

Update Pbest 

Calculate fitnesses 

Initialize particles 

Yes 

Update velocities using Eq. 1 

Update positions using Eq. 2 

Update Gbest by replacing 

2.2 Weightless Swarm Algorithm (WSA) 

The term “Weightless Swarm Algorithm” is used because the algorithm omits the 
inertia weight term .w in PSO, rendering it weightless. In WSA, a unique approach 
is employed to update the global best position Gbest, which differs from the PSO 
method. In PSO, Gbest is updated by directly replacing it with a better position 
upon discovery. However, WSA adopts a swapping strategy between Gbest and the 
individual position . X . This swapping involves alternating between the global best
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and individual particle positions for updating Gbest, fostering a more diverse search 
pattern and minimizing the chances of invalid updates. This methodological variation 
influences the convergence speed. 

Furthermore, WSA deviates from PSO by excluding inertia weight .w and cog-
nitive acceleration coefficient . c1. The omission of these parameters simplifies the 
operational framework of WSA, impacting the balance between exploration and 
exploitation. It potentially leads to faster convergence due to focused reliance on 
social learning and increases the risk of entrapment in local optima. The governing 
equations of WSA are as follows: 

.V t+1
i = c2r2(Gbest

t
i − Xt

i ), (3) 

.Xt+1
i = Xt

i + V t+1
i (4) 

where .c2 corresponds to the social acceleration coefficient in PSO, emphasizing 
the global search ability of the swarm. As shown below, Fig. 2 illustrates the WSA 
process in a flowchart, while Algorithm 2 provides the corresponding pseudo-code 
for this process. 

Algorithm 2 Weightless Swarm Algorithm (WSA) 
1: Initialize swarm with population size N , individual positions Xi , and velocities Vi for each 

particle i 
2: Initialize Pbesti and Gbest  with corresponding initial values 
3: while termination condition not met do 
4: for each particle i do 
5: Calculate the fitness Fi of particle i 
6: if Fi is better than the fitness of Pbesti then 
7: Update Pbesti to Xi 
8: end if 
9: if Fi is better than the fitness of Gbest  then 
10: Swap Fi and Gbest  
11: end if 
12: Update the velocity Vi using Eq. 3 
13: Update the position Xi using Eq. 4 
14: end for 
15: end while 

2.3 Comparison Between PSO and WSA: A Case Study 

A simple case study illustrates a 1-D optimization function defined as .y = x2. The  
study involves two swarms, denoted as .S1 and . S2, with positions .X1 and .X2 respec-
tively. Replacement and swapping strategies are employed to assess the algorithm’s
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Fig. 2 Flowchart for 
weightless swarm algorithm 
(WSA) 

Start 

No 

End 

Is termination 
criteria met? 

Update Pbest 

Calculate fitnesses 

Initialize particles 

Yes 

Update velocities using Eq. 3 

Update positions using Eq. 4 

Update Gbest by swapping 

effectiveness. The objective is to determine the number of iterations required for algo-
rithm convergence. In the replacement scenario described in Table 1, it is observed 
that during iteration 2 and iteration 4, while updating the global best position .X2, 
three updates become invalid due to .c2r2(Gbest − X2) equating to zero. These inef-
fective updates commonly encountered in PSO are effectively circumvented by WSA, 
highlighting its capability to eliminate such inefficiencies.
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Table 1 An illustrative example demonstrating the benefits of the swapping strategy 

Replacing Swapping 

.X1 .X2 Gbest .X1 .X2 Gbest 

Initialization 3 5 3 3 5 3 

Iteration 1 . c2r2 =
2.0 for. X1

3 1 3 3 1 3 

. c2r2 =
2.0 for. X2

3 1 1 3 3 1 

Iteration 2 . c2r2 =
0.5 for. X1

2 1 1 2 0 1 

. c2r2 =
1.5 for. X2

2 1 1 2 1 0 

Iteration 3 . c2r2 =
1.5 for. X1

1.5 1 1 

. c2r2 =
1.5 for. X2

1.5 1 1 

Iteration 4 . c2r2 =
0.5 for. X1

0.5 1 1 

. c2r2 =
0.5 for. X2

0.5 1 1 

Iteration 5 . c2r2 =
1.0 for. X1

0.5 0 0.5 

. c2r2 =
0.5 for. X2

0.5 0 0 

3 Simulation 

This study aims to achieve two primary objectives. Firstly, we strive to compare the 
performance of various optimization algorithms on different standard test functions, 
including WSA, PSO, APSO [ 52], QPSO [ 42], and PSOGSA [ 24]. Secondly, we 
conduct Parameter Sensitivity Analysis (PSA) to determine the optimal cognitive 
acceleration coefficient .c2 by evaluating its performance across all benchmark func-
tions. This test is crucial for ensuring that WSA operates at its maximum potential. 

3.1 Environment 

For all the simulations mentioned in this study, we used MATLAB R2022a. The tests 
were run on a computer with Windows 11 Home. The computer is powered by an 
AMD Ryzen 5 3550H with Radeon Vega Mobile Gfx 2.10 GHz and 16.0 GB RAM.
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Table 2 Benchmark functions for testing optimization algorithms 
Function Mathematical expression Input domain .x∗ . f

(
x∗)

Rosenbrock . f1(x) = ∑d−1
i=1

[
100

(
xi+1 − x2i

)2 + (
xi − 1

)2
]

[-30, 30] .(1)d 0 

Sphere . f2(x) = ∑d
i=1 x

2
i [-5.12, 5.12] .(0)d 0 

Ackley . f3(x) = −20e
−0.02

/
d−1 ∑d

i=1 x2i −
e
d−1 ∑d

i=1 cos
(
2πxi

)
+ 20 + e

[-35, 35] .(0)d 0 

Michalewicz . f4(x) = − ∑d
i=1 sin

(
xi

)
sin2m

(
i x2i
π

)

[0,. π] .(2.20, 1.57) -1.8013 

Qing . f5(x) = ∑d
i=1

(
x2i − i

)2
[-500, 500] (. ±1,. ±1) 0 

Rastrigin . f6(x) = 10d + ∑d
i=1

[
x2i − 10 cos

(
2πxi

)]
[-5.12, 5.12] .(0)d 0 

Schwefel . f7(x) = 418.9829d − ∑d
i=1 xi sin

(/|
|xi

|
|
)

[-500, 500] .(420.9687)d 0 

Styblinski-
Tang 

. f8(x) = 1
2

∑d
i=1

(
x4i − 16x2i + 5xi

)
[-5, 5] .(−2.903534)d . −39.16599d

3.2 Benchmark Test Functions 

In this section, we present a selection of eight benchmark test functions, carefully 
chosen from existing literature [ 12, 14, 25, 32]. Detailed information about these 
functions, including their mathematical expressions, the input domain, and the global 
minimums, are systematically outlined in Table 2. Note that functions . f1 and . f2 are 
unimodal, functions . f3, . f4, . f5, . f6, . f7, and . f8 are multi-model. These functions are 
an important tool for assessing and comparing the performance of the algorithms 
discussed in this study. 

The plots in Fig. 3 depict the 3-D representation of all benchmark test func-
tions. Figure 3(a) depicts the Rosenbrock function’s global minimum within a nar-
row, parabolic-shaped valley. While this valley can be relatively easily identified, 
achieving convergence at the minimum point poses a significant challenge for 
many gradient-based optimization algorithms, as referenced in [ 30]. Moreover, the 
Michalewicz and Schwefel functions exhibit a higher level of complexity due to their 
numerous local minima, presenting additional challenges for optimization. 

3.3 Parameter Settings 

The computed precision. ε is set as 0.001. Maximum iteration times.Tmax is 1000. All 
algorithms use the same population size . N . The specific population can be seen in 
Table 3. Besides, the social acceleration coefficient.c2 of WSA is adaptive to different 
test functions and dimensions. The other four algorithms use default parameters. 
Note that all tests in this study were replicated 100 times to minimize the influence 
of randomness.
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3.4 Performance Indices 

In this chapter, the indexes referred to as “performance indices” are utilized to eval-
uate the effectiveness of algorithms. 

1. Success Rate (SR): This is the ratio of the number of successes to the total number 
of trials, reflecting the convergence ability. The expression of success rate is: 

.SR = m

n
(5) 

where .m is the number of successes and . n is the total number of trials. 
2. Average Iteration Running Time (AIRT): This is the average CPU time elapsed 

when converges successfully, reflecting the convergence speed. The expression 
of average iteration running time is: 

.AI RT = t

ns
(6) 

(a) (b) 

(c) (d) 

Fig. 3 3-D plots of test functions a . f1—Rosenbrock. b . f2—Sphere. c . f3—Ackley. d . f4— 
Michalewicz. e . f5—Qing. f . f6—Rastrigin. g . f7—Schwefel. h . f8—Styblinski-Tang
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(e) (f) 

(g) (h) 

Fig. 3 (continued) 

where . t is the total CPU time elapsed and .ns is the total number of trials. 
3. Average Fitness Evaluation Times (AFET): This is the average fitness evaluation 

times required if it converges successfully, reflecting the convergence speed. The 
expression of success rate is: 

.AFET = p
i

ns
(7) 

where . p is the population, . i is the iteration times required, and .ns is the total 
number of trials. 

4 Results 

This section compares the performances of five algorithms on all benchmark test 
functions and investigates the sensitivity of the social acceleration coefficient .c2 in 
WSA.
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Table 3 Numerical results of optimization on test functions 

Function Dim Pop WSA PSO 

SR (%) AFET AIRT (s) SR (%) AFET AIRT (s) 

. f1 2 250 98 1.30E+04 5.70E-04 100 2.57E+03 3.18E-04 

5 500 1 2.76E+05 1.64E-02 2 1.13E+04 1.36E-03 

10 1000 – – – – – – 

. f2 2 3 97 2.43E+01 8.51E-05 62 7.60E+01 3.30E-04 

5 5 99 8.18E+01 1.15E-04 23 7.68E+02 1.21E-03 

10 10 100 5.41E+02 3.63E-04 28 2.62E+03 2.56E-03 

. f3 2 5 100 1.87E+01 6.66E-05 85 1.81E+02 4.10E-04 

5 7 100 2.64E+02 3.32E-04 16 1.10E+03 1.54E-03 

10 10 99 2.33E+03 2.11E-03 2 3.50E+03 3.63E-03 

. f4 2 150 97 8.95E+02 6.86E-04 99 1.47E+03 1.10E-03 

5 750 90 6.02E+04 3.47E-02 67 5.25E+04 3.06E-02 

10 2500 92 3.93E+05 3.62E-01 3 3.45E+05 3.04E-01 

. f5 2 15 100 4.03E+02 2.35E-04 98 4.61E+02 4.67E-04 

5 50 100 3.70E+03 1.01E-03 93 2.77E+03 9.94E-04 

10 150 100 1.72E+04 2.91E-03 41 2.48E+04 5.23E-03 

. f6 2 3 95 4.88E+01 1.09E-04 19 6.60E+01 2.60E-04 

5 5 100 1.34E+02 1.96E-04 – – – 

10 10 100 1.09E+03 1.88E-03 – – – 

. f7 2 500 89 1.04E+05 6.25E-03 97 7.50E+03 6.99E-04 

5 10000 83 2.43E+06 1.41E-01 29 3.38E+05 2.55E-02 

10 50000 86 2.25E+07 4.28E+00 – – – 

. f8 2 100 99 5.83E+03 2.45E-03 100 1.02E+03 6.90E-04 

5 500 96 1.82E+04 6.17E-03 88 1.15E+04 4.12E-03 

10 1500 99 5.78E+04 3.11E-02 15 1.55E+05 6.93E-02 

4.1 Performance Test 

The performance of five algorithms, including WSA, PSO, APSO, QPSO, and 
PSOGSA, is systematically quantified in Tables 3 and 4. The assessment focuses 
on benchmark test functions across 2, 5, and 10 dimensions. The results demonstrate 
the clear superiority of WSA over its competitors in terms of SR, AIRT, and AFET 
on test functions. f1, . f2, . f3, . f4, . f5, and. f8. WSA achieves an impressive average SR 
exceeding 95% while demonstrating significantly fewer AIRT and AFET metrics 
than other algorithms. For test function . f6, WSA exhibits superior performance in 
2D optimization, particularly in convergence speed. For test function. f7, despite the 
SR being below 90%, WSA outperforms the other algorithms.
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Table 4 Numerical results of optimization on test functions 
Function APSO QPSO PSOGSA 

SR (%) AFET AIRT (s) SR (%) AFET AIRT (s) SR (%) AFET AIRT (s) 

. f1 100 5.74E+03 1.77E-02 100 5.66E+04 1.27E-01 100 6.55E+03 1.08E-01 

1 9.55E+04 2.82E-01 – – – 97 1.53E+05 1.12E+01 

– – – – – – 100 4.49E+05 1.28E+02 

. f2 100 1.55E+02 1.39E-03 100 3.85E+01 6.10E-04 100 1.08E+02 1.45E-03 

100 4.17E+02 2.55E-03 100 1.45E+02 1.19E-03 100 5.34E+02 4.23E-03 

100 9.82E+02 5.00E-03 100 4.84E+02 3.02E-03 100 1.48E+03 1.11E-02 

. f3 85 6.75E+02 3.25E-03 100 2.19E+02 1.90E-03 92 1.04E+03 4.55E-03 

38 1.18E+03 5.39E-03 100 5.46E+02 3.26E-03 56 1.96E+03 7.79E-03 

4 1.77E+03 6.93E-03 100 1.21E+03 5.68E-03 20 3.26E+03 1.72E-02 

. f4 100 5.32E+03 3.27E-02 59 5.94E+04 1.47E-01 100 5.63E+03 7.10E-01 

16 7.80E+04 5.14E-01 – – – 21 1.41E+05 1.74E+01 

– – – – – – – – – 

. f5 95 6.93E+02 2.92E-03 49 7.92E+03 1.96E-02 100 7.05E+02 4.16E-03 

64 4.66E+03 1.44E-02 – – – 100 7.50E+03 6.64E-02 

4 1.80E+04 4.98E-02 – – – 100 3.32E+04 1.44E+00 

. f6 10 3.44E+02 1.68E-03 100 1.50E+02 1.30E-03 11 4.41E+02 5.53E-03 

– – – 100 5.25E+02 2.81E-03 – – – 

– – – 100 1.69E+03 7.33E-03 – – – 

. f7 90 5.01E+03 1.77E-02 1 1.13E+05 3.24E-01 93 6.09E+03 1.80E-01 

7 2.73E+05 1.16E+00 – – – – – – 

– – – – – – – – – 

. f8 96 3.30E+03 1.24E-02 34 4.98E+04 1.40E-01 99 3.17E+03 2.83E-02 

40 4.05E+04 1.53E-01 – – – 65 7.17E+04 5.25E+00 

1 1.56E+05 7.10E-01 – – – – – – 

4.2 Parameter Sensitivity Analysis 

In canonical PSO, achieving better performance relies on carefully balancing the 
acceleration coefficients . c1, . c2, and the inertia weight . w. However, in WSA, which 
eliminates .w and . c1, emphasis is placed solely on tuning the parameter . c2. This  
exclusive focus enables a comprehensive sensitivity analysis of the social acceleration 
coefficient .c2 to evaluate its impact on WSA’s performance. 

The results presented in Fig. 4 illustrate how variations in .c2 influence WSA’s 
success rate with 2, 5, and 10 dimensions. Notably, functions . f2, . f3, and . f6 exhibit 
an increasing trend in success rate as .c2 increases, reaching nearly 100% when 
.c2 exceeds 4.5. Conversely, other functions demonstrate Omega-shaped curves in 
their performance metrics. An important observation is that the appropriate range of 
.c2 varies among different dimensions of the same function. The range tends to be 
narrow as dimensionality increases for functions. f3,. f4,. f5,. f7, and. f8. These findings 
emphasize the significance of the social acceleration coefficient .c2 on the success 
rate.
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4.3 Application of WSA on Robotic Arm: A Case Study 

This case study aims to use Iterative Learning Control (ILC) to update the control 
inputs of a 7-degree-of-freedom WAM Arm continuously. This robotic arm is sub-
jected to repetitive external disturbances and needs to accurately track a circular 
trajectory with a radius of 0.2 m. 

ILC involves several parameters, such as learning gain and feedback gain, that 
significantly impact the robotic arm’s tracking performance and convergence speed. 
To speed up the convergence of tracking errors, we used the WSA technique to search 
for optimal gain coefficients in ILC. This method enhances the system’s convergence 
speed and tracking accuracy while also effectively mitigating external disturbances 
and optimizing the control strategy during iterations. 

We compared three methods: ILC, PSO-optimized ILC, and WSA-optimized ILC. 
To evaluate their performance, we quantified tracking errors using Root Mean Square 
Error (RMSE). Figure 5 shows the simulation model of the WAM Arm and the desired 
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Fig. 4 Success rate of test functions with different social acceleration coefficients a . f1— 
Rosenbrock. b . f2—Sphere. c . f3—Ackley. d . f4—Michalewicz. e . f5—Qing. f . f6—Rastrigin. g 
. f7—Schwefel. h . f8—Styblinski-Tang
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Fig. 4 (continued) 

trajectory. Figure 6 shows that WSA-optimized ILC outperforms the other methods 
in both convergence speed and tracking accuracy, demonstrating its effectiveness and 
superiority. 

5 Conclusion 

According to the results, WSA performs better than traditional methods by elimi-
nating the cognitive acceleration coefficient and inertia weight, accelerating conver-
gence, and significantly reducing computational time. This accomplishment can be 
attributed to its unique design, which removes unnecessary parameters and incor-
porates a swapping mechanism. Through eight benchmark tests, WSA achieves the 
highest success rate in seven, highlighting its robustness in solving high-dimensional 
numerical optimization problems. 

Besides, the social acceleration coefficient significantly influences WSA’s per-
formance, impacting both the speed and accuracy of convergence. While a clear
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Fig. 5 Simulation interface of WAM arm 
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Fig. 6 Comparison of ILC, PSO-optimized ILC, and WSA-optimized ILC
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correlation exists between performance and the coefficient value, its impact is not 
entirely positive or negative, indicating that further empirical research is needed. 
Optimizing this coefficient is crucial for fully harnessing WSA’s potential. 

Compared to algorithms like PSO, which necessitate extensive tuning of three 
different parameters, WSA’s single-parameter model simplifies the tuning process 
and makes it particularly suitable for optimization challenges characterized by low 
dimensions and smaller population sizes. Thus, it is user-friendly and highly effective 
for practical optimization tasks. 
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Chapter 16 
On Complex Neural Networks 

Momin Jamil Sandhu and Xin-She Yang 

1 Introduction 

Complex numbers are not an abstract mathematical concept. They occur ubiquitously, 
either naturally or by design, in a variety of signal and image processing applications. 
The data generated in these applications is inherently complex. Complex numbers 
are a convenient way of representing signals in many applications, including but not 
limited to communication, radar, and magnetic resonance imaging (MRI). Further, 
simpler and more effective data processing is possible in the complex domain . C, 
even for real-valued data applications. For instance, speech processing applications 
often transform real-valued data into complex spectrograms to visualize frequen-
cies and harmonics. Similarly, computer vision and image processing applications 
convert the data into a frequency domain for interpretation and efficient processing. 
Real numbers, among others, are a subset of complex numbers. Almost every appli-
cation prefers to implement real numbers due to their low computational complexity 
and implementation effort. As a result, they have become a formidable choice of 
implementation in machine learning (ML) models based on neural networks (NN). 

NN based on real values are commonly known as real-valued neural networks 
(RvNN’s). They are most widely used in almost every application compared to their 
complex-valued counterpart. In RvNN’s, the parameters .x, y, b,w ∈ R represent 
input, output, bias, and weights, respectively. In contrast to RvNN’s, the parameters of 
complex-valued neural networks (CvNN’s).x, y, b,w ∈ C. In other words, CvNN’s 
can process complex-valued parameters. The output of CvNN’s is either real or 
complex, depending on the application at hand [ 1]. 
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A nonzero complex number can be defined by its magnitude and phase. The 
majority of signal processing algorithms rely on absolute values, complex conjugates, 
and phase rotations. It is, therefore, preferable to use CvNN’s as opposed to RvNN’s 
for signal and image processing applications. In these applications, the significance of 
phase cannot be ignored. In [ 2], it was illustrated that the phase contains information 
related to shapes and edges, while the contrast information and contribution of certain 
frequencies are contained in the magnitude of the signal. This can be illustrated with 
the help of Fig. 1b and c, respectively. These figures represent the reconstruction of an 
original image in Fig. 1a using the inverse Fourier transform. Figure 1b and c shows 
the reconstructed magnitude-only and phase-only images, respectively. Figure 1b 
illustrates that the magnitude-only image is a faded image with only a little indication 
of the image details and features. On the contrary, Fig. 1c demonstrates that the 
phase-only reconstructed image preserves the image outlines and contains far more 
signal-dependent information. One way to deal with complex input data is to separate 
it into real/imaginary, or magnitude/phase parts. They can then be used as an input 
to RvNN’s, thus providing a way to deal with problems with complex characteristics 
[ 3, 4]. However, such approaches are not practical as they neglect the statistical 
coupling or coherence between the real and imaginary components [ 3, 6– 8]. 

Despite frequent complex signal representation in many practical signal and image 
processing applications, the use of CvNN’s is marginalized. Their marginalization 
can be attributed to factors like (i) convoluted design architecture, (ii) differentiability 
of complex activation functions, (iii) complex network parameters, and (iv) increased 
computational complexity [ 3, 4]. 

The first formal description of CvNN was introduced by Clarke in [ 9]. A CvNN 
with complex-valued .x, y, b,w was proposed in [ 10]. A commonly used back-
propagation algorithm was extended to complex domain by [ 11– 14]. After their 
conception in the early.1990s, basic ideas, fundamentals, and applications of CvNN’s 
gained significant attention, see, e.g., [ 3, 4, 6– 8, 15, 16]. CvNN’s are recognized 
for their ability to facilitate more efficient optimization [ 17], improved generaliza-
tion properties [ 18], accelerated learning [ 19, 21], resilient memory mechanisms 

(a) (b) (c) 

Fig. 1 Plots of the a original image b the magnitude-only image, and c the phase-only image
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against noise [ 19], and enhanced representational capacity in recurrent neural net-
works (RNN’s) [ 19, 20]. The complex-valued long short-term memory (LSTM) 
network and its advantages over real-valued LSTM were introduced and discussed 
in [ 21]. 

CvNN’s can deal with both amplitude and phase information in many practi-
cal applications. The extraction of both amplitude and phase information is possible, 
when training is performed using CvNN’s as opposed to RvNN’s. Therefore, CvNN’s 
are the natural and most compatible choice for signal and image processing applica-
tions, among others. Soon after the conception of CvNN’s, there was a realization 
that the complex domain extension of NN was not straightforward due to a lack of 
complex activation functions. 

The subsequent sections of the chapter are organized in the following manner. 
Section 2 explores the rationale behind CvNN’s, various categories of CvNN’s, and 
its fundamental components. In Sect. 3, a review of the existing state-of-the-art devel-
opment tools for CvNN’s is provided. The dataset issues for signal processing appli-
cations, both in general and specifically for radio applications, are discussed in Sect. 4. 
The viability of using CvNN’s for real-world applications is discussed in Sect. 5, tak-
ing into account the current research findings. Lastly, Sect. 6 concludes the chapter. 

2 Complex-Valued Neural Networks 

2.1 Notations 

In this chapter, we use italic boldface upper- and lower-case letters to denote matrices, 
and column vectors, respectively. The boldface upper- and lower-case letters denoted 
stacked matrices and vectors, respectively. The subscript . n denotes the.n-th element 
of a vector. The convolutional operator, partial derivative, and expectation operator 
are denoted by. ∗, . ∂ , and.E[·], respectively. The sets of real and complex domains are 
denoted by the symbols . R and . C, respectively. We use the symbols . z, . r , . φ, and . j to 
denote complex numbers, magnitude, phase, and imaginary part of complex number. 

2.2 Why Complex-Valued Neural Networks? 

The conceptual difference between RvNN’s and CvNN’s is depicted in Fig. 2a–b, 
respectively. CvNN’s possess complex-valued input and work directly with complex 
values without the need to pre-process them by casting them to real numbers. Each 
layer of the CvNN’s operates analogously to a real-valued layer. The difference is that 
the operations (addition, multiplication, convolution, etc.) and trainable parameters 
(weights, bias, etc.) are all in the complex domain. The activation functions are 
also defined in the complex domain, see Fig. 4 and Sect. 2.4.3 for an overview and 
discussion on activation functions. The questions arise: (i) Why are CvNN’s needed
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Fig. 2 Conceptual difference between RvNN and CvNN [ 5]. The final output of the CvNN is a 
weighted sum of the complex inputs followed by applying the activation function. f

when a complex number .z = a + jb can be expressed by an ordered pair of real-
valued numbers .(a, b)? (ii) Why not use a RvNN’s with two channels (as shown in 
Fig. 2a)? Two main reasons for their advocacy are: 

• In image and signal processing, the real and imaginary components of a sig-
nal exhibit statistical coherence. In the time domain, multiplying a signal by a 
scalar quantity is equivalent to multiplying the signal’s magnitude in the frequency 
domain. A linear phase shift in the frequency domain, on the other hand, results 
from a circular rotation of a signal in the time domain. This indicates a statisti-
cal correlation between the real and imaginary components of the signal during a 
phase transition or alteration. 

• If the information regarding the relationship between magnitude and phase and its 
significance to the learning objective is known in advance, it is more appropriate 
to deploy a CvNN. 

Complex numbers have two degrees of freedom (DoF), usually expressed as the 
real and imaginary components, or by the magnitude and phase, as given by (1) 

.z = a + jb = |z|e j∠z (1) 

where . j = √−1, .a = (a1, a2, . . . , an) ∈ R
n and .b = (b1, b2, . . . , bn) ∈ R

n are the 
real and imaginary parts of. z,.|z| and.∠z represent magnitude and phase of. z, respec-
tively. The.a& b denote the set of all ordered.n-tuples of distinct real-valued entities. 
It means that in computer simulations, the complex arithmetic is simulated using 
real-valued arithmetic.
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The complex number can also be represented as an ordered pair of real numbers, 
so . z can be represented as 

.z ≡ (a, b). (2) 

The input value can be split into either rectangular (real and imaginary) or polar 
coordinates (phase and magnitude), as shown in (3) and (4), respectively. This is an 
effective way to represent CvNN’s to a double-dimension RvNN’s. 

.{z1, z2} = {(a1, b1), (a2, b2)} (3) 

.{z1, z2} = {(r1, φ1), (r2, φ2)}, (4) 

where .z1,2 ∈ C, while . r and . φ represent the magnitude and phase of . z. 
CvNN’s deal with complex numbers as opposed to RvNN’s. The input data 

mapping of RvNN’s and CvNN’s can be represented as . f (z) : R2N → R and 
. f (z) : C → C, respectively [ 4, 26]. The former acts as a multiplexer, splitting the real 
and imaginary components of complex-valued data into two independent streams. 
This equates to doubling the number of learnable parameters compared to the latter. 
A comparison of learnable parameters in the complex-valued function approxima-
tion was studied in [ 27]. The study demonstrated that CvNN’s outperform RvNN’s 
in terms of simplicity and generalization ability. 

2.3 Types of CvNN’s 

Figure 3 illustrates many forms of CvNN’s and their variants [ 4] and references 
therein. Fully CvNN’s with complex-valued weights and activation functions were 
proposed in [ 5, 8]. The rationale behind fully utilizing CvNN’s is their capacity to 
retain the information conveyed by the phase component. Some of the applications 
deploying full CvNN’s include estimation of direction of arrival and beam-forming 
[ 28, 29], magnetic resonance imaging (MRI) image reconstruction [ 30], synthetic 
aperture radar (SAR) image interpretation [ 31], channel equalization [ 32– 34]. The 
use of CvNN’s also presents several challenges. These include, but are not lim-
ited to, increased computational complexity, the difficulty of obtaining complex-
differentiable (or holomorphic) activation functions [ 4, 13], susceptibility to noise 
[ 1], a lack of appropriate training datasets [ 35], and limited availability of evaluation 
metrics for comparative studies [ 36]. 

The definition in (2) forms the basis of split-CvNN’s, where . a and . b serve as 
inputs into the RvNN’s. Split-CvNN’s are further divided into two categories, as 
shown in Fig. 3. The two categories are (i) those with real-valued weights and activa-
tion functions, and (ii) those with complex-valued weights and real-valued activation 
functions. The main drawback of the first configuration is that the input data dimen-
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Fig. 3 Types of CvNN’s and its variants 

sions and learnable parameters increase the network size. The lack of coherence 
between the real and imaginary parts introduces a phase distortion [ 6, 22]. Further, 
such configuration approximates the output by using real-valued gradients instead of 
true complex gradients [ 24, 33]. Furthermore, inconsistencies in the approximation 
of the input were also reported in [ 37]. The sensitivity analysis and convergence of 
such a configuration strongly depend on proper initialization and the choice of learn-
ing rate [ 33]. On the other hand, deploying the second configuration can address the 
drawbacks of the first configuration, such as phase distortion. 

2.4 Building Blocks of CvNN’s Architecture 

In this section, we briefly explore and present an introduction of basic layers that 
serve as the main building blocks of CvNN’s. 

2.4.1 Complex Convolution Layer 

Complex numbers can be represented as ordered pairs of real numbers according to 
(2). Consequently, the addition and multiplication of.z1 and.z2 can be mathematically 
expressed by (5) and (6) in a complex domain, as [ 7] 

.(a1, b1) + (a2, b2) = (a1 + a2, b1 + b2) (5) 

.(a1, b1) · (a2, b2) = (a1a2 − b1b2, a1b2 + a2b1). (6) 

For two-dimensional real values, the above equations, addition and multiplication, 
can be expressed as (7) and (8)
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.(x1, y1) + (x2, y2) = (x1 + x2, y1 + y2) (7) 

.(x1, y1) · (x2, y2) = (x1x2, y1y2). (8) 

By comparing, it is clear that from (5) to (8), the addition process in both the . R
and . C domains is identical; however, the multiplication of two complex numbers is 
unique. The cross-terms in (6) represent both phase rotation and amplitude amplifi-
cation or attenuation [ 7], which makes the design of CvNN’s a challenging task. It 
further indicates that complex parameters would increase the CvNN’s computational 
complexity compared to the RvNN’s. CvNN’s would require two additions and four 
real multiplications, as opposed to only a single multiplication for RvNN’s. It is 
also an important result, which indicates that RvNN’s cannot be interpreted as just 
a double dimensional extension of CvNN’s. In other words, simply increasing the 
number of real-valued parameters by two will not produce the same outcome as in 
CvNN’s. 

A distinguishing feature of CvNN’s compared to RvNN’s is the presence of a 
complex-valued convolutional layer. Each convolutional block in the layer consists 
of a complex kernel or weight matrix represented by .W = M + jN and a complex 
input vector represented by .z = a + jb. The complex convolution, as dictated by 
the distributive property, can be represented by equation (9) 

.W ∗ h = (M ∗ a − N ∗ b) + j (N ∗ a + M ∗ b) . (9) 

The above equation can also be represented in vector form as: 

.

[
Re

(
W ∗ z

)
Im

(
W ∗ z

)] =
[
M −N
N M

]
×

[
a
b.

]
(10) 

The complex-valued convolutional layer needs two real-valued convolutional weight 
matrices, .M and . N, stacked together in a three-dimensional array, as shown in 
equation (9). The output of the complex-valued convolution operator, applied to 
the complex-valued input vector . z, consists of four components: .(M, N, a, b). The  
difference between them is that the.Or is obtained by subtracting.N ∗ b from.M ∗ a, 
while the .Oi is obtained by adding the cross-terms.N ∗ a and.M ∗ b. Here, .Or,i rep-
resent the real and imaginary parts of the output, respectively. In other words, unlike 
basic linear transformations in RvNN’s, the complex-valued full connection carries 
out the convolution of the real and imaginary components of neurons. The primary 
distinction between CvNN’s and RvNN’s is the interleaving of real and imaginary 
components of CVNN. 

2.4.2 Complex Batch Normalization 

The standard batch normalization is applicable to real numbers. Its role is to accelerate 
learning and optimize models in some cases [ 38]. Due to the statistical interdepen-
dence between the real and imaginary components of a complex number, the real
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and imaginary parts cannot be independently normalized [ 18]. A batch normalization 
formulation for complex values was proposed by [ 40]. In order to effectively man-
age the normalization process in the complex domain, it was suggested to consider 
complex numbers as two-dimensional vectors [ 40]. Then, re-scale the. 2D vectors by 
the square root of their variance along each of the two principal components. Lastly, 
multiplying the .0-centered data .x − E [x] by the inverse square root of the . 2 × 2
covariance matrix .K [ 40]: 

.x̃ = (K)−
1
2 (x − E[x]) , (11) 

where the covariance matrix .K is given as 

.

[
Kr,r Kr,i

Ki,r Ki,i

]
=

[
cov

(
xr , xr

)
cov

(
xr , xi

)
cov

(
xi , xr

)
cov

(
xi , xi

)] . (12) 

The normalization procedure allows to de-correlate of the imaginary and real 
parts, which avoids co-adaptation between the two components and reduces the risk 
of over-fitting [ 39]. Finally, complex batch normalization is defined as [ 40]: 

.BN (x ) = γ.x + β, (13) 

where. γ and. β are scaling and shift parameters, respectively, see [ 40] and references 
within for further discussion of this topic. When batch normalization is not feasible, 
appropriate complex weight initialization becomes crucial to mitigate the potential 
vanishing or exploding gradients [ 42]. 

2.4.3 Types of Activation Functions 

An artificial neuron receives input signals from other neurons. It then assigns a spe-
cific weight to each input signal and calculates the sum of the weighted input signals. 
Finally, using an activation function, the neuron produces an output signal. Activa-
tion functions could possess linear or nonlinear characteristics. Nonlinear activation 
functions are desirable over linear activation functions. The latter possesses limited 
processing capability compared to the former. NN achieves its versatile processing 
capabilities by applying nonlinear activation functions. 

Choosing a suitable activation function is the most challenging aspect of the over-
all CvNN design. Liouville’s theorem of complex analysis dictates limitations on the 
selection of activation functions. According to this theorem, a complex function is 
constant if it is bounded and analytical (holomorphic) everywhere; i.e., a function is 
differentiable at every point in a complex plane. CvNN’s integrate non-holomorphic 
features through two methods: (i) loss function minimization over complex parame-
ters and (ii) the commonly used activation function. Non-holomorphic functions do 
not possess complex derivatives. This restricts the activation function’s selection or 
choice. Non-holomorphism is unavoidable if: (i) the loss function is real-valued; (ii)
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Fig. 4 Types of activation functions 

boundedness and analyticity of the loss function at the same time. In the complex 
domain, boundedness and analyticity cannot be simultaneously achieved. Accord-
ing to [ 23], boundedness is often preferred over analyticity for activation functions 
in complex domain. A simple, systematic, and elegant solution to deal with non-
holomorphic complex-valued functions is Wirtinger calculus [ 24]. 

Figure 4 depicts the classification of different activation functions, see [ 25] and 
references therein. These activation functions are divided into two main categories: 
split and fully complex. In the former, real and imaginary parts are treated inde-
pendently, as given by (14), while in the latter, real and imaginary parts are treated 
as a single entity. Depending on the nature of the final output, the split activation 
function can be further divided either into a complex domain or converted into a real 
domain from a complex domain. The complex domain conversion is performed by 
computing the absolute value of the real and imaginary parts using (15). Figures 5, 
6, and 7 depict exemplary fully complex, split-sigmoidal, and amplitude-phase-type 
activation functions. 

. f (z) = fr (x) + j fr ( y) (14)
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Fig. 5 Complex-valued function. f (z) = 1/(1 + e−z), where.z = x + j y. a real part, b imaginary 
part c amplitude, and d phase of the function 

. f (z) =
√

( fr (x))2 + j ( fr ( y))2. (15) 

2.4.4 Complex Pooling 

The pooling layer is crucial for compressing feature information by removing redun-
dancy and enhancing the representation power of a neural network through non-
linear mapping. Complex maximum pooling and complex average pooling have 
been reported in [ 41]. The real-valued maximum pooling selects the highest value 
among the features in the neighborhood. However, complex-valued maximum pool-
ing (CMP) takes into account the direct correspondence between the magnitude and 
phase of complex values [ 41]. 

Real-valued average pooling averages the elements in a feature map through 
sliding windows. Complex average pooling (CAP), on the other hand, separately 
averages the real and imaginary parts of complex values [ 40, 41] and references 
within for more information.
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Fig. 6 Split complex activation function . f (z) = log
(
1/1 + e−z

)
: a real part b imaginary part c 

amplitude, and d phase of the function 

2.4.5 Complex Differentiability 

A function . f (z) for any complex-valued variable .z = a + jb can be written as 

. f (z) = f (z, z∗) = R( f ) + I( f ) = p(a, b) + j.,q(a, b) where j = √−1. (16) 

If the partial derivatives. pa,. pb,.qa, and.qb exist and satisfy the Cauchy-Riemann 
equations, i.e.,. pa =.qb and. pa = -.qb, then. f (z) is called a holomorphic function and 
its derivative with respect to. z exists. On the contrary, it is called a non-holomorphic 
function and its derivative w.r.t. the complex-valued variable . z does not exist, i.e., 
. q(a, b) = 0

A simple, systematic, and elegant solution to deal with non-holomorphic complex-
valued functions is Wirtinger calculus [ 24]. The Wirtinger calculus is an extension 
of the concept of complex derivative that incorporates the use of conjugate coor-
dinates. Wirtinger introduced conjugate coordinates to derive the derivative of a 
non-holomorphic function. f (z)with respect to. z in the complex domain, as follows: 

.
∂ f

∂ z
= 1

2

(
∂ f

∂a
− j

∂ f

∂b

)
(17)
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Fig. 7 Split complex activation function . f (z) = tanh(|z|)e j∠z : a real part b imaginary part c 
amplitude, and d phase of the function 

.
∂ f

∂ z∗ = 1

2

(
∂ f

∂a
+ j

∂ f

∂b

)
, (18) 

where .

(
∂ f
∂ z

)
and .

(
∂ f
∂ z∗

)
are known as . R and conjugate . R derivative, respectively. In 

addition, the variables . z and .z∗ are independent of each other. This implies that the 
derivatives of the function . f (z) w.r.t . z are not necessarily equal to the derivative of 
. f (z) w.r.t . z∗. This property allows us to solve the derivative of a non-holomorphic 
function with respect to the complex-valued variable. 

2.4.6 Complex-Valued Back Propagation 

One of the most fundamental building blocks in NN is the back-propagation algo-
rithm. It aims to minimize the cost function by adjusting NN weights and biases. The 
gradients of the cost function w.r.t those parameters determine the required level of 
adjustment. The gradient of a function determines how much the parameter needs to 
change (in a positive or negative direction) to minimize the cost function at hand.
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The back-propagation algorithm uses the chain rule to calculate the gradients 
of the objective function w.r.t. all adjustable parameters. The gradient optimiza-
tion algorithm, such as gradient descent, updates the parameters. Open-source soft-
ware frameworks such as TensorFlow and PyTorch support complex-valued back-
propagation algorithm to calculate complex gradients [51, 52]. Back-propagation has 
been extensively studied, and well documented and has been extended to CvNN’s 
such as complex-valued feedforward neural networks (CvFNNs) [ 5, 11– 13]. For the 
sake of brevity, detailed discussion and derivation are omitted here. 

3 Complex-Valued Neural Networks Libraries Current 
State of Development 

Much of the work in signal processing often relies on RvNN’s and renounces potential 
performance benefits that can possibly be achieved with CvNN’s. Despite complex 
signal representation in practical signal processing applications, the use of CvNN’s 
seems to be marginalized. Their marginalization can be attributed to: (i) convoluted 
design architecture, (ii) differentiability of complex activation functions, (iii) com-
plex network parameters, (iv) increased computational complexity, (v) availability of 
appropriate datasets, and (vi) most importantly, a lack of off-the-self CvNN’s models 
compared to their real-valued counter-parts [ 3, 4]. 

Ever since the introduction of complex-valued deep NN in .2018 [ 40], there has 
been a growing interest in the adoption of CvNN’s for several applications, see, e.g., 
[ 4]. The introduction of key concepts such as complex convolutions, complex batch 
normalization, complex weight initialization strategies, and complex differentiation 
in [ 40] and their application to convolutional feedforward have sparked an increasing 
interest in CvNN’s. The work in [ 40] showed that CvNN’s are better than RvNN’s 
in a number of different types of experiments, including computer vision, music 
transcription, and speech spectrum prediction. 

Recent years have seen the rapid popularization and development of numerous 
ML and deep learning (DL) frameworks and algorithms. These frameworks provide 
interfaces, libraries, tools, and pre-built optimized functions. They are instrumental 
in deploying training routines from high-level languages to massively concurrent 
graphical processing unit (GPU) architectures. This allows effective and efficient 
ways to develop ML and DL models by speeding up the development process by 
eliminating the need to build the models from scratch in a plethora of applications. 

Frameworks such as Chainer [ 43], Caffe [ 44], DeepLearning4j [ 45], Keras [ 46], 
Theano [ 47], TensorFlow [ 48], PyTorch [ 49], scikit-learn [ 50] are most commonly 
used in the creation of deep and machine learning models. Theano [ 47] and Tensor-
Flow [ 48] allow high level algorithm definition in the Python programming language. 
Both allow automatic differentiation of training loss functions through very large net-
works. Compilation arising from the network’s forward and backward passes into 
hardware-optimized concurrent dense matrix algebra kernels can be handled by them.
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Although CvNN’s have shown superior modeling performance for many tasks 
across the signal and image processing domain, however, the ML frameworks 
described above do not adequately support CvNN’s. These frameworks only handle 
real-valued numbers, restricting their use to real-domain digital signal processing 
(DSP). In recent years, there have been some efforts with a strong focus on the 
implementation of modules to support CvNN’s in Python; however, the progress 
remains slow. 

A Python tool to deal with the implementation of CvNN’s models using Tensor-
Flow at the back-end was reported in [51]. A PyTorch wrapper for modeling complex-
valued deep learning in PyTorch was reported in [ 52]. A new Python-based open-
source framework known as RosenPy has been introduced in [ 53]. This library incor-
porates different CvNN’s, such as CV-FFNN (complex-valued feedforward neural 
network) [ 34], SC-FFNN (split-complex feedforward neural network) [ 34], 
CV-RBFNN (complex-valued radial basis function neural network) [54], FC-RBFNN 
(fully complex radial basis function neural network) [ 55], and Deep PT-RBFNN 
(deep phase-transmittance radial basis function neural network). The package 
has been designed to reduce the level of difficulty in implementing CvNN’s, 
enabling users to model and train these networks by simply setting of their hyper-
parameters [ 53]. 

4 Dataset Challenges 

Cutting-edge research in finance, natural language processing, computer vision, voice 
recognition, and medical imaging is propelling ML to the forefront of innovation. 
Regrettably, recent research has mostly overlooked radio signal processing. However, 
there is significant potential for applying ML to the radio domain. Successful imple-
mentation of ML-based systems requires overcoming many challenges. The first and 
most formidable challenge is data preparation or collection. For many applications, 
the datasets are readily available, and for others, they do not. Radio communication is 
one of those domains that not only differentiates from others but also presents several 
challenges compared to the other domains. Some of the effects that are universally 
present in all over-the-air systems include the following [ 62]: 

• Unknown propagation delays, combined with asynchronous traffic and protocol 
schedules, result in a random signal arrival time. 

• Error in random symbol rate caused by free running sample clocks in a detached 
radio system. 

• Propagation multipath interference, reflectors, and other effects introduce non-
impulsive delay spread. 

• The movement of emitters, reflectors, and/or receivers introduces Doppler offsets. 
• Gaussian thermal and impulsive noise, co-channel, and adjacent channel interfer-
ence.
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Several applications in the current machine learning literature are not the same 
as radio domain data due to the challenges it poses. Radio communication signals 
are artificially produced by a transmitter. During the transmission, they go through 
a number of harsh channel effects. This results in a diversity of anomalies that are 
present in the received copies of the radio communications signals, which poses 
some unique challenges [ 62]. Existing datasets, such as RadioML[ 62], are used to 
train deep learning models for narrow-band radio frequency (RF) signals. RadioML 
datasets lack enough diversity in signal types and channel impairments to sufficiently 
assess the performance of ML models in a real-world scenario [ 63]. 

Datasets play an integral part in ML applications. Radio signal processing is an 
algorithmically matured application, but the non-availability of high-quality train-
ing datasets has slowed its advance in the ML domain. Although there are vari-
ous datasets for radio signal recognition, such as RadioML 2016.10A, RadioML 
2016.04C, and RadioML 2018.10A [ 64], these data are outdated, not being updated 
and maintained. Further, RadioML 2016.10A and RadioML 2016.04C are simulated 
datasets and don’t capture real-world scenarios. These existing datasets have been 
extensively used in research; however, they may not be suitable for many practical 
applications. Most categories of these datasets are generated by simulation, which 
could be very different from those captured from real applications. There are differ-
ent approaches to generate datasets depending on the application, such as live signal 
capture and a combination of hardware and software. The limitations of RadioML 
2016.10A, RadioML 2016.04C, and RadioML 2018.10A [ 64] were addressed in 
TorchSig datasets [ 65]. TorchSig is a general-purpose, complex-valued signal pro-
cessing machine learning toolkit [ 65]. TorchSig dataset represents .53 digital mod-
ulations useful for signal classification research. It can also generate and interface 
with the widebandSig.53 dataset, which is a wideband extension to Sig. 53. Regardless 
of the generation method, any new dataset must fulfill the following conditions: 

• It should be collected in a real-world scenario with a large number of categories. 
• It should be easy to acquire and at a low expense. 
• Finally, it should be easy to update in the future. Therefore, the source of the radio 
signal is very important for the dataset. 

Producing or generating a dataset for the application at hand could be time-
consuming, expensive, and require human resources as well. Given the unique char-
acteristics of signals, e.g., in radio signal processing, labeling a large-scale and high-
quality dataset could be quite cumbersome. Therefore, an automatic collection and 
labeling system would be desirable to capture live signals without minimal or no 
human intervention. Further, post-processing would be required to ensure the fea-
ture richness and balance of the collected data.
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5 Are Complex-Valued Neural Network Better Than 
Real-Valued Neural Networks? 

CvNN’s are found to be superior in applications where data is complex-valued [ 8]. If, 
however, input data to CvNN’s is real-valued, CvNN’s did not show any performance 
gains over RvNN’s [ 8, 56]. In fact, RvNN’s were shown to outperform CvNN’s on 
similar tasks [ 56]. When RvNN’s and CvNN’s of similar size were compared, the 
performance of CvNN’s was found to be at par or slightly worse, but not better. 
The work reported in [ 57] demonstrates that CvNN’s are not effective in accurately 
determining the horizontal lateral positions of musical audio items within binaural 
audio. In another example, CvNN’s did not outperform the proposed auto-encoder 
architecture in a speech enhancement application [ 57]. The complex models did 
not outperform comparable real models, nor did they outperform a state-of-the-art 
baseline model in the experimental work in [57]. Methods for building and optimizing 
complex networks for audio applications were presented in [ 57]. The authors have 
reported that the naive implementation of Adam optimization is not suitable to handle 
complex random variables. Further, it was shown that the selection of input and output 
representations has a significant impact on the performance of a CvNN’s. 

The work in [  51] introduced a comprehensive tool that enables the implementa-
tion of CvNN’s to effectively utilize the complex-valued properties of the data. The 
authors have presented a straightforward comparison with real equivalent networks. 
A series of results have shown that CvNN’s are an attractive choice over conven-
tional RvNN’s on complex-valued datasets. They have also shown that CvNN’s were 
able to obtain better performance on non-circular complex-valued data commonly 
encountered in signal processing applications. It was shown that CvNN’s statistically 
outperformed RvNN’s with higher accuracy, smaller variance, and less over-fitting, 
regardless of the model architecture and hyper-parameters [ 51]. They also reported a 
few exceptions or outlier cases where RvNN’s were found to be competitive against 
CvNN’s. These exceptions were observed when the size of the dataset was relatively 
small or when the statistical coherence between the real and imaginary parts, i.e., the 
correlation coefficient.|ρ|, was close to zero. In such cases, it was almost impossible 
to distinguish between feature vectors. For these exceptions, CvNN’s and RvNN’s 
were found not to be useful [ 51]. The findings in [ 51] do not provide sufficient evi-
dence to support the claim that CvNN’s outperform RvNN’s. Additional research is 
needed to investigate the effects of learning rates, feature vector size, and multi-class 
datasets on the performance of these models. 

The work in [  60] presents a comparison between RvNN’s and an “equivalent” 
CvNN’s for wireless data classification. In order to guarantee a fair comparison, 
the number of parameters for both types of NN was equal. In their study, they also 
explored the effect of changing the set of inputs to the NN by using multiple configu-
rations such as in-phase and quadrature (I & Q) components and polar representation 
as data inputs to NN in their study. The investigation focuses on three configurations 
for the I and Q samples: (i) using only the input I (ii) using only the input Q, and (iii) 
using both I and Q (referred to as IQ) as the input. For the polar representation of IQ
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samples (i) use only the input magnitude, (2) use only the phase as an input, and (iii) 
both magnitude & phase were used as input. For configurations that only required a 
single input, the other input was set to zero [ 60]. 

In general, CvNN’s are found to be more accurate for wireless device classifica-
tion than RvNN’s [ 60]. The CvNN’s consistently outperformed the RvNN’s while 
having a same number of parameters. The primary advantage of CvNN’s compared 
to RvNN’s is their ability to utilize the combined information from both the I & Q 
components of the signals due to the cross-terms generated by the complex number 
multiplication and convolution operations, according to (9). 

A performance comparison of RvNN’s and CvNN’s for digital self-interference 
cancelation was reported in [ 61]. They concluded that CvNN’s with certain non-
holomorphic activation functions performed significantly better than those with holo-
morphic activation functions. Further, their proposed real-input CvNN (RIn-CvNN) 
was found to perform equally well as CvNN’s with non-holomorphic activation 
functions. Furthermore, it was concluded that RvNN’s required more neurons than 
RIn-CvNN and CvNN to achieve the same performance. 

Contrary to some of the sampled work above, the question of the appropriate-
ness of CvNN’s for speech enhancement was addressed in [ 59]. From the presented 
experiments, it was concluded that CvNN’s do not perform dramatically better than 
RvNN’s on intrinsically complex tasks. The number of multiplication operations 
was higher than RvNN’s. The authors concluded that split-RvNN’s using the real 
and imaginary parts of features as inputs were preferred for complex regression 
problems. 

A comparative study of the CvNN’s and RvNN’s trained with gradient descent 
and random search algorithms was the subject of investigation in [ 58]. According to 
their findings, there was no difference in the quality of results between CvNN’s and 
RvNN’s for the application in their work. 

6 Conclusions 

This work presents a brief overview of CvNN’s. Compared to RvNN’s, research 
on CvNN’s has progressed at a slower pace, and only a few applications have uti-
lized them. The argument for using CvNN’s in applications where data is complex 
by design or occurs naturally has merit. Some applications, such as radio signal 
processing and wireless communications, are not able to leverage the benefits of 
existing open-source NN libraries in their existing development frameworks. This 
can be attributed to a lack of factors such as the availability of appropriate datasets, 
appropriate complex-valued activation functions, differentiability of complex-valued 
functions, well-defined loss functions, optimization algorithms, weight initialization 
strategies, and numerical issues during the training process. Furthermore, most of the 
publicly available software development frameworks are unable to directly integrate 
complex-valued data into applications or libraries developed for real-valued net-
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works. In the absence of complex-valued deep learning software implementations, 
the appropriateness of deploying real-valued solutions for handling complex-valued 
data remains an open research problem. 

The benefits of CvNN’s in signal, image processing, and wireless communications 
cannot be ignored in light of research activities for the . 6G wireless communication 
standard. Several industry players, such as Rohde & Schwarz and NVIDIA are part-
nering and transitioning from simulations to implementing and testing AI models for 
. 6G applications. 1 This may accelerate the adoption of CvNN’s for signal processing 
applications for . 6G systems. It can be foreseen that a neural receiver may replace 
signal processing blocks in the physical layer of a wireless communications system 
with trained machine learning models. These efforts will also expedite the generation 
of datasets, which are an absolute prerequisite for training NN models. 
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ing the manuscript. 

References 

1. Zhang H, Gu M, Jiang XD et al. (2021) An optical neural chip for implementing complex-valued 
neural networks. Nature Commun 12(1):1–11. https://doi.org/10.1038/s41467-020-20719-7 

2. Oppenheim AV, Lim JS (1981) The importance of phase in signals. In: Proceedings of the IEEE 
69(5):529–541 

3. Hirose A, Yoshida S (2011) Comparison of complex-and real-valued feedforward neural net-
works in their generalization ability. In: Lu BL, Zhang L, Kwok J (eds) Neural information 
processing, pp 526–531 

4. Lee C, Hasegawa H, Gao S (2022) Complex-valued neural networks: a comprehensive survey. 
IEEE/CAA J Automatica Sinica 9(8):1406–1426. https://doi.org/10.1109/JAS.2022.105743 

5. Hirose A (1992) Proposal of fully complex-valued neural networks. In: International joint 
conference on neural networks. Baltimore, USA, pp 152–157. https://doi.org/10.1109/IJCNN. 
1992.227274 

6. Hirose A (1994) Applications of complex-valued neural networks to coherent optical computing 
using phase-sensitive detection scheme. Inform Sci Appl 2(2):103–117 

7. Hirose A (2006) In: Complex-valued neural networks. Springer 
8. Hirose A (2009) Complex-valued neural networks: the merits and their origins. In: International 

joint conference on neural networks, Atlanta, USA, pp 1237–1244. https://doi.org/10.1109/ 
IJCNN.2009.5178754 

9. Clarke TL (1990) Generalization of neural networks to the complex plane. In: International 
joint conference on neural networks. San Diego, USA, pp 435–440. https://doi.org/10.1109/ 
IJCNN.1990.137751 

10. Hirose A (1992) Dynamics of fully complex-valued neural networks. Electron Lett 
28(16):1492–1494 

11. Leung H, Haykin S (1991) The complex backpropagation algorithm. IEEE Trans Signal Process 
39(9):2101–2104

1 https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-
showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-
detailpage_229356-1330882.html. 

https://doi.org/10.1038/s41467-020-20719-7
https://doi.org/10.1038/s41467-020-20719-7
https://doi.org/10.1038/s41467-020-20719-7
https://doi.org/10.1038/s41467-020-20719-7
https://doi.org/10.1038/s41467-020-20719-7
https://doi.org/10.1038/s41467-020-20719-7
https://doi.org/10.1038/s41467-020-20719-7
https://doi.org/10.1038/s41467-020-20719-7
https://doi.org/10.1038/s41467-020-20719-7
https://doi.org/10.1109/JAS.2022.105743
https://doi.org/10.1109/JAS.2022.105743
https://doi.org/10.1109/JAS.2022.105743
https://doi.org/10.1109/JAS.2022.105743
https://doi.org/10.1109/JAS.2022.105743
https://doi.org/10.1109/JAS.2022.105743
https://doi.org/10.1109/JAS.2022.105743
https://doi.org/10.1109/JAS.2022.105743
https://doi.org/10.1109/IJCNN.1992.227274
https://doi.org/10.1109/IJCNN.1992.227274
https://doi.org/10.1109/IJCNN.1992.227274
https://doi.org/10.1109/IJCNN.1992.227274
https://doi.org/10.1109/IJCNN.1992.227274
https://doi.org/10.1109/IJCNN.1992.227274
https://doi.org/10.1109/IJCNN.1992.227274
https://doi.org/10.1109/IJCNN.1992.227274
https://doi.org/10.1109/IJCNN.2009.5178754
https://doi.org/10.1109/IJCNN.2009.5178754
https://doi.org/10.1109/IJCNN.2009.5178754
https://doi.org/10.1109/IJCNN.2009.5178754
https://doi.org/10.1109/IJCNN.2009.5178754
https://doi.org/10.1109/IJCNN.2009.5178754
https://doi.org/10.1109/IJCNN.2009.5178754
https://doi.org/10.1109/IJCNN.2009.5178754
https://doi.org/10.1109/IJCNN.1990.137751
https://doi.org/10.1109/IJCNN.1990.137751
https://doi.org/10.1109/IJCNN.1990.137751
https://doi.org/10.1109/IJCNN.1990.137751
https://doi.org/10.1109/IJCNN.1990.137751
https://doi.org/10.1109/IJCNN.1990.137751
https://doi.org/10.1109/IJCNN.1990.137751
https://doi.org/10.1109/IJCNN.1990.137751
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html
https://www.rohde-schwarz.com/us/about/news-press/all-news/towards-6g-rohde-schwarz-showcases-ai-ml-based-neural-receiver-with-nvidia-at-mwc-barcelona-press-release-detailpage_229356-1330882.html


16 On Complex Neural Networks 361

12. Benvenuto N, Piazza F (1992) On the complex backpropagation algorithm. IEEE Trans Signal 
Process 40(4):967–969 

13. Georgiou G, Koutsougeras C (1992) Complex domain backpropagation. IEEE Trans Circuits 
and Syst II: Analog and Digital Signal Process 395:330–334 

14. Hirose A (1992) Continuous complex-valued back-propagation learning. Electron Lett 
28(20):1854–1855 

15. Mandic DP, Goh VSL (2009) Complex valued nonlinear adaptive filters–noncircularity, widely 
linear and neural models. Wiley 

16. Aizenberg I (2011) In: Complex-valued neural networks with multi-valued neurons. Springer 
17. Nitta T (1992) On the critical points of the complex-valued neural network. In: International 

conference on neural information processing, Singapore, pp 1099–1103. https://doi.org/10. 
1109/ICONIP.2002.1202792 

18. Hirose A, Yoshida S (2012) Generalization characteristics of complex-valued feedforward 
neural networks in relation to signal coherence. IEEE Trans Neural Netw Learn Syst 23(4):541– 
551 

19. Arjovsky M, Shah A, Bengio Y (2016) Unitary evolution recurrent neural networks. In: Inter-
national conference on machine learning. New York, USA, pp 1120–1128 

20. Wisdom S, Powers T, Hershey J, Le Roux J, Atlas L (2016) Full-capacity unitary recurrent neu-
ral networks. In: International conference on neural information processing systems. Barcelona 
Spain, pp 4887–4895 

21. Danihelka I, Wayne G, Uria B, Kalchbrenner N, Graves A (2016) Associative long short-term 
memory. In: International conference on machine learning. New York, USA, pp 1986–1994 

22. Hirose A (2013) Complex-valued neural networks–advances and applications. In: Hirose A 
(ed) Wiley & Sons 

23. Nitta T (1997) An extension of the back-propagation algorithm to complex numbers. Neural 
Networks 10(8):1391–1415 

24. Amin FM (2012) Complex-valued neural networks: learning algorithms and applications. In: 
Doctoral Thesis, University of Fukui, Japan 

25. Bassey J, Li X, Qian L (2021) A survey of complex-valued neural networks. In: arXiv preprint 
(2021). arXiv:2101.12249v1 

26. Arena P, Fortuna L, Re R, Xibilia MG (1995) Multilayer perceptrons to approximate complex 
valued functions. Int J Neural Syst 6(4):435–446 

27. Amin MF, Savitha R, Amin MI, Murase K (2011) Complex-valued functional link network 
design by orthogonal least squares method for function approximation problems. In: Interna-
tional joint conference on neural networks. San Jose, USA, pp 1489–1496. https://doi.org/10. 
1109/IJCNN.2011.6033400 

28. Yang WH, Chan KK, Chang PR (1994) Complex-valued neural-network for direction of-arrival 
estimation. Electron Lett 30(7):574–575 

29. Chang A-C, Jen C-W, Su I-J (2007) Robust adaptive array beamform ing based on independent 
component analysis with regularized constraints. IEICE Trans Commun E90(7):1791–1800. 
https://doi.org/10.1049/el:19940400 

30. Dedmari MA, Conjeti S, Estrada S, Ehses P, Stöcker T, Reuter M (2018) Complex fully con-
volutional neural networks for MR image reconstruction. In: Knoll F, Maier A, Rueckert D 
(eds) Machine learning for medical image reconstruction, Lecture notes in computer science. 
vol 11074. Springer, pp 30–38 

31. Zhang Z, Wang H, Xu F, Jin Y-Q (2017) Complex-valued convolutional neural network and 
its application in polarimetric SAR image classification. IEEE Trans Geosci Remote Sens 
55(12):7177–7188 

32. Li M-B, Huang G-B, Saratchandran P, Sundararajan N (2005) Fully complex extreme learning 
machine. Neurocomputing 68:306–314. https://doi.org/10.1016/j.neucom.2005.03.002 

33. Savitha R, Suresh S, Sundararajan N, Saratchandran P (2009) A new learning algorithm with 
logarithmic performance index for complex-valued neural networks. Neurocomputing 72(16-
18):771–3781

https://doi.org/10.1109/ICONIP.2002.1202792
https://doi.org/10.1109/ICONIP.2002.1202792
https://doi.org/10.1109/ICONIP.2002.1202792
https://doi.org/10.1109/ICONIP.2002.1202792
https://doi.org/10.1109/ICONIP.2002.1202792
https://doi.org/10.1109/ICONIP.2002.1202792
https://doi.org/10.1109/ICONIP.2002.1202792
https://doi.org/10.1109/ICONIP.2002.1202792
http://arxiv.org/abs/2101.12249v1
https://doi.org/10.1109/IJCNN.2011.6033400
https://doi.org/10.1109/IJCNN.2011.6033400
https://doi.org/10.1109/IJCNN.2011.6033400
https://doi.org/10.1109/IJCNN.2011.6033400
https://doi.org/10.1109/IJCNN.2011.6033400
https://doi.org/10.1109/IJCNN.2011.6033400
https://doi.org/10.1109/IJCNN.2011.6033400
https://doi.org/10.1109/IJCNN.2011.6033400
https://doi.org/10.1049/el:19940400
https://doi.org/10.1049/el:19940400
https://doi.org/10.1049/el:19940400
https://doi.org/10.1049/el:19940400
https://doi.org/10.1049/el:19940400
https://doi.org/10.1049/el:19940400
https://doi.org/10.1049/el:19940400
https://doi.org/10.1016/j.neucom.2005.03.002
https://doi.org/10.1016/j.neucom.2005.03.002
https://doi.org/10.1016/j.neucom.2005.03.002
https://doi.org/10.1016/j.neucom.2005.03.002
https://doi.org/10.1016/j.neucom.2005.03.002
https://doi.org/10.1016/j.neucom.2005.03.002
https://doi.org/10.1016/j.neucom.2005.03.002
https://doi.org/10.1016/j.neucom.2005.03.002
https://doi.org/10.1016/j.neucom.2005.03.002
https://doi.org/10.1016/j.neucom.2005.03.002


362 M. J. Sandhu and X.-S. Yang

34. Scardapane S, Van Vaerenbergh S, Hussain A, Uncini A (2020) Complex-valued neural net-
works with nonparametric activation functions. IEEE Trans Emerg Topics in Comput Intell 
4(2):140–150 
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Chapter 17 
Self-adaptive Big Bang-Big Crunch 
Algorithm for Engineering Designs 

Jéssica Cristiane Andrade , Claudemir Mota da Cruz , 
Fran Sérgio Lobato , Gustavo Barbosa Libotte , 
and Gustavo Mendes Platt 

1 Introduction 

In the last decades, population-based algorithms have been considered important 
tools in engineering systems design. During the evolutionary process, the input 
parameters were usually kept constant. This characteristic simplifies its computa-
tional implementation, but does not consider (for example) that, in these algorithms, 
the population size should vary over time. Thus, it might be interesting to increase 
this parameter (to a maximum value) during the first generations in order to allow 
the individuals to explore the design space (increasing exploration skills). On the 
other hand, at the end of the generations, the population can become homogeneous. 
In this case, unnecessary evaluations of the objective function are performed, since 
the individuals with similar characteristics are evaluated [ 1]. Intuitively, if the pop-
ulation size can be reduced throughout the evolutionary process without losing the 
capacity to explore the design space, the computational cost can be reduced when 
compared to the algorithm with a constant population. 
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The use of parameter control was not a common subject of study at the beginning 
of evolutionary computing, but over the years and with the increasing complexity 
of problems, its use became necessary to ensure the efficiency and robustness of 
the algorithms. In addition, the choice of parameter values in any population-based 
algorithm can significantly influence its performance and has been the subject of 
several studies [ 2– 4]. This choice of values can be done manually, through previous 
experience acquired by the researcher or simply by intuition (parameter tuning), or 
even automatically, through parameter control methods. 

The optimal value of the control parameters can change throughout the algorithm 
execution, i.e., at the beginning of the search process, the optimal values of the control 
parameters can be different from the optimal values at the end of the execution. The 
main advantages of this strategy are presented as follows [ 2]: 

• Allows the use of appropriate parameters at different stages of the search process, 
i.e., increasing exploration at the beginning, and refining the solution at the end; 

• Allows the adjustment of parameters when the fitness scenario changes in dynamic 
problems; 

• Allows the algorithm to collect information about the fitness scenario and use this 
information to adjust parameters at later stages; 

• Avoids manual setting of parameters by the user. 

As mentioned earlier, population-based algorithms can be divided into two cate-
gories with respect to their control parameters [ 3]: constant and non-constant (vari-
able). In the first category, the control parameters are fixed along the optimization 
process and are defined after some preliminary runs or, as pointed previously, by the 
experience of the user. On the other hand, in the second set of algorithms, the control 
parameters are updated during the execution of the code. Usually, algorithms with 
variable control parameters are more efficient than those with constant parameters, 
as they are able to adapt to the characteristics of the problem and the optimization 
environment [ 3]. 

With regard to the algorithms with variable control parameters, these can be 
classified into three types [ 3]: (i) deterministic, (ii) adaptive, and (iii) self-adaptive. 
A deterministic population-based algorithm follows some pre-established rules to 
alter the control parameters. An adaptive population-based algorithm improves its 
performance during execution, automatically adjusting its parameters independently 
of the user intervention. For this, it uses information obtained during the process 
to adapt the parameters. Finally, a self-adaptive population-based algorithm is a 
variation of the adaptive strategy, but, in this case, the parameters themselves are 
encoded. In summary, we can say that the main difference between these three types 
of evolutionary algorithms lies in the way they deal with randomness and parameter 
tuning [ 5]. 

Parameter control strategies in population-based algorithms can be grouped 
mainly as control methods for [ 2]: population, selection, variation (mutation and 
crossover), and fitness function. 

In this context, Lobato and co-workers [ 1] proposed a self-adaptive Differential 
Evolution (DE) strategy based on the concept of population diversity. A variant of
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the DE algorithm that uses the Particle Swarm Optimization mutation strategy at 
some stages of evolution to improve performance and avoid premature convergence 
was proposed by Dixit and co-workers [ 6]. Zhou and co-workers [ 7] proposed a 
self-adaptive DE algorithm using a self-adaptation strategy for both the mutation 
operator and the crossover and amplification factor, always based on their historical 
performance over generations. Liu and Lampinen [ 8] proposed the use of fuzzy 
logic controllers to adapt the parameters of the mutation operator and the crossover 
operator in the DE algorithm. Chen and co-workers [ 9] developed a self-adaptive 
genetic algorithm that uses reinforcement learning to dynamically adjust mutation 
and crossover rates. 

Another factor that strongly influences the performance of an evolutionary algo-
rithm is the population size, as a small population can lead to premature convergence, 
while a very large population can reduce the efficiency of the algorithm [ 2, 4, 10, 
11]. With respect to the adjustment of the population size, the works can be classified 
into 4 groups [ 2]. 

• Theoretical studies on population size and the advantages of varying the population 
size; 

• Approaches that aim to drop the population size parameter by introducing a new 
operator or concept; 

• Strategies to determine an optimal population size during its run; 
• Operators to control the population size in real time (on-the-fly). 

Zhang [ 10] proposes an adaptive guided DE algorithm considering a new muta-
tion scheme and a nonlinear population size reduction strategy based on hyperbolic 
tangent function. At the beginning, convergence is slow, and the population size is 
fixed at the maximum value; in the middle of the process, the number of individuals 
decreases linearly; finally, at the end of the algorithmic procedure, the curve induces 
the convergence of the population size to the established minimum. This scheme 
allows the exploration of new regions of the search space at the beginning, avoid-
ing premature convergence, and fewer evaluations at the end, when the algorithm is 
already possibly converging. In the work carried out by Lacerda and co-workers [ 11], 
a parameterless controller was proposed to adjust the population size in evolutionary 
and swarm-based algorithms. The controller increases or decreases the speed of pop-
ulation change as fitness improves and adds or removes individuals using a selection 
mechanism. An adaptive multi-population strategy considering the Non-dominated 
Sorting Genetic Algorithm (NSGA-II) is proposed by Zhao and co-workers [ 12]. In 
this algorithm, the population is divided into sub-populations and the size of each 
sub-population is controlled according to the quality of individuals, in addition to 
applying different crossover operators in each sub-population. 

This work presents the Big Bang-Big Crunch (BB-BC) algorithm with variable 
control parameters to solve engineering system design. Unlike other population-
based algorithms that use mutation, crossover, selection, or the amplification factor 
as variable control parameters, BB-BC uses population size as a variable control 
parameter, thus fitting into the category of self-adaptive algorithms.
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In order to reduce the number of objective function evaluations during an evo-
lutionary process, the Self-Adaptive Big Bang-Big Crunch (SA-BB-BC) algorithm 
is proposed. The proposed methodology consists of two strategies to update the 
population size and a parameter for controlling the influence of particle positions 
(center of mass) and the best particle. The quality of obtained results is evaluated 
considering classical engineering systems design. This work is organized as follows. 
Section 2 presents a review dedicated to the Big Bang-Big Crunch (BB-BC) algo-
rithm. Section 3 contains the description of the proposed methodology. Section 4 
presents the results obtained and discusses them. The conclusions are presented in 
Sect. 5. 

2 Big Bang-Big Crunch Algorithm 

The Big Bang-Big Crunch (BB-BC) algorithm, proposed by Erol and Eksin [ 13], is 
based on the Big Bang-Big Crunch Theory for the creation of the Universe. In the 
Big Bang phase, particles are randomly scattered, decreasing their energy content. 
On the other hand, in the Big Crunch phase, the particles collapse as a consequence 
of the gravitational action. 

From an algorithmic point of view, the candidates in the BB-BC strategy are ran-
domly generated considering the limits defined for the vector of design variables (this 
step represents the initial Big Bang). As mentioned by Kaveh and Bakhshpoori [ 14], 
the Big Bang and the Big Crunch phases are applied sequentially, except for the first 
population of individuals (which are generated randomly). In the Big Crunch phase, 
a contraction operator is determined, as a center of mass of the particles in the system 
(for instance). Then, in a new Big Bang phase, the particles are now dispersed from 
this new center of mass. 

The flowchart of BB-BC is presented in Fig. 1 and the main steps are described 
as follows [ 13, 15]: 

• Step 1–Define the BB-BC parameters: .N P (population size), .maxgen (maximum 
number of generations) and the parameter . β. Inform the characteristics of opti-
mization problem (objective function, number of design variables, lower (. xl) and 
upper (. xu) bound for each design variable, constraints, parameters). 

• Step 2–Generate (randomly) an initial population, considering the population size 
and the limits for each design variable. 

• Step 3–Evaluate each potential candidate in terms of the objective function and 
determine the best particle (.Pbest ). 

• Step 4–Determine the center of mass (. xc) according to Eq. (1): 

.xc =
∑N P

i=1

1

f i
x i

∑N P
j=1

1

f j

(1)
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Fig. 1 Flowchart of the BB-BC algorithm 

where .xi is a potential candidate and . f i is an objective function evaluated in this 
point. 

• Step 5–Generate new candidates around the center of mass. For this purpose, the 
following relation is considered: 

.xnew = βxc + (1 − β)Pbest + r(xu − xl)

k
(2) 

where . r is a random number with standard normal distribution, . k is the current 
iteration, and. β is a parameter for controlling the influence of the weighted average 
of the particles positions (or the center of mass (. xc)) and the best particle (.Pbest ). 
Evaluate each generated candidate and determine the best particle (.Pbest ). 

• Step 6–If the stopping criterion was not satisfied, return to Step 4. 

3 Methodology 

As previously discussed, in the BB-BC algorithm it is necessary to define.N P (pop-
ulation size), .maxgen (maximum number of generations) and the control parameter 
. β. In practice, these values are defined according to each case study. In addition, all
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parameters are constant during the evolutionary process in the canonical form of the 
algorithm. As an alternative, in this section, two strategies to update the population 
size and the parameter . β are presented. It is important to mention that the .maxgen is 
kept fixed along the search process (stopping criterion). 

3.1 Population Size Update 

Traditionally, the population size is kept fixed throughout generations in the 
population-based optimization algorithms. This approach simplifies these algo-
rithms, but it represents an assumption that does not follow the biological evolu-
tion, i.e., the number of individuals change due to birth or death of individuals. As 
mentioned by Vellev [ 16] and Cavalini Jr and co-workers [ 17], may be interesting 
to consider a population with as many individuals as possible to ensure phenotype 
diversity. However, along the evolutionary process, the population can be contracted 
when the individuals present similar characteristics, i.e., close objective function 
values. 

Based on this principle, in this work, the population size in the BB-BC algorithm 
is updated according to the convergence rate concept (. λ). This is defined as [ 17]. 

.λ = faverage

fworst
(3) 

where. faverage and. fworst are the average and worst values of the objective function, 
respectively. 

In practice, this concept represents a measure of population homogeneity dur-
ing the search process. Thus, if . λ is low, the objective function value of the worst 
individual of the population differs significantly from the average value (the BB-BC 
algorithm has not yet converged). In contrast, if . λ is close to one, the population is 
homogeneous (the BB-BC algorithm converged). As a consequence, this parameter 
can be used to updating the population size as follows: 

.N P = round(N Pmin + (1 − λ)(N Pmax − N Pmin)) (4) 

where .N Pmin and.N Pmax are the minimum and maximum number of individuals in 
the population, respectively, and the operator round() indicates the rounding to the 
nearest integer. In this case, if . λ (see Eq. (4)) is equal to zero, the population size 
is maximum. Conversely, if . λ is equal to one, the population size is minimum. On 
the other hand, any value between 0 and 1 implies that the population size will be a 
value between .N Pmin and .N Pmax . 

It is important to mention that if the evolutionary process does not converge, the 
population does not become homogeneous, and, thus, the parameter .N P assumes a 
value close to maximum. In this case, the proposed approach behaves like traditional 
population-based optimization methods, where the population size is constant. In
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addition, it is possible that during the evolutionary process the value of.N P increases 
or decreases. This will depend on the value of the computed convergence rate. 

In general, during the updating the population size, three possibilities should be 
considered: 

• If the population size does not change, no action is realized; 
• If the population size in the next generation decreases in comparison to the current 
generation, the individuals that will be part of the new population (with reduced 
size) are selected from their ordering in relation to value of the objective function, 
thus forming a new population; 

• If the population size in the next generation increases with respect to the current 
generation, these new individuals are generated randomly, considering the bounds 
for each design variable. These new individuals are added to the current population. 

3.2 Updating of the . β Parameter 

In order to update the .β parameter, a chaotic search pattern based on a one-
dimensional map is considered. The interest in use of chaotic search in optimization 
context is due to the role of randomness introduced by these models [ 18]. As a con-
sequence, the inserted randomness by these models can help the algorithm to avoid 
local optima [ 19]. 

In the literature, various chaotic search patterns can be found [ 18]. In this contri-
bution, the traditional Logistic map is considered. This polynomial map is a simple 
nonlinear dynamical equation defined as [ 20]: 

.yn+1 = θyn(1 − yn), 0 < θ ≤ 4 (5) 

where .yn+1 is the dependent variable, . θ is the bifurcation parameter, and . n is a 
counter. 

To update the . β parameter, the following relation based on Eq. (5) is considered: 

.βn+1 = βmin + (βmax − βmin)αn (6) 

.αn = θβn(1 − βn) (7) 

where .βmin and .βmax represent lower and upper bounds for the parameter . β, and 
. α is an auxiliary parameter responsible for introducing chaotic dynamics during 
the process. The first value for .βn can be chosen from the value suggested by the 
literature.
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4 Applications 

In order to evaluate the proposed methodology, some practical points regarding the 
application of the procedure should be emphasized: 

• In order to compare the obtained results by using the proposed methodol-
ogy, the following optimization strategies are considered: Constraint Correc-
tion Method (CCM) [ 21]; Multiplier Method based on Fletcher’s algorithm 
(MMF) [ 22]; Genetic Algorithms (GA. 

1) [  23] (.N P=60 and .maxgen=25 (first sub-
population) and.N P=30 and.maxgen=20 (second sub-population)); Genetic Algo-
rithms (GA. 

2) [  24] (.N P=200 and .maxgen=400); Genetic Algorithms (GA. 
3) [  25] 

(.N P and .maxgen not reported. Stopping criteria: number of function evaluations 
defined by user); Genetic Algorithms (GA. 

4) [  26] (.N P=100 and.maxgen=45); Par-
ticle Swarm Optimization (PSO. 

1) [  27] (.N P=20 and.maxgen=55); Particle Swarm 
Optimization (PSO. 

2) [  28] (.N P=70 and.maxgen=20); Evolutionary Process Strat-
egy (EPS. 1) [  29] (.N P1=80 and .maxgen1=1000); Evolutionary Process Strategy 
(EPS. 2) [  30] (.N P1=100 and .maxgen1=420); Simulation of Social Behavior (SSB) 
of species [ 31] (.N P1=40 and.maxgen1=1000); Fractional Nonlinear Programming 
(FNP) [ 32]; Differential Evolution (DE) [ 33] (.N P1=50 and .maxgen1=480); Evo-
lutionary Strategies (ES) [ 34] (.N P1=50 and .maxgen1=500); Hybrid Evolution-
ary Algorithm (HEA) [ 35] (.N P1=50 and .maxgen1=480); Ant Colony Algorithm 
(ACA) [ 36] (Not reported); Water Cycle Algorithm (WCA) [ 37] (.N P=50 and 
.maxgen=235 (first case) and .N P=50 and .maxgen=550 (second case)); Branch-
and-Bound Method (BBM) [ 38]; Lagrange Multiplier Method (LMM) [ 39]; Algo-
rithm based on the Socio-Behavioral Concept of Society and Civilization (SC) [40] 
(.N P=100 and .maxgen=125 (second case) and .N P=100 and .maxgen=190 (third 
case)); Cuckoo Search (CS) [ 41] (.N P=25 and .maxgen=600 (second case) and 
.N P=25 and.maxgen=800 (third case)); Geometric Programming (GP) [42]; Vibrat-
ing Particles System (VPS) algorithm [ 43] (.N P=20 and .maxgen=200). For com-
parison purposes, best, average, worst solutions and standard deviation values, 
inequality constraints evaluated at optimal solution and number of average objec-
tive function evaluations are considered. 

• The parameters used by BB-BC algorithm are the following [ 13]: .N P=20, . β=0.1 
and .maxgen=200; 

• In order to evaluate the influence of the parameter . β, the BB-BC-. r algorithm is 
considered. In this version of the classical BB-BC algorithm, the parameter . β is 
updated considering the following expression: 

.β = βmin + (βmax − βmin)rand (8) 

where.βmin (0.01) and.βmax (0.1) represent lower and upper bound for this param-
eter, and rand is a random number with uniform distribution between (0,1). In 
addition, .N P is equal to 20 and .maxgen is equal to 200; 

• The proposed methodology is called Self-Adaptive Big Bang-Big Crunch (SA-
BB-BC) algorithm. The parameters used by SA-BB-BC are the following: .N P
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defined by Eq. (4) (minimal and maximum numbers of individuals in the population 
equals to 5 and 20, respectively), . β is updated considering the Eq. (6) (. θ=3.57, 
.βmin=0.01 and .βmax=0.1), and .maxgen=200; 

• The maximum number of generations was used as a stopping criterion; 
• The Static Penalty Method [ 44] was employed to deal with the constraints, with a 
penalty parameter equal to 10. 8 in all applications; 

• All case studies were run 20 times to obtain the best, average, worst and standard 
deviation values. 

• To evaluate the performance of the proposed methodology, the (decrease or 
increase) rate (. ┌) (. %) is defined as: 

.┌ =

⎧
⎪⎪⎨

⎪⎪⎩

+100

(

1 − neval,i
neval

)

, increase;

−100

(

1 − neval
neval,i

)

, decrease
(9) 

where .neval,i and .neval are the number of objective function evaluations for a .i-th 
strategy (except SA-BB-BC) and SA-BB-BC algorithm, respectively. Signs + and -
represent an increase and decrease in the number of objective function evaluations 
in relation to SA-BB-BC algorithm. 

4.1 Tension/Compression Spring Design Problem 

The first application considers the minimization of the weight of a tension/ 
compression spring, as presented in Fig. 2 [ 21]. For this purpose, the design vari-
ables are the wire diameter (. x1), the mean coil diameter (. x2), and the number of 
active coils (. x3). 

The objective function (volume) is given by: 

.min f (x) = (x3 + 2) x2x
2
1 (10) 

Fig. 2 Tension/compression spring design problem
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This engineering design is subjected to constraints on minimum deflection, shear 
stress, surge frequency, limits on outside diameterm, and on design variables. These 
constraints are given by: 

.g1(x) ≡ 1 − x32 x3
71785x41

≤ 0 (11a) 

.g2(x) ≡ 4x22 − x1x2
12566

(
x2x31 − x41

) + 1

5108x21
− 1 ≤ 0 (11b) 

.g3(x) ≡ 1 − 140.45x1
x22 x3

≤ 0 (11c) 

.g4(x) ≡ (x1 + x2)

1.5
− 1 ≤ 0 (11d) 

.0.05 ≤ x1 ≤ 2.00 (11e) 

.0.25 ≤ x2 ≤ 1.30 (11f) 

.2 ≤ x3 ≤ 15 (11g) 

Table 1 presents the obtained results for the tension/compression spring design 
problem considering the SA-BB-BC algorithm, as well as other optimization strate-
gies. It is possible to observe that the BB-BC, BB-BC-. r and SA-BB-BC algorithms 
were able to find a good estimate for the best solution reported in the literature 
(0.0127 in. 3). 

Table 2 contains the values of the inequality constraints evaluated at optimal solu-
tions, considering the different strategies for the tension/compression spring design 
problem. It can be observed that both BB-BC, BB-BC-. r , and SA-BB-BC algorithms 
were able to satisfy all constraints. 

Table 3 presents best, average, and worst solutions, standard deviations (in terms 
of the objective function), number of average objective function evaluations and per-
centage decrease/increase rates. ┌ for the different optimization strategies under con-
sideration. We can observe that both BB-BC, BB-BC-. r and SA-BB-BC algorithms 
always converged (as well as the other reported optimization strategies) to a good 
estimate of the optimal solution, given the order of magnitude of the standard devia-
tion and the worst and average values. In relation to the number of objective function 
evaluations (.neval) required by SA-BB-BC algorithm, an increase of, approximately, 
22.51. % and 11.17. %was observed considering the PSO. 

1 and PSO. 
2 strategies, respec-

tively. On the other hand, a reduction in the range of 23.93.% to 97.93.% is found, 
when considering the comparison with other algorithms. This means that the pro-
posed methodology was able to obtain a good approximation to the best solution 
reported by literature, however, with a lower number of evaluations in relation to 
the majority of the optimization strategies (GA. 

1, GA. 
2, SSB, ES, DE, EPS. 1, EPS. 2, 

WCA, VPS, BB-BC, BB-BC-. r ) considered. 
Figure 3 presents the evolution of the parameters. λ, . β and.N P as functions of the 

number of generations (in typical runs of the algorithm). In Fig. 3a (BB-BC-. r ) and b 
(SA-BB-BC) it is clear as the parameter . β varies between the limits defined. In the
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Table 1 Optimal solution (. f opt ) considering different optimization strategies for the ten-
sion/compression string design problem 

Algorithm .x1 (. in) .x2 (. in) .x3 (. −) . f opt (.in3) 

CCM 0.0534 0.3992 9.1854 0.0127 

MMF 0.0500 0.3159 14.2500 0.0128 

GA.1 0.0515 0.3517 11.6322 0.0127 

PSO.1 0.0504 0.3215 13.9799 0.0131 

GA.2 0.0520 0.3640 10.8905 0.0127 

SSB 0.0522 0.3682 10.6484 0.0127 

FNP 0.0517 0.3567 11.2890 0.0127 

PSO.2 0.0517 0.3576 11.2445 0.0127 

ES 0.0516 0.3554 11.3979 0.0127 

DE 0.0517 0.3567 11.2890 0.0127 

HEA 0.0517 0.3567 11.2883 0.0127 

EPS.1 0.0516 0.3555 11.3332 0.0126 

ACA 0.0519 0.3615 11.0000 0.0126 

EPS.2 0.0517 0.3567 11.2893 0.0127 

WCA 0.0517 0.3565 11.3004 0.0127 

VPS 0.0517 0.3577 11.2310 0.0127 

BB-BC 0.0500 0.3173 14.0363 0.0127 

BB-BC-.r 0.0507 0.3355 12.7058 0.0127 

SA-BB-BC 0.0506 0.3306 13.1687 0.0127 

Table 2 Inequality constraints evaluated at optimal solution considering different optimization 
strategies for the tension/compression string design problem 

Algorithm .g1(x) .g2(x) .g3(x) . g4(x)

CCM . −0.0012 0.0000 . −4.1238 . −0.6983 

MMF . −0.0013 . −0.0038 . −3.9383 . −0.7561 

GA.1 . −0.0033 . −0.0001 . −4.0263 . −0.7312 

GA.2 . −0.0013 0.0000 . −4.0613 . −0.7227 

PSO.2 . −0.0008 0.0000 . −4.0513 . −0.7271 

DE 0.0000 0.0000 . −4.0538 . −0.7277 

HEA 0.0000 0.0000 . −4.0538 . −0.7277 

EPS.1 0.0010 0.0010 . −4.0619 . −0.7286 

ACA . −0.0004 0.0012 . −4.0674 . −0.7244 

WCA . −0.0001 0.0001 . −4.0534 . −0.7279 

VPS 0.0000 0.0000 . −4.0555 . −0.7270 

BB-BC . −0.0003 . −0.0000 . −3.9663 . −0.7550 

BB-BC-.r . −0.0042 . −0.0001 . −3.9875 . −0.7424 

SA-BB-BC . −0.0116 . −0.0011 . −3.9355 . −0.7458
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Table 3 Best (. f opt ), average (. f optm ) and  worst (. f w) results, standard deviation (. f std ), number 
of average objective function evaluations (.neval ) and  rate  .┌ considering different optimization 
strategies for the tension/compression string design problem 

Algorithm . f opt (.in3) . f w (.in3) . f optm (.in3) . f std (.in3) .neval . ┌ (. %) 

GA.1 0.0127 0.0128 0.0128 3.9. ×10.−5 2190 . −23.93 

PSO.1 0.0131 0.0190 0.0155 – 1291 +22.51 

GA.2 0.0127 0.0130 0.0127 5.9. ×10.−5 80200 . −97.93 

SSB 0.0127 0.0167 0.0129 5.9. ×10.−4 25167 . −93.39 

PSO.2 0.0127 0.0129 0.0127 5.2. ×10.−5 1480 +11.17 

ES 0.0127 0.0165 0.0135 9.7. ×10.−4 25000 . −93.34 

DE 0.0127 0.0127 0.0127 1.3. ×10.−5 24000 . −93.06 

HEA 0.0127 0.0127 0.0127 1.4. ×10.−9 24000 . −93.06 

EPS.1 0.0126 0.0126 0.0126 8.5. ×10.−7 80000 . −97.92 

ACA 0.0126 0.0129 0.0127 3.5. ×10.−5 – – 

EPS.2 0.0127 0.0127 0.0127 1.2. ×10.−8 24950 . −93.33 

WCA 0.0127 0.0130 0.0127 8.1. ×10.−5 11750 . −85.83 

VPS 0.0127 0.0130 0.0127 7.3. ×10.−5 4020 . −58.56 

BB-BC 0.0127 0.0128 0.0127 1.3. ×10.−5 4020 .− 58.56 

BB-BC-.r 0.0127 0.0129 0.0127 5.6. ×10.−6 4020 . −58.56 

SA-BB-BC 0.0127 0.0127 0.0127 3.4. ×10.−5 1666 – 

first, purely random values define this parameter, while the second one employs the 
Logistic map. In Fig. 3c it is possible to observe a typical evolution of the convergence 
rate. Initially, its value is close to zero due to diversity of population. During the 
generations, the population tends to become homogeneous and the value of the 
parameter . λ tends to unity. As a consequence, the value of the population size goes 
from the maximum to the minimum value, as presented in Fig. 3d. This reduction 
along the evolutionary process implies in a smaller value for the .neval in relation to 
canonical algorithm. 

4.2 Design of a Pressure Vessel 

The second application considers a cylindrical vessel capped at both ends by hemi-
spherical heads, as presented in Fig. 4 [ 39]. 

In this case, the total cost (material cost, forming, and welding) should be mini-
mized. For this purpose, the following design variables are considered: thickness of 
the shell (. x1), thickness of the head (. x2), inner radius (. x3) and length of the cylin-
drical section of the vessel (. x4) (not including the head). In this test case, .x1 and . x2
are integer multiples of 0.0625 in, which are the available thicknesses of rolled steel 
plates, and.x3 and.x4 are continuous [ 39]. Mathematically, this problem is formulated
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as: 

.min f (x) = 0.6224x1x3x4 + 1.7781x2x
2
3 + 3.1661x21 x4 + 19.84x21 x3 (12a) 

.g1(x) ≡ −x1 + 0.0193x3 ≤ 0 (12b) 

.g2(x) ≡ −x2 + 0.00954x3 ≤ 0 (12c) 

.g3(x) ≡ −πx23 x4 − 4

3
πx33 + 1296000 ≤ 0 (12d) 

.g4(x) ≡ x4 − 240 ≤ 0 (12e) 

.x1 = {0.0625t | t ∈ Z, 1 ≤ t ≤ 21} (12f) 

.x2 = {0.0625t | t ∈ Z, 1 ≤ t ≤ 21} (12g) 

.10 ≤ x3 ≤ 200 (12h) 

.10 ≤ x4 ≤ 200 (12i) 

where the first (Eq. (12b)) and second (Eq. (12c)) inequality constraints represent 
the thicknesses of the side and top with the internal radius, respectively. The third 
(Eq. (12d)) guarantees that the internal volume is greater than a fixed value, and 
the fourth (Eq. (12e)) defines the maximum length. Equations (12f–12g) represent 
the discretized domain for .x1 and . x2. Finally, inequalities indicated by the Equa-
tions (12h–12i) stand for the domain for the continuous variables (.x3 and . x4). 

Like other population-based optimization strategies, both BB-BC, BB-BC-. r and 
SA-BB-BC are not capable of dealing, directly, with discretized variables. In this 
case, for the treatment of this type of variable, the methodology proposed by 
Lobato [ 45] is considered. Essentially, this consists of transforming a discretized 
variable into a continuous variable, enabling the direct application of the BB-BC, 
BB-BC-. r and SA-BB-BC algorithms. More details about this strategy can be found 
in reference [ 45]. 

Table 4 presents the obtained results for the pressure vessel problem, considering 
different optimization strategies. It is possible to observe that the BB-BC, BB-BC-. r
and SA-BB-BC algorithms were able to find a good approximation in relation to best 
solution reported by literature ($ 5885.3327). 

Table 5 presents the inequality constraints evaluated at optimal solutions for the 
different optimization strategies. As was observed for the first application, both BB-
BC, BB-BC-. r and SA-BB-BC algorithms were able to satisfy all constraints, as well 
as the other optimization strategies used. 

Table 6 presents best, average, worst and standard deviation in terms of the objec-
tive function, the number of average objective function evaluations and decrease/ 
increase rates .┌ for the pressure vessel problem. One can note that both BB-BC, 
BB-BC-. r and SA-BB-BC algorithms converged to a good estimate of the optimal 
solution, as found for the standard deviation. With respect to.neval required by SA-BB-
BC algorithm, it was observed an increase of 5.56.% considering the PSO. 

2 strategy. 
Conversely, in comparison to other strategies, a reduction on the range 28.45.% to 
98.05.% was observed. Thus, the proposed methodology was able to obtain a good 
approximation of the optimal solution with a lower number of evaluations of the
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Table 4 Optimal solution (. f opt ) considering different optimization strategies for the pressure 
vessel problem 

Algorithm .x1 (. in) .x2 (. in) .x3 (. in) .x4 (. in) . f opt ($) 

BBM 1.1250 0.6250 47.7000 117.7010 8129.1036 

LMM 1.1250 0.6250 58.2910 43.6900 7198.0428 

GA.3 0.9375 0.5000 48.3290 112.6790 6410.3811 

GA.1 0.8125 0.4375 40.3239 200.0000 6288.7445 

SC 0.8125 0.4375 41.9768 182.2845 6171.0000 

GA.2 0.8125 0.4375 42.0973 176.6540 6059.9463 

PSO.2 0.8125 0.4375 42.0912 176.7465 6061.0777 

ES 0.8125 0.4375 42.0980 176.6405 6059.7456 

EPS.1 0.8036 0.3972 41.6392 182.4120 5930.3137 

ACA 0.8125 0.4375 42.0983 176.6377 6059.7258 

EPS.2 0.8125 0.4375 42.0984 176.6365 6059.7143 

WCA 0.7781 0.3846 40.3196 200.0000 5885.3327 

CS 0.8125 0.4375 42.0984 176.6365 6059.7143 

VPS 0.8125 0.4375 42.0984 176.6366 6059.7146 

BB-BC 0.8125 0.4375 42.1006 176.6138 6059.7273 

BB-BC-.r 0.8125 0.4375 42.0976 176.6323 6059.7145 

SA-BB-BC 0.8125 0.4375 42.0984 176.6388 6059.7184 

Table 5 Inequality constraints evaluated at optimal solution, considering different optimization 
strategies for the pressure vessel problem 

Algorithm .g1(x) .g2(x) .g3(x) . g4(x)

BBM . −0.2044 . −0.1699 54.2260 . −122.2990 

LMM 0.0000 . −0.0689 . −21.2201 . −196.3100 

GA.3 . −0.0048 . −0.0389 . −3652.87 . −127.3210 

GA.1 . −0.0343 . −0.0528 . −27.1058 . −0.0000 

SC . −0.0023 . −0.0370 . −23420.5 . −57.7155 

GA.2 0.0000 . −0.0359 . −27.8861 . −63.3460 

PSO.2 . −0.0001 . −0.0359 . −116.382 . −63.2535 

EPS.1 0.0000 0.0000 . −1.5914 . −57.5879 

WCA 0.0000 0.0000 0.0000 . −40.0000 

VPS 0.0000 . −0.0359 . −0.0084 . −63.3634 

BB-BC 0.0000 . −0.0360 . −0.0086 . −63.3655 

BB-BC-.r 0.0000 . −0.0361 . −0.0085 . −63.3654 

SA-BB-BC 0.0000 . −0.0358 . −0.0082 . −63.3658
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Table 6 Best (. f opt ), average (. f optm ) and  worst (. f w) results, standard deviation (. f std ) 

Algorithm . f opt ($) . f w ($) . f optm ($) . f std ($) .neval . ┌ (. %) 

GA.1 6288.7445 6308.1497 6293.8432 7.4133 2190 . −28.45 

SC 6171.0000 6453.6500 6335.0500 – 12630 . −87.60 

GA.2 6059.9463 6469.3220 6177.2533 130.9297 80200 . −98.05 

PSO.2 6061.0777 6363.8041 6147.1332 86.4545 1480 +5.56 

ES 6059.7456 7332.8799 6850.0049 426.0000 25000 . −93.74 

EPS.1 5930.3137 5960.0557 5946.7901 9.1614 80000 . −98.05 

ACA 6059.7258 6150.1289 6081.7812 67.2418 – – 

EPS.2 6059.7143 6059.7143 6059.7143 0.0000 42100 . −96.28 

WCA 5885.3327 6590.2129 6198.6172 213.0490 27500 . −94.31 

CS 6059.7143 6495.3470 6447.7360 502.6930 15000 . −89.56 

VPS 6059.7146 6141.3115 6080.9478 21.8291 4020 . −61.02 

BB-BC 6059.7273 6098.9787 6082.3456 5.678 4020 . −61.02 

BB-BC-.r 6059.7145 6099.9897 6082.4367 9.1238 4020 . −61.02 

SA-BB-BC 6059.7184 6187.5556 6099.7568 12.9451 1567 – 

Number of average objective function evaluations (.neval ) and  rate. ┌ considering different optimiza-
tion strategies for the pressure vessel problem 

objective function compared to most of the other methods studied (GA. 
1, SC,  GA. 

2, 
ES, EPS. 1, EPS. 2, WCA, CS, VPS, BB-BC and BB-BC-. r ). 

Figure 5 illustrates the progression of the parameters . λ, .β and .N P along the 
generations for the pressure vessel problem. Figure 5a and b demonstrate the variation 
of the parameter. β considering a random strategy and the Logistic map, respectively. 
A typical variation of the convergence rate can be observed in Fig. 5c: initially, the 
value of this parameter is close to zero due to diversity of population. When the 
population starts to become homogeneous, the value of this parameter approaches 
unity. Thus, the parameter .N P goes from the maximum to the minimum value (see 
Fig. 5d). As mentioned earlier, this reduction allows a smaller value for the .neval in 
relation to canonical algorithm. 

Finally, one can conclude that the strategy considered for the treatment of dis-
cretized variables and associated with both BB-BC, BB-BC-. r , and SA-BB-BC algo-
rithms was able to obtain good estimates for the best reported optimal solution. 

4.3 Design of a Welded Beam 

The last application considers a welded beam design [ 46]. The aim is to minimize 
the minimum cost subject to constraints on shear stress (. τ ), bending stress in the 
beam (. σ ), buckling load on the bar (.Pc), end deflection of the beam (. δ), and side 
constraints. For this purpose, the following design variables are considered: . x1, . x2, 
.x3 and . x4, as observed in Fig. 6.
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Fig. 5 Parameters. λ, . β and.N P along the evolutionary process for the pressure vessel problem 

Fig. 6 Welded beam design 
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From the mathematical point of view, this problem is formulated as: 

..min f (x) = 1.10471x21 x2 + 0.04811x3x4(14.0 + x2) (13a) 

.g1(x) ≡ τ(x) − τmax ≤ 0 (13b) 

.g2(x) ≡ σ(x) − σmax ≤ 0 (13c) 

.g3(x) ≡ x1 − x4 ≤ 0 (13d) 

.g4(x) ≡ 0.10471x21 + 0.04811x3x4(14.0 + x2) − 5.0 ≤ 0 (13e) 

.g5(x) ≡ 0.125 − x1 ≤ 0 (13f) 

.g6(x) ≡ δ(x) − δmax ≤ 0 (13g) 

.g7(x) ≡ P − Pc(x) ≤ 0 (13h) 

.0.1 ≤ x1 ≤ 2.0 (13i) 

.0.1 ≤ x2 ≤ 10.0 (13j) 

.0.1 ≤ x3 ≤ 10.0 (13k) 

.0.1 ≤ x4 ≤ 2.0 (13l) 

where: 

..τ(x) =
/

(τ ,)2 + 2τ ,τ ,, x2
2R(x)

+ (τ ,,)2 (14a) 

.τ ,(x) = P√
2x1x2

(14b) 

.τ ,,(x) = M(x)R(x)

J (x)
(14c) 

.M(x) = P
(
L + x2

2

)
(14d) 

.R(x) =
/
x22
4

+
(
x1 + x3

2

)2

(14e) 

.J (x) = 2

[
x1x2√

2

(
x22
12

+
(
x1 + x3

2

)2
)]

(14f) 

.σ(x) = 6PL

x4x23
(14g) 

.δ(x) = 4PL3

Ex4x33
(14h) 

.Pc(x) =
4.013

/
EGx23 x

6
4

36
L2

(

1 − x3
2L

/
E

4G

)

(14i)
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Table 7 Optimal solution (. f opt ) considering different optimization strategies for the welded beam 
design problem 

Algorithm .x1 (. in) .x2 (. in) .x3 (. in) .x4 (. in) . f opt ($) 

GP 0.2455 6.1960 8.2730 0.2455 2.3859 

GA.4 0.2489 6.1730 8.1789 0.2533 2.4331 

SC 0.2407 6.4851 8.2399 0.2497 2.4426 

SSB 0.2444 6.2380 8.2886 0.2446 2.3854 

DE 0.2444 6.2175 8.2914 0.2444 2.3810 

HEA 0.2444 6.2175 8.2915 0.2444 2.3810 

VPS 0.2444 6.2175 8.2914 0.2444 2.3810 

BB-BC 0.2203 6.9290 8.9527 0.2228 2.3810 

BB-BC-.r 0.2202 6.9287 8.9525 0.2227 2.3810 

SA-BB-BC 0.2202 6.9293 8.9533 0.2227 2.3810 

Table 8 Inequality constraints evaluated at optimal solution considering different optimization 
strategies for the welded beam design problem 
Algorithm .g1(x) .g2(x) .g3(x) .g4(x) .g5(x) .g6(x) . g7(x)

GP . −1.4467 . −4.7151 0.0000 . −3.0203 . −0.1205 . −0.2342 . −74.276 
GA.4 . −11.2070 . −255.57 . −0.0044 . −2.9829 . −0.1239 . −0.2342 . −618.81 
SC . −129.8545 . −270.40 . −0.0090 . −2.9663 . −0.1157 . −0.2343 . −372.49 
SSB . −32.4102 . −3.2454 . −0.0001 . −3.0201 . −0.1194 . −0.2342 . −13.079 
DE 0.0000 0.0000 0.0000 . −3.0230 . −0.1194 . −0.2342 0.0000 
HEA . −0.0016 . −0.0397 0.0000 . −3.0230 . −0.1194 . −0.2342 . −0.0011 
VPS . −0.0001 . −0.0018 0.0000 . −3.0230 . −0.1194 . −0.2342 . −0.0003 
BB-BC . −0.0001 . −0.0017 0.0000 . −3.0203 . −0.1172 . −0.2342 . −0.0003 
BB-BC-.r . −0.0001 . −0.0019 0.0000 . −3.0212 . −0.1166 . −0.2343 . −0.0004 
SA-BB-
BC 

. −0.0001 . −0.0018 0.0000 . −3.0211 . −0.1174 . −0.2344 . −0.0002 

where. τ , and.τ ,, are two components of the shear stress of the weld,.M is the moment 
of the force.P in relation to center of gravity, . J is the polar moment of inertia and. R
is the maximum distance from any point on one of the welds to the center of gravity. 

Table 7 contains the obtained results for the welded beam design problem consid-
ering the proposed algorithm and different optimization strategies. Once again, both 
the BB-BC, BB-BC-. r and SA-BB-BC algorithms were able to find a good estimate 
for the optimal solution. 

Table 8 shows the values for the inequality constraints evaluated at optimal solu-
tions for the welded beam design problem. As observed for other algorithms, the 
results obtained by BB-BC, BB-BC-. r and SA-BB-BC algorithms satisfy all con-
straints. 

Table 9 presents best, average, worst and standard deviation in terms of the objec-
tive function, the number of average objective function evaluations and decrease/
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Table 9 Best (. f opt ), average (. f optm ) and  worst (. f w) results, standard deviation (. f std ), number 
of average objective function evaluations (.neval ) and  rate  .┌ considering different optimization 
strategies for the welded beam design problem 

Algorithm . f opt ($) . f w ($) . f optm ($) . f std ($) .neval . ┌ (. %) 

GA.4 2.4331 – – – 4600 . −70.79 

SC 2.4426 2.6315 2.5215 – 19259 . −93.03 

SSB 2.3854 6.3997 3.2551 9.6. ×10.−1 33095 . −95.94 

DE 2.3810 2.3810 2.3810 3.2. ×10.−10 24000 . −94.40 

HEA 2.3810 2.3810 2.3810 1.3. ×10.−5 30000 . −95.52 

VPS 2.3810 2.3810 2.3810 1.0. ×10.−5 10020 . −86.59 

BB-BC 2.3810 2.3811 2.3810 2.3. ×10.−5 4020 .− 66.57 

BB-BC-.r 2.3810 2.3813 2.3811 4.5. ×10.−5 4020 . −66.57 

SA-BB-BC 2.3810 2.3813 2.3811 3.2. ×10.−5 1344 – 

increase rates for the welded beam design problem. Again, both the BB-BC, BB-
BC-. r , and SA-BB-BC algorithms always converged to a good estimate of the opti-
mal solution. Regarding the value of the .neval required by SA-BB-BC algorithm, 
a decrease in the range from 66.57.% to 95.94.% with respect to other optimization 
strategies (GA. 

4, SC, SSB, DE, HEA, VPS, BB-BC, and BB-BC-. r ) was observed. 
Figure 7 illustrates the evolution of the parameters . λ, .β and .N P through the 

generations, for the welded beam design problem. The random and chaotic behavior 
of the parameter . β are observed in Fig. 7a and b, respectively. In Fig. 7c, a typical 
evolution of the convergence rate is presented. As mentioned earlier, in the first 
generations, the value of this rate is close to zero and along the evolutionary process 
the population tends to become homogeneous, and consequently, the value of . λ
tends to unity. Thus, the value of the population size goes from the maximum to the 
minimum value, as presented in Fig. 7d. As a consequence, the .neval is reduced in 
relation to canonical algorithm. 

5 Conclusions 

In this work, a new optimization strategy based on BB-BC algorithm was proposed, 
called SA-BB-BC. The SA-BB-BC algorithm is based on the concept of convergence 
rate associated with a chaotic search pattern, both considered updating dynamically 
the control parameter . β and the population size .N P . 

The proposed methodology was employed in engineering systems design. In gen-
eral, for each test case, the SA-BB-BC algorithm was able to find results close to 
the best solution reported by literature. However, the number of objective function 
evaluations, for the vast majority of reported results, was much smaller. In addition, 
the SA-BB-BC strategy proves to be superior when compared with the canonical
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Fig. 7 Parameters. λ,. β and.N P along the evolutionary process for the welded beam design problem 

BB-BC algorithm (with constant parameters) and BB-BC-. r algorithm (where the 
parameter . β is randomly updated). 

Finally, it is important to mention that the SA-BB-BC algorithm can avoid prema-
ture convergence, reducing the number of objective function evaluations, but without 
losing the quality of the solution. Additionally, the incorporation of this strategy into 
other evolutionary strategies is straightforward. 

In future work, we intend to analyze the influence of the parameter values of 
SA-BB-BC in other engineering design problems. 
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Chapter 18 
Optimizing Camera Placement 
for Maximum Coverage of Simple 
Polygons with Holes: Deterministic 
Approaches and Swarm Intelligence 
Algorithms 

Adis Alihodzic , Eva Tuba , and Milan Tuba 

1 Introduction 

The Internet of Things (IoT) is revolutionizing the modern world by expanding 
Internet technologies. It connects objects and facilitates information sharing through 
recognition, perception, and communication. The widespread adoption of IoT has 
significantly improved people’s daily lives. Many IoT technologies rely on sensor 
and camera networks as the fundamental hardware for collecting, processing, and 
transmitting data. These networks find applications in various fields, such as struc-
tural health monitoring [ 17], extensive multimedia data communication [ 36], target 
localization and tracking [ 59], robot motion planning [ 28], and more. Moreover, 
the strategic placement of cameras plays a crucial role in IoT and computer vision 
tasks, enhancing tasks like recognition and tracking [ 37]. Cameras are also inte-
gral to robotics, providing vital information for navigation. An intriguing applica-
tion involves optimizing camera placement in real-world environments, like campus 
layouts represented as orthogonal polygons [ 6]. Additionally, optimizing camera 
deployment can aid traffic jam monitoring by surveilling specific orthogonal areas 
to monitor road events effectively. 

The problem of optimal camera placement has been analyzed for decades, with 
roots tracing back to the Art Gallery Problem (AGP) in computational geometry 
[ 23]. Stemming in the 1970s, the AGP posed one of the field’s earliest and most 
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significant challenges. In computational geometry, it handles the visibility dilemma 
of positioning security cameras to oversee every area of a museum or gallery [ 16]. 
AGP concentrates on efficiently covering the interior of a polygonal environment 
with minimal agents such as cameras, guards, or sensors, often designated as vectors. 
Initially classified as an intractable NP-hard problem, the AGP aims to determine the 
minimum number of cameras required to cover the interior of a polygon, whether it 
has holes or not [ 38, 40, 46, 52]. Despite significant contributions from researchers 
such as O’Rourke, Supowit, Lee, Lin, Katz, Rpoisman, Schuchardt, and Hecker, 
locating the fewest agents capable of surveilling any polygon remains NP-hard. In 
1975, Chvátal demonstrated that for simple polygons with . n vertices, at most .

|
n
3

||
, 

cameras are always sufficient and sometimes necessary for complete coverage. Using 
the coloring technique employed by Fisk [ 31] to prove Chvátal’s result, Avis and 
Toussaint developed an.O(n log n) time complexity algorithm for camera placement 
in a simple polygon without holes, although it does not guarantee the minimal number 
of cameras. Additionally, Bjorling-Sachs and Souvaine [ 19] proposed an.O(n2) time 
algorithm for placing non-optimal guards in polygons with . h holes or obstacles. 
O’Rourke has shown that for an .n-sided polygon with . h holes, at most . 

|
n+2h
3

||

agents are required. Contrariwise, Bjorling-Sachs, Souvaine, Hoffmann, and others 
showed that.

|
n+h
3

||
cameras are typically sufficient to cover polygons with. n vertices 

on the outer boundary and . h holes inside [ 19, 35]. 
With the general deployment of camera networks, the emphasis on optimal cam-

era placement has shifted from theoretical analysis to practical application. Previous 
research primarily focused on formulating the problem, as various papers showed 
[ 12, 18, 20, 34, 65]. However, recent investigations in automated camera placement 
have centered on two key objectives: accommodating specific user requirements and 
devising efficient optimization methods. This study specifically addresses the devel-
opment of optimization algorithms to maximizes coverage within a given simple 
polygon with holes by using a fixed number of cameras as well as different types 
of cameras. To efficiently address the large search space of moderately sized cam-
era placement problems, swarm intelligence techniques are employed to produce 
suboptimal camera positions within a practical time frame [ 22, 29, 42, 64]. 

This study introduces two algorithmic approaches, suboptimal deterministic and 
swarm intelligence, to address the camera placement problem. In reference [ 60], 
Wang and her colleagues achieved an approximation of the AGP on a campus that 
was represented as a simple polygon with holes. They employed particle swarm opti-
mization (PSO) on the pixels to locate the approximate solution. In our approach, 
we use both deterministic and swarm intelligence techniques to seek a suboptimal 
solution. All proposed techniques are based on a geometric approach that does not 
depend on pixels except for calculating coverage since, in the literature, there is 
no polynomial algorithm for determining the surface area of the union of . n non-
convex polygons. We exploit swarm intelligence algorithms to tackle the NP-hard 
problem of optimal camera placement due to their global optimization capabilities, 
which facilitate rapid convergence and reduce CPU processing time. Before applying 
these algorithms to address the optimal camera placement problem, preprocessing 
techniques are employed to decompose the polygons into convex components, min-
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imizing the number of required cameras. For decomposing a polygon with holes, we 
use constrained Delaunay triangulation [ 24] since an unconstrained one is used for 
polygons without holes. The constraints in constrained Delaunay triangulation will 
encompass all edges that cut through the holes. In order to evaluate the effectiveness 
of the proposed techniques, all proposed methods will be implemented and tested on 
two generated simple polygons as in paper [ 60]. Experimental findings demonstrate 
that stochastic approaches outperform the deterministic ones, providing suboptimal 
solutions within a reasonable timeframe. 

The ensuing sections in this paper are positioned as obeys. Section 2 describes 
the problem formulation for the optimal camera placement of a simple polygon 
with holes. Section 3 proposes several suboptimal deterministic visibility algorithms. 
Section 4, a novel contribution to the field, presents four swarm intelligence tech-
niques for solving optimal camera placement problems. Section 5 presents experi-
mental and comparative results of applying our algorithms. Finally, the last section 
of the paper, Sect. 6, discusses conclusions and suggestions for future work. 

2 Formulation of a Mathematical Problem 

In this section, a mathematical model will be described for the optimal placement 
of cameras so that the interior of a simple polygon with holes is covered as much 
as possible. Optimal camera placement problems are often mathematically formu-
lated as coverage, optimization, or combinatorial geometry problems. Without loss 
of generality, let the space to be covered or monitored is a plane or some simple 
polygon .P composed of . n vertices that contain .m disjoint obstacles . Oj ( j = 1,m)

within it. Let . p cameras .{Ki }pi=1 be given so that each of them is defined by param-
eters such as center .(xi , yi ), radius . ri , angle orientation . θi , and type . ti . The problem 
of optimal placement of cameras is reduced to finding the appropriate values of the 
mentioned parameters except for the parameter .ri (this parameter is fixed for the 
camera type and refers to the depth of its visibility) to maximize the cost function 
. f (∪p

i=1Ki (xi , yi , θi , ti ), P), where the function. f (·, ·) represents the surface area of 
the union of. p regions covered by. p cameras.{Ki }pi=1. In other words, the mathemat-
ical model for the optimal camera coverage of the interior of the simple polygon . P
can be defined as follows: 

.

maximize
xi ,yi ,θi ,ti

f (
p||

i=1

Ki (xi , yi , θi , ti ), P)

subject to

Ki ∩ P ⊂ P (∀i),
Oj ⊂ P (∀ j),

Ki ∩ Oj /= Ki (∀i)(∀ j),

Oj ∩ Ok = ∅ (∀ j)(∀k).

(1)
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It is necessary to consider two scenarios before locating the optimal parameters 
for cameras.{Ki }pi=1. The first is the camera model, and the second is the environment 
model. In this section, we first introduce the camera model used in this paper. We 
consider three types of cameras and focus on two-dimensional planar areas, where 
a circle section represents the field of view of a camera. Next, the environment is 
discretized into square grids, depicted as pixels in the image. Based on this, we 
propose several versions of deterministic visibility algorithms and one stochastic 
algorithm to determine whether the camera covers a grid of pixels and calculate the 
overall coverage. 

2.1 The Camera Framework 

The camera coverage model involves three primary parameters: Field of View (FoV), 
Depth of Field (DoF), and Pixel Resolution (PR). The FoV creates a geometric shape 
resembling a rectangular pyramid, projecting objects within the image plane from 
the camera’s optical center. This chapter simplifies the model by focusing on planar 
regions and the horizontal FoV angle. The DoF determines the range of distances for 
sharp imaging, affecting the visibility of objects. The PR is the ratio of pixels to object 
size, crucial for tasks like face recognition with minimum resolution requirements. 
Factors like perspective distortion, occlusion, and camera pose also impact the model. 
Surveillance systems typically use Static Perspective (SP), Pan-Tilt-Zoom (PTZ), and 
Omnidirectional (OD) cameras, each with specific characteristics. The SP cameras 
have fixed positions, the PTZ cameras allow orientation adjustments, and the OD 
cameras offer a 360-degree horizontal FoV angle. Different camera fields can be 
represented as circles, triangles, sectors, or trapezoids. This study employs sectors for 
SP and PTZ cameras’ coverage and circles for OD cameras, illustrated in Fig. 1. The  
parameters of the mentioned cameras are separated into geometric parameters and 
intrinsic parameters. The geometric parameters are the position of camera expressed 
by coordinates (. x , . y) in the plane and the its orientation expressed by angle. θ , where 
. θ is fixed at zero at the OD cameras. 

The intrinsic parameters are related to the horizontal field of view expressed by 
angle. θ and maximum viewing distance expressed by distance. r . Intrinsic parameters 
. θ and. r are determined by the camera type. ct . Thus, the camera coverage model can be 
represented by the vector.d = [x y θ ct ], where. x , . y, and. θ are continuous variables, 
while .ct is a discrete variable. In Fig. 1, the maximum viewing distance (DoF) is 
expressed by .r1 for PTZ camera and by .r2 for OD camera. Also, the field of view 
(FoV) for PTZ camera expressed by . α is set to . 

π
3 , while for OD.α = 2π .
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Fig. 1 a The illustration of the SP and PTZ cameras. b The example of the OD camera 

2.2 Environment Model 

An environmental model is crucial for the camera framework as it is the basis for 
further analysis. A complete model has details such as the region’s shape, the position 
and shape of obstacles, parts of observed objects, the importance of different subre-
gions, and communication interference. However, incorporating all these elements 
makes the model complex and computationally intensive. To simplify researchers 
often simplify the model. This study uses a two-dimensional instead of an entire 3D 
space and discretizes the target area into a uniform square grid for easier visibility 
and coverage calculations. We account for fixed obstacles but not moving ones or 
mutual occlusion of monitored objects, and we assume uniform importance across 
all positions. 

2.3 An Example of Coverage Calculation for a Simple 
Polygon with Holes 

This section explains the coverage of a simple polygon composed of 12 vertices 
and five holes (obstacles) inside it, as shown in Fig. 2. Figure 2 also represented 
two types of cameras, which will be used for a polygon’s interior coverage. In the 
experimental analysis, the PTZ camera is selected so that its radius.r1 is equal to the 
number 160, and .α = π/3, which means that it covers 4331 pixels. Similarly, for 
the OD camera, the radius .r2 is taken to be 64, so it is obtained that it covers 4205 
pixels. The task of optimal placement of cameras within a simple polygon with holes 
is to determine the optimal locations and the orientations of the cameras to place 
them in order to maximize the total coverage. In this chapter, the determination of
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Fig. 2 A representation of a concave polygon composed of twelve vertices with five obstacles 
inside it 

positions and orientations will be carried out through deterministic and stochastic 
algorithms, emphasizing the application of known metaheuristics, i.e., swarm intel-
ligence techniques. There are two approaches to calculating spatial coverage using 
cameras: a geometric approach and an approach based on looking at pixel coverage. 
The geometric approach mainly consists of two steps. The first step is to do a camera 
union, which implies looking for unions of simple polygons, which ultimately gen-
erate several polygons with and without holes. It is essential to point out that joining 
polygons can generate polygons with one or more holes. After that, the areas of the 
resulting polygons are calculated and stored. Since some of the resulting polygons 
cross the boundary of the central polygon, which includes obstacles, and some of 
them also intersect obstacles, it is necessary to perform polygon clipping between 
the combined polygons and the boundary line of the main polygon as well as with the 
obstacles, in the second step. As a result, clipped polygons are obtained, for which 
surfaces should also be calculated. In the end, the differences between the surfaces 
of the combined and clipped polygons are summed, which gives information about 
the coverage of the central polygon. Due to the geometric approach’s complexity and 
the paper’s authors’ inability to find an efficient algorithm for the union of concave 
polygons, the second approach will be used for optimal coverage of the polygon’s 
interior. 

The second approach for estimating the coverage of polygons with cameras is not 
directly geometric. It boils down to calculating how many pixels from the polygon’s 
interior are covered by camera pixels, excluding those pixels belonging to obstacles. 
This approach is based on a matrix design, i.e., associated with adequate creation and
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retrieval of matrix blocks. Namely, it can be efficiently solved by initially creating 
a rectangle .R of minimum area that contains the central simple polygon . P . After  
that, the visibility matrix.Mv should be created, which contains the intensities of the 
pixels of the rectangle . R, so its elements will be the numbers 0, 255, 100, and 150. 
Hence, the matrix .Mv contains 

• the pixels of the polygon’s interior, 
• the pixels of obstacles inside the polygon, and 
• the pixels outside the polygon lie inside the rectangle . R. 

Consequently, pixels inside the polygon outside the obstacles will be assigned the 
number 255, and those pixels inside obstacles and outside the polygon .P will be 
assigned the number 0. In contrast, the pixels of the PTZ and OD cameras will be 
assigned the numbers 100 and 150, respectively. Before drawing the pixels of cameras 
on the canvas, i.e., inside the polygon .P and outside the obstacles, the number of 
elements of matrix .Mv whose value is equal to 255 is calculated. This number will 
later be used to determine the percentage coverage of the polygon with cameras. It 
is necessary to know the center .CK (xk, yk) of the camera . K , radius . rk , and angle 
.θk to draw the pixels of a particular camera . K . Drawing the camera pixels on the 
screen is reduced to updating the content of a particular block.BK of the matrix .Mv , 
where the block.BK is a submatrix of the initial matrix.Mv composed of its elements. 
Based on an arbitrary camera pixel planned to be drawn, the appropriate position of 
the element in the block .BK is determined in constant time. Block .BK is updated 
using the Ray-Casting algorithm [ 60] to locate and draw only the visible pixels of 
the camera, i.e., pixels inside polygon .P that are not obscured by obstacle pixels. 
Accordingly, the elements of the block .BK are passed through, and their content is 
updated if the pixels at the positions of those elements lie inside the cameras and 
are not obscured by the pixels of obstacles. This fact implies that the elements of 
the block .BK must have a value of 255 before updating. In other words, to update 
the contents of the block .BK , it is not necessary to physically draw the pixels of the 
cameras on the canvas, but it is enough to check whether they are visible operating 
the Ray-Casting algorithm. If they are, then depending on whether the PTZ or OD 
camera is used, the content of the block.BK is updated to the value 100 or 150. Also, 
if the pixels of the new camera are drawn over the pixels of existing camera, then 
it is enough to check in the matrix .Mv whether there are values different from 0 
and 255 at the positions where new pixels are drawn. If there are, then this is an 
indicator that these pixels should not be drawn, so the content of the corresponding 
block .BK should not be updated. If it is established that the pixels are visible and 
were not previously drawn, then the number of changes occurring in the matrix 
.Mv is recorded. The pseudocode of Algorithm 1 represents the above description 
for drawing visible camera pixels and will be used in deterministic algorithms and 
metaheuristics.
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Algorithm 1: Drawing camera pixels . K (CK (x, y), α, θ, r1, r2)

Input: Camera center .CK (x, y), orientation angle . θ , radius .r1 of a PTZ camera, 
radius .r2 of an OD camera, angle . α which determines the camera type. 
Step 1: Initialize the counter .tK of camera .K to zero, i.e. .tK ← 0, and set the angle 

. α to .π/4 or .2π if the camera .K is a PTZ or OD camera. 
Step 2: A) For each visible pixel .p(x, y) of the camera .K calculated by the Ray-

Casting algorithm (.p(x, y) lies on a segment. s of the length.r1 (. r2), so the start point 
of the . s is the .CK (x, y)), determine the corresponding element .(i, j) of the matrix 
.Mv . 
B) If .Mv(i, j) = 255, increase the counter .tK by one (.tK ← tK + 1), and update the 

element .Mv(i, j) to the number 100 or 150, if the camera .K is a PTZ or an OD 
camera. 
Output: Return the counter of changes.tK of camera.K made in visibility matrix.Mv . 

Based on what has been said so far, it is not difficult to see that the described 
approach for correct placement or drawing of cameras on the canvas can also be 
parallelized, i.e., at the same time, it is possible to draw the pixels of several cameras 
on the canvas, that is, to update the content of the matrix.Mv by blocks. After updating 
the content of the blocks of the matrix .Mv that are attached to the cameras, it will 
be numerically recorded how many changes have been made per block, so that 
number will be used to divide by the total number of pixels inside the polygon 
beyond the obstacle pixels. Therefore, it is only necessary to count the number of 
camera pixels within the central polygon .P that are not obstacle pixels and divide 
their number by the number of white pixels within the polygon . P . In this way, 
the percentage coverage of the polygon is obtained. By counting changes within 
the blocks of the visibility matrix .Mv , the total coverage of polygon .P will be 
immediately gained. 

3 Deterministic Approaches for Optimal Camera 
Placement 

This part will detail three suboptimal deterministic methods for covering the interior 
area with holes. First, we examine the greedy algorithm for coloring triangle vertices 
of Delaunay triangles in three colors. After that, one color is selected to represent 
camera positions in a triangulated polygon. Algorithm 2 summarizes the steps of the 
deterministic algorithm based on the coloring of the Delaunay triangulation vertices 
(DACDT) to maximize the coverage of a simple polygon with obstacles.
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Algorithm 2: Total polygon coverage via Delaunay triangles vertex coloring 

Input: The central simple polygon .P with holes (obstacles), which are represented 
in the form of simple polygons. 
Step 1: Determine the total number of pixels .tP of the simple polygon .P excluding 

the pixels of obstacles. Next, using constrained Delaunay triangulation, triangulate 
the polygon .P into Delaunay triangles. 
Step 2: Label all Delaunay triangles constructed in the previous step with three col-

ors utilizing the 3-coloring algorithm. 
Step 3: Mark those vertices of Delaunay triangles that are colored with the color 

with the lowest number of occurrences compared to the remaining two colors. 
Step 4: In the marked vertices of the Delaunay triangles from the previous step (let 

that number be . m), place the centers of the cameras .Ki and adjust their orientations 
. θi so that the directions of the cameras .Ki (i = 1,m) coincide with the bisectors of 
the angles whose legs are coincident with the centers of the cameras. 
Step 5: For each placed camera.Ki (i = 1,m) in the previous step, using Algorithm 

1, calculate pixel coverage, i.e., the number of changes .tKi (i = 1, · · · ,m). 
Step 6: Calculate the percentage coverage of the polygon. P as.cov(P) = 1

tP

∑m
i=1 tKi . 

Output: The percentage coverage .cov(P) of the central polygon .P with holes. 

The disadvantage of using the 3-coloring algorithm in the DACDT is that it exploits 
many cameras, especially if there are many Delaunay triangles with small surface 
areas. Since this approach requires many cameras, the proposed algorithm prede-
termines the number of cameras that can mark a simple polygon . P . So, instead of 
the usage of Delaunay triangles marked with the 3-coloring algorithm as done in the 
DACDT, we propose a new deterministic approach based on sorting surface areas 
of Delaunay triangles (DASADT) for covering a simple polygon .P with obstacles. 
The main steps of the DASADT are presented by Algorithm 3. With this DASADT 
approach, after producing the Delaunay triangulation of the simple polygon. P , these 
triangles are sorted in descending order due to their surface areas. After that, the 
obtained triangles are used to place the cameras inside them using Algorithm 1. The 
cameras are placed in triangles with the largest surface areas. It moves toward those 
with the smallest surface areas by placing PTZ or OD cameras according to the crite-
ria specified in Algorithm 3. Without loss of generality, in the DASADT, the surface 
area .APT Z of the PTZ camera is assumed to be larger than the surface area .AOD of 
the OD camera.
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Algorithm 3: Overall polygon coverage using Delaunay triangle surface areas 

Input: The main simple polygon.P with holes (obstacles), which are represented in 
the form of simple polygons. A certain number of the PTZ and OD cameras. 
Step 1: Determine the total number of pixels .tP of the simple polygon .P excluding 

the pixels of obstacles and surface areas.AOD and.APT Z of the OD and PTZ cameras, 
respectively. 
Step 2: Using constrained Delaunay triangulation, triangulate the polygon .P into 

Delaunay triangles and sort them in descending order, referring to their surface areas. 
Step 3: For each Delaunay’s triangle .Dt and its surface area .ADt do 

a) if cameras number has reached then break. 

b) if .AOD < ADt < APT Z then place the camera OD in the center of the .Dt . 

c) else if .APT Z ≤ ADt < 1.5APT Z then place the camera PTZ on a vertex of .Dt . 

d) else if .1.5APT Z ≤ ADt < 2.5APT Z then place two PTZ cameras on the vert-

tices of .Dt . 
e) else if .ADt ≥ 2.5APT Z then place three PTZ cameras on the vertices of .Dt . 

Step 4: If not all cameras have been consumed and all Delaunay triangles have been 

processed, place the remaining cameras in those not previously covered triangles. 
Output: The percentage coverage .cov(P) of the central polygon .P with holes. 

The DASADT approach can be further improved by taking in Step 3c) in Algorithm 
3 the vertex of the triangle .Dt , which gives the best coverage until then. A similar 
conclusion applies when placing two cameras, as done in Step 3d). The coverage can 
be further increased if, in Step 4) the cameras are carefully placed inside the uncovered 
triangles at those vertices and centers of the Delaunay triangles so that the overall 
coverage is the highest possible. This modification of the DASADT approach based 
on checking the positions of the vertices and centers of Delaunay triangles results in 
the new EASADT approach. The steps of the EASADT method are summarized in 
Algorithm 4.
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Algorithm 4: Polygon coverage based on check positions of Delaunay triangles 

Input: The central concave polygon. P with holes, which are represented in the form 
of simple polygons. A certain number of the PTZ and OD cameras. 
Step 1: Determine the total number of pixels .tP of the simple polygon .P excluding 

the pixels of obstacles and surface areas.AOD and.APT Z of the OD and PTZ cameras, 
respectively. 
Step 2: Using constrained Delaunay triangulation, triangulate the polygon .P into 

Delaunay triangles and sort them in descending order, referring to their surface areas. 
Step 3: For each Delaunay’s triangle .Dt and its surface area .ADt do 

a) if cameras number has reached then break. 

b) if .AOD < ADt < APT Z then place the camera OD in the center of the .Dt . 

c) else if .APT Z ≤ ADt < 1.5APT Z then place the camera PTZ in that vertex of 

the triangle .Dt so that the total coverage is the largest. 
d) else if .1.5APT Z ≤ ADt < 2.5APT Z then place two PTZ cameras in those 

vertices of the triangle .Dt which deliver the best coverage. 
e) else if .ADt ≥ 2.5APT Z then place three PTZ cameras on the vertices of .Dt . 

Step 4: If not all cameras have been consumed and non-processed Delaunay triangles 

exist, select those triangles with the most significant surface area and place the OD and 
PTZ cameras in them, choosing the positions (centers and vertices of the triangles) 
so that the total coverage is maximized. 
Output: The percentage coverage .cov(P) of the central polygon .P with holes. 

In the next section, swarm intelligence algorithms will be proposed to solve the 
camera placement problem. This chapter introduces these algorithms inspired by 
searching for optimal camera positions in the enhanced version (EASADT) of the 
DASADT method, as described in steps of Algorithm 4. 

4 Swarm Intelligence Algorithms for Optimal Camera 
Placement 

This section will involve the Bat algorithm [ 62] as the most popular swarm intelli-
gence technique to solve the Camera Placement Problem. Among various approaches, 
the Bat Algorithm has been particularly noted for its successful application to various 
problems. Developed by Xin-She Yang in 2010, it is inspired by bats’ echolocation 
behavior. By searching databases in the period from 2011 to 2022, the authors of 
this paper found that the Bat algorithm has found application in more than 400
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papers published by eminent publishers (journals and conferences), such as Else-
vier, Springer, and IEEE, and journals and conferences that are searched through the 
Google Scholar database. Due to the massive volume of works, several areas in which 
the Bat algorithm has been applied will be briefly listed in this section, and a complete 
overview of the Bat algorithm with its variants, modifications, and hybridizations can 
be found in the article [ 54]. Several of the practical areas where the Bat algorithm 
has found valuable applications are Engineering Optimization [ 3, 5, 11, 32, 33], 
Image Processing [ 10, 48, 51, 58], Machine Learning and Artificial Intelligence [ 2, 
7– 9, 30, 56, 57], Bioinformatics [ 15, 21], Combinatorial Optimization [ 4, 25, 26, 
47, 50], Robotics and Autonomous Systems [ 41, 61, 66], Telecommunications [ 27, 
44, 53, 55], Financial Optimization [ 1, 14, 45], Health and Medicine [ 13, 39, 43, 
49]. Because of its proven performance in solving various optimization problems, we 
have used the bat algorithm to address our camera placement challenge. We will not 
describe the basic structure of the Bat algorithm here due to the need for more space 
for writing. More details related to the Bat algorithm and other swarm intelligence 
algorithms can be found in the book [ 63]. 

4.1 An Adjusted Discrete Bat Algorithm for Maximum 
Coverage 

This part will detail an adjusted version of the discrete bat algorithm (ADBA) for 
maximum coverage (MC) of a simple polygon with holes. Before delving into the 
detailed description of our proposed method for solving the camera placement prob-
lem, it is essential to note that the original Bat Algorithm (BA) was initially developed 
to solve continuous optimization problems. Consequently, the classic version of this 
metaheuristic cannot be directly applied to discrete problems such as the camera 
placement problem, which is the focus of our study. Therefore, certain modifications 
to the basic bat algorithm are necessary to address the problem. The first modifica-
tion refers to the discrete representation of the velocity.vi of the ith agent (bat). xi , as  
a random number drawn from a uniform distribution of the closed interval .[0, dH ], 
where.dH is a Hamming distance between the ith agent. xi and the best agent. x∗. Since 
the discrete version for representing the velocity .vi of the ith agent (bat) .xi does not 
depend on the frequency . fi of the agent . xi , which is used in the continuous version 
of the original Bat algorithm, it will not be used in this chapter. The second modifica-
tion refers to moving the ith agent .xti from the current iteration. t to the next iteration 
.t + 1, i.e., how to determine the position of the ith agent. xti in the next iteration.t + 1, 
i.e., find .xt+1

i . For these purposes, similarly to the paper [ 47], the 2-opt operator is 
used, i.e. holds.xt+1

i ← 2-opt.(xti , v
t
i ). In addition, the local solution is generated using 

2-opt and 3-opt operators applied to the best bat found so far (in our simulations, 
one agent (bat) among the 20 best ones). The formulas for updating signal strength 
.Ai and signal pulse .ri for the ith agent .xi remain the same as in the original Bat 
algorithm. The central problem for all swarm intelligence methods is designing an
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agent for a particular problem. Before designing an arbitrary agent (bat), defining 
the search space for the discrete version of the bat algorithm is necessary. The search 
space in this chapter is represented by a vector . S composed of numbers from 1 to 
. m, where .m is the total number of vertices of Delaunay triangles and their centers. 
So, .S = [1 2 · · · m]. The latter implies that a constrained Delaunay triangulation 
is performed over the initial simple polygon .P with obstacles. Then, the Delaunay 
triangles’ vertices and corresponding centers are labeled with numbers, thus forming 
the search space . S. Since the number of cameras .nC will be passed as input to the 
bat algorithm, as well as some deterministic algorithms, it follows that the creation 
of its initial population is reduced to the design of an arbitrary agent in the form of 
a vector . x composed of .nC components. Namely, the vector . x is randomly created 
by selecting .nC numbers from the search space . S. As the numbers indicate the ver-
tices or centers of Delaunay triangles, the placement of PTZ or OD cameras follows 
immediately based on their content. The placement of PTZ cameras is done analo-
gously, as expressed in Step 4 of Algorithm 2. In contrast, OD cameras are placed 
in the centers of the Delaunay triangles if they are selected in the search space. 

5 Analysis of Experimental Results 

In this simulation experiment, we prioritized maximizing the coverage inside a polyg-
onal area. We attempted to do this with as few cameras as possible. To illustrate these 
results, we have used two types of concave polygons with holes depicted in Fig. 3. 
Both polygons are placed inside the rectangle .R with dimensions 680px .× 594px. 
The polygon. P has 54 vertices and 11 holes, while the polygon.Q has 12 vertices and 
two holes. In Figure 3, the black area within polygons. P and.Q represents obstacles 
such as buildings; conversely, the white area represents the region that needs to be 
monitored. Figure 3 also contains constrained delaunay triangulations of these poly-
gons (see Fig. 3b, d). As we can see in Fig. 3, the polygon .P has a very complex 
geometric structure with 11 obstacles inside it, and because of that, it is very suit-
able for testing the algorithms we developed. In comparative analysis, all algorithms 
except ADBA are deterministic, while ADBA is a metaheuristic algorithm. Since 
the ADBA approach is a swarm intelligence technique, this paper assigns 50 agents 
(bats) and 500 iterations to implement it, totaling 25,000 functional executions. Also, 
for the proposed ADBA, the initial values pulse rates .r0i and loudnesses .A0

i for each 
agent. i were respectively set to 0.5 and 0.99, while the constants. γ and. α were set to 
0.5 and 0.7, respectively. Since the ADBA is a metaheuristic algorithm, and the other 
competing algorithms are deterministic, it will be run in parallel in 10 runs utilizing 
multi-threads in the simulation, and its average results will be compared to the results 
of the other three algorithms. All mentioned algorithms have been implemented in 
the C# programming language in Visual Studio 2022. All algorithms are executed 
on machine AMD Ryzen 5 5600 X Core AM4 4.6GHz processor with 64GB DDR5 
4800MHz RAM, MSI GeForce RTX 4070 Ti Gaming X Slim 12G graphics card, 
and Windows 11. × 64 operating system. The simulation outcomes of the compara-
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(a) (b) 

(c) (d) 

Fig. 3 a The polygon. P is composed of 54 vertices and 11 holes. b Constrained Delaunay triangu-
lation of the polygon.P includes 177 triangles. c The polygon.Q has 12 vertices and two obstacles. 
d Constrained Delaunay triangulation of the polygon.Q counts 22 triangles 

tive analysis between the mentioned algorithms are shown in Tables 1 and 2. For all 
algorithms, Area Coverage, No. of cameras, and Time of execution were evaluated, 
and the produced results are kept in Tables 1 and 2. Also, Figs. 4 and 5 show the visual 
coverage of the area inside the polygons .P and .Q achieved by the four proposed 
algorithms, respectively. In the implementation, the angle . α is set to .π3 for a . PT Z
camera, and its radius.r1 is set to the value 160, while a radius.r2 of an OD camera is 
set to number 64. According to the outcomes of the simulation presented in Table 1, 
related to the seeking for the smallest number of cameras to cover the interior of 
the polygon . P , it can be seen that the DACDT approach, whose operation is based 
on the placement of cameras in the colored vertices of Delaunay triangulation trian-
gles, achieves coverage of 63.15% in a short time using 50 PTZ cameras, which is 
graphically shown in Fig. 4a.
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(a) (b) 

(c) (d) 

Fig. 4 Steps a to d graphically illustrate the placement of cameras in the interior of the polygon. P
performed by exploiting deterministic algorithms and ADBA, respectively 

Table 1 The simulation results provided by proposed algorithms for a simple polygon.P depicted 
in Fig. 3a 

Algoritms Area coverage No. of cameras Time (sec.) 

DACDT 63.15 50 0.0468 

DASADT 65.35 25 0.0161 

EASADT 70.52 20 7.9378 

ADBA 86.41 16 3.6184 

The best-achieved results are marked in bold letters 

Better coverage is achieved by the DASADT (see Fig. 4b), where this algorithm is 
superior in comparison to the previous algorithm by all metrics listed in Table 1. The  
EASADT method uses 20 cameras to realize polygon coverage of 70.52%, making it 
better than previous deterministic algorithms. Figure 4c shows a visualization of this 
approach’s coverage. Namely, the DASADT achieves a coverage of 65.35% using
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(a) (b) 

(c) (d) 

Fig. 5 Steps a to d visually demonstrate the placement of cameras inside polygon .Q using algo-
rithms 2, 3, 4, and ADBA, respectively 

25 cameras, which is less compared to the EASADT. The best coverage is achieved 
with the ADBA approach, where using only 16 cameras, about 87% of the interior 
of polygon. P is covered for only 3.6 s (see Fig. 4d). In addition to the polygon. P , for  
testing the robustness of the mentioned algorithms, a noticeably simpler polygon . Q
with holes is used to observe the flaws and advantages of the developed algorithms 
(see Fig. 3c, d). The outcomes of testing the algorithms on this polygon are preserved 
in Table 2. Although the structure of the polygon .Q is simple, the DACDT achieves 
area coverage of only 28.48% because after separating the polygon.Q into Delaunay 
triangles, it is evident that only six colors are necessary to color the vertices of 
Delaunay triangles, which implies the usage of six cameras to cover the interior of 
.Q (see Fig. 5a). 

A drastically better effect was achieved by the DASADT, which managed to cover 
approximately 92% of the interior, using 36 cameras in a very short time, which can 
be seen in Fig. 5b. Although for a more complex environment (see the polygon. P), the
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Table 2 The simulation outcomes provided by proposed algorithms for a simple polygon . Q
depicted in Fig. 3c 

Algoritms Area coverage No. of cameras Time (sec.) 

DACDT 28.48 6 0.0156 

DASADT 91.16 36 0.0156 

EASADT 84.63 20 5.9132 

ADBA 95.76 16 2.1378 

The best-achieved results are marked in bold letters 

EASADT was superior to the DASADT, in the case of polygon. Q, it gives somewhat 
weaker results in terms of coverage. However, it consumes a noticeably smaller 
number of cameras (see Fig. 5c). Finally, the ADBA method achieves an excellent 
coverage of almost 96% with only 16 cameras, making it superior to other methods. 
The optimal camera coverage of the polygon .Q realized by the ADBA approach 
is shown in Fig. 5(d). Applying metaheuristics is evident as a potent and practical 
solution for tackling the camera placement issue. The optimal camera positioning is 
particularly significant in intelligent video surveillance, where these techniques play 
a crucial role in automatically pinpointing potential threats through the detection, 
localization, tracking, and identification of specific targets or events. 

6 Conclusion and Future Work 

Camera networks are sophisticated systems that capture comprehensive video data 
for intelligent processing tasks, such as target localization, identification, track-
ing, and more. This chapter delved into the formidable challenge of determin-
ing the optimal placement of cameras to ensure adequate coverage within interior 
areas characterized by simple concave polygons with obstacles. In response to this 
complex problem, four distinct algorithms were introduced and rigorously exam-
ined. The ADBA method as a swarm intelligence algorithm emerged as a standout 
solution through experimentation and analysis, offering exceptional overall perfor-
mance in addressing the camera placement problem. Notably, the ADBA approach 
demonstrated remarkable robustness by effectively handling diverse instances from 
a broad spectrum of randomly generated scenarios. In future work, our research will 
extend to exploring authentic larger-scale instances, incorporating a more compre-
hensive array of metaheuristics, and investigating various polygon configurations to 
deepen our understanding and uncover further avenues for optimization and advance-
ment.
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