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Preface

In the ever-evolving research field of artificial intelligence, deep learning reigns
supreme in the recent over 10 years, casting a spell of awe and wonder with its
remarkable feats of intelligence. Imagine a world where machines can perceive,
learn, reason, and behave like never before, unraveling the mysteries of data (espe-
cially broad data) with an insatiable appetite for knowledge. This is the promise
of deep learning—a journey that has captivated the imagination of researchers and
practitioners alike, propelling us into a future where the boundaries of possibility are
constantly redrawn.

The concept of deep learning was first introduced by Dechter in 1986 and later
expanded to brain-inspired algorithms by Aizenberg et al. in 2000. However, the story
of deep learning originates from the humble beginnings of neural networks and boasts
arich, multifaceted history spanning several decades. It has gained significant traction
in contemporary times, thanks to the visionary individuals who dared to dream of
machines capable of learning from experience. Its origins can be traced back to the
early 1940s when Warren McCulloch and Walter Pitts proposed a computational
model of neural networks, laying the groundwork for what would eventually be
recognized as artificial neural networks.

During the 1940s—1960s, the first wave of interest in deep learning, often referred
to as “cybernetics” emerged. This period was characterized by pioneering efforts
to understand the computational principles underlying biological neural networks.
Notably, Frank Rosenblatt’s development of the perceptron in 1957 marked a signif-
icant milestone, representing the earliest attempt to create a machine capable of
learning from its environment.

However, the initial enthusiasm for neural networks waned in the late 1960s.
Specifically, Minsky and Papert published the influential work “Perceptrons: An
Introduction to Computational Geometry” in 1969, which had a significant impact
and argued that Rosenblatt’s single-layer neural network could not solve funda-
mental logic problems such as the “exclusive or” (XOR) problem. This marked the
beginning of a period of decline in interest and research activity in the field, often
referred to as the “Al winter”. Technically, we can also attribute Rosenblatt’s failure
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to the limitations in computing power and the inability to train deeper architectures
effectively.

The resurgence of interest in neural networks came about in the 1980s, marking
the second wave of deep learning research. This period, characterized as “connec-
tionist”, saw the development of more sophisticated neural network architectures
and learning algorithms. Notably, the introduction of the backpropagation algorithm
by Rumelhart, Hinton, and Williams in 1986 revolutionized the field by enabling
efficient training of deep neural networks. More importantly, the significance of
this paper lies not only in the proposal of an algorithm but also in a major turning
point where neural networks moved from psychology and physiology to the field
of machine learning. Despite significant advancements, the limitations of computa-
tional resources and the lack of large-scale datasets led to another decline in interest
in neural networks during the 1990s, marking the end of the second wave.

The third wave of deep learning, which dawned around 2010, emerged from
obscurity with a surge of game-changing advances, shaking the very foundations of
artificial intelligence. Leading this charge was Hinton’s inspiring research on deep
belief networks and unsupervised pretraining in 2006, revolutionizing the landscape
of deep neural network training. This momentum culminated in the remarkable emer-
gence of AlexNet, a successor to LeNet, which swept the field with its triumphant
victory in the 2012 ImageNet challenge, demonstrating the unparalleled capabilities
of deep learning in computer vision. The pioneering efforts by luminaries sparked a
revolution, unleashing a torrent of innovation that transcended disciplinary bound-
aries and reshaped societal norms. The pinnacle of recognition arrived with the 2018
ACM Turing Award, honoring Yoshua Bengio, Geoffrey Hinton, and Yann LeCun for
their monumental contributions, firmly establishing deep learning as the vanguard
of artificial intelligence innovation.

The success of deep learning is not only attributed to advancements in algorithms
but also relies significantly on two critical pillars: the availability of vast amounts
of data and the remarkable computational power of GPUs. Deep learning models
thrive on large datasets, which provide the diverse and abundant examples neces-
sary for training robust models. Additionally, the emergence of GPUs, particularly
those developed by NVIDIA, has revolutionized the field by enabling accelerated
training and inference processes. These GPUs are optimized for parallel processing,
allowing deep learning algorithms to harness their immense computational capa-
bilities for training complex models with unprecedented speed and efficiency. As
a result, researchers and practitioners can explore more sophisticated architectures
and tackle increasingly complex problems across various domains, from computer
vision to natural language processing.

The impact of deep learning has been nothing short of transformative, permeating
every facet of our lives with its boundless potential. From personalized recommen-
dations and intelligent assistants to breakthroughs in healthcare and autonomous
vehicles, deep learning has become the driving force behind some of the most
awe-inspiring advancements of our time. Yet, amid the dazzling array of practical
successes lies a profound challenge—the quest to unravel the mysteries of deep
learning’s inner working mechanisms.
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Therefore, many researchers, drawing parallels to the ancient pursuit of alchemy,
view deep learning with skepticism and fascination alike. Like alchemists seeking
to transform base metals into gold or discover the elixir of life, practitioners of
deep learning aim to discover efficient deep learning models by extensively tuning
hyper-parameters. This comparison highlights the mystical nature of deep learning
research, which, much like alchemy, involves a blend of experimentation, intuition,
and a quest for transformative breakthroughs.

While the practical triumphs of deep learning have dazzled the world, the theo-
retical foundations upon which they stand remain shrouded in mystery. Many prac-
titioners, enamored by the sheer power of deep learning algorithms, may overlook
the critical importance of theoretical studies, dismissing them as mere abstractions
divorced from reality. However, the truth is far more tantalizing—for it is through
the lens of theory that we gain deeper insights into the workings of these enigmatic
networks, unlocking new frontiers of understanding and paving the way for even
greater innovations.

As the tide of deep learning continues to rise, fueled by the emergence of founda-
tion models trained on broad data, the need for a solid theoretical foundation becomes
more pressing than ever. Theoretical understandings to deep learning networks not
only provide insights into the mechanisms governing deep learning networks but also
ensure their safe and responsible deployment in real-world applications. Moreover,
theoretical studies serve as the crucible in which new ideas are forged, leading to
breakthroughs that push the boundaries of what is possible in artificial intelligence.

Itis within this crucible that we present this monograph—a testament to the power
of theory in unlocking the secrets of deep learning. Drawing upon a rich tapestry of
research spanning our relevant journal papers, conference papers, ArXiv technical
reports, and Dr. Fengxiang He’s doctoral thesis, this monograph endeavors to weave
together a narrative that illuminates the theoretical landscape of deep learning. Our
goal is to provide readers with a roadmap to understanding the intricate workings of
deep learning networks, empowering them to harness the full potential of Al while
mitigating the risks inherent in its deployment.

Join us on this exhilarating journey into deep learning theory, where mysteries
await to be unraveled and discoveries lie just beyond the horizon. Whether you
are a seasoned researcher seeking to deepen your theoretical understanding or a
practitioner eager to harness the power of deep learning in your applications, we
invite you to embark on this adventure with us. Together, let us chart a course towards
a future where artificial intelligence knows no bounds, guided by the light of theory
and fueled by the fires of imagination.

Before introducing the organizational structure of this monograph, it’s necessary
to touch upon the concept of explainable deep learning. This field represents a fusion
of empirical strategies and theoretical rigor, fostering a space for enlightenment and
discovery. While empirical methods have driven significant advancements in under-
standing and interpreting deep learning models, their focus lies predominantly on
elucidating and dissecting the performance of the output and intermediate layers,
and their correlations with input data. Techniques for studying explainable deep
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learning typically encompass feature importance analysis and visualization method-
ologies, aiming to achieve both local and global interpretability. By integrating these
approaches to offer multi-layered explanations, users gain a deeper understanding
of the behavior and predictive outcomes of deep learning models. This monograph
primarily seeks to explore theoretical underpinnings and enhance interpretability
within the realm of deep learning. Through the crucible of theory, we aim to provide
readers with a thorough understanding of the theoretical underpinnings that drive the
success of deep learning models.

Specifically, this monograph is a general introduction to deep learning theory that
can serve as a textbook for students and researchers in machine learning, statistics,
and other related areas. The reader is assumed to be familiar with basic concepts in
linear algebra, probability, and analysis of algorithms. It covers fundamental modern
topics in deep learning theory while providing the theoretical basis and conceptual
tools needed for the discussion and justification of algorithms. It also describes several
key aspects of the application of these algorithms.

The journey of this monograph begins with an introduction to the current status
of deep learning and its theory in Chap. 1. Chapters 2—4, forming Part I, review the
previous developments in statistical learning theory, which may have a significant
discrepancy from the requirements of developing deep learning theory.

In Part IT, Chaps. 5-10, we present recent advances in deep learning theory from
six facets: (1) complexity and capacity-based approaches for analyzing the gener-
alizability of deep learning; (2) stochastic differential equations and their dynamic
systems for modeling stochastic gradient descent and its variants, which characterize
the optimization and generalization of deep learning, partially inspired by Bayesian
inference; (3) the geometrical structures of the loss landscape that drives the trajec-
tories of the dynamic systems; (4) the geometrical structures of the input space,
shaped by the nonlinear activations; (5) the roles of over-parameterization of deep
neural networks from both positive and negative perspectives; and (6) theoretical
foundations of several special structures in network architectures.

In Part III, Chaps. 11-13, we present some emerging directions beyond the
generalizability which is focused on the previous chapters. We first explore trust-
worthy deep learning, encompassing the growing concerns in ethics and security, and
their relationship to generalizability. Finally, the emerging supermodel paradigm or
foundation model trained on broad data is discussed.

Throughout this monograph, we aim to provide readers with a comprehensive
understanding of deep learning theory, from its foundational principles to its latest
advancements and ethical considerations. We hope that this exploration will inspire
further research and innovation in the field of deep learning, driving progress towards
a future where intelligent systems enhance our lives in guaranteed ways.

While we have strived for accuracy, this monograph might still not be perfect.
If you encounter any typos, factual errors, citation inconsistencies, and reference



Preface ix

missings, please don’t hesitate to bring them to our attention. Your feedback is
important to ensure the accuracy and clarity of this work for future readers.

From Sydney, Beijing to Singapore and Fengxiang He
Edinburgh Dacheng Tao
2019-2024
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Chapter 1
Deep Learning: A (Currently) Black-Box | o
Model

Deep learning refers to a subset of machine learning techniques that employ artificial
neural networks characterized by multiple layers of interconnected nodes (or neu-
rons) followed by nonlinear activation functions. Such networks are of significant
size. These deep neural networks are designed to process and learn from experience,
extracting complex patterns and features through successive layers of computation.
Such experience can be obtained either from human-annotated electronic records
such as datasets or from the learner’s own interactions with its perceived environment.
By leveraging these layered architectures, deep learning models can autonomously
discover and represent intricate relationships within the data, enabling them to make
sophisticated predictions and informed decisions based on learned knowledge.

To date, however, the development of deep learning has relied heavily on experi-
ments that have not thoroughly explored or sought an understanding of its theoretical
foundations. The black-box nature of deep learning introduces unmanageable risk
into its applications since we do not know why deep learning works, when it may
fail, or how to prevent failures.

1.1 Definitions and Terminology

A prevalent application of deep learning is object recognition, which aims to cate-
gorize images based on their characteristics. This section takes object recognition as
an example to introduce the definitions and terminology used in this book.

e Example: Let X and Y be the input and output space, respectively. A datum used
in the process of training and evaluation/inference. An example is usually defined
as a feature—label pair

(x,y) e X x Y,

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2025 1
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where x is the feature and y is the corresponding label. For object recognition,
images and their representations are the features, and the labels are the concepts
depicted such as ‘tiger’, ‘horse’, and ‘cheetah’.

e Feature: A feature is a collection of attributes that represents an example and is
typically structured as a vector or matrix denoted as x € X. Features are often
obtained through sensor measurements, such as those from optical cameras or
light detection and ranging (LiDAR) devices. Certain deep learning models are
specifically engineered for feature extraction, as they excel at producing highly
informative feature representations.

e Label: An annotation of an example. It can be a categorical value, a continuous
real value, or a combined set of such values. Deep learning models learn mappings
between features and labels. In this book, we denote a label by y € V.

e Training sample: A set of examples used to train a deep learning model:

S:{le~--7Zm}s

where z; = (x;, y;) € Z := X x Y and m is the training sample size. Usually,
deep learning used large-scale training samples.

e Validation sample: A set of examples used to validate various hyperparameters
and techniques when training a deep learning model.

e Test sample: A set of examples used to evaluate a deep learning model.

e Data distribution: In typical scenarios, we make the assumption that all examples
within the training, validation, and test samples are independent and identically dis-
tributed (i.i.d.) random variables drawn from the same underlying data distribution,
denoted as D, i.e.,

Z~D, S~D".

For clarity, we use upper-case and lower-case letters to represent random variables
and their corresponding observations, respectively.

Remark 1.1 It’s crucial to acknowledge that the assumption of i.i.d. data, where
each data point is assumed to be drawn from the same distribution and is unrelated
to other data points, may not hold in many real-world scenarios. A notable coun-
terexample is observed in time series data, such as financial data, where observations
can exhibit significant temporal dependencies and variability over time. Despite this
departure from the i.i.d. assumption, deep learning models can still effectively capture
complex patterns and trends in such data due to their ability to learn from sequential
information. Although the temporal variability in time series data challenges the i.i.d.
assumption, it typically does not critically impede the performance of deep learning
models. Therefore, in this book, we maintain the use of the i.i.d. assumption for
simplicity and to establish the fundamental principles and theoretical foundations of
deep learning, recognizing that the flexibility and adaptability of these models allow
them to handle real-world data complexities effectively.
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Deep learning applications can be broadly categorized as follows.

e Supervised learning: In supervised learning, every training example is annotated
or labelled. The form of annotation varies in different scenarios. In image classi-
fication, the annotations are image categories; in object detection, the annotations
are the bounding boxes around different objects; and in semantic segmentation,
all pixels are individually annotated.

e Unsupervised learning: In contrast, the training data remain unannotated in unsu-
pervised learning, and the corresponding deep learning methods are designed for
clustering, feature extraction, and reconstruction. Self-supervised learning is a
special form of unsupervised learning in which knowledge, or, more specifically,
label concepts, is learned through self-training without external interference. This
learning regime is becoming increasingly popular, especially for training large-
scale deep networks in super deep learning, an advanced era of deep learning.
Unsupervised learning is attractive because of the often high expense of data
labelling.

o Semisupervised learning and weakly supervised learning: These two learning
regimes represent intermediate approaches that bridge the gap between fully super-
vised and unsupervised learning paradigms. Semisupervised learning (SSL) com-
bines both labeled and unlabeled data for training predictive models. Most SSL
approaches are based upon one of the following several key assumptions: smooth-
ness (similar inputs produce similar outputs), clustering (samples in the same
cluster have the same label), and the manifold assumption (data points lie on a
lower-dimensional manifold where neighboring points have similar labels). Popu-
lar SSL techniques include pseudo-labeling, self-training, co-training, and graph-
based models. On the other hand, weakly supervised learning (WSL) trains models
using limited yet imprecise labels, which helps reduce the cost of exact and exten-
sive data labeling. WSL approaches can be categorized into three main types:
inexact supervision (coarse-grained labels), incomplete supervision (only part of
the data is labeled), and inaccurate supervision (labels may be incorrect). Classical
learning techniques such as multi-instance learning, active learning, and transduc-
tive learning have been integrated with the above WSL types. These methods lever-
age available data to enhance model performance despite the weak supervision.
Both learning techniques play crucial roles in practical machine learning applica-
tions, offering solutions for leveraging partially labeled or imperfectly annotated
data to train effective models with reduced human annotation effort.

Remark 1.2 Ineither supervised or self-supervised learning, a deep learning method
learns a mapping from features space X to output space Y. This idea is inherited
from conventional machine learning algorithms.

Remark 1.3 Deep learning has shown significant value in dealing with the chal-
lenges arising in conventional reinforcement learning (RL), which is an important
machine learning paradigm. In RL, a learner determines what action an agent needs
to take in each specific state of the environment. Deep RL exploits deep learning for
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efficient feature extraction to boost the policy approximation ability in RL, which is
a considerable barrier for conventional methods.

Supervised learning plays a significant role in deep learning applications. It has
shown promising performance in the following tasks.

e Classification: The goal of classification is to assign an unordered categorical
value to each example; i.e., the labels can be represented by integers Y C N. All
categories are equal in status, with no preference among them. Categories are
commonly defined using integers for convenience. Sometimes, a single example
is simultaneously associated with multiple categories; we refer to this learning
regime multilabel classification. In this regime, Y C N/, where [ is the number of
possible categories for each example.

e Ranking: The goal of ranking is to assign a specific ordered categorical value to
each example, where Y C N represents the set of possible ordered categories.
In contrast to classification, which assigns discrete labels to instances, ranking
involves organizing a sample into a partially ordered sequence or hierarchy based
on their attributes or features. This distinction reflects a fundamental difference in
the objectives of ranking versus classification tasks. In ranking tasks, the emphasis
is on establishing a relative order or preference among examples rather than assign-
ing definitive class labels. This approach is common in information retrieval sys-
tems, recommendation systems, and personalized search engines, where the goal
is to present items or documents in an order that maximizes relevance or user satis-
faction. By considering partial orderings, ranking methods allow for more nuanced
and flexible representations of data compared to strict classification schemes.

e Regression: The goal of regression is to predict continuous values or vectors for a
given example: Y C R/, where [ is the dimensionality of the labels. In most appli-
cation scenarios, these continuous values or vectors are real. However, complex-
valued data can also be encountered. While traditionally used for regression tasks,
regression analysis has also played a significant role in classification problems.
Logistic regression exemplifies this, by formulating classification as a process of
fitting a logistic function, which is technically a regression problem. The logistic
function, also known as the sigmoid function, is defined as follows:

flx) =

1 —ek(x —xp)’

where x € R is a real number, L, k € Rt are two positive real constants, and
xo € R is a real constant. The high-dimensional version is termed the softmax
function, which is defined as follows:

F) = ——,
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where b = (by, ..., b)) € R is a real vector and / € N1 is the length of b. Deep
learning models for classification tasks usually adopt the softmax function for
activation in the output layer.

Notably, deep learning breaks free of the framework of learning a mapping from
features to labels.

Unsupervised learning is also of significant interest for deep learning theory.
Prevalent scenarios are listed as follows.

e Feature extraction: The goal of feature extraction is to transform the original
data into a more compact and informative feature space that captures essential
characteristics for subsequent analysis or modeling tasks. One effective heuristic
approach to feature extraction involves utilizing the outputs of intermediate layers
within a neural network as extracted features. These intermediate outputs, often
referred to as mid-products, represent the activations and transformations applied
to the input data as it passes through the network. By extracting features from
these intermediate representations, we can leverage the hierarchical and abstract
information learned by the neural network during training. Using mid-products as
extracted features offers several advantages. First, these features encapsulate com-
plex patterns and relationships present in the data, learned through the network’s
layers. Second, they provide a more meaningful and compact representation com-
pared to raw input data, which can be noisy or high-dimensional. Finally, extracted
features can be used as inputs to downstream tasks such as classification, regres-
sion, or clustering, facilitating more effective and efficient model training and
inference. By and large, feature extraction using mid-products from neural net-
work layers is powerful to capture and leverage hierarchical information encoded
in data, enabling improved performance and interpretability in machine learning
applications.

e Data generation: It aims to produce new examples that share the same distribution
learned from the training data. Recent advancements, such as Large language mod-
els (LLMs), diffusion models (DMs) and generative adversarial networks (GANs),
have proven their superior capabilities to generate new data from the given training
data. LLMs understand text rules and patterns by integrating transformer blocks
and training on vast amounts of text data. As the training data and model parameters
increase, the model’s language capabilities continually improve, even exhibiting
emergent capabilities. LLMs possess unique in-context learning capabilities and
can handle novel tasks efficiently and cost-effectively through techniques like
supervised fine-tuning and prompt engineering. GPT is a recently emerged and
widely used type of LLM. GANs are constructed by a generator and a discrimina-
tor. The generator produces synthetic data by emulating the patterns it has learned
from the training data, while the discriminator performs as an evaluator, validating
the authenticity of the generated data by comparing with real data. The training
process progressively teaches the generator to produce new data with distributions
approach to that of the training data, while the discriminator continually improves
its capability to separate synthetic data from real data. VAEs learn to encode and



1 Deep Learning: A (Currently) Black-Box Model

decode training data. The encoder maps input data points to a latent space repre-
sentation, while the decoder takes a point from the latent space and reconstructs
the original input data point. Therefore, VAEs are capable to generate new data
by decoding low-dimensional points efficiently sampled from the latent space into
meaningful outputs. This method is widely useful to synthesise images and audio
waves, as it allows for the generation of diverse and creative outputs by manipulat-
ing the latent representations. DMs have recently been widely used to generate new
data by mimicking training data through two steps: forward diffusion and reverse
diffusion. In forward diffusion, noise is progressively added to an image over
several steps, gradually transforming it into a completely noise-like picture. By
contrast, reverse diffusion learns to invert the forward diffusion process. Starting
from the noisy image, the model iteratively denoises it, to progressively reconstruct
the original image. The above data generation models effectively learn to capture
and replicate the sophisticated patterns present in the distribution of the training
data. These generators aim to generate data instances that are indistinguishable
from real data. Although these models have found widespread applications in
tasks such as image generation, question answering, or broadly the synthesis of
realistic data for various purposes, including deep learning model training, they
face many challenges, such as data bias, low reliability, poor quality, scalability,
ethical and privacy concerns, as well as interpretability and transparency.

Self-supervised learning: It aims to autonomously discover the underlying struc-
tures in data without relying on manually annotated labels. Contrastive learning
is a typical self-supervised learning, which improves the feature representation
capability of deep learning models by using large amounts of unlabelled data.
By simultaneously maximizing intra-class similarity and minimizing inter-class
dissimilarity, it improves the model’s representation capability, ensuring that the
feature representations of data in the same category are alike and those of data from
different categories are as distinct as possible. In general, it does not primarily focus
on the intricate details of the instances but instead aims to distinguish the data at
an abstract semantic feature space level. Consequently, the model is simplified, its
optimization is more efficient, and its generalization ability is improved. For exam-
ple, in the context of self-supervised learning like RotNet, images are artificially
augmented by rotating them with specific angles (e.g., 0 degrees, 90 degrees) to
create pairs of rotated and original images. The rotation angles themselves are used
as labels to train the model to predict the rotation applied to each image. While
these rotation labels may appear arbitrary or devoid of semantic meaning, the pro-
cess allows the model to learn rich and informative features that capture intrinsic
properties of the data, such as object shape, orientation, and texture. Representative
algorithms in contrastive learning include: SimCLR: Enhances feature representa-
tion through a simple contrastive learning framework by using data augmentation
and large-scale batch training; MoCo: Improves the efficiency of contrastive learn-
ing by storing sample pairs in a dynamic dictionary through a momentum contrast
mechanism; and BYOL: Enhances the stability of contrastive learning by intro-
ducing a self-supervised mechanism without the need for negative samples. In
order to define supervisory signals without human intervention, self-supervised
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learning explores and exploits the inherent structure of the data. By generating
labels from data transformations or relationships (such as image rotations in Rot-
Net), self-supervised learning helps the model learn effective representations that
generalize well to downstream tasks, even in the absence of explicit labels. This
approach has been extensively applied to computer vision, natural language pro-
cessing, speech recognition, and bioinformatics, demonstrating its versatility and
scalability in learning from unlabeled data.

1.2 Advances in Deep Learning

Compared with deep neural networks, most conventional machine learning models
share four major barriers to achieving comparably elegant deep learning performance.

e Conventional machine learning models/algorithms usually have significantly
lower representation capacity. Their capacity is sufficient for modelling simple
data, such as what is necessary for income modelling and credit assessment, but
considerably limits their ability to fit complex data, such as images and videos. For
example, the vanilla support vector machine (SVM) algorithm can be used to train
only linear classifiers. In contrast, deep learning models have a uniform approx-
imation ability: they can approximate any continuous function, time series, or
distribution at any accuracy as long as the networks are sufficiently wide. In addi-
tion, stochastic gradient-based optimizers, including stochastic gradient descent
and its variants, have excellent capabilities for optimizing neural networks. More-
over, representation learning proceeds in a data-driven manner, which significantly
reduces the human labour burden incurred.

e Conventional machine learning algorithms usually suffer from the curse of dimen-
sionality: to maintain the robustness of a learning model/algorithm, the required
training sample size increases rapidly as the dimensionality of the input data
increases. In contrast, existing empirical studies have not yet observed the curse of
dimensionality in deep learning. In fact, increasing the input dimensionality has
been shown to boost performance. For example, some papers have reported that
training on higher-resolution images can lead to considerably higher performance,
even as the input dimensionality significantly increases.

e Conventional machine learning algorithms usually rely on restrictive assumptions,
considerably limiting their potential application domains. For example, linear clas-
sifiers assume that the data are linearly separable, hidden Markov models assume
that the state sequence is a Markov chain, and kernel methods assume that the
data lie in the corresponding reproducing kernel Hilbert space. In contrast, deep
learning breaks free of most of these assumptions.

e Some conventional machine learning algorithms have limited capabilities in deal-
ing with large-scale data. A prime example is Markov chain Monte Carlo, a preva-
lent Bayesian inference method that faces significant difficulty in scaling to the
processing of big data.
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e Deep learning algorithms usually operate in an end-to-end manner. Compared with
their multistage counterparts, end-to-end methods have two major advantages: (1)
End-to-end models are usually more reliable. The risks from each single stage
accumulate in multistage systems, which can eventually become unmanageable.
(2) End-to-end models are usually easy to train. Their end-to-end nature enables
training of the whole system in accordance with a single objective function. In con-
trast, the optimal protocols for the individual modules in a multistage system may
vary significantly. Tuning a multistage system is thus significantly more difficult
than tuning an end-to-end system.

e As a family of representation learners, deep learning models can be easily inte-
grated with other approaches. The raw data can be easily replaced with their rep-
resentations learned from a deep neural network. This algorithm design approach
has been extensively utilized in computer vision and natural language processing
to considerably accelerate the pace of innovation.

1.3 Applications of Deep Learning

Significant developments have emerged in the field of deep learning over the past
decade. The rapid progress in deep learning is empowering abundant developments
in many, possibly almost all, areas of both engineering and science and is further
driving a technological revolution in a variety of industry sectors.

e Computer vision (CV) is the field of technology that seeks to help machines “see”
and understand a digital form of the world, including images and videos captured
by cameras and point clouds generated by LiDAR sensors. The primary subar-
eas of CV include recognition, detection, segmentation, and tracking. Potential
applications involve a variety of industry sectors, including autonomous vehicles,
medical diagnosis, and entertainment. The outstanding approximation capabilities
and trainability of deep learning models enable deep learning to vastly enhance
performance in CV tasks, providing improved speed and accuracy.

e Natural language processing (NLP) is the field of training machines to read, under-
stand, and derive meaning from natural languages. Machines are good at dealing
with machine languages or programming languages, which follow clear and con-
cise logic. Unfortunately, this characteristic does not apply to natural languages.
Natural languages exhibit considerable ambiguity, vagueness, and violations of the
grammar rules as summarized in linguistics;1 this, however, is exactly the wisdom
and charm of natural languages. Deep learning models, particularly long short-
term memory (LSTM) networks and recurrent neural networks (RNNs), enable
data-driven approaches to the discovery of knowledge from natural languages.
Prevalent subareas of NLP include information retrieval, text mining, dialogue

! Theoretically, it would be possible to summarize the grammar of a natural language in its entirety,
as per finite length, the capacity of all potential sentences is finite. However, such a grammar book
would be unacceptably large.
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and interactive systems, machine translation, question answering, syntax analy-
sis (tagging, chunking, and parsing), sentiment analysis, stylistic analysis, and
argument mining.

e Speech processing is the field of understanding the contents of speech and translat-
ing speech into text or other forms. One conventional method is a hidden Markov
model, which models every spoken sentence as a sequence of observations. This
method assumes the presence of a state sequence, which is assumed to be a Markov
chain, underlying the observation sequence and carrying the desired information.
However, the Markov chain assumption is rarely stringent and is rather flexible.
Fortunately, deep learning models, such as LSTM and RNN models, do not rely on
such assumptions and have therefore emerged as essential techniques in dealing
with speech processing tasks. Prevalent applications include automatic transla-
tion, real-time speech writing, real-time captioning, and virtual assistants (such as
Apple’s Siri).

e Recommender systems seek to rank products or service options in accordance
with consumer preference. Such systems been extensively deployed by advertising
providers and e-commerce corporations, including Google, Amazon, and JD.com.
Formally, recommender systems aim to solve ranking problems.

e Autonomous vehicles are automobiles that can travel either under limited human
control or entirely without human control. It is estimated that by 2040, autonomous
vehicles will occupy over 40% of the entire automobile market. Based on the level
of autonomy, a hierarchy has been introduced: Level 0: humans take full responsi-
bility for driving; Level 1, “hands on”: machines and humans share vehicle control;
Level 2, “hands off’: machines normally have complete control, but humans need
to oversee the driving process and constantly remain ready to intervene; Level 3,
“eyes off’: machines can override human control in response to emergencies, while
humans need to oversee the driving process and “advise” the machines in taking
action; Level 4, “mind off’: machines take complete responsibility for vehicle con-
trol without any human oversight in limited scenarios; Level 5, “steering wheel
optional”: machines have complete vehicle control at all times and human interven-
tion is not needed. Autonomous vehicles seamlessly integrate technologies from
several areas, including manufacturing, recognition, reasoning, and cybernetics.
Deep learning contributes significantly to the last three of these areas. Specifically,
techniques for various CV tasks are needed, such as segmentation, object detec-
tion, tracking, and depth estimation. In addition, deep learning has emerged as an
efficient representation learning tool that enables the deployment of RL to control
vehicles.

e Autonomous medical diagnosis aims to teach machines to diagnose disease and
thereby improve the affordability and accuracy of medical diagnosis. The methods
involved heavily rely on many key CV and NLP technologies, including classifi-
cation, detection, and segmentation. The extensive applications of deep learning in
CV have significantly accelerated the development of autonomous medical diag-
nosis. However, the U.S. Food and Drug Administration (FDA) has yet to authorize
any autonomous diagnosis system for direct medical use. This lack of approval
can be attributed to the fact that in the current state of research on deep learning,
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theoretical foundations and rigorous empirical verifications, such as hypothesis
tests, are largely missing.” This situation highlights that investigations of deep
learning theory and rigorous empirical verifications are essential.

e Drug discovery refers to the discovery of novel medications. Neural networks,
particularly graph neural networks (GNNs), show promise in the discovery of
knowledge from data expressed in a graph-style format, which is closely analogous
in form to the molecular formulas of medications.

1.4 The Status Quo of Deep Learning Theory

Many applications of deep learning lie in extremely security-critical areas, such as
autonomous vehicles and medical diagnosis. In these areas, even a small algorith-
mic error can lead to fatal disasters. Consequently, deep learning is required to be
transparent and accountable. Intuitively, the theoretical foundations of deep learning
algorithms should serve as a major source of transparency and accountability.

To date, however, the development of deep learning has relied heavily on experi-
ments that have not thoroughly explored or sought an understanding of its theoretical
foundations. Although unstable at times, heuristic approaches in deep learning have
achieved significant performance in many areas. The success of deep learning has
been both astonishing and baffling, as researchers have yet to comprehend the mech-
anism that governs deep learning’s behavior. The black-box nature of deep learning
introduces unmanageable risk into its applications since we do not know why deep
learning works, when it may fail, or how to prevent failures. This knowledge gap
considerably compromises our ability to identify, manage, and prevent algorithm-led
disasters, severely undermines confidence in the application of recent advances in
many industrial sectors, and restricts the further development of innovative machine
learning algorithms. In particular, deep learning faces three major problems:

e Approximation refers to the ability of a machine learning model to fit the training
data. Conventional machine learning models exhibit a relatively limited ability
to approximate data. For example, a vanilla SVM can fit only linearly separable
data. Nevertheless, several works in the 1980s and 1990s have proven universal
approximation theorems for neural networks: if the width is sufficiently large, even
a neural network with only one hidden layer can approximate any continuous
function at any precision. What is the bound on the approximation ability of a
feed-forward neural networks if the network is of regular width? What are the
approximation bounds for RNNs and GANs?

2 The lack of hypothesis tests is not merely due to negligence. It is honestly doubtful that current
deep learning algorithms could pass hypothesis tests if they were performed. Most deep learning
algorithms exhibit significant variability in performance, and partial reporting is common in current
experimental practice, which severely undermines any confidence in the reproducibility of deep
learning algorithms.
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e Optimization refers to the ability to search for the optimal solution to a problem.
Machine learning (including deep learning) algorithms are usually formulated
to solve optimization problems. Thus, their optimization performance is of vital
importance. Unfortunately, the optimization problems in deep learning tend to be
highly nonconvex. Nevertheless, they can be well solved in practice by means
of stochastic-gradient-based methods, such as stochastic gradient descent (SGD),
which is apparently a stochastic convex optimization method. Why does SGD, a
convex optimization method, work for a nonconvex optimization problem?

e Generalization refers to the ability to perform well on unseen data. Good general-
izability ensures that a trained model can robustly handle unseen circumstances.
Generalizability is particularly important when long-tail events regularly appear
and can cause catastrophic failure. Statistical learning theory has established a
rigorous upper bound on the generalization error depending on the hypothesis
complexity; however, major difficulties arise in analysing deep learning.

Theoretical foundations have been established for conventional machine learning
algorithms. However, significant difficulties arise when we attempt to apply these
theoretical foundations to deep learning. These difficulties are listed as follows:

e Overparameterization. Statistical learning theory is grounded in Occam’s razor
principle:

Plurality should not be posited without necessity.

This principle emphasizes the importance of simplicity in model design to prevent
unnecessary complexity. According to Occam’s razor, a model should be as sim-
ple as possible while still effectively capturing the patterns present in the training
data. This principle ensures that generalization bounds in statistical learning are
tied to the complexity of the hypothesis space used in machine learning scenar-
ios. However, deep learning models often appear to diverge from Occam’s razor
due to their inherent complexity. Deep neural networks typically comprise numer-
ous trainable parameters, sometimes exceeding the size of the training dataset. This
phenomenon challenges conventional generalization guarantees because excessively
complex models can memorize specific examples from the training data rather than
learning generalizable patterns. As a result, deep learning models are suspected to
be susceptible to overfitting, where they perform well on training data but fail to
generalize to unseen examples.

Remark 1.4 Before the era of foundation models (large-scale deep neural networks
trained on broad data), the complexity of deep learning models necessitates careful
regularization techniques and model selection strategies to mitigate overfitting and
promote generalization. Techniques such as dropout, weight regularization, and early
stopping are employed to simplify and regularize deep neural networks, encourag-
ing them to learn essential features while suppressing noise and irrelevant details.
Balancing model complexity with generalization capability remains a fundamental
challenge in deep learning research, highlighting the need for continued exploration
of regularization methods and theoretical insights to improve model robustness and
performance.
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Remark 1.5 In the era of foundation models, state-of-the-art models often do not
impose strict constraints on model complexity. On the contrary, larger models have
shown greater effectiveness on testing benchmarks, which may exceed the size of
the training set by a significant margin. The underlying reason for this phenomenon
can be attributed to the capacity of these larger models to capture and learn intricate
patterns and nuances present in vast and diverse datasets. Additionally, larger mod-
els possess more parameters and computational power, enabling them to represent
complex relationships and dependencies within the data more comprehensively. This
enhanced capacity often leads to improved performance and generalization capabil-
ities, especially in tasks involving extensive and diverse data inputs. Surely, it is still
important to balance model size with considerations of efficiency, interpretability,
and practical deployment in real-world applications.

e Highly complex empirical risk landscape. Highly complex empirical risk land-
scape. The landscape of empirical risk in deep learning is characterized by sig-
nificant complexity, posing unique challenges compared to traditional machine
learning paradigms. In conventional settings, learnability and optimizability are
typically ensured through regularization techniques that leverage properties like
convexity, Lipschitz continuity, and differentiability. However, these conventional
guarantees do not directly translate to deep learning due to the intrinsic nature
of neural networks. Deep neural networks are composed of multiple layers with
nonlinear activation functions, leading to loss surfaces that exhibit extreme non-
smoothness and nonconvexity. This inherent complexity renders traditional opti-
mization guarantees ineffective and raises significant obstacles in understanding
the underlying principles of deep learning. The complex and rugged nature of deep
learning loss surfaces has long been a barrier to developing comprehensive theories
and analytical frameworks for neural network behavior. Recent progress in deep
learning research has shifted the focus towards investigating the geometric prop-
erties of loss surfaces as a means to decode the behavior of neural networks. It is
increasingly recognized that the intricate geometry of loss surfaces directly reflects
the dynamics of learning and generalization in deep learning models. Exploring
and characterizing the geometric features of loss landscapes holds promise as a
pathway to gaining deeper insights into the working mechanisms of neural net-
works. By delving into the geometric intricacies of loss surfaces, researchers aim
to uncover fundamental principles governing optimization, generalization, and
model performance in deep learning. This evolving perspective highlights the
importance of advancing our understanding of loss surface geometry to enhance
the robustness, efficiency, and interpretability of deep learning systems.

1.5 Notations

Let S ={(x1,y1), ..., G, y)lxi e XCR™, y, e Y CR¥,i=1,...,m} bea
training sample set, where dx and dy are the dimensionalities of the feature X and
the label Y, respectively. All {z;}/2, are i.i.d. observations of the random variable
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Z = (X, Y) € Z. Deep learning algorithms aim to learn a hypothesis (denoted by
h ) from training data. All possible such hypotheses form the hypothesis space,
denoted by H. The mathematical structure of a neural network is usually defined in
the following form:

x = Wpop_1(Wp_iop_s(...01(Wix))), x € X

where D is the depth of the neural network, W; is the j-th weight matrix, and o; is
the j-th nonlinear activation function for any j = 1, ..., D. Usually, we assume that
the activation function o; is a continuous function between Euclidean spaces and
that ;(0) = 0. Popular activation functions include the softmax, sigmoid, and tanh
functions.

The generalization bound measures the generalizability of an algorithm. For any
hypothesis & learned by an algorithm A, the expected risk R (%) and the empirical risk
Rs(h) with respect to the training sample set S are respectively defined as follows:

RO = Bl(h, 9, R = 3" 100,20,

where [(-) is the loss function. Furthermore, when the output hypothesis h learned
by algorithm A is stochastic (i.e., exhibits randomness), we typically calculate the
expectations of both the expected risk, R(h) and the empirical risk RS (h). This
involves averaging over the randomness introduced by algorithm A.

R(A) = Eaes) R(A(S)), Rs(A) = Eaes)Rs(A(S)),

where A(S) is the hypothesis learned by algorithm A on the sample S.
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Chapter 2 ®)
Statistical Learning Theory st

This chapter introduces mathematical tools for establishing the foundations of deep
learning and, more broadly, machine learning. We first introduce Glivenko-Cantelli
theorem and concentration inequalities, which characterizes the convergence of an
empirical process in the context of convergence in probability. The Glivenko-Cantelli
theorem and concentration inequalities also inspire the concept of the sample com-
plexity required to ensure a desirable level of generalizability on unseen data. We
then discuss the Probably Approximately Correct (PAC) learning framework, which
characterizes learning algorithms that can learn a target concept in an appropriate
amount of time given a sufficiently high sample complexity. The PAC framework
has become the foundation of statistical learning. Usually, PAC is categorized in the
‘frequentist’ sense, which suffers from significant deficiency in studying stochastic
algorithms. To address this issue, the PAC-Bayes framework is also discussed, which
integrates the PAC framework with Bayesian methods to characterize randomness.

2.1 Glivenko-Cantelli Theorem and Concentration
Inequalities

This section discusses the convergence of an empirical process. We first introduce
Glivenko-Cantelli theorem based on measure theory, which characterizes whether
an empirical process asymptotically converges. Then, concentration inequalities are
introduced as a tool for evaluating the convergence speed. Please note that some
concentration inequalities also imply asymptotic convergence of a sequence.

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2025 17
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2.1.1 Glivenko-Cantelli Theorem

This section introduces Glivenko-Cantelli theorem (or central limit theorem) based
on the measure theory. Measure theory offers a portfolio of rigorous tools for math-
ematically characterizing the convergence of a sequence of hypotheses. However,
this rigour is usually accompanied by technical difficulty in practice. We thus also
introduce concentration inequalities in the next section to simplify the reader’s
understanding, which may also characterize the convergence.

We first recall some necessary definitions in the measure theory. Readers can also
consult Stein and Shakarchi (2009) for reference. Measure is defined as follows.

Definition 2.1 Let X be the sample space. A collection A of subsets of X is called
a o —field if it satisfies the following conditions:

e J e A,
° ifA],Az,“'GﬂthenU?ilAi e A,
o if A € Athen A° € A.

The tuple (X, A) is called a measurable space. A subset A of X is called measurable
if A € A. Moreover, a function f : X — R is called measurable, if for all a € R,
the set f~!([—o0,a)) = {x € X : f(x) < a} is measurable.

We then may define probability measure.

Definition 2.2 A probability measure P on a measurable space (X, A) is a function
P: A — [0, 1] satisfying

e P(@) =0,P(X) =1;
e if Aj, A,, ... is a collection of disjoint members of ‘A, then

P(Cﬁ%):iﬁng.
i=1 i=1

The triple (X, A, IP) is called a probability space.

The empirical measure [P, of a sample of random elements X, ..., X,, on a mea-
surable space (X, A) is defined as P,,(C) = m™'# (1 <i <m : X; € C). Alterna-
tively, if the points are measurable, this measure is characterized as arandom measure
that imposes a mass 1/m at each point.

The following defined Dirac measure is critical in probability theory.

Definition 2.3 The Dirac measure §, is defined by

lifxeA
8AA)_{Oiﬂx¢A

Given the definition of the Dirac measure, the empirical measure is usually rep-
resented as a linear combination of the Dirac measures at the observations, P, =

1 m
m=' Y By,
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Given a collection # of measurable functions f : X — R, the empirical measure
induces a map from ¥ to R given by

m

1
f=Puf= EZf(xi)-
i=1

Let P be the shared distribution of all X;. We define the notation | P||# as || P ||# =
sup{|Pf|: f € F}. We now recall the law of large numbers.

Theorem 2.1 (Law of large numbers) Let X, X», ... X, be independently identi-
cally distributed random variables with E| X || < oco. Then

1 m
— in — E[X] almost surely, as m — oo.
m

i=1
We can write the uniform version of the law of large numbers as follows:
”Pm - P”f — 0.

The above equation is guaranteed to converge almost surely in the outer norm, i.e.,
the event {||P,, — P|l# — 0} holds with probability 1. A Glivenko-Cantelli class
is defined as a class # that satisfies the law of large numbers. It is also referred
to as a P-Glivenko-Cantelli class since the class is dependent on the underlying
measure P.

Let/ and u be real functions with finite norms on a measurable space X. We define
a bracket [/, u] as the set of all functions f € ¥ satisfying I(x) < f(x) < u(x) for
every x € X. It should be noted that the functions / and u are not necessarily in the
Glivenko-Cantelli class 7. An e-bracket is a bracket [/, u] that satisfies ||u — [|| < €,
where € is a positive real number and || - || is a given norm. The bracketing number
Np(e, F, | - ) is the minimum number of e-brackets that can contain the class
¥ . The bracketing entropy is the natural logarithm of the bracketing number. The
occasional stars as superscripts refer to outer measures in the first case, and minimal
measureable envelopes in the second case.

Theorem 2.2 Let 7 be a class of measurable functions. If Nj(e, F, || - ||) < oo for
all e > 0, then ¥ is a P-Glivenko-Cantelli class. We have that

P, — P|i—0,
1P ”?‘a'&

where P is a shared distribution and P, is the empirical observation.

We present a brief proof of this theorem as follows. For any € > 0, we choose
finitely many e-brackets {[/;, u;]}~, and argue that, by selecting a bound on
|(P,, — P) f| (for each f) in terms of the [/;, u;] that contains it, we obtain
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sup |(P,, — P) f| < { max (P, — P)u; V max (P — IP’,,,)I,-} + €.
feF 1<i<m 1<i<m

To conclude, according to the strong law for random variables, the right-hand side
of the above inequality is guaranteed to be less than 2e.

The following is the definition of the Glivenko-Cantelli theorem for a continuous
distribution function on a line. Let F' be a continuous cumulative distribution function
(CDF), and let P be the corresponding measure. By making the continuity of F
on the line uniform, we can find that forevery e > 0, —co =1t <t <t < ... <
t, < try1 = 00, where k is a positive integer such that the union of the brackets
[Ixsm ng;,ﬂ] fori =0,1,...,k contains {I,<, : t € R} and satisfies the equation
F (t,11) — F (t;) < €. Then, the above theorem applies. Notably, the continuity of
the distribution function F is essential, although the Glivenko-Cantelli theorem on
a line holds for arbitrary distribution functions. This more general result will be
considered a subsequent corollary of the Glivenko-Cantelli theorem.

The following lemma characterizes a setting that guarantees a finite bracketing
number for appropriate classes of functions and characterizes ready application in
inference for parametric statistical models.

Lemma 2.1 Suppose that & = {f(-,t) : t € T}, where T is a compact subset of a
metric space (D, d) and the functions f : X x T — R are continuous in t for P-
almost x € X. Ifthe envelope function F defined by F (x) = sup,.r | f (x, t)| satisfies
the condition PF < oo, then Nyj (e, ¥, L1(P)) < oo for each € > 0.

We will derive the consistency in parametric statistical models.

Consistency in parametric models: Let {p(x,0) : 6 € ®}, ® C R? be a class
of parametric densities. Suppose that X, X, . .. are generated from some p (x, ).
Additionally, assume that ® is compact and p(x, 6) is continuous w.r.t. & for Py -
almost x. We define M (0) = Ey, [ (X, 8), where [(x, 8) = log p(x, 8). Eventually,
we assume that sup,.q |/(x, 8)| < B(x) for some B with Eq B (X;) < oo.

Note that M () is continuous on ® if it is finite for all 6. If Py, denotes the
measure corresponding to 6y, then M (0) = Py,I(-, 6), and the maximum likelihood
estimate (MLE) of 6 is given by ém = argmax, M, (0), where M, (6) = P, [(-, 9).
Under the assumption that the model is identifiable (i.e., the probability distributions
corresponding to different s are different), it can be observed that M (9) is uniquely
(and globally) maximized at 6.

Eventually, 6, is a well-separated maximizer in the sense that for any n > 0,
SUPgeong, @) M (@) < M (6), while B, (6)) is the open ball of radius 7 centred at
6. Let r(n) = M (6p) — SUPgconB, (@) M (). Then, we have () > 0.

Our goal is to show that é,l =i, 6p. Given € > 0, we have that

ém € B.(0) =M (ém> < sup M) (Property of the expectation)
0€ONB, (6)°

=M (ém) — M (B) < —(e)
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= M (0n) = M @) + My 60) — M,y (6,) < —(©)

= 2sup |M,,,(8) — M(8)| = ¥ (e). (Property of the limit superior)
0e®

Thus,

0e®

P* (6. € Be@0)°) < P* (sup M, (6) = M(®)] = w<e)/2)

= p* (sup (B — Pa) 1C.0)| = we)/z) :

0e®

This equation converges to 0 because (supyce | (B — Pg) 1(-.0)|)" — 0 as;
based on our assumptions on the parametric model, we can conclude from Lemma
2.1 that NV (77, {1(-,0):60 € ®}, L, (P@O)) < oo for every 1 > 0 and then invoke
Theorem 2.2.

Next, we provide the necessary and sufficient conditions for a class of functions
¥ to be a Glivenko-Cantelli class in terms of covering numbers Wellner et al. (2013).

Theorem 2.3 Let  be a P-measurable class of measurable functions bounded in
L(P). Then, ¥ is a P-Glivenko-Cantelli class if and only if
(a) P*F < oo and
(b)
. E* log N (6, TM’ L2 (Pm))
lim =

m—>00 m

0

forall M < ooand e > 0. Here, Fy = {flr<p : f € F}.

We will only consider the ‘if” part of the proof here due to space limita-
tions. We first note that L, can be replaced by any L, with r > 1. Then, for
the ‘if” part, the second condition can be replaced by the weaker condition that
log N (¢, Fm, L2 (P)) /m — p+ 0.Since N (¢, Fr, L (P)) < N (€, F, Lo (Pw))
for all M > 0, condition (b) in the theorem can be replaced by the alternative condi-
tion that E* (log N (¢, ¥, L, (P,,) /m) — O (or a condition involving convergence
in probability for the ‘if’ part). Eventually, if # has a measurable and integrable
envelope F, then P, F is most certainly finite (as per the simple strong law). We then
may argue the equivalence relation between

Ve > 0, (logN (e, F, Ly (Bn))* = 0,(m)
and
Ve > 0, (log N (€l Fllz, 1, 7> L1 (P)))" = 0,(m).
We can use the characterization of in-probability convergence on the likely con-

vergence along the subsequences to verify this. Thus, there is a large class of func-
tions, called a Vapnik-Chervonenkis (VC) class of functions, for which the quantity
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log N (e |Fllp,.1, 7, L (IPm)) is bounded; in fact, for such a class ¥ of functions,
we have that

1 M
sup N (€l Fllg.r» > Lr(Q)) < Ki (;)
0

for an integer M > 1 that depends solely on # and a constant K that also depends
solely only on #, where the supremum is taken over all probability measures for
which || F||g , > 0. Thus, a VC class of functions with an integrable envelope F is
a Glivenko-Cantelli class for any probability measure on the corresponding sample
space. Fortunately, functions formed by combining VC classes of functions via vari-
ous mathematical operations often satisfy entropy bounds similar to those illustrated
above. Therefore, classes of such (greater) complexity remain Glivenko-Cantelli
classes under the integrability hypothesis.

As a unique case, consider ¥ = {f,(x) =1 _cx<r it € Rd}. Thus, f;(x) is the
indicator of the infinite rectangle to the ‘southwest’ of the point ¢. For any probability
measure Q on the d-dimensional Euclidean space, we have that

K d
N(c, F,Li(Q)) = My (?) ;

which immediately implies the classical Glivenko-Cantelli theorem in R?.
Proof of Theorem 2.2 We now prove the ‘if” part. Applying the P-measurability of
the class ¥ and Corollary 1.1 of the symmetrization notes, we find that

E* [Py — Plly < 2E

1 m
;geif(xn

F

= 2ExE, if (X))

F

< 2ExE. +2P*(FIp-pm).

Fm

if (X))

1 m
1 m

Given any € > 0, an appropriate choice of M ensures that the second term is not
larger than €. It is sufficient that, for this choice of M, the first term will eventually
be smaller than €. To this end, we fix X, X5, ..., X,,. An €-net G (assumed to be
of minimal size) over ¥, in L, (P,,) is also an e-net in L (P,,). Then, we have

m

1
;geif(xa

m

1
Ee <Ee - i Xi
< ml;ef( )

Fm

+ €.
G
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Each g € G is assumed to be uniformly bounded in absolute value by M since
each f in F) is bounded in absolute value by M. Therefore, given an arbitrary €-
net G, we perturb each g to a g that coincides with g whenever |g| < M, and the
complement of this set is equal to (g) x M. These perturbed functions constitute an
e-net over Fyy.

Let us analyze the first term on the right-hand side of the equation. Since the L,
norm is bounded up to a constant by the i, Orlicz norm, which is bounded up to
a constant by the v, Orlicz norm, we can use Lemma 2.1 in the chaining notes to
bound the first term up to the following constant:

1 m
By =/1+1ogN (¢, Fiy, Ly (Pp)) max | — > & f (X))
feg | m 1
= Y2l X
Applying Hoeffding’s inequality, we obtain
1 « 1 o\ 1/2 1
—Y afX)|  =Vo—=(Puf?) " =V6—=M,
m = i Jm m
2

and thus,

B, < %M\/l +1og N (¢, Fuu, La B))
m

by condition (b) of the theorem. We conclude that

Ee —>p 0.

1 m
-~ ;&f (X:)

Fm

Since the above random variable is bounded, we have

1 m
ExE. | — if (X
X m;w‘( )

— 0.

Fm

It follows that E* |IP,, — P|l — 0. However, our goal is to show almost sure
convergence. This is deduced through a submartingale argument, a simplified ver-
sion of which is presented at the end of these notes. The idea here is to show that
[P, — Pl is a reverse submartingale with respect to a (decreasing) filtration that
converges to the symmetric sigma field and therefore has an almost sure limit. This
almost sure limit, measurable with respect to the symmetric sigma field, must be
a nonnegative constant almost surely. The fact that the expectation converges to 0
forces this constant to become 0.
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2.1.2 Concentration Inequality

Concentration inequality, which describes the deviation between the sum (or sample
mean) of a group of random variables and their expected value, is a very useful
concept in the analysis of PAC learning. In addition to characterizing the asymptotic
convergence of an iterative machine learning algorithm, concentration inequalities
also offer practical tools for evaluating the convergence rate. We will give a brief
summary of various concentration inequalities in this subsection.

Markov’s inequality. Let X be a nonnegative random variable, and a > 0. Then,

EX
PX >a) < —.
a

Chebyshev’s inequality. Let X be a random variable with mean . and variance o2
Then, for any constant k > 0,

P(X — ul = ko) = a2

Chernoff bounds. Let X = )_ X;, and 7 be a positive constant. Then,
i=1

P(X; >a)= ]P’(e’x" > em) < e MR [e’X’] ,
P(X >a) <e ™E [l'[;“e’x"],
. —ta m tX;
P(X > a) 51}1>1(1)1[e E [/ e ™ ]].

Hoeffding’s inequality. Let X, X5, --- , X,, be a family of independent random
variables, and 0 < X; < 1. Then,

m

1 & 1
P_Exi‘_EEXi> < —2me?),
(m o > €) < exp(—2me~)

i=1 i=1
]}D(|% ZX,- — ’%ZEX,W > €) < 2exp(—2me?).
i=1 i=1

McDiarmid’s inequality. Let X, X5, -, X,, € X be a family of independent
random variables, and for any 1 < i < m, the function f satisfy

sup If(X1, o X)) — (X1, Xio, Xp, Xigr, - Xo)| < ci
X1, X2, X, X, €X
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Then, for any € > 0,

—2¢2
P(f(Xy, -+, Xo) — E(f (Xy, -+ ,Xm))ze)seXp<Zm—€>»

i=1€

—2¢2
P('f(le e va) _E(f(le e aXm))l 2 6) S 2exp (Zm—ecz)
i=1"i

Bennett’s inequality. Let X, X,,---, X,, be a family of independent ranclom
variables, and the following relations hold: ¢; < X; < b;, b; —a; =¢; < C, X =
L(X\+---+X,),ando? = Y1 | E[X?] — E[X]*. Then, for any ¢ € R,

2
P(X — E[X] > 1) <exp <—U—2h (C—t2>> :

C mo

where h(u) = (1 + u)log(l + u) — u.

Bernstein’s inequality. Let X, X5, ---, X,,, be a family of independent random
variables, and the following relations hold: ¢; < X; < b;, b; —a; =¢; < C, X =
L(Xi+---+X,),and 02 = 3" | E[X?] — E[X]*. Then, we have

m

_ _ 222
P(X — E[X] > 1) < exp <—M> Vi € R.

The inequalities discussed above require the random variables to be independent.
In contrast, for Azuma’s inequality below, the sequence of random variables can be
correlated.

Azuma’s inequality. Let X, X5, - - - , X,, be amartingale sequence, i.e., E[| X,,|] <
ocoandE[X,,+1|X1, -+, X;n] = X;n. Then, under the assumption that | X; — X;_1| <
¢;, for any t € R, we have
2
P(X,—Xo>t) <exp| ——— ).
( m O_)_ p( 22:'[:10[2>

Doob’s martingale inequality. Let {X,, ¥,,0 <t < oo} be a submartingale, i.e.,
forevery 0 <s <t < oo, E(X,|Fy) > X;. Then, for any positive constant C,

E [max (X7, 0)]

P(sup X,zC)S C

0<t<T
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2.2 Probably Approximately Correct (PAC) Learning

Before designing algorithms to learn from training data, we should consider the
following issues. What is the most essential consideration in a learning task? How
many examples are required to successfully train a model? Additionally, is there a
generalizable model that can be learned for the current problem? To formalize and
solve these issues, this section introduces the PAC learning framework. The PAC
learning framework can help determine an algorithm’s sample complexity (how many
examples are required to train a desirable approximator for the given problem) and
whether a problem is learnable. In this section, we first present the PAC framework,
then provide a theoretical assurance for learning algorithms, and eventually hope to
guide algorithm design in accordance with the results of our analysis.

2.2.1 The PAC Learning Model

We first present some relevant definitions and notations before introducing the PAC
model. We consider a binary classification task, i.e., the label y € {0, 1}. We express
a concept ¢ as a mapping from a feature x to the label y. We use C to denote a concept
class, which represents the set of concepts we hope to learn. For instance, it may be
the set of all triangles on a plane.

Suppose that all examples are ii.i.d. according to a fixed but unknown distribution
D. Then, the framework of the learning problem is constructed as follows. The
learner considers a fixed set of possible concepts H, which is termed the hypothesis
set. The hypothesis set does not need to coincide with C. The learner receives a
sample set S : S = (xy, ..., x,,) with known labels (¢ (x;), ..., ¢ (x,;)) that depend
on the concept ¢ € C to be learned (here, ¢ represents an optimal mapping). The
examples in § are independently sampled from the distribution D. The learning task
requires the selection of a hypothesis &g € H based on the labelled sample S, which
has a small generalization error with respect to ¢. The generalization error (or risk, or
true error, or simply error) of a hypothesis 4 € H is denoted by R(%) and is defined
as follows.

Definition 2.4 (Generalization risk) The generalization risk of a hypothesis & € H
is defined as

R(h) = P [h(x) # c(x)], 2.1)

where ¢ € C is the target concept.

The generalization error of 4 cannot be obtained directly by the learner because both
the distribution D and the target concept ¢ are unknown. Nevertheless, the learner
can learn the empirical error of a mapping on the labelled sample S to approximate
the generalization error.
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Definition 2.5 (Empirical error) The empirical risk of a hypothesis & € H is defined
as

. 1 &
Rs(h) = — 3 Tuopecs 22)
i=1

where I, is the indicator function of event w. The generalization error of & € H is
the expected error based on the distribution 9. The empirical error is the average
error over the sample S. Under certain general assumptions, there exist a series of
guarantees with high probability for these two quantities. It is also important to note
that the expected empirical error based on the i.i.d. sample set S is equivalent to the
generalization error for a fixed h € H:

E [és(h)] = R(h). 2.3)

By linearizing the expectation and considering that the sample S is drawn in an i.i.d.
manner, we obtain

R 1
I [Rs(h)] = > I [T en] = E [Thwzew ] = R(R).

i=1

Next, we present the PAC learning framework. We use n to denote a number, size(c)
to denote the maximal cost of the computational representation of ¢ € C, and hg to
denote the hypothesis that is obtained by algorithm A when applied to the labelled
sample S. The computational cost of representing the element x € X is at most O (n).
To simplify the notation, we do not explicitly express the dependence of g on A.

Definition 2.6 (PAC learning) For any € > 0, any § > 0, any distributions D on X
and any target concept ¢ € C, the concept class C is PAC learnable if there exist
an algorithm A and a polynomial function poly(-, -, -, -) such that the following
inequality holds for any sample size m > poly(1/e€, 1/8, n, size(c)):

P[R (hs) <€]>1—-3. (2.4)

Furthermore, C is efficiently PAC learnable if ‘A runs in poly(1/e, 1/8, n, size(c))
time. The algorithm A is said to be a PAC learning algorithm for C.

Hence, if the hypothesis acquired by the algorithm after receiving a series of points
that are polynomial in 1/€ and 1/§ is approximately correct with high probability,
then the concept class C is PAC learnable. The parameter € > 0 defines the accuracy
1 — ¢, while § > 0 defines the confidence 1 — 8.

We need to emphasize a certain point regarding the definition of PAC learning.
No particular assumption is made about the distribution O from which examples are
drawn in the PAC framework. Therefore, it is a distribution-free model. Additionally,
the training and test examples are drawn from the same distribution D when defining
the error. This is a natural assumption to make generalization possible. Furthermore,
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the PAC framework is suitable for solving the learnability question for a concept
class C rather than for a particular concept. It is important to note that the target
concept ¢ € C is unknown to the algorithm, whereas the concept class C is known.
Hence, we can focus only on the sample complexity in the definition of PAC learning
and omit the polynomial dependency on n and size(c) without explicitly discussing
the concepts’ computational representation.

2.2.2 Generalities

Next, we discuss some general aspects of learning scenarios.

2.2.2.1 Deterministic Versus Stochastic Scenarios

In supervised learning, the distribution D is usually defined over X x Y, and the
training data consist of a labelled sample S drawn in an i.i.d. manner according to
D:

S= (x50 s Xy Ym)) -

The target of learning is to find a hypothesis 4 € H with a small generalization error

Rhy= P [h = E |Liwzy]-
= P Ihx)#yl= E L]

This general scenario is stochastic. Under such circumstances, the output label is a
probabilistic function of the input. This scenario can describe a number of real-world
problems. For instance, when the goal is to predict gender using input pairs consisting
of the weight and height of a person, the labels of the input sample generally may
not be unique. Both ‘man’ and ‘woman’ will be possible genders for most pairs,
although there may exist distinct probability distributions for the label being ‘man’
or ‘woman’ for each fixed pair. An extension of the PAC learning framework, known
as agnostic PAC learning, is able to deal with this setting.

Definition 2.7 (Agnostic PAC learning) Let H be a hypothesis set. The algorithm A
is said to be an agnostic PAC learning algorithm if there exists a polynomial function
poly(-, -, , --) such that for any € > 0 and § > O, for distribution D over X x Y, and
for any sample size m > poly(1/e€, 1/8, n, size(c)), the following expression holds:

]P’(R (hs) — min R(h) < e) >1-34, (2.5)

Furthermore, if A runs in poly(1/€, 1/8, n) time, then it is called an efficient agnostic
PAC learning algorithm.
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The scenario is considered deterministic if the label of an input sample can be deter-
mined with probability one by a function f : x — y.Insuchascenario, itis sufficient
to consider the distribution D in the input space. The training sample can be acquired
by drawing (xy, ..., x,,) according to D. The corresponding labels can be obtained
from f :y; = f (x;) foralli € [m].

2.2.2.2 Bayes Error and Noise

In the deterministic case, there exists a target function f with no generalization error
(R(h) = 0), while in the stochastic case, there is a minimal nonzero error for any
hypothesis.

Definition 2.8 (Bayes error) Given a distribution D over X x Y, the Bayes error R*
is defined as the infimum of the errors obtained by a measurable function z : X — y:

R*= inf R(h). (2.6)

A hypothesis & with R(h) = R* is called a Bayes hypothesis or Bayes classifier.

R* = 0 in the deterministic case, while R* 7 0 in the stochastic case. The Bayes
classifier hpayes can be defined in terms of conditional probabilities as follows:

Vx € X, hpayes (x) = argmax P(y | x). 2.7)
ye{0,1}

Therefore, the average error generated by /igayes onx € Xis min{IP(0 | x), P(1 | x)},
the minimum possible error. On this basis, the definition of noise is given as follows.

Definition 2.9 (Noise) Given a distribution D over X x Y, the noise at pointx € X
is defined as
noise(x) = min{P(1 | x), P(0 | x)}. (2.8)

The average noise, or the noise associated with D, is E[noise(x)].

It is easy to see that the average noise is precisely the Bayes error: noise =
E[noise(x)] = R*. A point x € X with noise(x) close to 1/2 is sometimes called
noisy and is a challenge to predict accurately.

2.2.2.3 Guarantees for Finite Hypothesis Sets—Consistent Case
We consider that the hypotheses are consistent and that the target concept c¢ is within

the cardinality |H| of the finite hypothesis set. In this section, we will present a
general sample complexity bound for such consistent hypotheses.
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Theorem 2.4 (Learning bound-finite H, consistent case) Let A be an algorithm
that, for any target concept ¢ € H and i.i.d. sample S, returns a consistent hypothesis
hs : Rs (hs) = 0, where H is a finite set of functions mapping from X to Y. For any
€,8>0,Iif

1 1
m> — (log |H| + log g) , (2.9)
€

then the inequality Pg.pm [R (hs) < €] > 1 — § holds. The following generaliza-
tion bound can be regarded as the equivalent statement according to this sample
complexity. That is, for any €, 5 > 0, with a probability of at least 1 — §,

R (hg) < 1 <log |H| + log 1) . (2.10)

m )

Proof For any € > 0, we define H, as H, = {h € H : R(h) > €}. The probability
that a hypothesis & is consistent on an i.i.d. sample set S, i.e., that it has no error on
any point in S, can be bounded as follows:

P [ﬁs(h) = o] <(1—e"
Applying the union bound yields the following expression:

]P’[EIhe?—(e:IQS(h)zo] =IP’[1§S(h1):Ov---vﬁs(hmd):O]

<Yp [Iés(h) = 0] (Triangle inequality)
heH,

< Y U —o" < |Hle™.

heH,
Let the right-hand side be equal to §; then, solving for € completes the proof. ]

This theorem illustrates that a consistent algorithm A is PAC learnable when the
hypothesis set H is finite since the sample complexity in (2.9) is dominated by a
polynomial in 1/€ and 1/8. From expression (2.10), we know that the generaliza-
tion error of consistent hypotheses has an upper bound, which decreases with an
increasing sample size m.

The cost of proposing a consistent algorithm is the necessity of using a larger
hypothesis set /H that contains the target concepts. The upper bound of (2.10)
increases with increasing |H|, although the dependency is only logarithmic. The
term log |9H|, which is not a constant factor, can be interpreted as the number of bits
needed to represent H. As a result, the ratio between the number of bits (log, |H])
and the sample size m determines this theorem’s generalization guarantee.
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2.2.2.4 Guarantees for Finite Hypothesis Sets—Inconsistent Case

Difficult learning problems may arise in which there exist concept classes that are
more complex than the hypotheses used in the learning algorithm. In other words,
there may not exist a hypothesis in # that is consistent with the labelled training
sample. Nevertheless, such inconsistent hypotheses with minor errors in the training
sample can also be useful. Under certain assumptions, they may even benefit from
favourable guarantees. In this section, we introduce learning guarantees for finite
hypotheses in the inconsistent case by using either Hoeffding’s inequality or the
following corollary, which establishes the relationship between the empirical error
and generalization error of a single hypothesis.

Corollary 2.1 Let € > 0 be fixed. Then, for any hypothesis h : x — {0, 1}, the
following expressions hold:

IP(I%S(h) —RM) > e) < exp (—2me?) | 2.11)
P(Iés(h) —RM) < —e) < exp (—2me?) . (2.12)

Applying the union bound yields the following two-sided inequality:
P(|Rstn) = ROD| 2 €) = 2exp (~2me?). (2.13)

Let the right-hand side of (2.13) be equal to §; then, solving for € immediately
produces the following bound.

Corollary 2.2 (Generalization bound-single hypothesis) Consider a fixed
hypothesis h : x — {0, 1}. For any § > 0, the following expression holds with a
probability of at least 1 — §:

R(h) < Rs(h) +

(2.14)

Because &g is a random variable that depends on the training sample S, we cannot
utilize Corollary 2.2 to bound its generalization error. Additionally, the generalization

error R (hg) is a random variable and differs from the expectation E Rs (hs) |,
which is a constant. This is distinct from the case of a given hypothesis, for which
the expectation of the empirical error is the generalization error (Eq. 2.3). Thus, for
the consistent case, it is necessary to derive a uniform convergence bound that is
satisfactory for all hypotheses & € H with high probability.

Theorem 2.5 (Learning bound-finite %, inconsistent case) Let H be a finite hypoth-
esis set. Then, for any § > 0, the following expression holds with a probability of at
least 1 —6:
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. log |H| + log 2
Vh e H, R(h)gRs(h)+,/w. (2.15)
m

Proof We denote the elements of H by £, ..., hs|. Applying the union bound and
Corollary 2.2 to each hypothesis yields

]P’(Elh e H ‘R(h) — zés(h)( > e)
- IP’( (‘Jés () — R (hl)’ - e) VRY (‘1%5 (hg) — R (hml)’ - e))

= P( ‘Iés(h) - R(h)) > e) (Triangle inequality)
heH

< 2|H|exp (—2me2) .
Setting the right-hand side equal to § completes the proof. (]

Therefore, for a finite hypothesis set H, we have

R(h) — Rs(h) < O (,/l"gjnﬂ> .

A larger sample size m provides a better generalization guarantee, and the bound
increases logarithmically with [H|. However, the bound is a less favourable function
of log, |H|/m, varying with the square root of log, |H|/m. A quadratically larger
labelled sample is required for a given || to obtain the same guarantee as in the
consistent case. The values of the bounds show that a balance is sought between the
empirical error and the size of the hypothesis set. Although a larger hypothesis set is
penalized by the second term, increasing the size of the hypothesis set helps reduce
the first term, i.e., the empirical error. For a similar empirical error, however, the use
of a smaller hypothesis set is recommended; this can be regarded as an example of
the Occam’s razor principle, named after the theologian William of Occam, which
states that the simplest explanation is the best. In this context, this principle can be
understood to mean that when all other things are equal, a hypothesis set of a smaller
size is better.

2.2.3 Insights from Glivenko-Cantelli Theorem

A fundamental result of statistical learning theory states that a concept class is PAC
learnable if and only if it is a uniform Glivenko-Cantelli class. However, the theorem
is valid only under special assumptions regarding the class’s measurability, in which
case even the PAC learnability becomes consistent. Otherwise, a classical example
can be constructed, under the continuum hypothesis developed by Dudley and Durst
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and further adapted by Blumer, Ehrenfeucht, Haussler, and Warmuth, of a concept
class of VC dimension one that is neither uniformly Glivenko-Cantelli nor consis-
tently PAC learnable. We show that, under an additional set-theoretic hypothesis that
is much milder than the continuum hypothesis (Martin’s axiom), PAC learnability is
equivalent to a finite VC dimension for every concept class.

A class ¥ of measurable functions on a measurable space (X, A) is uniformly
Glivenko-Cantelli in P € P for a class P of probability measures on (X, A) if

sup P* (sup Py — PllF > e> — 0,Ve >0, as a — oo.

PeP m=a

Theorem 2.6 For a concept class F, the following two conditions are equivalent:
1. F is distribution-free PAC learnable; 2. ¥ is a uniform Glivenko-Cantelli class.

2.3 PAC-Bayesian Learning

PAC-Bayesian theory was initially developed by McAllester as an attempt to explain
Bayesian learning from a learning theory perspective (McAllester 1999a).

Let X € R” be the input space and Y € {—1, 1} be the response space, respec-
tively. We use D to denote the unknown joint distribution on Z := X x Y. Suppose
that the estimators in the hypothesis space H can be indexed by a parameter set ©,
ie., H = {hy : 6 € ©}. Let Q be the space of probability distributions on ®. The
output of an algorithm here refers to a distribution Q € Q (named the posterior dis-
tribution) instead of a single estimator kg € HH. Here, we consider only a 0, 1-valued
loss function I (hg, z), i.e., [(hg, z) = 1 if hy(x) = y and [(hy, z) = O otherwise. We
present the definitions of the expected risk and the empirical risk as follows:

Definition 2.10 Suppose that there exists a probability distribution Q € Q on ®.
Given a sample S = {(x;, y;)}/L,, the expected and empirical risk are

R(Q) = E,~pEg~oll(hg, 2)]

and

. 1 &
Rs(Q) = — 3 Eomoll(hs, 21)]
i=1

To establish the PAC-Bayesian bound, we introduce the following definition for the
Kullback-Leibler divergence.

Definition 2.11 Given two probability measures D, G € Q, the Kullback-Leibler
(KL) divergence between G and D is
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D(®)
KL(D|G) =fD(0)log(m)d9.

In particular, if the space ©® is finite, then we have

D(®)
KL(D|G) = ) _ D(0)log(——).
HEZ@ G(©)

Note that for any probability measures D and G, KL(D| G) > 0, where the equality
holds if and only if D = G.

In this section, we will focus on a bound as proposed in (Catoni 2007). Let us fix
a probability measure 7 € Q, which is usually called the prior.

Theorem 2.7 We assume that l(hg, z) < C, Yhy € H and Vz € Z. For any . > 0
and § € (0, 1), it holds that

R AC?  KL(Q|7) +1log1/s
P(E9~QR(9)§E9~QRS(0)+W+ (0l 1 gl/

)31—5, VO e Q.

Proof We first recall Donsker and Varadhan’s variational formula (Donsker and
Varadhan 1976). For any measurable and bounded function g : ® — R, we have

log Egr[e*®] = sug[Eﬂ~Q[g(l9)] — KL(Q[m)]. (2.16)
Qe

Moreover, given a risk R(-), the supremum with respect to Q on the right-hand side
is reached for the Gibbs measure 7z, where its density with respect to 7 is

8®

d?TR
d—(é‘) =
T Eyr[es™)]
With the help of Hoeffding’s lemma, for a fixed hyp € H and any ¢ > 0, we have
Eg[e™RO-ROl < "5
By taking t = A/m, we obtain
Eg[eMRO-RsO1] < o5
Clearly, this bound with respect to 7 is

By, B[ RO-Rs@1] < ey
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We can exchange the integrations with respect to 7 and the sample S:
b 22c?
EgEy-, [e"RO-RsOl < o550
Donsker and Varadhan’s variational formula gives
Eg[e™Poca Escol RO~ Rs@)-KL(QIm)| < ey
Direct computation shows that

Eg[ePoca Mool RO—Rs@)-KL(QImM—5E ] < 1

The following result is obtained using the Chernoff bound:

X A2 C?
P 1Eacol RO ~ Rs0)) = KLOI) - 5 =)

. p 22¢2
SESI:esupQEQMEQGQ[R(G)—RS(G)]—W:Ie—X <o

By taking aligns = log(1/8), we deduce that

202

N A
P( sup Algeo[R(0) — Rs(6)] — KL(Q|l7) —

> log 1/3) <.
0eQ

We complete the proof by rearranging the above expression. (]

The above error bound motivates the study of a data-dependent learning problem

defined as KL(Q7)
N N T

= in{Eg~oRs(0 —1

0 argglelg{ 9~o Rs(0) + - }

Equivalently, this optimization problem can be rewritten as

0 =arg Iggé{—)»]Eewgés(@) — KL(Q[m)}.
According to Donsker and VaraAdhan’s variational formula (2.16), the minimum is
reached for the Gibbs measure Q = 7_, 4 .

Corollary 2.3 Let Q be the Gibbs measure Q =7_, 4, Forany A >0and § €
0, 1),

2
AC?  KL(Q|m) +10g1/5]) >1-4.

P(E AR6<'f[E~I§0 il

We will present two examples related to the general PAC-Bayes bound above.
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Example 2.1 (Finite case) Let us cqnsider a special case in which the set Q is finite.
In such a case, the Gibbs posterior Q is a probability on the finite set ® given by

. e s ()

0) = ~ ,
e Y seo e D)

and, with a probability of at least 1 — §, we have

i 5 AC?  KL(Q|m) +log1/8
E6~QR(9) = gy; I:EZ%'QRS(ﬁ) + 8_m + - ]

The above upper bound holds for all Q € Q. Thus, it holds for the Q in the set of the
Dirac masses {8y, 0 € ©}. Then, we have Ey~s5, Rs(¥) = Rg(f) and

o) _ 1

0 J—
@ 2 re)

KL () =) 84(1) log

Pe®

Furthermore, if the prior w follows a uniform probability distribution, then
log(1/m(h)) = log(]®]), and the bound becomes

2
AC 10g|®|+10g1/8)21_

]P’(IEQNQR(@) < inf Rs(0) + T+ -

By taking A = \/8m/(C2 log(|®]/€)), we further obtain

A log 18l
B(E,oRO) < inf Rs(6) + €\ —-=) = 1 -«

Example 2.2 (Lipschitz loss and Gaussian priors) We assume that [(hy, z7) < C,
Vhe € H and Vz € Z. Let the loss function /(k, z) be L-Lipschitz for any z € Z,
and let the prior m follow a standard Gaussian distribution 7 = N (O, Gzldim(g)).
Then, for any § € (0, 1), with a probability of at least 1 — §, it holds that

. di L dm0) jogm + log L
E, oRO) < _inf  Rs(y)+ Lo, im(y) +\/2"2 2 9% gc
y€0, y:lyll<B m 2m

Proof Let the posterior Q be a Gibbs measure. For any § € (0, 1), it holds that

2
ye n KL(Q|m) + log 1/8]

R i o Re(3) + 2
B, oRO) < inf |0 Rs(?) + ~

with a probability of at least 1 — §. If the probability distribution Q € Q is restricted
to Gaussian distributions of the form N (y, s?Igim@)), where y € RIM® we have
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AC2  KL(Q|7) + log 1/3]
9~Q .

JRO)<  inf [IE oRs(@®) + 52—
© = Q=1V()1/1:1321d1m(9)) e s(0) + 8m + A

When Q = N(y, Szldim(g)) and r = N(O, Gzldim(g)), we obtain

2 d 0 2
KL(Qlm = 1271 4 20 )[s— +10g T~ 11

Moreover, according to the Jensen’s inequality, we obtain

Ey~oRs(®) < Rs(y) + LEs—0ll10 — ¥ |11 <Rs(y) + Ly/Eo-olll6 — ¥ 112]

=Rs(y) + Lsy/dim(0).

Combining the above results, we have

E,oR(®) < inf [R5) + Ls/dim(y)

+—+

.
aer g dm s +logi—f—1]+1og1/5]
8m A '

Taking s = o/+/m yields

A di AC?
E,_,R() < inf [Rs(y) + Lo MDA
y m 8m

HV”2 + dlm(y)[ — 1 +logm] + log 1/5]
A

_l’_
By further assuming that ||y || < B for some B > 0, we obtain

X di AC2
E, oR(®) < inf [Rg(y) Loy M) ACT
yillyli=< m 8m

.
N I dmD L 4 Jogm] +10g1/8]
- :

) . — dim( i
In this case, we can see that the optimal A is & =3 Y Jogm + log 5)

which indicates that, with a probability of at least 1 — §, it holds that

+ 95 Jog m + log L
E, oR®) < inf Rs(y) + Loy |8 (V \/ £ g

This completes the proof. O
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Chapter 3 ®)
Hypothesis Complexity e

This chapter presents the hypothesis complexity concept frequently used in sta-
tistical learning theory, which is important for deriving generalization bounds for
deep learning models. The hypothesis complexity characterizes the complexity
of a machine learning algorithm and can be measured in terms of the Vapnik-
Chervonenkis (VC) dimension, Rademacher complexity, and covering number. Intu-
itively, a more complex algorithm has worse generalizability. In this way, we may
study the generalizability via the hypothesis complexity.

3.1 Worst-Case Bounds Based on the Rademacher
Complexity

A major measure for evaluating the hypothesis complexity in conventional statisti-
cal learning theory is the Rademacher complexity (Bartlett and Mendelson 2002),
defined below.

Definition 3.1 (Empirical Rademacher complexity and Rademacher complexity)
For a real-valued function class denoted by H and a dataset S, the empirical
Rademacher complexity is defined as follows:

R(H) = |:sup — Ze h(x;) } , 3.1

heH M

where € = {€},...,€,} and the €;, i = 1, ..., m, are independently and uniformly
drawn from {—1, +1}. In turn, the Rademacher complexity can be defined as follows:

R(H) = EsR(H). (3.2)
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One can obtain uniform generalization bounds via the Rademacher complexity.

Theorem 3.1 (see Mohri et al. (2018)) Let H be a family of functions taking values
in{-1,+1)}, and let D be the distribution over the input space X. Then, for any § > 0,

with probability at least 1 — § over samples S of size m drawn according to D", the
Sfollowing holds for any h € H.:

N log %
R(h) < Rs(h) +R(H) + o (3.3)
Proof For any sample S = (xy, ..., Xx,), we define a function D as follows:
D(S) = sup (R(h) — Rs(h)). (3.4)
heH
If S and S’ have only one different point, we have
N N 1
D(S) = D(S") = sup (Rsh) — Ry()) < —. (3.5)
heH m

Then, by McDiarmid’s inequality, for any § > 0, with probability at least 1 — §, the
following holds:

log %
D(S) = Es[D(S)] + : (3.6)
In addition, the expectation of the right-hand side can be bounded as follows:
Es[D(S)] =Es[ sup (R(h) — Iés(h))]
heH
<Esg [ sup [ Ry (h) — R«h)ﬂ
heH
1 « 1 — yh(x) l—yih(xi)>:|
=Es; 55| sup — ai( L
>3 |:h€'H m Zl 2 2
< h(x)j| [ 1 « h(x,»)]
<E, s| sup — o; + Es. 5| sup — o;
’ I:he‘H Z *Lese m X]: 2
=R(H). (3.7
As a result,
A log }
R(h) < Rs(h) +R(H) + o (3.8)

The proof is complete. O
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Moreover, an important bound of J3(H) is given based on Massart’s lemma.

Lemma 3.1 (Massart’s lemma) Let G C R™ be a finite set, with r = maxxeg ||Ix||2;
then, the following holds:

[— supZa,x,] < ry2logl6l (3.9)

xegl 1 m

where the o; are independent uniform random variables taking values in {—1, +1}
and xy, . .., x,, are the components of the vector Xx.

Proof Lett > 0 be a number to be chosen later.

exp E, [supZtalx,] <]Ea[expsup2ta,x,i| = Ea[supepotalx,}

xegl 1 Xegl 1 €G i=1
<ZE [epotalx,:| = ZHEa[eXp(lUixi)]
XeGg xeg i=1
(tx;)? S (x;)?
<
Znex ( ) Zexp(Z : )
xeG i=1 XeG i=1
122 122
< —) = ).
_gg:exp( 5) = IGlexp(—)

The first inequality comes from Jensen’s inequality, and the third inequality is from
Hoeffding’s inequality. By the result above, we have

2
[supZo,x,] < Tlogl6l + 2 (3.10)

xegl 1

Let ¢ be \/21og|G|/r?. Then, we can obtain the result that we have claimed.
The proof is complete. U

One can prove a margin bound on the basis of the covering number, defined as
follow, or the Rademacher complexity of the hypothesis space.

Definition 3.2 (Covering number) The covering number N (H, €, || - ||) of a space
‘H is defined as the minimal cardinality of any subset V C H that covers H at scale
€ under metric || - ||, i.e.,

sup min ||[A — B|| <e. (3.11)
AeH BEV

Intuitively, the covering number reflects the richness of the hypothesis space. A
larger covering number indicates a space with more balls needed to represent it,
suggesting a potentially more complex set of hypotheses.
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The covering number indicates how many balls are needed to cover the hypoth-
esis space, whereas the Rademacher complexity measures the maximal correlation
between a hypothesis and noise and thus characterizes the “goodness-of-fit” of the
hypothesis space to noise. A higher Rademacher complexity suggests that hypothe-
ses in the class might be overly susceptible to noise, leading to poorer generalization
performance on unseen data.

The relationship between hypothesis complexity and these measures becomes
evident when we consider techniques like the Dudley entropy integral.

Theorem 3.2 (Dudley entropy integral) Let H be a real-valued function class taking
values in [0, 1], and assume that 0 € H. Then,

m(W)<lnf< “ / JIog N(H. e, | - ||2)de> (3.12)

Proof Let N be an arbitrary positive integer in N, and let ¢; = \/m2~¢~ for each
i € [N]. Let B; denote the cover achieving N'(H, €, || - ||2). By the definition of the
covering number, for any f € H, there exists a b'[f] € B; such that

If = b'1f1ll2 < &.

Moreover, we have the following:

|: sup fotf(xr)]

feH

N—1 m m
=E, sup [Zm(f(x,) AR ACAR VAR AT R Z orb, [f]}

feH i=1 t=1

<E, sup[Zm(f(x»—bN[f])] ZE Sup[Zm CAMVAES b'[f])]

feH i=1 feH

+ E; sup [ Z a,b Lf ]] (Triangle inequality)
feH

Letb! = 0; then, the third term becomes 0. For the first term, we can use the Cauchy-
Schwarz inequality to obtain

E, sup [Zm(f(x,) —bN[f])] < EU[ZQ] [sup Z(f(xo —bN[f])z}

feH feH
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Let W; = {biT'[f]1 = bi[f]: f € H}. Then, we have

Wil < IBillBisi| < |Biwi|?
and

sup [lwilly <sup | f =B [f1ll2+ sup [If — b [f1l < €& +€is1 < 3€ir1.
w; eW; feH feH

Thus, by Massart’s lemma (Lemma 3.1), we have

E, sup[Zm(b'“ f1- bi[f])}@a sup [me,] < 6y/log | Bilei.

feH w; eW;

Collecting all terms, we have

N—-1
[ sup Zﬁzf(xt)] <Jmey + ) 6\/log|Biyileir
i=1

feH

N
<Vmey +12) (e —ei11)VIog N(H, €, | - [12)

i=1

Jm
<Jmey + 12 VIog N(H, e, | - l2)de.

EN+1

Finally, for any @ > 0, let ey+; > « and €y < 4« for some N; then,

4
R(H) < —“+—/ VI0g N(H, €, || - I)de, (3.13)
NG
which completes the proof. O

3.2 Worst-Case Bounds Based on the Vapnik-Chervonenkis
(VC) Dimension

Another major measure of hypothesis complexity is the VC dimension (Vapnik and
Chervonenkis 2015), which is defined as follows.

Definition 3.3 (Growth function, shattering, and Vapnik-Chervonenkis (VC)
dimension) For any nonnegative integer m, the growth function of a hypothesis
space H is defined as follows:

MMy (m) = . maxex|{(h(x1), cosh(xm)) s h € HY. (3.14)
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If Ty (m) = 2™, we say that H shatters the dataset {x1, ..., x,,}. We define the VC
dimension VCdim(H) as the size of the largest shattered set.

We can obtain the following theorem regarding the relationship between the
growth function and the VC dimension.

Theorem 3.3 (Sauer’s lemma; Shelah (1972); Sauer (1972)) Let H be a hypothesis
set with VCdim(H) = d. Then, for allm € N, the following inequality holds:

d

My(m) < Y (’?) (3.15)
i=0

Proof We will prove this theorem by induction on m + d.

First, the statement obviously holds form = 1 andd =0 ord = 1.

Second, we assume that the statement holds for im — 1,d — 1) and (m — 1, d).
Then, we will show that the statement is also true for (m, d). Let S = {x1, ..., x;y}
be a set with ITq,(m) dichotomies, and let G = H|s be the set of concepts H induced
by restriction to S, that is, G = {{x; : h(x;) = 1} : h € H}. Thus, [Ty (m) = |G|.

To use our assumptions, similarly, we consider 8’ = {xy, ..., x,,_1} and G| =
H,s, as the set of concepts induced by restriction to S;.

Now, we consider the gap between G and G,. That is, in &', we omit only the
value h(x,,). Based on this observation, we define G, as

G={ CS5: (g €@ (g Ufxul e} (3.16)

This implies that |G| = |G| + |G2|.

Next, we will calculate the scales of G| and G,. We can view each point g in G,
as a concept satisfying f(x;) = 1 if and only if x; € g. In this sense, G| and G, can
be viewed as consisting of concepts induced by restriction to S;.

Note that VCdim(G) < VCdim(G) < d; then, from the assumption for (m —
1, d), we know that

d

-1
G1l < Mg, (m — 1) < Z(’" . ) (3.17)

1
i=0

Moreover, if Z C &' is shattered by G,, then the set Z U {x,,} is shattered by G.
Hence, we have
VCdim(G,) < VCdim(G) — 1 =d — 1, (3.18)

and from the assumption for (m — 1,d — 1),

d—1

—1
6ol < Mg,m—1) < Y <’" l, ) (3.19)

i=0
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Finally, we have

d d—1 d
m—
|g|=|gl|+|gz|sz< )+ ( ):Z( ) (3.20)
i=0 i=0 i=
which completes the inductive proof. (I

One can obtain uniform generalization bounds in terms of the VC dimension as
follows (Mohri et al. 2018).

Theorem 3.4 (see (Mohri et al. 2018)) Suppose that a hypothesis space H has VC
dimension VCdim(H). Then, for any § > 0, with probability 1 — §, the following
inequality holds for any h € H.:

(3.21)

2VCdim(H) log yemrs \/ log 1
+ .
2m

R(h) < Rs(h) +\/

m

This theorem is based on two lemmas, as follows.

Lemma 3.2 Let H be a family of functions taking values in {—1, +1}. Then, the

following inequality holds:
2logIl
R(H) < /Og—ﬂ(m). (3.22)
m

Proof Lemma 3.2 follows from Massart’s lemma (Lemma 3.1). Let the set of vectors
of function values (h(xy), ..., h(x,))" be denoted by H,s; then, we have

RH) < Es[*/”_’— Vzrfg'ﬁ's' } < ,/w. (323)

The first inequality follows from Massart’s lemma, and the second inequality follows
from the definition of ITg (m). O

The other lemma is a foundational lemma in combinatorial mathematics and
extremal set theory that was independently proven by (Shelah 1972) and (Sauer
1972).

We now may prove Theorem 3.4.

Proof of Theorem 3.4 Theorem 3.3 yields

=3 (7) =2 (1)(5) = () (14 8) = (3
(3.24)

By combining this result with Lemma 3.2 above, we complete the proof of
Theorem 3.4.
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Chapter 4 ®)
Algorithmic Stability e

Recall the classical uniform generalization bounds, which essentially depend on a
measure of the capacity of the hypothesis space H (e.g., the Rademacher complexity
or covering number). This type of upper bound is independent of any specific algo-
rithm because it provides a guarantee for all hypotheses h € H simultaneously. In
contrast to the above approaches, generalization bounds associated with a specific
learning algorithm can be established based on the concept of algorithmic stability,
which refers to the property that the hypothesis output by an algorithm does not
change significantly when one training point is perturbed. In this chapter, we intro-
duce algorithmic stability to characterize the impact of randomness in the training
process on the generalizability of an algorithm.

4.1 Definition of Algorithmic Stability

Algorithm stability is defined in terms of the difference in the output of an algorithm
on a training set S and a perturbed version St, where §' = (z, ..., Ziy ey Zm) 1S
obtained by replacing the i-th point of S with a new point z; € Z. We regard a
learning algorithm as a function A(S) : Z™ — 'H that takes the training sample S
as input and produces the hypothesis # € H as output. In this section, we consider
only a deterministic learning algorithm .4, which does not depend on the ordering
of the points in the training set.

We introduce several widely used definitions of algorithmic stability below
(Bousquet and Elisseeff 2002).
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Definition 4.1 (Hypothesis stability) An algorithm A has hypothesis stability g with
respect to the loss function [/ if the following holds:

Vi€ {l,...,m},Es[lI(A(S), z:) — I(A(SY), z0)]] < B, (4.1)

where SV = {21, s Zic1s Zidls ooes Tm)-

Definition 4.2 (Pointwise hypothesis stability) An algorithm A has pointwise
hypothesis stability 8 with respect to the loss function / if the following holds:

Vi e {l,...,m}, Es[|ICA(S), z;) — [(A(SV), z)|] < B. (4.2)

Definition 4.3 (Error stability) An algorithm A has error stability 8 with respect to
the loss function [ if the following holds:

VS e 2" Vi e{l,...,m}, [E.[l(A(S), 2)] — E.[I(A(SY), 2)]] < B. (4.3)

Definition 4.4 (Uniform stability) Given a training sample S = {(x;, y;)}/L, of size
m, an algorithm A is B-uniformly stable if Vm e N,i € [m], S € 2",z € Z, we
have

sup[|(A(S), ) — I(A(S), 2)|] < B.

€2

Definition 4.5 (Classification stability) A real-valued classification algorithm .4 has
classification stability B if the following holds:

VS e Z" Viel,...,m}, |AS) () — ASH)| < B. (4.4)

4.2 Algorithmic Stability and Generalization Error Bounds

Given that an algorithm A has uniform stability B, an upper bound on its
generalization error can be established with the help of McDiarmid’s inequality.

Definition 4.6 (McDiarmid’s inequality) Suppose that a function f :Z" — R
satisfies supg g | f(S) — f(Si)I <c¢i, i =1,...,m; then, the following statement

holds:
2

2e
PAf(S) = Eslf (D] > €) = 2exp(—=—3)-
D in1 €
We can then prove the following polynomial generalization bound in terms of the
hypothesis stability (Bousquet and Elisseeff 2002).

Theorem 4.1 (Polynomial generalization bound in terms of hypothesis stability)
For a learning algorithm A with hypothesis stability B, and pointwise hypothesis
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stability B, with respect to a loss function | such that 0 < I(y,y’) < M, we have,
with probability 1 — 6,

A 2
RCA(S)) < Rs(A(S)) +/ w 4.5)
mé
A . 2
RCACS)) < Ry(AGSY)) + | 2L+ OMmb (4.6)
2mé

Es.2 [11(A(S), i) — ICA(S"), z0)1] <Es[II(A(S), zi) — I(A(SY), z)]]
+ E[JI(A(SY), z;) — I(A(S), )]
<2p,.

and

Proof Note that

Thus, we have

. M? )
E[(R(A(S)) — Rs(A(S))*] < > +3MEs ;[I1(A(S), zi) — I(A(S"), )]

2

M
= +6MB,
2m

and

. . M? )
E[(R(A(S)) — Rs(A(S\))*] < 5+ 3MEs [I1(A(S), 2) - I(ASY), 211

M2
= —— +3M8B,.

2m

Finally, by Chebyshev’s inequality P[X > §] < ]E[Xz]/éz, we have that, with
probability at least 1 — 4§,

E[X2]
X < . 4.7)
S
By combining this result with
X = R(A(S)) — Rs(A(S)) (4.8)
and A .
X = R(A(S)) — Rs(A(S\)), (4.9)

we obtain Theorem (4.1).
The proof is complete. O
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We introduce a modified cost function

1 if f(x)y <0
L(f,o=91-fx)y/y if0< fx)y <y (4.10)
0 if f(x)y >y
and then define Lo
RY(A(S)) = — D L (AS), z0). 4.11)

i=1
Then, we may prove the following theorem based on this new notion.

Theorem 4.2 Let A be a real-valued classification algorithm with stability 8. Then,
forally > 0,anym > 1, and any § € (0, 1), with probability at least 1 — § over the
random draw of sample S,

RCAGS)) < RL(AS) +22 + <4mﬁ + 1) In(1/8) “4.12)
14 y 2m
and In(1/5
R(A(S)) < RY(A(SY)) + L <4mﬁ + 1) nd/e) (4.13)
Y 14 2m

Proof The loss function /,, is bounded by M = 1, and the algorithm is 8/y-stable.
By using the fact that R(A(S)) < R = E_.[I, (A(S), z)] and applying Theorem 4.1,
we complete the proof. O

Based on the uniform stability, we give an exponential generalization bound.

Theorem 4.3 (Exponential generalization bound in terms of uniform stability) Let
algorithm A be B-uniformly stable, and let the loss function satisfy l(h,z) < M,
Vh € H and Vz € Z. Given a training sample S = {(x;, y;)}i-,, forany § € (0, 1),
with probability at least 1 — 6, it holds that

A 2In(2/6
RCA(S)) < Rs(A(S)) + B+ (mf + M )@ '

Proof We adopt the notation D(A(S)) = R(A(S)) — Rs(A(S)) for notational sim-
plicity. In the rest of the proof, we will prove that D(A(S)) is close to its expectation
Es[D(A(S))] and that both have uniform S-stability:

1 m
EsID(AS)] = Es [I(A(S), 2) = — 3 1(A(S), 2]

i=1

1 & ,
= Es o [I(A(S), 2) — - Zl (A(SY, )]
i=1

=B,
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where the third equality is based on the “symmetry” of the expectation. Let us verify
the conditions required in McDiarmid’s inequality (Definition 4.6). Given that an
algorithm A4 with uniform stability 8, for any m € N and S, S i e Z™ it holds that

ID(A(S)) — D(A(S))] < [R(A(S)) — R(A(S))| + |Rs(A(S)) — Rsi (A(S))]
1 .
=B+ EII(A(S), zi) — 1(A(S), )|

1 )
+— D HCAS), 2)) — 1A, 2)
J#i

M
<28+ —.
m

Applying McDiarmid’s inequality to D(A(S)), we find that for any € € (0, 1),

m62

P(|D(A(S)) — ED(A(S))| > €) < 2e)<p(——2(ml3 T M)y

).

Recall that ED(A(S)) < B; then, we have
P(D(A(S)) > B +¢€) < P(D(A(S)) — ED(A(S))| > €).

Hence,

m€2

P(D(A(S)) > B+¢€) < 2eXP(—W

).

Eventually, we take

m62

2(mB + M)?

e:(m,B—f-M),/w.

Thus, we obtain the claimed result. O

8 =2exp(— ),

ie.,

Deep learning algorithms usually have an extremely large “total” hypothesis com-
plexity, whereas optimizers may explore only a small part of the hypothesis space.
The following notion helps characterize the “effective” hypothesis complexity, which
depends on both the learning algorithm and the training data.

Definition 4.7 (Algorithmic Rademacher complexity) The Rademacher complexity
of a hypothesis class H on the feature space X is defined as

1 m
RH) = ]E|: sup — o;{h, xi):|, 4.14)
her M =
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where o7, ..., 0, are i.i.d. Rademacher variables that are uniformly distributed in

{—1,+1}.

With the help of algorithmic stability, one may prove a generalization bound in
terms of the algorithmic Rademacher complexity (Liu et al. 2017).

Theorem 4.4 (Generalization bound in terms of algorithmic Rademacher complex-
ity) Let B be a separable Hilbert space. Suppose that ||x; ||« < B with probability one
for some B > 0 and that the loss function is bounded and Lipschitz, that is, [(h, 7) <
M with probability one for some M > Oand |l(h, z) — (W, z)| < L|{h, x) — (I, x)|
forall z € Z and h, W € H (H is a subset of the separable Hilbert space B). If a
learning algorithm is o (m)-uniformly argument stable, then its generalization error
is bounded as follows. With probability at least 1 — 26,

A log(1/8
R(hs) — Rg(hs) < 2LB+/210(2/8)a(m) + M,/%/).
m
Proof For a sample size m and confidence § > 0, let
r:=r(m,8) = Da(m)y/2mlog(2/5), D >0

and
= {h € H||h — Ehs|| < r(m, §)}.

Our proof consists of two parts. First, we show that R(B,) < B,/21og(2/8)c(m).
This is because

R(B,) = sup — Zo, h, x;) ]

| heB, 1

=F sup—ZG, ((h, x;) [(hs,xi)])]

| heB, M
E i X; j|
*

i=1

< E| sup —||h Elhs]
L heB,

i X

*

1 m 1/p
n—1a(m)D,/2m log(2/8)C), < Z || x; ||f)
i=1

DC,B/21og(2/8)a(m)ym™"/>H1/P.

IA

IA

Note that B is a Hilbert space; thus, the first step is complete. Next, let us consider
the Doob-Meyer difference
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DT = E[hS|Z17 ey ZZ] - E[hS|Z]9 LRI Zt—]]’

and further,

m

> IDE =
t=1

|Elhs|Z, ..., Z] — Elhs|Z1, ..., Zia)lA

e

t=1

I
NE

|Elhs — hs|Z1, ..., ZJI%
1

~
Il

2
[Ellihs =l Z1, ..., 2]

NE

1

< ma(m)z.

t

Then, we know that with probability at least 1 — &,

R(hs) — Rs(hs) < sup (R(h) - Rs(h)).

Since the loss function is bounded by M, with probability at least 1 — §, it holds

R A log(1
sup(R(h) — Rg(h)) < E sup(R(h) — Rs(h)) + MW
heB, heB, —m

<2LR(B,) + M, 8L
2m

By combining the two results above, we complete the proof.

Furthermore, we may prove a generalization bound in terms of the uniform

argument stability as follows.

Theorem 4.5 (Generalization bound in terms of uniform argument stability; see
(Liu et al. 2017)) Let B be a separable Hilbert space. Suppose that the marginal
distribution of the X; is suchthat || X; ||« < B with probability one for some B > 0 and

that the loss function is bounded and Lipschitz, that is, [(h, 7) < M with probability

one for some M > 0 and |l(h,z) — (I, z)| < L|{h,x) — (W', x)| forall z € Z and

h,h' € H. Let a > 1. If a learning algorithm is a(m)-uniformly argument stable,
then with probability at least 1 — 24,

R(hs) —

©Rs(hs) = 8LB/2log@/ra(m) + T S)flog(l/‘”.
@ m

This theorem relies on the following two lemmas.
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Lemma 4.1 (Theorem 2.1 in (Bartlett et al. 2005)) Let F be a class of functions that

map X to [0, M]. Assume that there exists some p > 0 such that for every f € F,
var(f (X)) < p. Then, with probability at least 1 — §, we have

I + 2plog(l 4M log(1
sup (E[f(x)] 1y f(x,)) < AR + \/m | 4Mlog(1/8)
fer mi3 m 3m

Proof Based on the concept of concentration inequality, let V = sup (E[ fx)]—
feF

% Z f(x) ) Since ;ug: var[ f (x;)] < p, it holds, with probability at least 1 — e,
i=1 €

2x 4xME[V Mx
V< EV] 4+, 2L DMETT M
m m 3m

By the inequalities /x +y < /x + ,/y and 2,/Xy < ax + £, with probability at
least 1 —e™*,

2 1 1\ M
V < inf ((1+a>E{v1+ =2 +(-+—)—x).
a>0 3 o m

Finally, let « = 1 and consider E[V] < 2R(F); this completes the proof. O

Lemma 4.2 (Bartlett et al. 2005) Let

G (2) = { I(h,z2)|h € Br}

,
max{r, El(h, z)}

and

= sup (E{g(z)] -— Z 2(zi) )

8€Gr

be defined. Foranyr > 0and a > 1, if V., <r/a, then every h € B, satisfies
Bl 91 =~ 1 3 10,2+,
7Z —a—lml_:l 5Zl re

Proof Letl(h, z) be denoted by f(2),andlet g = rf/w(f). Then, by the definition

of V,, we have E[g(2)] < + Z g(z;) + V.. We note that when » > E[f(2)], g = f.
=1
Otherwise, when r < E[f (z)] we have
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m

1
Elf@]<—> f@)+

i=1

[f(z)] 1 ¢ ]E[f(z)]
r I’I_’t g: .

Finally, the statement is true under both conditions, as shown.

Now, we will prove Theorem 4.5.

Proof First, with probability at least 1 — §, we have

R(hs) —

Ry (hs) < sup (R(h) — -
heB,

1 S ( )
Furthermore, we note that

var(g(z)) < Elg(2)*] < ME[g(z)] < Mr.

Then, by Lemma 4.1, we have

V, <4R(G,) + \/m + M 10g(1/8).
m 3m

Let the right-hand side be r/a; then, by applying Lemma 4.2, we obtain

a 1 & r
Ell(h, )] =——— Zuh, )+~

)+ w +8RG,) +

3m

Then, we have

heB, 3m

By combining the two results above, the proof is completed.

55

(4.15)

8M log(1/5)

(4.16)

sup (E[l(h z)———zz(h ,)) w_kgm(logr)_i_w.

O

In general, the stability f is a function of the sample size m. For instance, if 8 = %

for some positive constant &, then we have that, for any § € (0, 1),

R(A(S)) < ﬁS(A(S)) + % + 2k + M)\/@

with probability at least 1 — 4.
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We have used McDiarmid’s inequality to prove a generalization bound for a uni-
formly B-stable algorithm. This generalization bound tells us that with a high prob-
ability, the expected error will be close to the empirical error. We thus conclude that
a low empirical error serves as evidence of a low expected error.

In the next section, we will show that the Tikhonov regularization algorithm
possesses this property.

4.3 Uniform Stability of Regularized Learning

In this section, we provide an example to illustrate the uniform stability of the kernel-
based Tikhonov regularization algorithm. Recall the definition of the Tikhonov
regularization scheme:

IR
22171{1{”—1 Zl(h, i) + A2 (h)},

i=1

where Q2 (h) is a convex and differentiable function mapping from H to R and X is
a positive regularization parameter. We discuss the stability properties and general-
ization error bound of a regularized algorithm that has a reproducing kernel Hilbert
space (RKHS) and a kernel-based norm regularizer.

Let K : X x X — R be a symmetric and positive definite kernel function. For
each u, x € X, we adopt the notation K, (v) = K (u, v). The RKHS is defined as

m

He ={f: X > RIf(x) =) a;K,(x), 0 €R},

i=1
with inner product

m m

<Z o Ky, Z ﬂij,»> = Z Zafﬂ_/K(xi» xj).
i=1 j=1

i=1 j=1
According to the reproducing property, we have that, for any 4 € Hg and x € X,

m

(f, K) = <Zail<x,., Kx> =Y @K, (x) = f(x).
i=1

i=1

Let A be a kernel-based regularized learning algorithm that outputs a function
hs € Hg such that
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l m
hg = arg min — I(h,zi) + Al f 1%,
s =arg min — le (h.20) + AL f I
1=

where the loss function / is convex and satisfies the L-Lipschitz continuity condition.

Theorem 4.6 Suppose that the kernel function is bounded, i.e., K (x, x) < k2 <
00, Vx € X. The kernel-based Tikhonov regularization algorithm A is uniformly
B-stable, with probability at least 1 — §, we have

2
RCAS)) < Rs(AS)) + 227 1 o 4y [21NE/D).
rm m

Proof Let Dy = A(S") — A(S). According to the property of a convex function, we
have that V¢ € [0, 1], it is easy to obtain

Rs(A(S) +tDy) + Rs(A(S") — D) < Rs(A(S)) + Rs(A(S)).
The definitions of A(S) and A(S") indicate that
Rs(A(S)) + MAMS I < Rs(A(S) +1Dy) + ALAS) + tDll%
and
Rgi (A(S)) + LASHI% < Rs(AS") = tDy) + A A(S) — Dyl
Furthermore, we can deduce that
21Dy

= MIASI% + IASHIE = IAGS) +tDsll% — IS — tDs %]
[Rsi (A(S") — 1D ) — Rs(A(S") — tDf)] + [Rs(A(S")) — Rgi (A(S))]

IA

1 . . 1 . .
Z[Z(A(Sl) —tDy, 7)) —I(A(S") —tDy, z)] + E[I(A(Sl)’ zi) — I(A(SY), z)]

1 . . 1 . .
;[l(A(S’) —tDy, 7)) —1(A(S), z)] + ;[I(A(S’), zi) —I(A(S") — 1Dy, )]

tL , 2tLk
— (D)l + 1D (xi)) = ——I1Dylix
m m

IA

IA

Lk ) 1
— |IDyllx  (by taking r = =),
" 2

where the last line follows from the reproducing property, the Cauchy-Schwartz
inequality, and the boundedness assumption on the kernel K, i.e., | f| < «|| f| x for
any f in the RKHS. Moreover, by taking r = 1/2, we then have
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2Lk?

D¢ <k|Ds|> <
D] < klDyllx < o

Finally, we show that the algorithm has a uniform stability of 2L«?/Am. We complete
the proof by combining this result with the result of Theorem 4.3. (I
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Part 11
Deep Learning Theory



Chapter 5 ®)
Capacity and Complexity oy

This chapter presents the results for deep learning theory from the perspective of
hypothesis complexity, including the Vapnik-Chervonenkis (VC) dimension, the
Rademacher complexity, and the covering number. By determining upper and lower
bounds for the VC dimension of neural networks, we can better understand their
generalizability. Additionally, we discuss margin bounds, which offer more robust
generalization assurances compared to worst-case bounds based on the VC dimen-
sion. These bounds ensure that trained models can achieve a small empirical margin
loss with high confidence. Furthermore, we examine the effect of residual connec-
tions on hypothesis complexity by analyzing the covering number of the hypothesis
space. We propose an upper bound for the covering number, providing insights into
how residual connections influence model complexity.

5.1 Worst-Case Bounds Based on the VC Dimension

One can upper bound or lower bound the VC dimension of a neural network in order
to characterize its generalizability. Goldberg and Jerrum (1995) gave an O(W?) upper
bound for the VC dimension of a neural network with W parameters. Bartlett et al.
(1999) improved this bound to O((W Llog W 4+ WL?), where L is the number of
layers. The tightest bound thus far has been proven by Harvey et al. (2017) as follows.

Theorem 5.1 (see Harvey etal. (2017)) Consider a neural network with W parame-
ters and U units. These units have activation functions that are piecewise polynomials
with at most p pieces and a degree of at most d. Let  be the set of (real-valued)
functions computed by this network. Then, the VC dimension of the sign function
(sgn) applied to elements of F is upper bounded by O(WU log((d + 1) p)).

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2025 61
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The following theorem is based on a theorem presented by Goldberg and Jerrum
(1993), which states that any class of functions that can be expressed using a small
number of distinct polynomial inequalities has a smaller VC dimension.

Theorem 5.2 Let k and n be positive integers, and let f : R" x R — {0, 1} be a
function that can be expressed as a Boolean formula containing s distinct atomic
predicates, where each atomic predicate is a polynomial inequality or equality in
k 4+ n variables with a degree of at most d. Let F = {f(-, w) : w € R¥}. Then,
VCdim(F) < 2klog,(8eds).

Proof The output signal of a neural network with piecewise activation can be
expressed as a Boolean formula. In detail, in each layer, the input to each com-
putation unit must lie in one of the p pieces of the activation function 1, which can
be written as a Boolean formula. Accordingly, we can express the output signal of the
network as a Boolean function consisting of fewer than 2(1 + p)Y atomic predicates,
each of which is a polynomial inequality with a degree of at most max{U + 1, 2dY}.

O

We can now prove Theorem 5.1.

Proof By Theorem 5.2, we prove an upper bound of 2W log(16e - max{U+
1,2dY} - (1 + p)Y) = O(WU log(1 + d) p) for the VC dimension. This completes
the proof. (]

Harvey et al. (2017) also derived a lower bound for the VC dimension, presented
as the following theorem.

Theorem 5.3 (see (Harvey etal.2017)) Let C be an universal constant. Given any W
and L satisfying W > CL > C?, there exists a rectified linear unit (ReLU) network
with fewer than L layers and fewer than W parameters that has a VC dimension
lower bounded by W Llog(W/L)/C.

This theorem has a more general version. Theorem 5.3 is a special case in which
r =log,(W/L)/2,m =rL/8,andn = W — 5m?2".

Theorem 5.4 Let r, m, and n be positive integers, and let k = [m/r]. There exists
a ReLU network with 3 + 5d layers, 2 +n + 4m + k((11 + r)2" 4 2r + 2) param-
eters, m + n input nodes and m + 2 + k(5 x 2" 4+ 1) computational nodes with VC
dimension > mn.

5.2 Rademacher Complexity and Covering Number

Margin bounds (Vapnik 2006; Schapire et al. 1998; Bartlett and Shawe-Taylor 1999;
Koltchinskii and Panchenko 2002; Taskar et al. 2004) represent a distinct category of
generalization bounds that offer stronger assurances compared to worst-case bounds
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based on the VC dimension. Unlike traditional bounds, margin bounds focus on the
concept of margin, which refers to the difference between the predicted score of the
correct label and the highest score of incorrect labels for a given example. These
bounds provide robust guarantees that trained models can achieve a small empirical
margin loss within a large confidence margin. Essentially, margin bounds quantify
the degree of separation between different classes in the model’s decision space,
reflecting the model’s ability to generalize beyond the training data. Furthermore,
similar generalization guarantees can be derived based on a measure of “luckiness”
(Schapire et al. 1998; Koltchinskii and Panchenko 2002), which captures the notion
of how likely a model is to perform well on unseen data due to favorable properties of
the training set. By incorporating margin-based metrics and measures of luckiness,
researchers gain valuable insights into the behavior and performance of machine
learning models, enhancing our understanding of their generalization capabilities
and reliability in real-world applications.

Margin bound

For any distribution © and margin y > 0, we define the expected margin loss for a
hypothesis & as follows:

Ly(h) =P y~n (h(x)[Y] =y+ Iflj;ih(x)[j]> )

where h(x)[j] is the j-th component of the vector A (x). The generalization bounds
obtained under the margin loss are called margin bounds.

Based on the covering number, the Dudley entropy integral, and the Rademacher
complexity, Bartlett et al. (2017) obtained the following spectrally normalized upper
bound for the generalization error:

D D T Tu2/3\ 32
= [ 1 Xll21og O W, — M; 115 1/8
O =22 (TTowil ) (2] + 22,
ym I 2 1w 115" m

i=1 i=1

where W;,i =1, ..., D, is the weight matrix, Q is an upper bound on the number
of output units in each layer, | - ||, is the spectral norm, p; > 0 is the Lipschitz
constant and M;,i = 1, ..., D, is a reference matrix. This bound is strictly tighter

than that of Neyshabur et al. (2015). Moreover, this bound suggests that one can boost
the generalizability of a network by controlling its spectral norm. This is consistent
with spectral normalization (Miyato et al. 2018), an effective regularization approach
mainly used in generative adversarial networks.

Concurrently, Neyshabur et al. (2017) proved a similar generalization bound via
Probably Approximately Correct (PAC)-Bayesian theory, as shown below:
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112
B>D?Qlog(DQ) 17, 5k + log 22

o G.D

y2m

The authors of (Neyshabur et al. 2017) pursued a two-pronged approach in their
research endeavor. First, they developed a perturbation bound aimed at controlling
the changes in the network’s output resulting from perturbations introduced into the
model’s weights. This perturbation bound allowed them to effectively quantify the
sensitivity or sharpness of the neural network’s response to variations in its parame-
ters. Building upon the perturbation analysis, Neyshabur et al. (2017) then employed
PAC-Bayesian theory to derive a generalization bound. This bound was intended to
provide insights into the model’s ability to generalize from the training data to unseen
examples. However, it was noted that this derived generalization bound proved to be
weaker compared to a similar bound proposed by Bartlett et al. (2017). This obser-
vation underscores the importance of exploring different theoretical frameworks and
bounds in assessing the robustness and performance of machine learning models in
various contexts. Further investigations may be warranted to elucidate the factors
contributing to the variance in generalization guarantees across different theoretical
approaches.

By introducing some norm constraints on the weights, Golowich et al. (2018)
improved the exponential depth dependence of Eq. (5.1) in (Neyshabur et al. 2015)
to a polynomial dependence, as follows:

O(B@nj; MF(j)> 0r0<B~/Wﬂf=1 MF(J')), 52)
Jm vm

where Mr(1), ..., Mp (D) mean the maximum of Frobenius norm of networks param-
eter matrices. Besides, Golowich et al. (2018) further improved the bound to a depth-
independent bound, as follows:

i D log (172 Mr())) /D
o BT M) | min (+ \’/n_i )\/; L (53)

J=1

where I' is an upper bound on the spectral norm of all weight matrices.
Moreover, Golowich et al. (2018) also proved a lower bound, as follows:

. 1_1
BITY, Mp(j)Q 027!

NG , 54

where Q is the network width. This bound suggests a possible tighter bound of
0 (m17).
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Tu et al. (2020) developed a gradient measure based on the Fisher-Rao norm,
which gives rise to a generalization bound as follows.

Theorem 5.5 (see Tu et al. (2020)) If the margin parameter « is fixed, then for
any § > 0, with probability at least 1 — §, the following holds for every recurrent
neural network (RNN) whose weight matrices 0 = (U, W, V) satisfy ||[VT||1 < By,
W < Bw, U111 < Bu and |10] 5 < r:

E[T ) <2 (X LRI
Mo C=00 =" " om \ ain B(XXT)) 0l VY !

log%

1
+ m Z IM.vL @iyn<a T3 (5.5)

2m

The gradient measure plays a crucial role in refining generalization bounds and illu-
minating the intricate relationship between a model’s generalizability and its train-
ability. By analyzing the impact of gradients during training, researchers gain insights
into how noise can be strategically introduced into input data to enhance a model’s
ability to generalize to unseen examples. This observation underscores the value
of robust training strategies that incorporate regularization techniques like gradient
clipping (Merity et al. 2018; Gehring et al. 2017; Peters et al. 2018). Furthermore, the
gradient measure provides theoretical justification for gradient clipping, a technique
used to stabilize training by constraining the magnitude of gradients during optimiza-
tion. By controlling the scale of gradients, gradient clipping helps prevent exploding
gradients and facilitates more stable and effective learning. Overall, understanding
the implications of gradient measures enriches our understanding of model behavior
and informs practical strategies to improve model performance and generalization
capabilities.

(Novak et al. 2018) conducted comprehensive experiments to analyze the gener-
alization capacity of deep neural networks. Their empirical investigations revealed
pivotal factors influencing generalization, particularly focusing on the input-output
Jacobian norm and the linear region counting within the networks. The input-output
Jacobian norm measures the sensitivity of network outputs to changes in input, pro-
viding insights into how robustly the network behaves across different input varia-
tions. Meanwhile, the linear region counting quantifies the number of linear decision
boundaries that can be formed within the network’s architecture, offering clues about
the complexity and flexibility of its decision-making process. Furthermore, the study
highlighted the critical relationship between the output hypothesis of a model and the
underlying data manifold. The generalization bound, which defines the model’s abil-
ity to perform well on unseen data, is heavily influenced by how closely the model’s
output hypothesis aligns with the distribution of the training data in the input space.
This suggests the importance of designing models that not only fit the training data
well but also generalize effectively to new, unseen instances. Understanding these
fundamental aspects contributes to the development of more robust and reliable deep
learning models capable of adapting to diverse real-world scenarios.
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5.3 Generalization Bound of ResNet

In recent years, deep neural networks have repeatedly demonstrated their signifi-
cant value in practical applications and have led to breakthroughs in image recogni-
tion, language translation, and predictive analytics, driving innovation across various
industries (LeCun et al. 2015; Greff et al. 2016; Shi et al. 2018; Silver et al. 2016; Lit-
jens et al. 2017; Chang et al. 2018), particularly with the introduction of ResNet (He
et al. 2016a) and the wide adoption of residual connections to induce top performed
neural network architectures (He et al. 2016a; Huang et al. 2017; Xie et al. 2017).
These advancements have catalyzed transformations in computer vision (Krizhevsky
etal. 2012; Lin et al. 2017; He et al. 2017; Liu et al. 2019) and data analysis (Witten
et al. 2016). Residual connections link non-neighboring layers, diverging from the
traditional chain-like stacking of layers.

Empirical studies have consistently proven that incorporating residual connections
can facilitate the training of deep neural networks by largely alleviating issues related
to vanishing gradients and exploding gradients. Despite their effectiveness in training,
there remains a notable gap in theoretical analysis regarding the impact of residual
connections on the generalization ability of deep neural networks.

While residual connections have shown instrumental in improving training dynam-
ics and model convergence, their influence on generalization-i.e., a model’s perfor-
mance on unseen data in the inference stage-remains less explored from a theoretical
perspective. Comprehensive research is critical to elucidate the underlying mecha-
nisms by which residual connections impact on the generalization capabilities of deep
neural networks, thereby providing deeper insights into the theoretical foundations
of this powerful addon.

Residual connections introduce a novel approach to neural network architecture by
connecting non-neighboring layers, diverging from the traditional chain-like stack-
ing of layers. This departure from conventional network structures introduces loops
within the neural network, fundamentally altering its topology. Intuitively, the incor-
poration of residual connections significantly expands the hypothesis space of deep
neural networks. This increased complexity, however, raises concerns regarding the
generalization ability of the network, as per the principle of Occam’s razor, which
suggests a negative correlation between algorithmic generalization and hypothesis
complexity.

The lack of comprehensive analysis on this aspect poses challenges for deploying
residual-connected neural networks in safety-critical domains, such as autonomous
vehicles and medical diagnosis, where algorithmic errors could have severe conse-
quences. Without addressing this theoretical gap, leveraging the advancements made
possible by residual connections in critical applications, from autonomous vehicles
(Janai et al. 2017) to medical diagnose (Esteva et al. 2017), remains constrained.
Efforts to bridge this gap are crucial for ensuring the reliability and safety of neural
network-based systems in real-world scenarios where accuracy and generalization
are paramount.
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In this section, we investigate the impact of residual connections on hypothesis
complexity by examining the covering number of the hypothesis space. We propose
an upper bound for the covering number that reveals insights into the influence of
residual connections on model complexity. Our analysis demonstrates that when the
total number of weight matrices in a neural network is fixed, the upper bound on the
covering number remains consistent regardless of whether the weight matrices are
part of the residual connections or the main “stem”! of the network. This finding
suggests that residual connections do not necessarily increase the hypothesis space
complexity compared to a traditional chain-like neural network, provided that the
total number of weight matrices and non-linearities is held constant. Leveraging
this understanding, we establish an O(1//m) generalization bound for ResNet as a
representative case of neural networks with residual connections, where m represents
the training sample size.

Furthermore, our framework enables the derivation of generalization bounds for
similar architectures created by incorporating residual connections into chain-like
neural networks. This approach facilitates the assessment and comparison of hypoth-
esis complexity across different network configurations, offering valuable insights
into the theoretical underpinnings of deep learning models with residual connec-
tions. Our generalization bound is intricately linked to the product of norms of all
weight matrices within the neural network. Specifically, as the product of these norms
increases, there tends to be a detrimental impact on the network’s ability to generalize
effectively. This observation validates the importance of employing regularization
techniques aimed at controlling the magnitudes of these weight matrix norms to
enhance generalization performance.

To achieve robust generalization, it is common practice to incorporate regulariza-
tion methods such as weight decay and spectral normalization during the training
of deep neural networks. Weight decay, also known as L, regularization, imposes
a penalty based on the L, norm of the weights, encouraging smaller and more sta-
ble weight values. Similarly, spectral normalization constrains the spectral norm of
weight matrices, leading to more controlled and stable learning dynamics.

These regularization techniques (Krogh and Hertz 1992) play a critical role in
managing model complexity, mitigating overfitting, and improving generalization
capabilities across a variety of deep learning tasks. The endorsement of these meth-
ods by Bartlett et al. (2017) suggests their effectiveness in promoting robust and
reliable performance of neural networks, particularly in scenarios where general-
ization is paramount. By incorporating these strategies, practitioners can optimize
neural network architectures for improved performance and reliability in real-world
applications.

! The “stem” is defined to denote the chain-like part of the neural network besides all the residuals.
For more details, please refer to Sect. 5.3.1.
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5.3.1 Stem-Vine Framework

This section provides a notation system for deep neural networks with residual con-
nections. Motivated by the topological structure, we call it the stem-vine framework.

Deep neural networks are typically assembled by linking numerous weight matri-
ces with nonlinear operators, such as ReLU, sigmoid, and max-pooling functions. In
this discussion, we focus on a neural network design that integrates multiple resid-
ual connections into a traditional “chain-like” architecture, which sequentially stacks
layers of weight matrices and nonlinearities. Inspired by the topological arrangement
of this network, we refer to the sequential layers as the “stem” of the neural network
and designate the added residual connections as the “vines”.

Both the stem and vines consist of stacked layers of weight matrices and nonlinear
functions. The stem represents the core structure of the neural network, comprising
the primary sequence of layers, while the vines introduce additional connections that
bypass certain layers, enhancing the network’s depth and flexibility. This configu-
ration allows for more complex transformations and feature representations within
the neural network, leveraging both the traditional sequential architecture and the
introduced residual connections to enhance learning capabilities and model expres-
siveness.

We denote the weight matrices and the nonlinearities in the stem S respectively
as

A; € RU-1<m (5.6)
oj :RY — R" , 5.7
wherei = 1, ..., L, L is the number of weight matrices in the stem, j = 1, ..., Ly,

Ly is the number of nonlinearities in the stem, »; is the dimension of the output of
the i-th weight matrix, ng is the dimension of the input data to the network, and n,
is the dimension of the output of the network. Thus we can write the stem S as a
vector to express the chain-like structure. Here for the simplicity and without any
loss of the generality, we give an example that the numbers of weight matrices and
nonlinearities are equalz, i.e., Ly = L, as the following equation,

S=(Ay,01,A2,02,...,AL,07) . (5.8)

21f two weight matrices, A; and A;;, are connected directly without a nonlinearity between
them, we define a new weight matrix A = A; - A;+. The situations that nonlinearities are directly
connected are similar, as the composition of any two nonlinearities is still a nonlinearity.

Meanwhile, the number of weight matrices does not necessarily equal the number of nonlin-
earities. Sometimes, if a vine connects the stem at a vertex between two weight matrices (or two
nonlinearities), the number of the weight matrices (nonlinearities) would be larger than the number
of nonlinearities (weight matrices). Taken the 34-layer ResNet as an example, a vine connects the
stem between two nonlinearities 033 and o34. In this situation, we cannot merge the two nonlinear-
ities, so the number of nonlinearities is larger than the number of weight matrices.
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For the brevity, we give an index j to each vertex between a weight matrix and
a nonlinearity and denote the j-th vertex as N (j). Specifically, we give the index 1
to the vertex that receives the input data and L + Ly + 1 to the vertex after the last
weight matrix/nonlinearity. Taken Eq. (5.8) as an example, the vertex between the
nonlinearity o;_; and the weight matrix A; is denoted as N (2i — 1) and the vertex
between the weight matrix A; and the nonlinearity o; is denoted as N (2i).

Vines are constructed to connect the stem at two different vertexes. And there
could be over one vine connecting a same pair of the vertexes. Therefore, we use a
triple vector (s, ¢, i) to index the i-th vine connecting the vertexes N (s) and N (¢)
and denote the vine as V (s, t, 7). All triple vectors (s, ¢, i) constitute an index set Iy,
i.e., (s,t,i) € Iy. Similar to the stem, each vine V (s, ¢, i) is also constructed by a
series of weight matrices A", ..., ASL’,’,’,{, and nonlinearities o7, . . ., az’f;f, where

N

u,v,i

L5 is the number of weight matrices in the vine, while L;"" is the number of the
nonlinearities.

Multiplying by a weight matrix corresponds to an affine transformation on the
data matrix. Also, nonlinearities induce nonlinear transformations. Through a series
of affine transformations and nonlinear transformations, hierarchical features are
extracted from the input data by neural networks. Usually, we use the spectrum
norms of weight matrices and the Lipschitz constants of nonlinearities to express the
intensities respectively of the affine transformations and the nonlinear transforma-
tions. We call a function f(x) is p-Lipschitz continuous if for any x; and x, in the
support domain of f(x), it holds that

If(x) — fF)llp < pllxr — x2llx (5.9)

where || - ||y and | - ||, are respectively the norms defined on the spaces of f(x)
and x. Fortunately, almost all nonlinearities normally used in neural networks are
Lipschitz continuous, such as ReLU, max-pooling, and sigmoid (see (Bartlett et al.
2017)).

Many important tasks for deep neural networks can be categorized into multi-class
classification. Suppose input examples z; . . ., z,, are given, where z; = (x;, y;), X; €
R™ isaninstance, y € {1, ..., n;}isthe corresponding label, and ; is the number of
the classes. Collect all instances x, ..., x,;, as a matrix X = (xq, ..., xm)T e R™m*"o
that each row of X represents a data point. By employing optimization methods
(usually stochastic gradient decent, SGD), neural networks are trained to fit the
training data and then predict on test data. In mathematics, a trained deep neural
network with all parameters fixed computes a hypothesis function F : R" — R"%.
And a natural way to convert F to a multi-class classifier is to select the coordinate
of F(x) with the largest magnitude. In other words, for an instance x, the classifier
is x > argmax; F'(x);. Correspondingly, the margin for an instance x labelled as
i is defined as F(x), — max;, F(x);. It quantitatively expresses the confidence of
assigning a label to an instance.

To express F, we first define the functions respectively computed by the stem and
vines. Specifically, we denote the function computed by a vine V (s, t, i) as:
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F‘s/,t,i(X) :Uu,vt(Auvt u,v,i O’](A‘f’v’iX)...)) . (510)

Luvii Lusvii Luw 1(

Similarly, the stem computes a function as the following equation:
Fs(X)=0p,(Aror—i(...01(A1X)...). (5.11)

Furthermore, we denote the output of the stem at the vertex N (j) as the following
equation: ,
Fi(X)=0;(Ajo;_1(...01(A1X)...). (5.12)

F ; (X) is also the input of the rest part of the stem. Eventually, with all residual
connections, the output hypothesis function F/(X) at the vertex N(j) is expressed
by the following equation:

FixX)y=F{X+ > F’7X). (5.13)
(u,j.i)ely
Apparently,
Fs(X) = FE(X), F(X) = F¥(X) . (5.14)

Naturally, we call this notation system as the stem-vine framework, and Fig. 5.1
gives an example.

5.3.2 Generalization Bound

In this section, we investigate the generalization capabilities of deep neural networks
with residual connections and establish a specific generalization bound for ResNet
as a case study. This bound is derived from the margin-based multi-class bound
detailed in Lemmas 3.1 and 3.2. Guided by these lemmas, which highlight a natural
approach to deriving the generalization bound through exploration of the covering
number of the corresponding hypothesis space, we first propose an upper bound for
the covering number (referred to as a covering bound) applicable to any deep neural
network within the stem-vine framework. We then apply this approach to ResNet,
providing a specific calculation of its covering bound. By leveraging Lemmas 3.1
and 3.2, we subsequently present a detailed generalization bound tailored specifi-
cally for ResNet. The proofs supporting these covering bounds will be provided in
Sect. 5.3.3, enhancing our understanding of the theoretical underpinnings behind the
generalization capabilities of neural networks with residual connections.

In practice, when introducing new structures to improve training performance,
such as boosting accuracy or reducing training time, it’s essential to proceed with cau-
tion to avoid overfitting, which can lead to significant generalization errors. ResNet,
with its introduction of “loops” via residual connections in traditional chain-like neu-
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V(3,15,1)

V(10,15,1)

N(16)

F(X)

Fig. 5.1 A deep neural network with Residual Connections under the Stem-Vine Framework

ral networks, represents a more sophisticated model. Empirical findings demonstrate
that these residual connections effectively reduce training error and expedite train-
ing, while also maintaining strong generalization capabilities. However, the absence
of theoretical underpinnings to explain or support these empirical results remains a
notable gap in the understanding of such architectures.

Our analysis on covering bounds reveals that the complexity of hypothesis spaces
computed by deep neural networks remains consistent, regardless of the distribution
of weight matrices-whether they reside in the stem, the vines, or even without any
vines at all-when the total number of weight matrices is fixed. This observation sug-
gests that the presence or absence of residual connections does not inherently alter
the overall hypothesis complexity. By integrating established results from statistical
learning theories (Lemmas 3.1 and 3.2), our findings suggest that the generalization
capability of deep neural networks with residual connections can be comparably
effective to those without, particularly in challenging scenarios where model com-
plexity plays a critical role. This theoretical insight sheds light on why deep neural
networks incorporating residual connections exhibit strong generalization capabili-
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ties comparable to traditional chain-like architectures, while maintaining competitive
training performance.

5.3.2.1 Covering Bound for Deep Neural Networks with Residuals

In this subsection, we give a covering bound generally for any deep neural network
with residual connections.

Theorem 5.6 (Covering Bound for Deep Neural Network) Suppose a deep neural
network is constituted by a stem and a series of vines.

For the stem, let (e1,...,&e1) be given, along with Ly fixed nonlinearities
(01, ...,0Ly). Suppose the L weight matrices (A1, ..., Ar) liesin B; x ... x By,
where B; is a ball centered at O with radius of s;, i.e., || A;|| < s;. Suppose the vertex
that directly follows the weight matrix A; is N(M(i)) (M (i) is the index of the ver-
tex). All M (i) constitute an index set Iy;. When the output Fyj—1y(X) of the weight
matrix A;_y is fixed, suppose all output hypotheses Fyj)(X) of the weight matrix
A constitute a hypothesis space Hyjy with an ey jy-cover Wy (jy with covering
number Ny ;). Specifically, we define M(0) = 0 and Fo(X) = X.

Each vine V(u,v,i), (u,v,i) € Iy is also a chain-like neural network that con-
structed by multiple weight matrices A?’”’i, je{l,..., L"), and nonlinearities

u,v,i

o' jefl, ..., L"), Suppose for any weight matrix ALJf’U’i, thereisas™"" > 0

i J
such that ||A‘]‘~’"’i||g < s}"“. Also, all nonlinearities ol]‘-"”’i are Lipschitz continu-
ous. Similar to the stem, when the input of the vine F,(X) is fixed, suppose the
vine V (u, v, i) computes a hypothesis space Hy,""', constituted by all hypotheses
F"ﬁ’v’i (X), has an ¢, , ;-cover (WL“,’"’i with covering number N{j’v’i.

Eventually, we denote the hypothesis space computed by the neural network is H.
Then there exists an ¢ in terms of ¢;, i = {1, ..., L} and &,,,;, (u,v,i) € Iy, such

that the following inequality holds:

L
NH. e |- 1D <[] sup Nugen ] supAp™ . (5.15)

j=1Fui w,v,iyely Fr

A detailed proof will be given in Sect. 5.3.3.3.

As vines are chain-like neural networks, we can further obtain an upper bound for
supp, N """ via a lemma slightly modified from Bartlett et al. (2017). The lemma is
summarised as follows.

Lemma 5.1 (Covering Bound for Chain-like Deep Neural Network; cf. Bartlett et al.
(2017), Lemma A.7) Suppose there are L weight matrices in a chain-like neural
network. Let (g1, ...,¢er) be given. Suppose the L weight matrices (A, ..., AL)
lies in By X ... x By, where B; is a ball centered at O with the radius of s, i.e.,
B, ={A; : ||A;ll < s;}. Furthermore, suppose the input data matrix X is restricted
in a ball centred at O with the radius of B, i.e., | X|| < B. Suppose F is a hypothesis
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function computed by the neural network. If we define:
H={F(X): A €8}, (5.16)

wherei=1,...,Landt € {1,...,L""*}. Let ¢ = ZJL-:, €jp; HzL:j+1 o151. Then
we have the following inequality:

L

NH e -ID<]] sw N, (5.17)

i=1 Ai—1€Bi_
where Ai,1 = (Al, ey A,;]), Bi,1 = Bl X ... X Blpl, and
Ni=N({AiFs_(X): A € Bi} e |- ) (5.18)

Remark 5.1 The mapping induced by a chain-like neural network involves com-
posing a sequence of affine and nonlinear transformations. According to Lemma
5.1, the covering bound for a chain-like network can be decomposed into the product
of covering bounds for each layer, as demonstrated in Bartlett et al. (2017). How-
ever, when residual connections are introduced, parallel structures emerge within
the network, complicating the representation of the overall mapping as a series of
transformations. Instead, calculating a covering bound for the entire network requires
considering many additions of function spaces (as seen in Eq. (5.13)), which presents
challenges for applying previous methods directly. To address this, we introduce a
new proof in Sect. 5.3.3.3 to analyze the covering bound under the presence of
residual connections and parallel structures.

Contrary to the different proofs, the result for deep neural networks with residual
connections share similarities with the one for the chain-like network (see, respec-
tively, Egs. (5.15) and (5.17)). The similarities lead to the property summarised as
follows.

The influences on the hypothesis complexity of weight matrices are in the same way, no
matter whether they are in the stem or the vines. Specifically, adding an identity vine could
not affect the hypothesis complexity of the deep neural network.

As indicated by Eq. (5.17) in Lemma 5.1, the covering number of the hypothesis
computed by a chain-like neural network (including the stem and all the vines) is
upper bounded by the product of the covering number of all single layers. Specifically,
the contribution of the stem on the covering bound is the product of a series of covering
numbers, i.e., ]_[JL.=1 SUP£,,. N (j+1y-Inthe meantime, applying Eq. (5.17) in Lemma

5.1, the contribution sup F, N ﬁ’u'i of the vine V (u, v, i) can also be decomposed as the

product of a series of covering numbers. Apparently, the contributions respectively
by the weight matrices in the stem and the ones in the vines have similar formulations.
This result gives an insight that residuals would not undermine the generalization
capability of deep neural networks. Also, if a vine V (u, v, i) is an identity mapping,
the term in Eq. (5.15) that relates to it is definitely 1, i.e., N‘L;‘”‘i = 1. This is because
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there is no parameter to tune in an identity vine. This result gives an insight that adding
an identity vine to a neural network would not affect the hypothesis complexity.
However, it is worth noting that the vines could influence the part of the stem in the
covering bound, i.e., N j+1) in Eq. (5.15). The mechanism of the cross-influence
between the stem and the vines is an open problem.

Intuitively, introducing residual connections to a neural network may not change
the hypothesis space. Here, we discuss the following case as an example. Consider
a residual connection that links nodes i and j. Suppose the hypothesis functions
computed in the nodes i and j are F; and F;, respectively. Also, we denote the
hypothesis functions computed by the bone and residual connection between nodes
iand jas F; j and F; j» respectively. See an illumination in Fig. 5.2. Then, we have
the following equation

FjZFi,jOFi"'F,‘,’jOFi-

Usually, the residual connection is a simpler sub-network of the bone part. Therefore,
the hypothesis space constituted by all F; ; 18 a subspace of the one of F; ;. Thus,
the hypothesis space constituted by all F; ; © Fj is a subspace of the one of F; ; o F;.
In other words, the hypothesis space computed by a residual connection is only a
sub-space computed by the bone part. Introducing a residual connection is merging
the two spaces by addition operation, which obtains the larger space. This property
guarantees that introducing residual connections may not change the hypothesis
space.

Fig. 5.2 An illustration of
influence of a residual
connection to the hypothesis
space
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5.3.2.2 Covering Bound for ResNet

As an example, we analyze the generalization capability of the 34-layer ResNet.
Analysis of other deep neural networks under the stem-vine framework is similar.
For the convenience, we give a detailed illustration of the 34-layer ResNet under the
stem-vine framework in Fig. 5.3.

There are one 34-layer stem and 16 vines in the 34-layer ResNet. Each layer in the
stem contains one weight matrix and several Lipschitz-continuous nonlinearities. For
most layers with over one nonlinearity, the multiple nonlinearities are connected one
by one directly; we merge the nonlinearities as one single nonlinearity.> However,
the vine links the stem at a vertex between two nonlinearities after the 33-th weight
matrix, and thus we cannot merge the two nonlinearities. Hence, the stem of ResNet
can be expressed as follows:

Sres = (A1, 01, ..., A33, 033, 034, Aza, 035) . (5.19)

From the vertex that receives the input data to the vertex that outputs classification
functions, there are 34 4 35 4 1 = 70 vertexes (34 is the number of weight matrices
and 35 is the number of nonlinearities). We denote them as N (1) to N(70). Addi-
tionally, we assume the norm of the the weight matrix A; has an upper bound s, i.e.,
lAille < s;, while the Lipschitz constant of the nonlinearity o; is denoted as b;.
Under the stem-vine framework, the 16 vines in ResNet are respectively denoted as
V3,7, 1),V 11, 1),...,V (63,67, 1). Among these 16 vines, there are 3 vines,
V (15,19, 1), V(31,35,1), and V (55, 59, 1), that respectively contains one weight
matrix, while all others are identity mappings. Let’s denote the weight matrices in the
vines V (15, 19, 1), V(31, 35, 1), and V (55, 59, 1) respectively as A}>'%!, o351,

and A?S’Sg’l. Suppose the norms of A}S’w’l, A?l’35'1, and A?5,59,1 are respectively
upper bounded by S115,19,1’ s131’35’l, and s155’59’1. Denote the reference matrices that
correspond to weight matrices (Ay, ..., Aszq) as (My, ..., M34). Suppose the distance

between each weight matrix A; and the corresponding reference matrix M; is upper
bounded by b;,i.e.,||A] — M| < b;.Similarly, suppose there are reference matrices
Mls”’l, (s, 1) € {(15,19), (31, 35), (55, 59)} respectively for weight matrices Ai"'l,
and the distance between A} and M}""" is upper bounded by 5", i.e., [ (AT"")T —
(MP")T|| < b}"'. We then have the following lemma.

3 Specifically, if there are two Lipschitz-continuous nonlinearities connected directly somewhere
in the stem, such as one max-pooling and one ReLU, we compose the two nonlinearities as one
single nonlinearity. The composition is well-defined, as the composition of two Lipschitz-continuous
nonlinearities is still a Lipschitz-continuous nonlinearity. The Lipschitz constant of the composition
function is the product of the Lipschitz constants respectively of the two nonlinearities. Additionally,
the composition would not limit any generality, as in our theory, different nonlinearities with the
same Lipschitz constant have the same influence on the generalization bound (this argument is
supported by Eq. (5.20) of Lemma 5.2, Theorem 5.7, etc.).
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Fig. 5.3 The 34-layer
ResNet under the Stem-Vine
Framework

V(47,51,1)

V(15191 N(50)

A N(51)

N(56 V(55,59,1) "
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Lemma 5.2 (Covering Number Bound for ResNet) For a ResNet R satisfies all
conditions above, suppose the hypothesis space is Hg. Then, we have

5 (b‘f*“*‘“)z||F,,<XT>T||%1

82
ue{l5,31,55} u,u+4,1

34 42 TNT (12
bill Faj—1(X7)" I3
+ : log(2W?
Z = g2W")
j=1 J
b2 F. XT T2
+ 34” 68(2 ) ||21

€70

log N(Hg, e, |- ) < 0g(2W?)

0g(2W?) , (5.20)

where N(Hg, €, || - ||) is the e-covering number of Hg. When j =1, ..., 16,

||F4j+l(X)||% §||X||2:012 12/)%]531 l_[ (pzzisgipgi-i—lsgi-&—l + 1)

I<i<j-—-1
i¢{4, 8 14}
4i—1,4i+3,1
H [021521P21+1S2z+1+( oA )] , (5.21)
I<i<j—1
i€{4,8,14}
and
1P O3 <UXIPpist [T (035303415541 + 1)
1<i<j
i¢{4,8,14)
4i—1,4i4+3,1\2
[T [s3rdasta+ 2] 62
I1<i<j
i€{4,8,14}
and specifically,

1Fss XT3 <IX1P08siod, [ (03530315500 +1)

1<i<16
¢[4,8,14)
4i—1,4i+3,1,2
1_[ [:021521/’21+152,+1 + (s ] . (5.23)
1<i<16
i€[4,3,14)

Also, when j =1, ..., 16,

e = +sop 4090y [] 10+ [T [@+ 14570
I<i<j-1 I<i<j-I1

i¢{4,8,14) i€{4.8,14)
(5.24)
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and

e =U+sDm [ [0+ [] [(*)+l+s?i_]‘4i+3‘]], (5.25)
l<i<j l<i<j

i¢{4,8,14} i€(4,8,14}
and foru = 15,31, 55,
Euuta,1 = &y (1 + slllt’u+4’1) . (526)

In above equations/inequalities,

& =1+ Dotz + Dpss [T 1 +11 JT [+t 1],

1<i<16 ic(4,8,14)
i¢(4.8,14)
(5.27)
and
(k) = p2i (52i + D) p2ig1(s2i41 + 1) . (5.28)

A detailed proof is omitted and will be given in Sect. 5.3.3.3.

5.3.2.3 Generalization Bound for ResNet

Lemma 3.2 guarantees that when the covering number of a hypothesis space is upper
bounded, the corresponding generalization error is also upper bounded. This lemma
provides a theoretical foundation for establishing generalization bounds based on the
covering number of the hypothesis space. By leveraging Lemma 5.2, which presents a
specific covering bound for ResNet, we can derive a concrete generalization bound for
this architecture. In this subsection, we summarize and formalize the generalization
bound as Theorem 5.7, providing a clear theoretical link between the complexity of
the hypothesis space and the expected generalization performance of ResNet.
For the brevity, we rewrite the radius &,;41 and &, ;44,1 as follows:

€241 1= E2j11 , (5.29)

Euutd,1 = é:u,u+4,18 . (530)

Additionally, we rewrite Eq. (5.20) of Lemma 5.2 as the following inequality:

R
IOgN(W, £, ” : ”) S

g2’

(5.31)
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where

bu 44,1 F XT
Re Y >2|| DM
ue{15,31,55) Cuuta,1

3 b2 Fy (XT3

Z J

g2W?)

b3, || Fes(XT
g(2W2)+M1

82]+1 €70

g2W?), (5.32)

Then, we can obtain the following theorem.
We first define the margin operator M for the k-class classification task as

MR x {1, ...k} > R, (v, y) > vy —mfxvi.
i#y

Then, ramp loss [, is defined as

0, X < —A
Lx)=414x/x, =A<x<0
1, x>0

Furthermore, the empirical ramp risk is defined as

1 m
Ry = — 3 L(=MF ), 3)-

i=1

Theorem 5.7 (Generalization Bound for ResNet) Suppose a ResNet satisfies all
conditions in Lemma 5.2. Suppose a given series of examples (x1, ¥1), - .., (X, Ym)
are arbitrary i.i.d. variables. Suppose hypothesis function Fz : R™ — R”L is com-
puted by a ResNet with weight matrices A= (Ay,..., A, A 15 19, 1, A?l 35, 1,
55 1) Then for any margin A > 0 and any real § € (O 1), wzth probability at

least 1 — 8, we have the following inequality:

A 8 36 log(1/6
Plargmax F(x); # ) = REF) + = + oVRlogm +3,/ 8 L (5.3
i m?2 m m

where R is defined as Eq. (5.32).

This generalization bound is established via the hypothesis complexity which
is measured by the covering number of the hypothesis space. This relationship is
characterised by Lemma 3.1. Intuitively, Lemma 3.1 follows the principle of Occam’s
razor, which demonstrates a negative correlation between the generalization ability
of an algorithm and its hypothesis complexity. Directly applying Lemma 3.1 with
the covering number bound (Theorem 5.6), we can obtain Theorem 5.7. A proof is
omitted here and will be given in Sect. 5.3.3.5.
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Indicated by Theorem 5.7, the generalization bound of ResNet relies on its cov-
ering bound. Specifically, when the sample size n and the probability § are fixed, the
generalization error satisfies that

Plargmax F(x); # y} — RA(F) = O («/ﬁ) , (5.34)

where R expresses the magnitude of the covering number (R/e? is an e-covering
bound).

Incorporating the characteristics applicable to any neural network within the stem-
vine framework, Eq. (5.34) provides two insights into the impact of residual con-
nections on neural network generalization capability: (1) The influence of weight
matrices on generalization remains invariant regardless of their location (stem or
vines); (2) The addition of an identity vine does not affect generalization. These
findings offer a theoretical rationale for ResNet’s equivalent generalization capabil-
ity compared to chain-like neural networks. This implies that the placement of weight
matrices within the network structure, whether in the stem or the vines, does not fun-
damentally alter the network’s capability to generalize. Additionally, the inclusion
of identity vines, which do not introduce additional transformations, maintains this
generalization capability without detriment.

As indicated in Eq. (5.33), the expected risk of ResNet, which corresponds to the
expectation of the test error, is composed of the sum of the empirical risk (training
error) and the generalization error. Notably, residual connections have demonstrated
aremarkable capability to reduce the training error of neural networks across various
tasks. Our findings provide a theoretical basis for understanding why ResNet exhibits
substantially lower test errors in these scenarios. This elucidates the underlying mech-
anism by which ResNet achieves superior performance by effectively mitigating
training error, leading to enhanced generalization ability in practical applications.

5.3.2.4 Practical Implementation

In addition to the sample size m, our generalization bound (Eq. (5.33)) highlights
a positive correlation with the norms of all weight matrices in the neural network.
Specifically, weight matrices with higher norms contribute to a higher generaliza-
tion bound, suggesting a potential trade-off with generalization performance. This
observation validates the importance of techniques such as weight decay, which aims
to regulate the norms of weight matrices to optimize generalization performance in
deep learning models. By controlling the norms of weight matrices, practitioners
can mitigate the risk of overfitting and enhance the model’s ability to generalize to
unseen data.

Weight decay, original introduced by Krogh and Hertz (1992), has become a
widely adopted regularization technique in the training of deep neural networks.
In the context of learning theory, weight decay involves augmenting the typical
training objective with an additional term that penalizes large weights. It involves
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adding the L, norm of all weights as a regularization term to the loss function during
training. This term penalizes large weight values, aiming to prevent overfitting by
discouraging complex model configurations that fit the training data too closely.
By constraining the magnitude of weight norms, weight decay promotes smoother
and more stable training dynamics, which often leads to improved generalization
performance on unseen data. This regularization method is particularly effective in
controlling model complexity and mitigating the risk of overfitting, contributing to
the robustness and stability of deep learning models.

Remark 5.2 The technique of weight decay can improve the generalization abil-
ity of deep neural networks. It refers to adding the L, norm of the weights
W = (Wi, ..., Wp) to the objective function as a regularization term:

/ 1 2
L(W) = LW) + EAZW,.Z :

i=1

where A is a tuneable parameter, £(W) is the original objective function, and £ (w)
is the objective function with weight decay.

The term %A Ziil Wi2 can be easily re-expressed by the L, norms of all the weight
matrices. Therefore, using weight decay can control the magnitude of the norms of
all the weights matrices not to increase too much. Also, our generalization bound
(Eq. (5.33)) provides a positive correlation between the generalization bound and the
norms of all the weight matrices. Thus, our work gives a justification for why weight
decay leads to a better generalization ability.

A recent systematic experiment conducted by Li et al. (2018c¢) studies the influence
of weight decay on the loss surface of the deep neural networks (Li et al. 2018c). It
trains a 9-layer VGGNet (Chen et al. 2017) on the dataset CIFAR-10 (Krizhevsky
and Hinton 2009) by employing stochastic gradient descent with batch sizes of 128
(0.26% of the training set of CIFAR-10) and 8192 (16.28% of the training set of
CIFAR-10). The results demonstrate that by employing weight decay, SGD can find
flatter minima®* of the loss surface with lower test errors as shown in Fig. 5.4 (original
presented as Li et al. (2018c¢), p. 6, Fig. 3). Other technical advances and empirical
analysis include (Galloway et al. 2018; Zhang et al. 2018b; Chen et al. 2018a; Park
et al. 2019).

5.3.3 Proofs of Section 5.3

This appendix compiles several proofs that were omitted from Sect. 5.3.2. First, we
present a proof establishing the covering bound for an affine transformation induced

4 The flatness (or equivalently sharpness) of the loss surface around the minima is considered as
an important index expressing the generalization ability. However, the mechanism remains elusive.
For more details, please refers to (Keskar et al. 2017) and (Dinh et al. 2017).
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s
106-675-050-0.25 0:00 0.35 030 035 108

(d) 5 x 1074, 8192,
10.19%

(e) 0, 128, 7.37% (f) 5 x 1074, 128,  (2)0,8192,11.07%  (h) 5 x 1074, 8192,
6.00% 10.19%

Fig. 5.4 Illustrations of the 1D and 2D visualization of the loss surface around the solutions
obtained with different weight decay and batch size. The numbers in the title of each subfigure
is respectively the parameter of weight decay, batch size, and test error. The data and figures are
originally presented in (Li et al. 2018c¢)

by a single weight matrix, which serves as a foundation for subsequent analyses.
Next, we provide a detailed proof of the covering bound for deep neural networks
within the stem-vine framework (Theorem 5.6). Additionally, we include a proof
demonstrating the covering bound specific to ResNet architectures (Lemma 5.2).
Finally, we provide a comprehensive proof of the generalization bound for ResNet
(Theorem 5.7). These proofs collectively contribute to a deeper understanding of the
theoretical underpinnings discussed in the main section.

5.3.3.1 Proof of the Covering Bound for the Hypothesis Space of a
Single Weight Matrix

In this subsection, we provide an upper bound for the covering number of the hypoth-
esis space induced by a single weight matrix A. This covering bound relies on Maurey
sparsification lemma (Pisier 1981) and has been introduced in machine learning by
previous works (see, e.g.,(Zhang 2002; Bartlett et al. 2017)).

Suppose a data matrix X is the input of a weight matrix A. All possible values
of the output XA constitute a space. We use the following lemma to express the
complexity of all XA via the covering number.

Lemma 5.3 (Bartlett et al.; see (Bartlett et al. 2017), Lemma 3.2) Let conjugate
exponents (p, q) and (r, s) be given with p < 2, as well as positive reals (a, b, €)
and positive integer m. Let matrix X € R"*? be given with 1 X1l, < b. Let Hy denote
the family of matrices obtained by evaluating X with all choices of matrix A:

Ha 2 {XA|A € RO |Allys < a} . (5.35)
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Then
a2b2m2"

logN (Hy, e, 1 - lI2) < = log(2dm) . (5.36)

5.3.3.2 Covering Bound for the Hypothesis Space of Chain-like Neural
Network

This subsection considers the upper bound for the covering number of the hypothesis
space induced by the stem of a deep neural network. Intuitively, following the stem
from the first vertex N (1) to the last one N (L), every weight matrices and nonlin-
earities increase the complexity of the hypothesis space that could be computed by
the stem. Following this intuition, we use an induction method to approach the upper
bound. The result is summarized as Lemma 5.1. This lemma is originally given in
the work by Bartlett et al. (2017). Here to make this work complete, we recall the
main part of the proof but omit the part for ¢.

Proof of Lemma 5.1 We use an induction procedure to prove the lemma.

(1) The covering number of the hypothesis space computed by the first weight
matrix A; can be straightly upper bounded by Lemma 5.3.

(2) The vertex after the j-th nonlinearity is N(2j 4 1). Suppose W>; 4 is an
e-cover of the hypothesis space H;; induced by the output hypotheses in the
vertex N(2j + 1). Suppose there is a weight matrix A directly follows the vertex
N(2j + 1). We then analyze the contribution of the weight matrix A ;. Assume that
there exists an upper bound s of the norm of A ;. For any Fy;41(X) € Haj+1,
there exists a W(X) € W, such that

[F2j+1(X) = W(X)|| < €2j41 - (5.37)

Lemma 5.3 guarantees that for any W(X) € W,;4 there exists an &;j-cover
W 42(W) for the function space {W(X)A 41 : W(X) € Wi, 1Ajnll < 5j41),
i.e., forany W/(X) € H;,1, there exists a V(X) € {W(X)A 41 : W(X) € Wa41,
1A 1]l < sj+1) such that

W/ (X) = VOO < e2j41 - (5.38)

As for any Fy; (X) € Hajio EAFj1(X)Aj11 : Faj(X) € Hojur, |Ajll <
c}, thereis a F2j41(X) € Hyj41 such that

Fy(X) = Fji(X)A 4 (5.39)

Thus, applying Egs. (5.37), (5.38), and (5.39), we prove the following inequality
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1501 (X) = VX =[1F2j41(X)A 11 — VX))l
SNF2j 1 (XA — WAl +H ITWXDAj 11 — VX
SF2j11(X) = WXOIAj1 Il + 2541
=Sj+182j+1 T €2j+1
=(Sj41 + Dégjqr - (5.40)

Therefore, UWe’Wz,H Wojra(W)isa (sj41 + 1)esj41-cover of Hyj1o. Let’s denote
(8j+1 + 1)e2j41 as &2j42. Apparently,

N eajia. - D= | Wajpa(W)| < [ Waj| - sup [ Waja(W)
WeWaj eWajt
NHojri a1, - 1) sup N (G, 201, - ll2j41)
(Ar,..,Aj)
Vj<j, AieB;
(5.41)
where

(x%) = {Aj+1F2j+1(X) tAjpr € Bj+1} .

Thus, N(Wajs1, €241, |- 1) - N(Wojia, €2j42, || - |I) is an upper bound for the
€2j+2-covering number of the hypotheses space H; ;.

(3) The vertex after the j-th weight matrix is N(2j — 1). Suppose W5;_; is an
&2j—1-cover of the hypothesis space H>;_; induced by the output hypotheses in the
vertex N(2j — 1). Suppose there is a nonlinearity o; directly follows the vertex
N(2j — 1). We then analyze the contribution of the nonlinearity o ;. Assume that the
nonlinearity o; is pj-Lipschitz continuous. Apparently, o; (‘W _1) isa pg;j_j-cover
of the hypothesis space o (H;_1). Specifically, for any F’ € o (H;_1), there exits a
F € Hyj_y that F' = o;(F). Since W5;_; is an &;;_;-cover of the hypothesis space
H,j_1, there exists a W € ‘W,;_; such that

|F— Wil <& . (5.42)
Therefore, we have the following equation

IF'—o;(Waj—Dll = lloj(F) — 0j(Wa;—) |l < pjIIF — Wa_ill = pjeaj_i .
(5.43)

We thus prove that W,; £ 0;(W,;_1) is a p;e2;—1-cover of the hypothesis space
0j(Hj—1). Additionally, the covering number remains the same while applying a
nonlinearity to the neural network.

By analyzing the influence of weight matrices and nonlinearities one by one, we
can prove Eq. (5.17). As for ¢, the above part indeed gives an constructive method
to obtain ¢ from all ¢; and ¢, ,, ;. Here we omit the explicit formulation of ¢ in terms
of & and ¢, ,, ;, since it could not benefit our theory. This completes the proof.
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5.3.3.3 Covering Bound for the Hypothesis Space of Deep Neural
Networks with Residual Connections

In Sect. 5.3.2.1, we give a covering bound generally for all deep neural networks with
residual connections. The result is summarised as Theorem 5.6. In this subsection,
we give a detailed proof of Theorem 5.6.

Proof of Theorem 5.6. To approach the covering bound for the deep neural networks
with residuals, we first analyze the influence of adding a vine to a deep neural network,
and then use an induction method to obtain a covering bound for the whole network.

All vines are connected with the stem at two points that is respectively after a non-
linearity and before a weight matrix. When the input F, (X) of the vine V (u, v, i) is
fixed, suppose all the hypothesis functions F: 5'” (X) computed by the vine V (u, v, i)
constitute a hypothesis space ‘H“;’”‘i . As avineis also a chain-like neural network con-
structed by stacking a series of weight matrices and nonlinearities, we can straightly
apply Lemma 5.1 to approach an upper bound for the covering number of the hypoth-
esis space H; " It is worth noting that vines could be identity mappings. This sit-
uation is normal in ResNet—there are 13 out of all the 16 vines are identities. For
the circumstances that the vines are identities, the hypothesis space computed by the
vine only contains one element—an identity mapping. The covering number of the
hypothesis space for the identities are apparently 1.

Applying Lemmas 5.3 and 5.1, there exists an &,-cover ‘W, for the hypothesis
space H, with a covering number N (H,, &, || - ||), as well as an &};"" -cover W
for the hypothesis space W“;‘”‘i with a covering number N (7-(5’”"', i |- 1D-

The hypotheses computed by the vine V(u, v, i) and the deep neural network
without V (u, v, i), i.e., respectively, F,(X) and F;"", are added element-wisely at
the vertex V (v). We denote the space constituted by all F’ L2 F(X)+ F\'ﬁ‘v'i (X) as
H;.

Let’s define a function space as ‘W, L (Ws+ Wy : Wy e W,, Wy € ‘W'f,’v’i}.
For any hypothesis F’ € ., there must exist an Fs € H, and Fy € Hi'"" such that

F'(X) = Fs(X) + Fy(X) . (5.44)

Because W, is an g,-cover of the hypothesis space H,,. For any Fs € H,, there
exists an element Wg, (X) € W,, such that

[Fs(X) = Wi (Xl < &, . (5.45)

u,v,i

Similarly, as Wy"" is an &' -cover of H(;""', we can obtain a similar result. For
any Fy(X) € H; "', there exists an element W, (X) € W™, such that

| Fy(X) — W, (X)|| < el®" . (5.46)
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Therefore, For any hypothesis F'(X) € H,, there exists an element W(X) € W',
such that W(X) = Wg(X) + W, (X) satisfying Egs. (5.45) and (5.46), and

I1F'(X) = WX)| =IIFv(X) + Fs(X) — W, (X) — Wr (X)) ||
<[[Fy(X) — Wg, (X + [ Fs(X) — W (X) ||
<e¥" te,. (5.47)

Therefore, the function space ‘W, is an (8"‘,’”’i + &,)-cover of the hypothesis space
H;. An upper bound for the cardinality of the function space ‘W is given as below

u,v,i

(it is also an &}, ™" + &,-covering number of the hypothesis space H,):

N(H,, ey +eu - 1) SIW, | < Wl - Wi

<sup N (Hy, &, || - ) - sup N(Hy ' g™ - 1)
F,,,7 Fu

<sup N, -sup Ni™" (5.48)
Fos F,

where N, and N, "ﬁ’"’i can be obtained from Eq. (5.17) in Lemma 5.1, as the stem and
all the vines are chain-like neural networks.

By adding vines to the stem one by one, we can construct the whole deep neural
network. Combining Lemma 5.1 for the covering number of F,_;(X) and F,(X),
we further prove the following inequality:

L
NH, e | )< 1_[ sup Nu(j+1) 1_[ sup Ny " . (5.49)

j=1"MD (u,v,i)ely "

Thus, we prove Eq. (5.15) of Theorem 5.6. As for ¢, the above part indeed gives
an constructive method to obtain & from all ¢; and ¢, ,, ;. Here we omit the explicit
formulation of ¢ in terms of &; and ¢, , j, since it could be extremely complex and
does not benefit our theory. The proof is completed.

5.3.3.4 Covering Bound for the Hypothesis Space of ResNet

In Sect. 5.3.2.2, we give a covering bound for ResNet. The result is summarized as
Lemma 5.2. In this subsection, we give a detailed proof of Lemma 5.2.

Proof of Lemma 5.2. There are 34 weight matrices and 35 nonlinearities in the stem of
the 34-ResNet. Let’s denote the weight matrices respectively as Ay, ... ,A34 and denote
the nonlinearities respectively as oy, ... , 035. Apparently, there are 34 43541 =
70 vertexes in the network, where 34 is the number of weight matrices and 35 is
the number of nonlinearities. We denote them respectively as N (1), ... , N(70).
Additionally, there are 16 vines which are respectively denoted as V(4i — 1,4i +
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3,1),i ={1,...,16},where4i — 1 and 4i + 3 are the indexes of the vertexes that the
vine connected. Among all the 16 vines, there are 3, V (15, 19, 1), V (31, 35, 1), and
V (55, 59, 1), respectively contain one weight matrix, while all others are identities
mappings. For the vine V(4i — 1,4i +3,1), i = 4,8, 14, we denote the weight
matrix in the vine as A‘l‘i_l’4i+3’l.

Applying Theorem 5.6, we straightly prove the following inequality:

34

log N(H, &, || - ) < Z sup log Naji1 + Z sup logN‘“,’”’1 . (5.50)
o Py Fu(X)

(u,v,i)ely
where N, is the covering number of the hypothesis space constituted by all outputs
F>j41(X) at the vertex N (2j + 1) when the input F>;_;(X) of the vertex N(2j — 1)
is fixed, N‘”j’v‘] is the covering number of the hypothesis space constituted by all
outputs F“,"”‘i (X) of the vine V (u, v, 1) when the input F,(X) is fixed, and Iy is the
index set {(4i — 1,4i +3,1),i =1, ..., 16}.

Applying Lemma 5.3, we can further prove an upper bound for the &, {-covering
number N>;41. The bound is expressed as the following inequality:

b§+1||F2j+1(XT)T||%

2
€2j+1

log Naj1 < log(2W?), (5.51)

where W is the maximum dimension among all features through the ResNet, i.e.,
W = max; n;,i =0, 1,..., L. Also, we can decompose || F2;11(X7)T |3 and utilize
an induction method to obtain an upper bound for it.

(1) If there is no vine connected with the stem at the vertex N(2j — 1), we have
the following inequality:

1F261 (XD 2 =lloj (A Fajt (XT)T = 0;(0) 12
<pjlAjFa (X" =0l
<pillAjllo - I1F2j1 (XD Iz . (5.52)

(2) If there is a vine V(2j —3,2j + 1, 1) connected at the vertex N(2j + 1),
then we prove the following inequality:

I F2j (XD 12 =lloj(Aj0;(A; Fojs (X)) + AY 24 Ry, (X7,
<lloj(A;0;(A; Fajs(XT) 2 + AT > Ry (X
<pilAjllopj-tlAj—tllo - | Faj—s(XT) |2

AT A R (XD
= (o114 o - 141l + 147251, )

| Faj—3(XD)T |5 . (5.53)
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Therefore, based on Eqgs. (5.52) and (5.53), we can prove the norm of output of
ResNet as in the main text.

Similar with N>, we can obtain an upper bound for the ¢, ,,1-covering number
N{;’”’l. Suppose the output computed at the vertex N (u) is F,(XT). Then, we can
prove the following inequality:

bu,u,l 2 Fu XT T2
by IR DT

2
Su,v,l

log Ni&-vt < g2W?) . (5.54)

Applying Eqgs. (5.51) and (5.54) to Eq. (5.50), we thus prove Eq. (5.20).

As for the formulation of the radiuses of the covers, we also employ an induction
method.

(1) Suppose the radius of the cover for the hypothesis space computed by the
weight matrix A; and the nonlinearity o is €3. Then, applying Eqgs. (5.40) and
(5.43), after the weight matrix A, and the nonlinearity o,, we prove the following
equation:

e3=(s2+ Dpoey . (5.55)

(2) Suppose the radius of the cover for the hypothesis space computed by the
weight matrix A;_; and the nonlinearity o;_; is &;_;. Assume there is no vine
connected around. Then, similarly, after the weight matrix A, and the nonlinearity
o, we prove the following equation:

&1 = pj(s; + Degjy . (5.56)

(3) Suppose the radius of the cover at the vertex N (i) is €;. Assume there is a vine
V(u, u + 4, 1) links the stem at the vertex N («) and N (u + 4). Then, similarly, after
the weight matrix A, and the nonlinearity o;, we prove the following equation:

€2j+1 =Eu42 (S% + 1) Pust + &y (Suusan + 1)
=g, (s% + 1) put (s%s + 1) pus + &, (su,u+4,1 + 1)

—¢, (si + 1) (si + 1) pect pucs + €4 (Suaat + 1) - (5.57)
From Egs. (5.55), (5.56), and (5.57), we can obtain the following equation

e =e1p1(51 + DpsaCsaa+ Dpzs [ [0 +1]
i¢is19)
1_[ [(* * %) + s?i_1’4i+3’1 + 1] , (5.58)
i€{4,8,14}

where
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Gk x %) = p2;(52; + D poig1(s2i41 + 1) . (5.59)

Combining the definition of a:

@ =pi(si+ Dpsalssa+ Dpzs [T 16w +1]

<i<16
i¢{4,8,14}

I1 [(* sk) gL 1] , (5.60)
ic(4.8,14)

we can obtain that
5.61)

&1 =

Qi| ™

Applying Egs. (5.55), (5.56), and (5.57), we can prove all &5, and gloutdl

The proof is completed.

5.3.3.5 Generalization Bound for ResNet

Proof of Theorem 5.7 We prove this theorem in 2 steps: (1) We first apply Lemma
3.2 to Lemma 5.2 in order to prove an upper bound on the Rademacher complexity
of the hypothesis space computed by ResNet; and (2) We then apply the result of (1)
to Lemma 3.1 in order to prove a generalization bound.

(1) Upper bound on the Rademacher complexity.

Applying Eq. (3.12) of Lemma 3.2 to Eq. (5.31) of Lemma 5.2, we can prove the
following inequality:

. da 12 (V™
R(H,|p) <inf (— + —/ ViIog N(Hip, e, || - |2)d8>
a>0\ /m m Ju

, ( 4o 12 (V" R )
< —de
&

4+ =
Vmoom

(4 12 Jm
<inf (ﬁ + ;\/ﬁlog 7) . (5.62)

Apparently, the infinimum is reached uniquely at ¢ = 3\/5 . Here, we use a simpler

and also widely used choice o = %, and prove the following inequality:

4 18
R(H|p) < — + —~/Rlogm . (5.63)

n2 m
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(2) Upper bound on the generalization error.
Combining with Lemma 3.1, we prove the following inequality:

) 8 36 Tog(1/6
P(arg max F(x); # y) < RA(F) + — + —~/Rlogm + 3,/% . (5.64)
! m?2 m m

The proof is completed.

5.4 Vacuous Generalization Guarantee in Deep Learning

Conventional statistical learning theory suggests that the hypotheses learned from
datasets of different sizes constitute a Glivenko-Cantelli class (Talagrand 1987; Dud-
ley et al. 1991): the learned hypothesis converges to the target hypothesis, i.e., the
generalization bound decreases, as the size of the training dataset increases. Surpris-
ingly, however, Nagarajan and Kolter (2019) reported that many classical uniform-
convergence generalization bounds may in fact increase with the training dataset size
for interpolators. This behavior is also echoed by the phenomenon of benign over-
fitting. In response to this work, Negrea et al. (2020) defended uniform convergence
by defining a new notion called the structural Glivenko-Cantelli property for learned
hypothesis sequences. They proved that (1) unregularized and overparameterized lin-
ear regression has a structural Glivenko-Cantelli surrogate hypothesis class and (2)
removing a few bits of information from a nonstructural Glivenko-Cantelli hypoth-
esis sequence can yield a sequence with the structural Glivenko-Cantelli property,
whose generalization bounds exhibit double descent. Zhou et al. (2020) proved that
consistency cannot be shown for any set by uniformly bounding the generalization
error in a norm ball. To address this, they proved that zero-error predictors exhibit
uniform convergence in a norm ball. Yang et al. (2021) presented an exact compar-
ison between the generalization error and the uniform-convergence generalization
bound in random feature models.
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Chapter 6 ®)
Stochastic Gradient Descent as an Gedar
Implicit Regularization

Overparameterization creates a colossal hypothesis space. Although Golowich et al.
(2018) have proved generalization bounds that have explicit independence on the
network size, some implicit dependence may be observed.

Stochastic gradient methods (SGMs) have been widely used for training deep
learning models. However, a key limitation of SGMs is their tendency to explore
only a limited portion of the entire hypothesis space. This limitation can be seen as a
form of implicit regularization, which constrains the effective capacity of the learned
model. Importantly, this constraint is influenced by both the specific SGM algorithm
and the training data.

By leveraging this inherent regularization of SGMs, researchers are exploring
the possibility of establishing algorithm-dependent and data-dependent generaliza-
tion bounds. This approach holds promise for surpassing the limitations of conven-
tional statistical learning theory, which often relies on bounds based on the Vapnik-
Chervonenkis (VC) dimension or Rademacher complexity. In essence, these new
bounds aim to capture the interplay between the chosen SGM, the training data, and
the model’s generalization ability.

6.1 Stochastic Gradient Methods (SGMs)

A natural tool for optimizing the expected risk is gradient descent (GD) methods.
Denote an estimator with parameter 6 by Fy. Specifically, the gradient of the empirical
risk in terms of the 7-th iteration parameters 6 (¢) can be expressed as

gO(1) = Vo R(B(1)) = Vo Ell (Fp) (X)), V)1,
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and the corresponding update equation is defined as follows:

0@+ 1) =0(r) —ng0()),

where 6(t) represents the parameters in iteration ¢ and n > 0 is the learning rate.

In SGD, the gradient g(#) is estimated from minibatches of the training sample
set. Let S be the index set of a minibatch, in which all indices are drawn in an i.i.d.
manner from {1, 2, ..., m}, where m is the number of training samples. Then, the
iterative process of SGD on minibatch § can be defined as follows:

. 1
8s(0(1)) =V Rs(0(1)) = I D Vol (Faw (), yn) (6.1)
nes
and
O+ 1) =0@1) —ng0)), (6.2)
where 1
Rs(0) = — Y " 1(Fo(xa), yn)

S|

nesS

is the empirical risk on the minibatch and |S| is the cardinality of the set S. For
brevity, we adopt the notation

l(FG(Xn)v Yn) = ln(e)

in the rest of this section.

Additionally, suppose that in step i, we represent the distribution of a parameter
by Q;, with the initial distribution being Q and the convergent distribution being Q.
Then, SGD is the process of finding Q by starting from Qg and proceeding through
a series of Q;.

6.2 Generalization Bounds on Convex Loss Surfaces

Intensive studies have been conducted on the generalizability of SGMs under both
continuous and convex losses.
Ying and Pontil (2008) proved a generalization bound of the following order for
2

a fixed learning rate of 1, ~ m ™ %+1:

o (miﬁ% logm) ,

where ¢ is a constant.
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Later, Dieuleveut and Bach (2016) improved this result to the following average
order when 2¢ + y > 1: v
o (m— ziiﬁ‘(‘zfi;'ly) .

Other related works include (Lin et al. 2016; Lin and Rosasco 2016; Chen et al.
2016; Wei et al. 2017). However, in deep learning, the loss surface is usually highly
nonconvex, which invalidates the previous results.

6.3 Generalization Bounds on Nonconvex Loss Surfaces

Results for nonconvex loss surfaces also exist in the literature. Related works include
analyses obtaining generalization bounds based on algorithmic stability and Probably
Approximately Correct (PAC)-Bayesian theory.

Algorithmic stability. Bousquet and Elisseeff (2002) proposed employing algo-
rithmic stability to measure the stability of the output hypothesis when the training
sample set is disturbed. Many versions of algorithmic stability have been proposed;
a popular one is presented as follows.

Definition 6.1 (Uniform stability; cf. Bousquet and Elisseeff (2002), Definition 6)
A machine learning algorithm (A is uniformly stable if for any neighbouring sample
pair S and S’ that differ by only one example, we have the following inequality:

[Eacs)!(A(S), 2) = Eas)l (AS), 2)| < B,

where z is an arbitrary example; A(S) and A(S’) are the output hypotheses learned
on the training sets S and §’, respectively; and 8 is a positive real constant. The
constant g is called the uniform stability of algorithm ‘A.

It is natural for an algorithm that is insensitive to disturbances in the training data
to have good generalizability. Following this intuition, several generalization bounds
have been proven based on algorithmic stability (Bousquet and Elisseeff 2002; Xu
etal. 2011). For example, based on uniform stability, (Bousquet and Elisseeff 2002)
proved the following theorem in relation to generalization in expectation.

Theorem 6.1 Let algorithm A be B-uniformly stable. Then,
Es Al Rs[AS)] = RIASI < B.

In recent works, SGMs have commonly been modelled in terms of stochastic
differential equations (SDEs). Minibatch stochastic gradients introduce randomness
into an SGM (i.e., a stochastic gradient can be decomposed into the stochastic esti-
mate of the full gradient plus noise). Therefore, the parameter updating in an SGM
can be formulated as a stochastic process. Thus, the output hypothesis is indeed
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drawn from the steady distribution of this stochastic process. We can ultimately
analyse the generalization and optimization of deep learning on the basis of this
steady distribution.

An SGM is usually formulated as shown in Egs. (6.1) and (6.2). The stochastic
gradient introduces extra noise into the parameter updating. When the gradient noise
can be modelled as a Gaussian distribution, the SGM reduces to stochastic gradient
Langevin dynamics (SGLD), expressed as follows (Mandt et al. 2017):

AO(t) =0+ 1) —0(t) = —ngs(O(t)) = —ngd) + \/%AW, AW ~ N(0, 1),

where 7 is the learning rate and 8 > 0 is an inverse temperature parameter.

Hardt et al. (2016b) proved the following upper bound for the uniform stability,
which is exponentially correlated with the aggregated step size and the smoothness
parameter.

Theorem 6.2 Suppose that the loss function is € -smooth, L-Lipschitz, and no larger
than 1 for all data. If we run an SGM with monotonically increasing learning rates
o; < c/t for T steps, then the SGM is uniformly stable with

B < M(zc[})ﬁTﬁ,
m—1
The proof of this theorem mimics a proof of convergence. Suppose that the loss
function [ is L-Lipschitz constant with respect to the weights for any example, i.e.,

l(w,2) — 1w, 2)] < Lw —w'|l.

In other words, the stability can be measured in terms of the stability of the weights.
Therefore, one can simply analyse how the weights diverge as a function of time ¢.
Generalization bounds depending on the learning rates and the number of iterations
can then be presented. Furthermore, we can easily drive a generalization bound based
on this theorem.

Under five additional assumptions, Raginsky et al. (2017) proved the following
upper bound for the expected excess risk:

2 2
é(ﬂ(ﬁ+U) 51/4log<1+€>>+(~)<(ﬂ+u) +U10g(,3+1))’
A € A +m B

s (BB (1
o (B e (7))

provided that
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€ 4
"= <log(1/e>> ’

where U is the number of parameters, m is the number of training samples, the
inverse temperature parameter satisfies 8 > 1V 2/m, A, is a factor that controls the
exponential rate of convergence of the SGM dynamics to the stationary distribution,
and k is the number of iteration; i.e., for any datum z and any parameter w, for some
m > 0and b > 0,

and

<w, Vh(w,z) ><mlw|*—b

€€ <0, 4% A e_é(f“fﬁ“)> :

The proof proceeds through three important steps:

(1) Convergence to Langevin Dynamics: Initially, we establish that with a suffi-
ciently small learning rate, the behavior of SGLD resembles that of a continuous-
time Langevin dynamic process under the 2-Wasserstein distance. This convergence
conceptually links discrete updates in optimization with continuous-time diffusion
processes, offering insights into the stability of parameter updates.

(2) Transition to Gibbs Distribution: As training progresses across numerous
epochs, the Langevin dynamics are shown to converge to a Gibbs distribution. This
transition signifies the establishment of a probabilistic equilibrium, providing a prob-
abilistic view of the model’s parameter space.

(3) Gibbs Algorithm Construction: Building upon these convergences, we con-
struct a Gibbs sampling algorithm designed to approximate an empirical risk mini-
mizer. This algorithmic approach encapsulates the theoretical insights into a practical
framework for model optimization.

Understanding these dynamics and their convergence to probabilistic distributions
is essential for grasping the optimization and generalization aspects of deep learn-
ing. However, it’s important to note that achieving stable convergence, particularly
towards stationary distributions, can be challenging and dependent on factors like
model complexity and model dimensionality (at the exponential rate).

A canonical mutual-information-based generalization bound has been given in

Xu and Raginsky (2017):
202
—1(S;0), (6.3)
m

where S is the training sample, 6 represents the model parameters, and the loss is
o-sub-Gaussian under the data distribution. This result arises from the following
result on the informational theoretical “stability” of a two-input function f (X, Y):

IF(X.Y) = f(X. V)| < V2021 (X Y),

and
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if f ()_( Y ) is sub-Gaussian under distribution P; 3 = Px x Py, where Px and Py
are the distributions of X and Y, respectively. Especially, noting that the mutual
information is calculated between the learned weights and all training data; it is an
“on-average” estimate of how much information has been transformed into the model
learned from the data.

Based on this result, Pensia et al. (2018) gave a generalization error bound for
SGLD,

, (6.4)

where the hypothesis is assumed to be R-sub-Gaussian, 7, is the learning rate in the
t-th iteration, L is the upper bound on the weight update A#,, and the gradient noise
is assumed to be N (0, afl ). This result was later extended by Bu et al. (2020):

e Suppose that the loss /(, z) is R-sub-Gaussian under z ~ p, where 6 represents
the model parameters, and u is the data-generating distribution. Then, the gener-
alization error has the following upper bound:

m

%Z\/ZRZI(G; z0), (6.5)

i=1

where z; is the i-th datum and m is the sample size.
e Suppose that the loss /(6, z) is R-sub-Gaussian under the following distribution:

P;:=Py®P,.

Then, the generalization error has the same upper bound expressed in Eq. (6.5).

In contrast with Xu and Raginsky (2017), Bu et al. (2020) proposed an “individual”
version of a metric to measure the information transformed into a model learned
from data; see Eq. (6.5), where the whole training sample S is replaced by individual
data 1(6; z;).

Mou et al. (2018a) modelled SGLD as Langevin diffusion dynamics and then
proved an O (1/m) generalization bound and an O (1 //m ) generalization bound for
SGLD via algorithmic stability and PAC-Bayesian theory, respectively:

e Algorithmic stability: Assume that C is an upper bound of the loss function, the

hypothesis is L-Lipschitz continuous, and the learning rate satisfies 1, < ‘;i? for

Vt; then, the generalization error has the following upper bound on average:

e (&)
0 7(/32:7,) : (6.6)

t=1

where N is the number of iterations.
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e PAC-Bayesian theory: Suppose that the empirical risk has a /,-norm regulariza-
tion on the weights, i.e., %HO 1%, and that the loss function is sub-Gaussian. Then,
there is the following high-probability generalization bound:

N
0 gZnke*%”N*T“E[ugk(ek)||2] :

k=1

where T, = Zf;l ni, B is the temporal parameter, and g (6;) is the gradient at
iteration k.

He and Su (2020) empirically showed that neural networks are locally elastic:
the prediction for an instance x’ given by predictor learned by SGD is not sensitive
to that of a dissimilar example x. This phenomenon inspired Deng et al. (2020) to
propose a localized version of algorithmic stability.

Definition 6.2 (Locally elastic stability; cf. Deng et al. (2020), Definition 1) A
machine learning algorithm A has locally elastic stability 8, (-, -) with respect to the
loss function / if, for any sample S € Z™,z; € S,and z € Z, the following inequality
holds:

[(A(S), 2) = I(ASY), 2)| < Bu i, 2).

This localized algorithmic stability leads to a tighter generalization bound.

Theorem 6.3 Let algorithm A have B, (-, -)-locally elastic stability. Suppose that
Izl <1 for any z € Z and that B, (-,-) = % where B(-,-) is independent of
the sample size m and ||B(-, -)|| < Mg. Then, for any 0 < § < 1 and n > 0, with
probability at least 1 — §, we have

REA(S)) = Ry(AS))|

2sup...~EB(Z, z , 21og(2/6
< 250Prez BAC )+2<2supEﬂ(z,z>+n+Ml>,/M.
m 77eZ m

Chen et al. (2018b) proved the existence of a trade-off between stability and con-
vergence for all iterative algorithms under either the convex smooth or the strong con-
vex smooth assumption, leading to an O (1/m) generalization bound. Other advances
include the works of (He et al. 2019; Tzen et al. 2018; Zhou et al. 2018; Wen et al.
2019; Li et al. 2019).
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6.4 Generalization Bounds Relying on Data-Dependent
Priors

In Bayesian statistics, prior distributions play a crucial role in encoding our beliefs or
expectations about model parameters before observing any data. Unlike conventional
machine learning algorithms that assume full understanding of the data, Bayesian
methods require us to specify priors independently of the training data. This ensures
that our models start with a neutral or uninformative stance regarding the underlying
data characteristics.

Common choices for priors in Bayesian inference include uniform distributions
(assigning equal probability to all possible values) or Gaussian distributions (assum-
ing a normal distribution of parameter values). These priors are often selected to
reflect minimal assumptions about the data, allowing the data itself to shape the
posterior distribution through Bayesian updating.

Importantly, Bayesian priors are designed to have diminishing influence as more
data is incorporated into the model during training. This property helps ensure that
the model’s performance improves based primarily on the observed data rather than
the initial prior assumptions.

Recent advances in probabilistic learning, such as PAC-Bayesian theory, aim to
extend traditional Bayesian principles to more complex scenarios, relaxing strict
assumptions about data-independent priors while preserving the theoretical under-
pinnings of Bayesian inference. This approach allows for a more flexible and nuanced
integration of prior knowledge and observed data in learning algorithms.

Distribution-dependent priors. In machine learning theory, distribution-
dependent priors are designed to leverage knowledge about the underlying data dis-
tribution without directly relying on the specific training dataset used. This concept
is rooted in the notion that the data-generating process and its distribution exist inde-
pendently of the actual training data collection (Lever et al. 2013). By incorporating
such priors, researchers aim to refine generalization bounds, which are fundamental
in assessing the theoretical performance and predictive ability of machine learning
models. Specifically, the utilization of distribution-dependent priors has been shown
to be able to considerably tighten the generalization bounds.

Following this line of reasoning, Lever et al. (2013) tightened the PAC-Bayesian
bound (see Theorem 2.7) to the following bound. Given any positive constant C,
there is that with probability at least 1 — § > 0, with respect to the drawn sample,
the generalization error is upper bounded as follows:

* 2
R(Q(h)) — C*Rs(Q(h)) < ¢ (M/ElOgM"FV—-HOg%),
Cm m ) 2m )

where Q(h) is the posterior of the learned model, with density

C

g(h) o eV RQW) £y — O(Jm), C* = —
—e

and y is a positive constant.
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Li et al. (2019) further designed a Bayes-stability framework to derive general-
ization bounds based on distribution-dependent priors. They tightened the result of
Mou et al. (2018a) (Eq. 6.6) to the following formula:

C d n?
Ol |Es [Zo—ggem} ,

=1 1!

where ;—51 is assumed as the gradient noise, C > 0 is the upper bound of the loss
function, T is the number of iterations, 7, is the step size at iteration ¢, and

1 m
8e(t) =Ey,_, |:E Y IVF(Wiy, Zt)||2i| :

i=1

Data-dependent priors. Negrea et al. (2019) further pushed the frontier of gen-
eralization bound analysis by constructing priors that are not independent of the data.
Suppose that set S; C S has a size of n < m. It is natural to design a prior exploiting
S; to derive a data-dependent forecast of the posterior Q. We denote this subset by
S; =A{zj,, ..., z;,}, where all indices constitute a set J. The index set J is randomly
drawn from {1, ..., m}. Suppose that we have the following generalization bound:

E”[RO) - Rs,0)] < B,

where Ii’s , 1s the empirical risk on the set S;, B > 0 is ¥ measurable, and ¥ is a
o-field such that o (S;) C ¥ Lo (59). Additionally, we denote by U the uncertainty
introduced by the machine learning algorithm. Negrea et al. (2019) proved the fol-
lowing theorem, which shows considerable improvement over the one given by Xu
and Raginsky (2017) (Eq. 6.3).

Theorem 6.4 LetJ C [m], |J| = n be uniformly distributed and independent of the
training sample set S and the model parameters 6. Suppose that the loss is o -sub-
Gaussian under the data distribution. When the posterior Q = P(0|S) and the prior
P are o (Sy)-measurable data-dependent distributions on the data space,

2

. 202 2
E[R®) - Rs®)] 5\/m T 10:59) < \/m “—EIKL(Q||P)]

Moreover, let U be independent of S and 6. When the posterior Q = P(0|S, U)
and the prior P are (S, U)-measurable data-dependent distributions on the data
space,

m-—n m-—n

2 2
E[R(e)—ks(m] 5\/ 20 IS-”U(9:53)§\/ 207 s U[KL(QIIP)].
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Further works following this approach include (Haghifam et al. 2020) in coop-
eration with (Steinke and Zakynthinou 2020; Dziugaite et al. 2020; Hellstrom and
Durisi 2020) and their applications (Cherian et al. 2020).

6.5 The Role of Learning Rate and Batch Size in Shaping
Generalizability

The last decade has seen the dramatic success of deep neural networks (Goodfellow
etal.2016) based on the stochastic gradient descent (SGD) optimization method (Bot-
tou et al. 1998; Sutskever et al. 2013). The task of fine tuning the hyper-parameters
of SGD to make neural networks generalize well is both critical and challenging.
Some works have addressed the strategies of tuning hyper-parameters (Dinh et al.
2017; Goyal et al. 2017; Keskar et al. 2017) and the generalization ability of SGD
(Chen et al. 2018b; Hardt et al. 2016b; Lin et al. 2016; Mou et al. 2018a; Pensia et al.
2018). However, there is still a lack of solid evidence to validate the effectiveness of
training strategies for tuning the hyper-parameters of neural networks.

In this section, we present both theoretical and empirical evidence for a more
effective training strategy for deep neural networks:

When employing SGD to train deep neural networks, we should ensure that the batch size
is not too large and the learning rate is not too low, to make the networks generalize well.

This strategy gives a guide to tune the hyper-parameters that helps neural networks
achieve good test performance when the training error is small. It is derived from the
following property:

The generalizability of deep neural networks has a negative correlation with the ratio of
batch size to learning rate.

Regardingtheoretical evidence, we proveanovel PAC-Bayes McAllester (1999a, b)
upper bound for the generalization error of deep neural networks trained by SGD.
The positive correlation between the proposed generalization bound with the ratio
between the batch size and the learning rate indicates that the generalizability of
neural networks is poor. This result builds the theoretical foundation of the training
strategy.

From the empirical aspect, we conduct extensive systematic experiments while
strictly controlling unrelated variables to investigate the influence of batch size and
learning rate on generalizability. Specifically, we trained 1,600 neural networks
based on two popular architectures, ResNet-110 (He et al. 2016a,b) and VGG-19
(Simonyan and Zisserman 2015), on two standard datasets, CIFAR-10 and CIFAR-
100 (Krizhevsky and Hinton 2009). The accuracies on the test set of all the networks
are collected for analysis. Since the training error is almost the same across all the
networks (it is almost 0), the test accuracy is an informative index to express the
model generalizability. Evaluation is then performed on 164 groups of the collected
data. The Spearman’s rank-order correlation coefficients and the corresponding p
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Fig. 6.1 Scatter plots of accuracy on test set to ratio of batch size to learning rate. Each point
represents a model. Totally 1,600 points are plotted

values (Spearman 1987) demonstrate that the correlation is statistically significant
(the probability that the correlation is wrong is smaller than 0.005), which fully
supports the training strategy (Fig. 6.1).

6.5.1 Theoretical Evidence

In this section, we explore and develop the theoretical foundations for the training
strategy. The main ingredient is a PAC-Bayes generalization bound of deep neural
networks based on the SGD optimization method. The generalization bound has a
positive correlation with the ratio of batch size to learning rate. This correlation
validates the effectiveness of the presented training strategy.

6.5.1.1 A Generalization Bound for SGD

Let/,(8) = [(0, x,) be the contribution to the overall loss from a single observation
Xn,n =1, ..., m. Apparently, both /,,(#) and R s(0) are un-biased estimations of the
expected risk R(0), while Vyl,(0) and g5(0) are both un-biased estimations of the
gradient g(0) = VyR(0):

E[L,©)] =E[Rs(®)| =R®), 6.7)
E [Vol, (0)] = E [85(0)] = 8(0) = VoR(®). 6.8)

where the expectations are in terms of the corresponding examples (X, Y).
An assumption (see, e.g., Weinan (2017); Mandt et al. (2017)) for the estimations

is that all the gradients { V[, (0)} calculated from individual data points are i.i.d. and
drawn from a Gaussian distribution centered at g(0) = V4, R(6):

Vol (0) ~ N(g(0), C). (6.9)
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where C is the covariance matrix and is a constant matrix for all 6. As covariance
matrices are (semi) positive-definite, for brevity, we suppose that C can be factorized
as C = BB for brevity. This assumption can be justified by the central limit theorem
when the sample size m is large enough compared to the batch size S.

Therefore, the stochastic gradient is also drawn from a Gaussian distribution
centered at g(6):

1 1
0p(0) = — Vel (0) ~ N 0), —C|. 6.10
$5(0) |G|MZGO<> (g<>|G| ) (6.10)

SGD uses the stochastic gradient g () to iteratively update the parameter 6 to
minimize the function R(0):

. n
AO@M) =0(t+1)—0(t) = —ngcO1) = —ng®) + —=BAW, AW ~ N(0, I).
() =0@+1) —0@) =-ngc @) = —ng®) Vil ((6)11)

Equation (6.11) expresses a well-known stochastic process called the Ornstein-
Uhlenbeck process (Uhlenbeck and Ornstein 1930).

Furthermore, we assume that the loss function in the local region around the
minimum is convex and 2-order differentiable:

1
R() = zeTAe, (6.12)

where A is the Hessian matrix around the minimum and is a (semi) positive-definite
matrix. This assumption has been primarily demonstrated by empirical works (see
Lietal. (2018c, p. 1, Figs. 1(a) and 1(b) and p. 6, Figs. 4(a) and 4(b))). Without loss
of generality, we assume that the global minimum of the objective function R(6) is
0 and achieves at & = 0. General cases can be obtained by translation operations,
which would not change the geometry of objective function and the corresponding
generalization ability.

From the results of Ornstein-Uhlenbeck process, Eq. (6.11) has an analytic sta-
tionary distribution:

q(0) = M exp {—%eTz—le}, (6.13)

where M is the normalizer (Gardiner 1985).

This assumption that the local minima are convex and 2-order differentiable has
been primarily proved by empirical works (see Fig. 6.2 which is originally presented
in a recent work by Li et al. (2018c, pp. 1, Figs. 1(a) and 1(b) and pp. 6, Figs. 4(a)
and 4(b))).

Estimating SGD as a continuous-time stochastic process dates back to works by
Kushner and Yin (2003); Ljung et al. (2012). For a detailed justification, please refer
to a recent work [see Mandt et al. 2017, pp. 6-8, Sect. 3.2].

The generation bound we obtained is based on the PAC-Bayesian framework that
dates back to works by McAllester (1999a,b). From the PAC-Bayesian perspec-
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Fig. 6.2 The risk surfaces -
with/without skips (Li et al.
2018c)

(a) ResNet-56 with skips (b) DenseNet (112 layers)
with skips

tive, the hypothesis function learned by a stochastic machine learning algorithm is
drawn randomly (but still governed by several “laws”) from the hypothesis class.
The generalizability of an algorithm refers to its ability to perform well on unseen
data beyond the training set. In the context of machine learning, this property is
negatively impacted by the divergence (measured by Kullback-Leibler divergence)
between the distribution of the output hypothesis and the prior distribution used in
Bayesian methods. Essentially, when the output distribution diverges significantly
from the prior distribution (which is often assumed to be Gaussian or uniform), the
algorithm may struggle to generalize effectively to new, unseen data. This trade-off
highlights the challenge of balancing empirical risk minimization with the need to
explore diverse areas of the hypothesis space defined by the prior distribution.
Suppose the prior distribution over the parameter space ® is P. Let Q represent
the distribution on the parameter space ® expressing the learned hypothesis function.
‘We then define the expected risk with respect to the distribution Q is shown as follows

R(Q) = Egp~oR(6).
Similarly, the empirical risk with respect to the distribution Q is defined as
Rs(Q) = Eg~oRs(0).

Then, a classic result uniformly bounding the expected risk R(Q) in terms of the
empirical risk Rg(Q) and the KL divergence K L(Q]||P) is as follows.

Lemma 6.1 (see (McAllester 1999a), Theorem 1) For any positive real § € (0, 1),
with probability at least 1 — & over a sample of size m, we have the following inequal-
ity for all distributions Q:

KL(Q||P) +log } +logm +2

6.14
1 ; (6.14)

R(Q) <Rs(Q) +\/

where K L(Q||P) is the KL divergence between the distributions Q and P and is
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Q(9)>
P@®))

KL(Q|IP) =Epg <10g (6.15)

We derive a generalization bound for SGD with considerations to simplify tech-
nical aspects for clarity. In this context, we avoid delving into complex issues related
to measurability and integrability to keep the discussion succinct and accessible.
We also rely on Fubini’s theorem to facilitate integration across multiple variables,
assuming that the order of integration can be interchanged. Additionally, we assume
the existence and uniqueness of stable (stationary) solutions for all stochastic differ-
ential equations involved.

Theorem 6.5 For any positive real 5§ € (0, 1), with probability at least 1 — § over
a training sample set of size m, we have the following inequality for the distribution
Q of the output hypothesis function of SGD:

str(CA~") — log(det(X)) — d + 2log (1) + 2logm + 4

21G]
dm — 2

R(Q) < Rs(Q) +\/

(6.16)
and "
YA+ AY = EC, (6.17)

where A is the Hessian matrix of the loss function around the local minimum, B is
from the covariance matrix of the gradients calculated by single sample points , and
d is the dimension of the parameter 6 (network size).

The proof of this generalization bound involves two key steps that draw upon con-
cepts from SDEs and the PAC-Bayes framework. (1) We use SDE results to identify
the stationary solution of the latent Ornstein-Uhlenbeck process described by Eq.
(6.11), which captures the iterative update process of SGD. This step helps establish
the behavior and stability of SGD over time. (2) We adapt the PAC-Bayes framework,
which is a theoretical framework for generalization analysis in machine learning, to
derive the generalization bound based on insights gained from the stationary dis-
tribution identified in the first step. The PAC-Bayes framework allows us to reason
about the performance and predictive ability of SGD in terms of its convergence to
a stable solution and its ability to generalize well.

To prove 6.5, we first present the following lemma.

Lemma 6.2 (cf. (Mandt et al. 2017), pp. 27-18, Appendix B) Under the 2-order
differentiable assumption (Eq. 6.12), the Ornstein-Uhlenbeck process (Eq. 6.11)’s
stationary distribution,

1 i
q(9)=Mexp{—§9 b 9}, (6.18)

has the following property,
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AT + TA = %c. (6.19)

Here, we recall the proof to make this section complete.

Proof Form a result in Ornstein-Uhlenbeck process (Gardiner 1985), we know that
the parameter 6 has the following analytic solution,

0(t) = 0(0)e ™ + /%' / e A= BAw (1), (6.20)
0

where W (') is a white noise and follows N (0, I). From Eq. (6.18), we know that
X =Eopo[007]. (6.21)

Therefore, we complete the proof by the following equation,
t t
AT + A =% / A= A0 Com AU gy 4 % / AU Com AU df’ A

_ I%I / ' % Ao~ AU—10) 0 p=At—10) _ I%IC' (6.22)
—00

Proof of Theorem 6.5 In the PAC-Bayesian framework (Lemma 6.1), an essential
part is the KL divergence between the distribution of the learned hypothesis and
the priori on the hypothesis space. The prior distribution can be interpreted as the
distribution of the initial parameters, which are usually settled according to Gaussian
distributions or uniform distributions.! Here, we use a standard Gaussian distribution
N(0, I) as the priori. Suppose the densities of the stationary distribution Q and the
prior distribution P are respectively p(8) and g (@) in terms of the parameter 6 in the
following equations:

! In scenarios where there is limited prior knowledge about latent model parameters, it is common
practice to set priors as distributions that convey minimal information, such as Gaussian or uniform
distributions. This choice is driven by the following two primary considerations. (1) Algorithms
based on Bayesian statistics are expected to converge to stationary distributions given sufficient
time and data. The existence and uniqueness of these stationary solutions are assumed based on the
latent stochastic differential equation governing the iterative process. This assumption provides a
theoretical foundation for the convergence of Bayesian algorithms, ensuring that the learned model
stabilizes over time. (2) Setting priors requires caution because we cannot assume prior knowledge
about the target hypothesis function before initiating model training. Therefore, the choice of non-
informative priors ensures that the learning process remains unbiased and adapts to the available
data without undue influence from assumed prior beliefs. This approach is fundamental in statistical
learning theory to avoid overfitting and to facilitate robust generalization to new, unseen data.
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p(0) = —leTw} , (6.23)

1
27 det(1) exp { 2

N
mexp{ 20 z 9}, (6.24)

where Eq. (6.24) comes from Eq. (6.18) by calculating the normalizer M. Therefore,

@ —l ! 1 Trg _pTy-1
log(P(9)>_210g<det(2)>+2(9 16-0T57'). (629

Applying Eqgs. (6.25) to (6.15), we can calculate the KL divergence between the
distributions Q and P (we assume ® = R?):

(%
KL(QI|P) =/ log (ﬁ>q<9)de
0€0 p(@)

= l —1 l Trg — Tyl
_/ee@ |:210g<det(2)>+2(0 16 -6 % 9)}q(9)d9

q©) =

l1 ! +1/ 0" 16p(6)do lf 0Tz 10g(6)do
=—10 — —_ =
2 g det(X) 2 Joco P 2 Jrisi a
11 ! + 1IE 0716 1E 0T g
=—lo —Kg~ — =Ko~
3 g det(T) ) H~N(0,X) 3 H~N(0,X)
11 ! + lt (T -1) (6.26)
=—log| ——=— —tr(X — 1). .
2 2 \dermy ) T 2
From Eq. (6.19), we have that
AY+3A=Lc. (6.27)
|G|
Therefore,
ATA 43 = |Z—|CA_1. (6.28)

After calculating the trace of the both sides, we have the following equation,

tr(ASA™' + %) = tr(%CA_l>. (6.29)

The left-hand side (LHS) is as follows,

LHS =tr (AZ