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Preface

Over the decades, significant advances have been made in the field of multi-robot
system research, encompassing various applications such as unmanned aerial vehi-
cles (UAVs), unmanned surface vehicles (USVs), and autonomous ground vehi-
cles (AGVs). Compared to a single robot, multi-robot coordination offers higher
efficiency, greater robustness, broader operational ranges, and improved resilience,
making it increasingly vital in various industrial and civil applications. One of the
interesting problems in multi-robot coordination is multi-robot coordinated fencing,
which governs a team of robots to form a protective formation around a target, has
drawn significant attention, and proved to be useful in practice such as strategic
defense and cargo transportation. However, real-world applications often involve
complex target characteristics, such as varying dynamics and multiple targets, which
can lead to failures in maintaining the fence missions. Additionally, due to sensor
costs and environmental constraints, some robots may only have access to direc-
tional constraint information, which further intensifies challenges to the coordinated
fencing.

To this end, this monograph systematically introduces the current theoretical and
practical progress for designing coordinated multi-robot fencing control algorithms
and their applications to unmanned vehicles, which can help the readers have an
overview and understand the research lines and future directions of coordinated
fencing. The readers can benefit from learning how to formulate the practical fencing
mission into amathematical problem, and how to design the theoretical controller for
practical applications with rigorous guarantees. Overall, the monograph is divided
into three parts.

Firstly (Chap. 1), we introduce the background of multi-robot systems and USV
swarms. We then dive into related works on coordinated fencing control, catego-
rizing them into two research directions, namely trajectory fencing and convex-
hull fencing. Along these research lines, we present the necessary tools for the
convergence analysis later. Finally, we outline the structure of the entire monograph.

In the first part (Chaps. 2–5), we introduce the basic fencing control via neigh-
boring angle repulsion for a constant-velocity target in Chap. 2, which lays a ground-
work for investigating complex coordinated fencing in the following chapters. Next,
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vi Preface

we design a coordinated controller using input-to-state stability in Chap. 3, achieving
complex fencingwith an evenly rotating formation. InChap. 4,we leverage the output
regulation theory to tackle a more complex fencing problem with a varying-velocity
target. Finally, in Chap. 5, we propose a formal long-term task execution framework,
which can handle the general fencing missions for a target in both 2D and 3D.

In the second part (Chaps. 6–7), we address the multiple-target scenario. Specif-
ically, we propose an adaptive fencing controller to govern a team of robots to form
a large circle, ensuring that the smaller circle formed by the targets is fenced by the
robot group in Chap. 6. Then, in Chap. 7, we consider a more challenging scenario
where the targets can be scattered, where we propose a flexible subgrouping and
ordering methodology to fence the scattered targets in challenging environments
flexibly.

In the third part (Chap. 8), we introduce a bearing-only fencing controller to
accomplish the coordinated target-fencingmission.Unlike the previous chapters (i.e.,
Chaps. 2–7) relying on the relative position or distance between the robot and target,
such a bearing-only approach only requires comparatively inexpensive sensors, such
as pinhole cameras and wireless sensor arrays. While this method can be applied to
large-scale systems, it inevitably induces more challenging issues due to bounded
bearing errors.

Finally (Chap. 9), we summarize the entiremonograph and outline potential future
directions.

As a professional reference monograph, this book covers various cooperative
fencing research topics, benefiting readers with varying levels of expertise in broad
fields such as multi-robot cooperation, fencing control theory, unmanned vehicle
formation, and control engineering. It is an invaluable resource for professional
researchers, graduate students, university faculty, and others. This book will help
readers systematically study the related fencing theory and its applications to different
unmanned vehicles.

This book consists of various works during my previous research period, as well
as my supervisor, cooperators, and groupmembers, with whomwe have worked over
the years and have made it possible. Special thanks would first go to my supervisor
Hai-Tao Zhang for his detailed guidance. We are also grateful to Prof. Zhiyong Chen
for his outstanding mathematical skills and rigorous requirements for my work.
Thanks for the guidance of Prof. Jun Wang from Hong Kong City University. We
are also grateful to all the group members of the Intelligent Manufacturing and Data
Science Laboratory (IMDS), especially Haofei Meng, Bin Liu, Bowen Xu, Jianing
Ding, Fulong Hu, Yaozhong Zheng, Yifan Hu, etc., for the constant feedback and
support. Then, we thank Jingying Chen, and Niraja Deshmuk in the publication team
at Springer for her assistance. Finally, sincere thanks to our beloved families for their
support all the time.
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Chapter 1
Introduction to Coordinated Multi-robot
Fencing Control

1.1 Background

In the past decades, the coordination of multi-robot systems has attracted a great deal
of attention due to its low cost, high efficiency, large range, and strong robustness [1].
Technically speaking, the fundamental theory of the coordination of multi-robot sys-
tems is swarm intelligence, which was initially inspired by observing the common
characteristics of group behaviors in nature to reveal their underlying mechanisms
and principles. As shown in Fig. 1.1, complex behaviors such as the coordinated
flight of bird flocks during migration, collective evasion of fish schools in the face
of threats, collaborative transport by ant colonies during foraging, and cooperative
work of bee swarms in nest building have all inspired swarm intelligence research.
As for the word “swarm intelligence”, it originates from [2], where the scientist Ger-
ardo first discussed how the behaviors of swarms and other social insects inspired
robotic control strategies based on multi-agent systems. Then, Eric further intro-
duced the modeling and algorithm design of swarm intelligence and the potential and
advantages of applying swarm intelligence algorithms in artificial systems, including
robotics, distributed sensor networks, and optimization problems [3].

Initially, the research on swarm intelligence mainly focused on the theoretical
mechanism modeling of the swarm behaviors, which involves approximating the
rapid aggregation and dispersion of animal groups using network rules or differential
mathematical equations. As early as 1986, the computer scientist Reynolds et al.
first proposed the three basic rules of swarm groups: “repulsion”, “aggregation”, and
“speed matching”, and reproduced this groundbreaking swarm behavior through
computers [4], which has also become a classic rule widely accepted and adopted
by many scholars. Later, Vicsek et al. introduced the Vicsek model for self-driven

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2025
B.-B. Hu and H.-T. Zhang, Multi-Robot Systems, Cognitive Intelligence and Robotics,
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Fig. 1.1 Swarm behaviors in the natural world. a Bird flocking. b Fish schooling. c Ant colony. d
Bee swarm

particle systems to study the behavior and phase transitions of particle groups [5, 6].
Couzin et al. further proposed the Couzin model, which considers three interaction
rules: repulsion, alignment, and attraction, simulating the effects of limited visual
perception [7]. Then, Andrea and Giorgio et al. applied the spin model to the study
of starling flocks, revealing the relationship between the group dynamics and spin
models [8]. With the development of robotics, the research on swarm intelligence
has gradually moved toward experimental validation, which attempts to simulate and
replicate certain behaviors of biological swarms using actual robots. For instance,
Radhika et al. [9] from Harvard University studied a large-scale self-organizing
robotic system, where they used small, affordable 2D robots called Kilobots for
communication and coordinated formation to mimic the complex swarm behaviors
in nature. Additionally, Tamas et al. [10] used drone swarms to simulate swarm
behaviors in constrained environments, while Xing Zhou et al. considered the swarm
behaviors of drones in more complex, dense environments [11]. Furthermore, Zhang
et al. implemented the swarm cooperative control strategies on water surfaces using
multi-unmanned-surface vehicle (USV) systems.

Meanwhile, due to the increasingly complex tasks, the coordination of unmanned
vehicles has attracted agreat deal of attention. For instance, as a new typeof intelligent
maritime platform, unmanned surface vessels (USVs) can possess advantages such as
recyclability, low cost, strong maneuverability, and long-term operation [12]. In this
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Fig. 1.2 Different application areas of our self-established USVs. a HUSTER-12 USV: River
exploration. bHUSTER-16USV: Seafloormapping. cHUSTER-30USV:Hydrographic surveying.
d HUSTER-68 USV: Ocean surveying

way, such kinds of USVs have gradually played an important role in various appli-
cations such as intelligence surveillance, precision strikes, resource exploration, and
water quality monitoring and regulation [13–16]. As shown in Fig. 1.2, we illustrate
different types of our self-established USVs. Due to the limited payload capacity of
a single USV, a natural idea is to develop the coordination of USVs, which can offer
advantages such as high efficiency, wide coverage, large scale, robustness, and strong
mobility, and boost tremendous potential for future applications. From the perspec-
tive of cutting-edge theory, the journal Science’s publication titled “The Power of
the Crowd” [17] also emphasizes the need to combine collective intelligence with
machine performance to address rapidly growing human challenges. In summary, the
research of combining swarm control technologies with USV swarm will contribute
to the further development and utilization of marine resources, which can effectively
enhance efficiency and coverage in target protection. However, in various practical
applications, there exist some complex target characteristics such as varying dynam-
ics and multiple targets, which can lead to failures of coordinated fencing missions.
Moreover, due to sensor costs and environmental constraints, USVs may only obtain
directional constraint information, posing challenges to coordinated fencing.
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To this end, it is an urgent mission to address the aforementioned challenging
issues of complex target dynamics and sensor constraints and incorporate the con-
trol algorithm design with practical applications for coordinated fencing control of
unmanned vehicles.

1.2 Related Works

In this section, we will systematically present the research line of the previous
coordinated fencing works.

First of all, the theoretical support for the coordinated fencing of multi-robot
systems originates from the multi-agent control theory [18–20], which has been
extensively studied in the past decades. With the continuous emergence of research
hotspots, an increasing number of scholars have devoted themselves to relevant
research in this field, which has further promoted the rapid development of multi-
agent theory and swarm theory [21, 22], such as unmanned systems [23–25],
distributed sensor networks [26–28], mobile industrial robots [29–31], and smart
grid [32–34]. Among them, coordinated formation, as one of themost active research
areas in recent years, has been fully explored and a large number of research works
have emerged. According to different methodology mechanisms, the research direc-
tions of collaborative formation include leaderless formation method [35, 36] and
leader–follower formation method [37, 38], respectively.

In leaderless formation, the group of agents does not predefine an agent as the
“leader”, whereas all the agents mainly form and track the desired formation through
interactions between neighboring agents [39, 40]. This greatly facilitates the redun-
dancy and fault-tolerant design of the controller, making the formation system more
robust in practice. However, in leader–follower formation, agents are usually divided
into two groups, namely the leader group and the follower group, respectively. In
such kind of a framework, in addition to interacting with the neighboring follower
agents, the follower agent also needs to interact with the leader agent to ultimately
achieve the desired formation [41, 42].

When the coordinated formation becomesmore complex, the leader–follower for-
mation algorithm has evolved many interesting new branches, among which the con-
tainment control problem [43] and the fencing control problem [44] are two typical
representatives. Generally speaking, containment control mainly involves coopera-
tively controlling the follower agents to be contained by the convex hull formed by
the leader agents whereas keeping maneuvering. Essentially, the core problem is still
similar to the consensus problem, where the main application scenarios include haz-
ardous materials handling, search and rescue, and collaborative transportation [45].
For instance, a group of heterogeneous robots needs tomove fromone area to another,
but only a small number of them are equipped with advanced detection equipment
that can detect dangerous obstacles around them. Usually, the small number of robots
is defined as the leader group, and the rest of the robots are defined as the follower
group. Then, by detecting obstacles, the leader group can form a safe moving area
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Fig. 1.3 Illustration and representative methods of the trajectory and convex-hull fencing

(convex hull), and the containment controller will govern the follower robot group
to enter the safe area and move with it. Finally, the robot groups can safely arrive
at another specified area. In recent years, containment control has been widely stud-
ied, mainly including first-order systems [46], second-order systems [47], complex
unmanned systems, etc. [48].

In contrast, the corresponding fencing control is to collaboratively governmultiple
follower agents to fence and protect the leader agent(s) [44], which can be regarded as
an inverse problem of containment control. Compared with the containment control,
the fencing control is more closely integrated with the unmanned vehicle swarm
and has a wider range of practical usage. According to different fencing strategies,
the fencing control is approximately divided into trajectory-fencing and convex-hull
fencing methods, where some illustrative examples are given in Fig. 1.3. To proceed,
we will introduce the related works of these twomethodologies in the following part.

(i) Trajectory-Fencing Scenario: For the trajectory-fencing control algorithms,
the core idea is to drive a group of agents to encircle a target using rotating trajec-
tories [49]. In recent years, there has been extensive research on trajectory-fencing
algorithms. Marshall et al. [49] first proposed a formation algorithm based on the
cyclic pursuit principle to fence a stationary target. Kim et al. [50] proposed a 3D dis-
tributed cyclic pursuit controller to form a predefined tracking formation and fence a
moving target. Guo et al. [51] proposed a distributed motion target-fencing method
based on relative neighboring positions. Zheng et al. [52] designed a bearing-only
controller, which is capable of fencing both point targets and disk-shaped targets.
However, the above works [49–52] assume that target information is available to all
agents, which is limited by the theoretical bottlenecks. Subsequently, many scholars
have further investigated a more practical scenario where target information is par-
tially available to some agents. In this endevator, Sharma et al. [53] proposed a robust
fencing controller based on partially received target information. Yu et al. explored
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various scenarios including fixed directed topologies [54], switching topologies [55],
and limited individual target velocities [56], and designed cooperative fencing con-
trollers for the affine systems. Shi et al. [57] studied scenarios where information
about multiple stationary targets is partially known. Dou et al. [59] considered the
moving target estimation and collision avoidance, and proposed a cooperative fencing
strategy based on output regulation theory. To reduce costs and better match practical
conditions, Dou et al. [58] investigated a bearing-only distributed target localization
and designed cooperative fencing strategies for unknown targets. Yang et al. [60]
further studied the single target-fencing formation under more complex conditions.

However, due to practical application limits, the aforementioned fencing works
[49–60] still focused on simple first-order or second-order linear systems and have
not yet been integrated with complex real-world systems. In recent years, a series
of fencing formation works with unmanned vehicles have emerged. For instance,
Dong et al. [61, 62] studied the time-varying formation strategies for multiple UAVs
cooperating in fencing tasks. Peng et al. [63, 64] investigated target-fencing strategies
with multi-USV systems. It is still worth mentioning that the existing works only
focused on a single USV fencing a single moving target, whereas the multi-USV
fencing problem remains an open problem.

(ii) Convex-Hull Fencing Scenario: Despite the previous trajectory-fencing
methods employing agents’ motion trajectories to fence a target, they cannot rigor-
ously guarantee that the target is continuously fenced all along from a mathematical
view. Therefore, it motivates another direction of the convex-hull fencing methods.
Unlike trajectory fencingwhich relies on trajectories, the convex-hull strategy strictly
fences a target at everymoment using the convex hull formed by all agents.Moreover,
the convex-hull fencing algorithms can be further categorized into basic and complex
fencing according to their missions and the complexity of the target dynamics.

The basic fencing tasks typically involve a straightforward scenario of the fence
tasks with simple target dynamics like stationary or uniformly moving targets. These
tasks have strong engineering backgrounds and relatively straightforward practical
applications, leading to numerous research advancements in recent years. Liu et al.
[65] proposed a cooperative hierarchical fencing strategy based on output regulation
theory, which achieves the cooperative encirclement of a static target. Furthermore,
Chen [66] introduced a new cooperative fencing controller incorporating attraction,
repulsion, and rotation, which is capable of fencing a stationary target without a
predefined radius. Inspired by this work, Kou et al. [67] extended these concepts to
moving targets, designing an integrated estimation-control structure to achieve fenc-
ing. Notably, the cooperative formations exhibited interesting patterns of translation
and rotation depending on whether individual repulsion functions were added to the
estimator or not. The work by Kou et al. [67], focusing on first-order linear systems,
is relatively uncommon in practical engineering. Subsequently, this research was
extended to encircling moving targets with second-order linear multi-agent systems,
yielding similar conclusions [68].

However, since the basic fencing strategies are only limited to simple tasks that
cannot deal with dynamic and complex environments, more researchers have turned
their focus toward complex fencing tasks, such as complex formation patterns, a
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varying-velocity target, and multiple targets, which are more suitable for environ-
ments with diverse and challenging dynamics. Wang et al. [69] designed a fencing
strategy based on limit cycles to fence moving targets, capable of forming circular
formations. Xu et al. [70] studied multi-agent fencing strategies for moving targets
under input saturation conditions. Chen et al. [44] proposed an integrated estimation-
control framework using connected topologies to fence multiple stationary targets
with multiple agents. Shi et al. [71] further considered multi-target fencing with
second-order linear systems. To align with practical engineering needs, Shoja et al.
[72] extended these concepts to nonlinear and non-identical multi-agent systems,
devising adaptive control strategies accordingly. Later, Li et al. [73] introduced a
continuousmulti-target estimator and designed a corresponding fencing strategy. For
even more complex dynamic systems, Li et al. [74] developed cooperative fencing
controllers based on Lagrangian multi-agent systems, ensuring collision avoidance
among agents.

In summary, among the aforementioned research works, numerous scholars glob-
ally have conducted extensive theoretical studies on cooperative fencing control prob-
lems, where the convex-hull cooperative fencing control algorithm stands out for its
theoretical ability to guarantee the effectiveness and success rate of fencing in prac-
tice. However, due to its relatively late inception, many related studies are primarily
focused on the basic fencing involving first-order and second-order linear systems,
which have yet to integrate complex nonlinear system models in practical engineer-
ing scenarios. Furthermore, the issues of collision avoidance, complex motion target
characteristics, formation control, and sensor limitation commonly encountered in
practical engineering have not been fully addressed as well. Moreover, the majority
of these studies remain in simulations and lack real-world experimental validation,
thereby presenting challenges in demonstrating algorithm reliability. Despite some
studies considering more practical and complex fencing tasks, they only focus on
the characteristics of the targets being fenced, without addressing issues such as
formation control of agents, multiple targets, and other practical aspects crucial in
real-world applications.

Accordingly, the existing challenges regarding formation patterns, complex target
behaviors, and sensor limitations still require further research, which motivates the
publishment of this book to accelerate both theoretical innovations and practical
applications of cooperative fencing algorithms in practice.

1.3 Preliminary

In this section, we introduce the graph theory, matrix theory, and stability theory for
coordinated fencing in this monograph.

First of all, we define the notations throughout this monograph. The notations
R,R+ denote the real numbers and positive real numbers, respectively. The notation
R

n represents the n-dimensional Euclidean space. The notations Z and Z
j
i repre-

sent the integer number and the integer set {m ∈ Z | i ≤ m ≤ j}, respectively. The



8 1 Introduction to Coordinated Multi-robot Fencing Control

notation ‖ ∗ ‖ denotes the Euclidean norm of the vector ∗. The notation ∗−1 repre-
sents the inverse of the square matrix ∗. The notation ∗T denotes the transpose of
the matrix ∗. The notation ∫ ∗(s)d(s) represents the integral of the function ∗. The
notation ∗̇ represents the derivative of the function ∗with respect to time t . The nota-
tions ∗ � 0 and ∗ ≺ 0 represent the positive-definite and negative-definitematrices ∗,
respectively. The identity matrix is denoted by In := diag{1, 1, . . . , 1} ∈ R

n×n , (∗i j )
represents the (i, j)-th item of the matrix ∗. The Kronecker product is denoted by⊗.
The n-dimensional identity matrix is represented by In . The N -dimensional column
vector consisting of all 1 is denoted by 1N .

Lemma 1.1 ([18]) For a connected and undirected topology G, one has that

min
x 	=0,1Tx=0

xTLx

‖x‖2 = λ2(L),

where x ∈ R
n, L ∈ R

n×n is the corresponding Laplacematrix, andλ2 > 0 represents
the second smallest eigenvalue of the corresponding matrix L.

Lemma 1.2 (LaSalle’s Invariance Principle [75, Theorem 4.4]) Consider a system

ẋ = f (t, x, u), (1.1)

where f : [0,∞) × R
n × R

m → R
n is piecewise continuous in t and locally Lip-

schitz in x and u. The input u(t) is a piecewise continuous, bounded function of t
for all t ≥ 0. Let � ∈ D be a compact set that is positively invariant with respect to
(1.1). Let V : D → R be a continuously differentiable function such that V̇ (x) ≤ 0
in �. Define the set E := {x ∈ � : V̇ (x) = 0}, then every solution starting in �

approaches M as t → ∞.

Lemma 1.3 (Input-to-State Stability [75, Theorem 4.19]) Let V : [0,∞) × R
n →

R be a continuously differentiable function such that

α1(‖x‖) ≤ V (t, x) ≤ α2(‖x‖)
∂V

∂t
+ ∂V

∂x
f (t, x, u) ≤ −W3(x),∀‖x‖ ≥ ρ(‖u‖) > 0,

∀(t, x, u) ∈ [0,∞) × R
n × R

m, whereα1, α2 are the classK∞ functions, ρ is a class
K function, and W3(x) is a continuous positive-definite function on R

n. Then, the
system (1.1) is input-to-state stable (ISS) with γ = α−1

1 ◦ α2 ◦ ρ.

Lemma 1.4 (Barbalat’s Lemma [75, Lemma 8.2]) Let α : R → R be a uniformly
continuous function on [0,∞). Suppose that limt→∞

∫ t
0 φ(τ)dτ exists and finite.

Then, φ(t) → 0 as t → ∞.
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1.4 Book Outline

Focusing on the core scientific problem of distributed fencing control under different
constraints, this monograph starts from the three perspectives of single-target fenc-
ing, multi-target fencing, and limited-sensing fencing. It explores various in-depth
methodologies of the fencing theory in Fig. 1.4, where Chaps. 2–5 belong to Part I
of a single-target scenario, Chaps. 6–7 belong to a multi-target scenario, and Chap.8
belongs to the limited-sensing scenario. Moreover, extensive fencing experiments
using multiple USVs and UAVs are conducted to validate the effectiveness of the
algorithms in practice. In this chapter, we provide a necessary preliminary for the
design of the fencing controller in the following chapters. The remainder of this
monograph is organized below.

In Chap.2, we propose a distributed fencing controller to govern a team of robots
to fence a constant-velocity target cooperatively, which is a basic fencing problem. In
particular, based on the robot–robot and robot–target distances, a cooperative fencing
controller utilizing the nearest phase-angle repulsion is designed to accomplish three
tasks: straight-line fencing, collision avoidance between individuals, and regular
polygon formation. The convergence of the closed-loop system is demonstrated using
the comparison principle and Barbalat’s lemma. Finally, simulations are conducted
to verify the effectiveness of the algorithm.

Fig. 1.4 The structure of the monograph and the relationship among different chapters
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In Chap.3, we propose a distributed fencing controller via input-to-state stabil-
ity (ISS), which solves a complex fencing problem with an evenly rotating forma-
tion. Therein, considering the influence of intermittent communication topology and
evenly rotating formations on the closed-loop system, an estimation-control hierar-
chical framework is established to decouple distributed target estimation and cooper-
ative fencing missions. Then, a distributed fencing controller is designed via the ISS
theorem, which achieves the rotating formation fencing for a moving target. Addi-
tionally, the convergence of the closed-loop system is guaranteed as well. Finally,
simulations are carried out to verify the effectiveness of the algorithm.

In Chap.4, we consider a more complex fencing problem with a varying-velocity
target. Thereby, we propose a distributed fencing controller via output regulation
theory, which cooperatively fences a moving target of variational velocity into a
convex hull formed by the robotswhilemaintaining a rigid formation. In particular, to
attain a rigid formation with guaranteed collision avoidance, each controller consists
of two terms: a dynamic regulator with an internal model to drive robots toward
the moving target merely by position information feedback, and a repulsive force
between each pair of adjacent robots. Significantly, rigorous analysis is provided to
eliminate the strong nonlinear couplings induced by the label-free property. Finally,
the effectiveness of the algorithm is substantiated by simulations.

In Chap.5, we propose a distributed long-term task execution (LTTE) algorithm
for the general ordering-flexible target-fencing problem. Particularly, by designing
target-approaching and sensing-neighbor collision-free subtasks, and incorporating
these subtasks into the constraints in an online constraint-based optimization frame-
work, the proposed LTTE can systematically guarantee long-term target fencing
under changing environments in the n-dimensional Euclidean space. Rigorous anal-
ysis is provided to guarantee asymptotical convergence with challenging nonlin-
ear couplings induced by time-varying collision-free constraints. Finally, 3D sim-
ulations with changing environmental elements are conducted to demonstrate the
effectiveness of the proposed algorithm.

In Chap.6, we propose an equal-distance surrounding controller for robots to
fence multiple moving targets with guaranteed collision avoidance. First, a dis-
tributed estimator is developed to approximate the center of moving targets. Then,
an adaptive distributed control law is designed for the robots to accomplish equal-
distance surrounding collaboratively. In particular, conditions for assuring asymp-
totical stability for the closed-loop system are derived. Finally, experimental results
with unmanned surface vessels are reported to substantiate the effectiveness of the
proposed algorithm.

InChap.7,wepropose theflexible subgrouping andordering coordination (FSOC)
algorithm that enables a team of robots to cooperatively fence multiple scattered tar-
gets (MSTs) of different moving velocities, where each target is fenced into the
interior of distinct convex hulls formed by different subgroups of robots. In partic-
ular, we first encode the three subtasks of flexible subgrouping, target convergence,
and neighboring collision avoidance into control barrier function (CBF) constraints,
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and then formulate the FSOC problem as a decentralized constraint-based task-
execution optimization one. Rigorous analysis is provided to guarantee the asymp-
totic convergence. Finally, 2D and 3D simulations have been conducted to confirm
the effectiveness, robustness, adaptability, and scalability of the algorithm.

In Chap.8, we propose a distributed bearing-only controller for multiple
unmanned surface vessels (USVs) to fence and rotate evenly around amotional target
with inter-USV topologies. The distributed control law consists of three terms, i.e., a
bearing-only estimation term to approximate the target state, an upper-level surround-
ing term to fulfill the target-fencing mission, and a single-vessel regulation term to
track the upper-level signal. Significantly, technical conditions are derived to guaran-
tee the asymptotical stability of the closed-loop system. Finally, experimental results
on a real platform and a target vessel are conducted to substantiate the effectiveness
of the algorithm.

In Chap.9, we summarize the whole monograph and further discuss future
research topics of coordinated fencing missions.
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Single-Target Scenario



Chapter 2
Distributed Fencing Control via
Neighboring Angle Repulsion

2.1 Introduction

In this chapter, we first consider the fundamental fencing problem for a constant-
speed target under time-varying topologies. Although some previous works have
addressed the fencing control of a constant-speed target, they are limited to solutions
based on fixed topology or switching connected topologies, which are only effec-
tive in open and unobstructed environments. However, in increasingly complex and
dynamically changing environments, it is important to further delve into the collab-
orative fencing theory and strategies for general time-varying topology, as well as
the formation evolution during the fencing process. Therefore, this chapter proposes
a distributed cooperative fencing controller via neighboring angle repulsion, which
aims at solving the fencing problem of a constant-speed target under time-varying
topologies İn what follows, we will introduce the related background.

The coordinated enclosing problem involves guiding a group of robots to enclose
a target within their trajectories, offering various potential applications such as fleet
convey, orbit maintenance, perimeter surveillance, and collaborative escort, which
has seen significant research advancements in recent years. For example, a distributed
method for enclosing amoving target using relative neighboring positions was devel-
oped in [1]. Similarly, a distributed cyclic controller was introduced in [2] to form
specific pursuit patterns and encircle a moving target in 3D space. Subsequently,
a local bearing-only protocol was proposed in [3] to achieve target encirclement.
Notably, these studies assume that all robots have access to the target’s information.
Moreover, some efforts have been devoted to more realistic scenarios where only
partial information about the target is available. Reference [4] proposed a robust
protocol for encircling a target with limited information. Additional methods for
enclosing a target with partial knowledge can be found in [5, 6], focusing on fixed
and switching topologies, respectively. It is worth mentioning that existing solutions
for the target-enclosing problem are applicable to both stationary andmoving targets.

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2025
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Different from the previous target-enclosing methods focusing on the trajecto-
ries, another approach named the target-fencing problem can govern the robots to
collectively fence a target within their convex hull at all times. A common tech-
nique for addressing the target-fencing control problem relies on strategies designed
for labeled robots, where the stand-off displacement for each robot is predefined.
As the foundational work, an estimation and control framework was introduced in
[7] to enable multiple robots to fence stationary targets. Later, a fencing controller
was proposed in [8] for linear second-order MASs. For more complex nonlinear
and non-identical MASs, an adaptive controller was developed in [9]. Some other
efforts based on labeled robots were explored in [10–12]. However, these strategies
for labeled robots have inherent limitations, prompting the need for approaches that
do not rely on labeled robots. Consequently, a limit-cycle-based strategy was devised
in [13] to achieve a circular formation around a target. Furthermore, a hierarchical
control structure was proposed in [14] to fence a specified target. Later, a cooper-
ative controller incorporating attractive, repulsive, and rotational components was
designed in [15] to fence a target without requiring a predefined distance.

However, the aforementioned labeled algorithms [7–12] always predefine the rel-
ative distribution and steady states of different robots, which limits the algorithm’s
effectiveness in handling more complex cooperative tasks. Despite some approaches
in [13–15] introducing the usage of unlabeled robots, they are tailored for first-order
multi-agent systems (MASs)with a static target.Additionally, due to the challenges in
the distributed calculation of steady states, the proposed algorithms in [13–15] do not
guarantee a specific formation pattern. To tackle these problems, we proposed a dis-
tributed fencing controller via neighboring angle repulsion, which not only addresses
the higher order fencing problem but also achieves a regular polygon formation with
collision avoidance. Overall, the main contribution of this chapter is three-fold.

1. Develop a distributed fencing controller to enable a group of unlabeled robots
to simultaneously achieve moving target fencing, maintain a regular polygon
formation, and ensure collision avoidance.

2. Address time-varying network topologies through the use of nearest angle rules,
achieve collision avoidance through distance regulation and angle repulsion, and
mitigate the effects of target velocity estimation errors on the closed-loop system.

3. Rigorously prove the convergence of a complex nonlinear networked system.

The rest of this chapter is given below. Section2.2 introduces the problem for-
mulation and presents the explicit controller and the main objectives. In Sect. 2.3,
the main theorem is rigorously proved. Section2.4 provides numerical simulations
to demonstrate the effectiveness. Finally, we draw the conclusion in Sect. 2.5.
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2.2 Problem Formulation of Fencing a Constant-Velocity
Target

In this section, we firstly introduce a team of n robots represented by V =
{1, 2, . . . , n}, each of which is governed by second-order dynamics as below,

ẋi (t) = vi (t)

v̇i (t) = ui (t), i ∈ V, (2.1)

where xi (t), vi (t) ∈ R
2 denote the position and velocity of robot i , respectively, and

ui (t) ∈ R
2 is the control input.

Then, we consider a moving target xd(t), vd(t) ∈ R
2 as

ẋd(t) = vd(t)

v̇d(t) = ud(t). (2.2)

We assume that the position xd(t) is measurable and available to the followers, but
the velocity vd(t) is not. Let v̂i (t) and ûi (t) = ˙̂vi (t) be the estimation of vd(t) and
ud(t) by robot i , respectively, which is usually generated by a dynamic observer

[̂vi (t), ûi (t)] = F(ζi (t), xd(t))

ζ̇i (t) = G(ζi (t), xd(t)), i ∈ V. (2.3)

Here, F,G are some functions to be designed later. Note that the observer (2.3) aims
to drive the estimation error to zero in the sense that

lim
t→∞ v̂i (t) − vd(t) = 0, lim

t→∞ ûi (t) − ud(t) = 0, i ∈ V (2.4)

exponentially. We assume that vd(t) and ud(t) are bounded, also ud(t) and ûi (t) are
uniformly continuous in t , which is also reasonable in practical scenarios.

We define ei as the relative position between each robot i ∈ V and the target as

ei (t) = xi (t) − xd(t), (2.5)

which can be rewritten in the polar coordinates

ei (t) = ρi (t)sθi (t). (2.6)

Meanwhile, let̂δi (t) = vi (t) − v̂i (t) as

[

η̂i (t)
ρi (t)ω̂i (t)

]

= J T
θi (t)

̂δi (t), (2.7)
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which can also be reformulated in the polar coordinates with η̂i (t) and ω̂i (t). To
avoid confusion, we leverage the following notations for convenience,

sθi =
[

cos θi
sin θi

]

, tθi =
[− sin θi
cos θi

]

,

and

Jθi = [

sθi tθi
]

, J ′
θi

= ∂ Jθi

θi
= [

tθi −sθi
]

. (2.8)

Moreover, let

θi,k = θi − θk + 2κπ ∈ (−π, π ] (2.9)

for an appropriately selected integer κ . According to the above introduction, the
position states xi , xd are available to each robot i , and hence ρi , θi , and the velocity
states vi , v̂i , which implies that η̂i (t), ω̂i (t) are available to each robot as well.

Therefore, a distributed fencing controller for each robot i, i ∈ V, can be
designed as

ui =ûi + J ′
θi

[

η̂i ω̂i

ρi ω̂
2
i

]

+ Jθi

[ −k1α(ρi ) − k2η̂i
η̂i ω̂i + ρi (−k3

∑

k∈Ni

β(θi,k) − k4ω̂i )

]

. (2.10)

Here, the argument (t) is omitted for conveniences, k1, k2, k3, k4 > 0 represents the
four positive parameters, γ > 0 denotes a sensing radius, ρo > 0 is a predefined
desired distance between each robot and the target, and 0 < M < ρo denotes a
specified minimum (safe) distance between the robots and the target. Moreover, it
follows from (2.10) that the aforementioned two functions α and β are defined as

α(ρi ) = (ρi − ρo)(ρo − M)

(ρi − M)3
, β(θi,k) = 2γ (|θi,k | − γ )θi,k

|θi,k |4 ,

where the sensing neighborhood is

Ni (t) = {k ∈ V, k �= i | |θi,k(t)| < γ }. (2.11)

Now, the main problem addressed in this paper is to achieve the three follow-
ing objectives for closed-loop system composed of (2.1), (2.3), and (2.10): (1) P1:
limt→∞ ρi (t) = ρo,∀i ∈ V, which implies that the robot–target distance asymptoti-
cally converges to ρo. (2) P2: limt→∞ |θi,k(t)| ≥ 2π/n, ∀i �= k ∈ V, which implies
that all the robots asymptotically maintain an equal angle distribution. (3) P3:
ρi (t) > M, θi,k(t) �= 0, ∀t ≥ 0, ∀i �= k ∈ V, which implies that collisions among
the robots and the target are all guaranteed.
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Remark 2.1 Given properties P1 and P2, a finite time T exists in which the
target-fencing property Pxd (t)(x(t)) = 0, ∀t ≥ T can be achieved, where x =
[x1, . . . , xn]T. In other words, the target xd remains inside the convex hull formed by
the robots, with Pxd (x) = mins∈co(x) |xd − s|:

co(x) =
{

∑

i∈V
λi xi : λi ≥ 0,∀i and

∑

i∈V
λi = 1

}

. (2.12)

Various target-fencing strategies have been explored in the literature, such as
in [7–15]. A notable aspect of properties P1 and P2 is that the robots gradually con-
verge to a regular polygon formation around the target, centered at a radius ρo, with
an equal angle of 2π/n between each pair of adjacent robots. Property P3 ensures
collision avoidance not only between the robots themselves but also between each
robot and the target.

To achieve P1–P3, we also require the following three conditions. (1) C1: The
observer in (2.3) is designed so that the estimation error in (2.4) converges exponen-
tially. (2) C2: The initial positions of the robots and the target meet the conditions
ρi (0) > M and θi,k(0) �= 0 for all i �= k ∈ V. (3) C3: The sensing range parameter
is constrained by 2π/n ≤ γ ≤ 4π/n.

Remark 2.2 Condition C1 refers to the existence of a local estimator for themoving
target’s velocity based on position measurements by each robot. Each robot designed
this estimator locally without requiring network communication. Such kind of prob-
lemhas been extensively studied in the literature, for instance, using output regulation
theory [16, 17] if ud follows a specific dynamics. Moreover, to provide a complete
design, an example is included for the case where the target velocity is constant with
ud = 0. Let ζi = [̂xi , v̂i ]T, the observer in (2.3) can be designed to be

˙̂xi = − φ1(̂xi − xd) + v̂i
˙̂vi =ûi = −φ2φ1(̂xi − xd), i ∈ V (2.13)

with φ1, φ2 > 0. Let˜ζi = ζi − [xd , vd ]T. One has ˙̃ζ i = A˜ζi for a Hurwitz matrix

A =
[ −φ1 1
−φ2φ1 0

]

,

which implies limt→∞˜ζi (t) = 0 and the condition in (2.4) is satisfied.

Remark 2.3 Condition C2 is essential for ensuring the collision avoidance prop-
erty P3, which requires robots to begin from a non-colliding, generic distribution.
Condition C3 requires that γ ≥ 2π/n to ensure the equal angle distribution in P2.
If γ < 2π/n, a trivial steady-state distribution can be found for 2π/n > θi,i+1 > γ

for i = 1, . . . , n − 1, but θn,1 > 2π/n > γ , resulting in Ni = ∅ for i ∈ V and vio-
lating P2. Additionally, the condition γ ≤ 4π/n in C3 provides an upper bound on
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the sensing angle range, simplifying the analysis of angle distribution. Such kind of
constraint essentially ensures that no robot has more than two neighbors when the
regular polygon formation is achieved.

The primary goal of this chapter is to demonstrate that the proposed controller
(2.10) can achieve the three specified properties P1–P3 under the given conditions
C1–C3. It is still worth mentioning two additional technical aspects as follows:

(i) Controller Functionality: The controller performs dual functions—
maintaining the distance between robots and the target and regulating the angles
between the robots. Distance maintenance ensures the cohesion of the robot group
within a specified radius, while angle rules ensure the correct angular relationships
among the robots. Importantly, the network topology is time-varying; a fixed, con-
nected topology is not assumed, and robots are not explicitly labeled as seen in,
e.g., [13–15].

(ii) Target Velocity Estimation: Each robot estimates the target’s velocity, and
while the estimation error converges to zero, it affects the system’s behavior, partic-
ularly in systems with strong nonlinearities. Even in stable nonlinear systems, small
disturbances can lead to divergence or finite escape times [18]. Therefore, assuming
zero estimation error is not feasible, whichwill pose significant challenges in proving
the main theorem.

2.3 Theoretical Convergence Analysis

In this section, we will present the main theorem with a rigorous proof.

Theorem 2.1 The closed-loop system, consisting of (2.1), (2.3), and (2.10), suc-
cessfully achieves properties P1, P2, and P3, provided that conditions C1, C2, and
C3 are satisfied.

Proof For clarity, we divide the proof into four steps. First, we perform some prelimi-
narymanipulation of the closed-loop system to select appropriate Lyapunov function
candidates. In the subsequent steps, we provide proofs for properties P3, P1, and P2
in sequence.

(i) In Step 1, we will select a suitable Lyapunov function candidate. Let δi = ėi
be the velocity difference between robot i and the target, which follows from the
definition of ei in the Cartesian coordinates (2.5) that δi = vi − vd . Meanwhile, in
the polar coordinates (2.6), it can be deduced that

δi = ρi tθi θ̇i + ρ̇i sθi = Jθi

[

ηi
ρiωi

]

(2.14)

for ηi = ρ̇i and ωi = θ̇i . Accordingly, one has that the difference between̂δi in (2.7)
and δi in (2.14) can be expressed in both coordinates as
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̂δi − δi = vd − v̂i = Jθi

[

η̃i
ρi ω̃i

]

(2.15)

where η̃i = η̂i − ηi and ω̃i = ω̂i − ωi . For the convenience of presentation, let ũi =
ûi − ud . From the fact that Jθi in (2.8) is nonsingular, it, together with C1 and (2.15),
gives that

lim
t→∞ η̃i (t) = 0, lim

t→∞ ρi (t)ω̃i (t) = 0, lim
t→∞ ũi (t) = 0. (2.16)

Next, one has that δ̇i = ëi . On the one hand,

δ̇i = J ′
θi

[

ηiωi

ρiω
2
i

]

+ Jθi

[

η̇i
ηiωi + ρi ω̇i

]

(2.17)

from (2.14). On the other hand, from the condition in (2.10), it can be deduced that

δ̇i =v̇i − v̇d = ui − ud

=ûi − ud + J ′
θi

[

η̂i ω̂i

ρi ω̂
2
i

]

+ Jθi

[ −k1α(ρi ) − k2η̂i
η̂i ω̂i + ρi (−k3

∑

k∈Ni

β(θi,k) − k4ω̂i )

]

. (2.18)

Combining (2.17) and (2.18) together yields

[

η̇i
ρi ω̇i

]

=
[ −k1α(ρi ) − k2η̂i
η̂i ω̂i + ρi (−k3

∑

k∈Ni

β(θi,k) − k4ω̂i ) − ηiωi

]

+ J T
θi
J ′
θi

[

η̂i ω̂i − ηiωi

ρi ω̂
2
i − ρiω

2
i

]

+ J T
θi
ũi .

Meanwhile, from the condition that

η̂i ω̂i = ηiωi + η̃iωi + ηi ω̃i + η̃i ω̃i

ω̂2
i = ω2

i + 2ωi ω̃i + ω̃2
i ,

one has

[

η̇i
ω̇i

]

=
[ −k1α(ρi ) − k2ηi
−k3

∑

k∈Ni

β(θi,k) − k4ωi

]

+ ξi

for

ξi =
[

εi
εi

]

=
[ −k2η̃i
−k4ω̃i + (̃ηiωi + ηi ω̃i + η̃i ω̃i )/ρi

]

+ R−1
i J T

θi
J ′
θi

[

η̃iωi + ηi ω̃i + η̃i ω̃i

2ρiωi ω̃i + ρi ω̃
2
i

]

+ R−1
i J T

θi
ũi
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=
[ −k2η̃i − 2ρiωi ω̃i − ρi ω̃

2
i−k4ω̃i + 2(̃ηiωi + ηi ω̃i + η̃i ω̃i )/ρi

]

+ R−1
i J T

θi
ũi

=
[ −2ρiωi ω̃i

2(̃ηiωi + ηi ω̃i )/ρi

]

+
[

σi

ςi

]

, (2.19)

with Ri = diag(1, ρi ) and

[

σi

ςi

]

=
[ −k2η̃i − ρi ω̃

2
i−k4ω̃i + 2(̃ηi ω̃i )/ρi

]

+ R−1
i J T

θi
ũi . (2.20)

Accordingly, it can be deduced that the closed-loop system is composed of

ρ̇i =ηi

η̇i = − k1α(ρi ) − k2ηi + εi , (2.21)

and

θ̇i = ωi

ω̇i = −k3
∑

k∈Ni

β(θi,k) − k4ωi + εi . (2.22)

Then, given the system (2.21), we first choose a function concerning ρi as

P(ρi ) =
(

ρi − ρo

ρi − M

)2

, ρi ∈ (M,∞), (2.23)

which is continuously differentiable. We pick a Lyapunov function candidate

V1(ρ, η) = 1

2

n
∑

i=1

(

k1P(ρi ) + η2
i

)

(2.24)

with ρ = [ρ1, . . . , ρn]T and η = [η1, . . . , ηn]T. Taking the time derivative of
V1(ρ, η) along the trajectories yields (2.21)

V̇1(ρ, η) =
n

∑

i=1

(

k1
2

∂P(ρi )

∂ρi
ρ̇i + ηi η̇i

)

=
n

∑

i=1

(

k1
(ρi − ρo)(ρo − M)

(ρi − M)3
ηi − ηi k1

(ρi − ρo)(ρo − M)

(ρi − M)3
− k2η

2
i + εiηi

)

=
n

∑

i=1

(

−k2η
2
i + ηi εi

)

≤
n

∑

i=1

(

− k2
2

η2i + 1

2k2
ε2i

)

. (2.25)
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Analogously, for the system (2.22), we also choose a function concerning θi,k as

U (θi,k) =
{

0, |θi,k | ∈ [γ, π ]
( |θi,k |−γ

|θi,k |
)2

, |θi,k | ∈ (0, γ )
, (2.26)

which is continuously differentiable. Taking the time derivative of (2.26) yields

U̇ (θi,k) =
{

0 |θi,k | ∈ [γ, π ]
β(θi,k)(θ̇i − θ̇k), |θi,k | ∈ (0, γ )

. (2.27)

In this way, one has that θ̇i,k = θ̇i − θ̇k when |θi,k | ∈ (0, γ ) with γ < π . Also, it
can be deduced that β(θi,k) = −β(θk,i ). Then, we can pick a Lyapunov function
candidate as follows:

V2(θ, ω) = k3
2

n
∑

i=1

n
∑

k=1

U (θi,k) + 1

2

n
∑

i=1

ω2
i , (2.28)

where θ = [θ1, . . . , θn]T andω = [ω1, . . . , ωn]T. Taking the time derivative along the
trajectories of (2.22) yields

V̇2(θ, ω) =k3
2

n
∑

i=1

∑

k∈Ni

β(θi,k)(θ̇i − θ̇k) +
n

∑

i=1

ωi ω̇i

=
n

∑

i=1

ωi (−k4ωi + εi )

≤
n

∑

i=1

(

−k4
2

ω2
i + 1

2k4
ε2i

)

. (2.29)

It follows from (2.25) and (2.29) that

V̇1(ρ, η) + V̇2(θ, ω) ≤
n

∑

i=1

(

−k2
2

η2
i − k4

2
ω2
i + 1

2k2
ε2i + 1

2k4
ε2i

)

≤
n

∑

i=1

(−aiη
2
i − biω

2
i + ci

)

, (2.30)

for

ai = k2
2

− 6ω̃2
i

k4ρ2
i

, bi = k4
2

− 4(ρi ω̃i )
2

k2
− 6η̃2

i

k4ρ2
i

, ci = σ 2
i

k2
+ 3ς2

i

2k4
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on the space

S = {[ρT, ηT, θ T, ωT]T ∈ R
4n | ρi ∈ (M,∞), |θi,k | ∈ (0, π ], i �= k ∈ V}

.

It is noted that the following conditions:

ε2i =(−2ρiωi ω̃i + σi )
2 ≤ 8(ρi ω̃i )

2ω2
i + 2σ 2

i

ε2i =(2η̃iωi/ρi + 2ηi ω̃i/ρi + ςi )
2

≤12(̃ηi/ρi )
2ω2

i + 12(ω̃i/ρi )
2η2

i + 3ς2
i

are leveraged in the calculation.
(ii) In Step 2, we will prove the property of P3. First of all, the property P3 is

equivalent to the claim that the states always stay on the space S for t ≥ 0. Under C2,
the states are initially on space S for t = 0. If P3 does not hold, there exists τ > 0
such that the states are on the space S for t ∈ [0, τ ) but not at t = τ . A contradiction
is then found below.

For t ∈ [0, τ ), the states stay on S and ρi ∈ (M,∞), then, by (2.16), there exist
two real numbers ν1 (not necessarily positive) and ν2 > 0 such that ai , bi > ν1 and
∑n

i=1 ci ≤ ν2.
Let V (t) = V1(ρ(t), η(t)) + V2(θ(t), ω(t)). Then, it follows from (2.24), (2.28),

and (2.30) that the time derivative of V (t) satisfies

V̇ ≤
n

∑

i=1

(−aiη
2
i − biω

2
i + ci

) ≤ −ν1V + ν2.

According to the comparison principle [19], it can be deduced that

V (τ ) ≤ e−ν1τV (0) + ν2

∫ τ

0
e−ν1(τ−s)ds.

Since V (0) is bounded under the condition C2, one has that V (τ ) is bounded, which
further implies that the states stay on S at t = τ . The property P3 is thus proved.

(iii) In Step 3, we will prove the property P1. From the previous Step 2, one has
that ρi ∈ (M,∞) for all t ≥ 0, which together with (2.16) gives that

lim
t→∞ ω̃i (t) = 0. (2.31)

It follows from the definitions of σi , ςi in (2.20), and the conditions in (2.16) and
(2.31) that

lim
t→∞ σi (t) = 0, lim

t→∞ ςi (t) = 0. (2.32)
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Bearing in mind (2.16), (2.31), and (2.32), it can be deduced that ai > 0, bi > 0, and
limt→∞ ci (t) = 0 after a finite time T . Note that all the convergences ai , bi , ci hold
exponentially. Next, it can be deduced that

V (t) ≤V (T ) −
n

∑

i=1

∫ t

T

(

ai (s)η
2
i (s) + bi (s)ω

2
i (s)

)

ds +
n

∑

i=1

∫ t

T
ci (s)ds, ∀t ≥ T .

Since limt→∞ ci (t) = 0 exponentially, it can be deduced that
∑n

i=1

∫ t
T ci (s)ds is

bounded, so is V (t) for t ≥ T . In this way, one has that η(t) and ω(t) are bounded.
Also, it, together with (2.16), (2.31), and (2.32), gives that εi , εi in (2.19) fulfill

lim
t→∞ εi (t) = 0, lim

t→∞ εi (t) = 0. (2.33)

According to the fact that V (t) is bounded, it, together with (2.21), (2.22), (2.24),
and (2.28), gives that ηi , ωi , η̇i , ω̇i are bounded. Moreover, given the condition that
v̇d(t) − ˙̂vi (t) = ud(t) − ûi (t) is uniformly continuous in t , it follows from (2.4) and
(2.15) that

lim
t→∞

[ ˙̂δi (t) − δ̇i (t)
]

= lim
t→∞

[

v̇d(t) − ˙̂vi (t)
] = 0 (2.34)

based on Barbalat’s lemma. Given the condition of (2.15) again, it can be deduced
that

˙̂δi − δ̇i =J ′
θi
ωi

[

η̃i
ρi ω̃i

]

+ Jθi

[ ˙̃ηi

ηi ω̃i + ρi ˙̃ωi

]

, (2.35)

which, together with (2.34), implies that ˙̃ηi , ρi ˙̃ωi are bounded, so is ˙̃ωi . Then, one
has that η̂i , ω̂i , ˙̂ηi , ˙̂ωi are bounded.

Let di = aiη2
i + biω2

i . From the fact that
∫ t
T di (s)ds is upper bounded and

limt→∞
∫ t
T di (s)ds exists, one has that ḋi contains ai , bi , ηi , ωi , η̇i , ω̇i , ρ

−1
i , ω̃i , ˙̃ωi ,

ρi ω̃i , ρi ˙̃ωi , η̃i , ˙̃ηi which are all bounded, so is ḋi . Then, it can be deduced that di (t) is
uniformly continuous in t . Using Barbalat’s lemma, one has that limt→∞ di (t) = 0
and hence limt→∞ ηi (t) = 0 and limt→∞ ωi (t) = 0 when ai and bi are lower bound
away from zero.

For the case of ρi ∈ (M,∞), one has that α̇(ρi ) is bounded. It follows from
(2.19) and (2.21) that η̈i contains α̇(ρi ), η̇i , ηi , ωi , ω̇i , ρi ω̃i , ω̃i , ρi ˙̃ωi , ˙̃ηi , ˙̃ui which
are all bounded, so is η̈i . It implies that η̇i (t) is uniformly continuous in t .
Also, it has been proved that limt→∞ ηi (t) = 0. Using Barbalat’s lemma, one has
limt→∞ η̇i (t) = 0. It, together with (2.21), gives limt→∞ α(ρi (t)) = 0, which further
implies limt→∞ ρi (t) = ρo, ∀i ∈ V, i.e., P1.



28 2 Distributed Fencing Control via Neighboring Angle Repulsion

Step 4: Proof of P2.

Using a similar argument, we can show that limt→∞ ω̇i (t) = 0. It, together with
(2.22), gives

lim
t→∞

∑

k∈Ni (t)

β(θi,k(t)) = 0.

From the fact of θ̇i = ωi in (2.22) and limt→∞ ωi (t) = 0 in the proof of Step 3, it
can be deduced that limt→∞ θ̇ (t) = 0. Moreover, as β is a continuous function of θ ,
one has limt→∞ θ(t) = θ∗ for θ∗ satisfying

∑

k∈N∗
i

β(θ∗
i,k) = 0, N∗

i = {k ∈ V, k �= i | |θ∗
i,k | < γ }. (2.36)

We introduce a simpler notation 〈i, k〉 := θ∗
i,k to avoid using multiple layers of

subscripts in the remaining proof.
To prove P2, it suffices to prove

|〈i, k〉| ≥ 2π/n, ∀i �= k ∈ V. (2.37)

If all robots have noneighbor, it happens onlywhenγ = 2π/n and every two adjacent
robots have the angle of γ , which proves (2.37) trivially. In the remaining proof, we
consider the case that at least one robot has at least one neighbor. The details are
given below.

For every i ∈ V, k is called a front neighbor (FN) of i if 〈k, i〉 ∈ (0, γ ), a rear
neighbor (RN) of i if 〈k, i〉 ∈ (−γ, 0), and not a neighbor otherwise. Pick an arbitrary
robot and label it as s(0), and label the remaining robots in counter clockwise order as
s(1), s(2), . . . , s(n − 1). It is obvious that {s(0), s(1), s(2), . . . , s(n − 1)} = V. For
notation complement, we denote s(i) = s(i mod n) for any integer i , e.g., s(n) =
s(0).

Claim i: Every robot i ∈ V has at least one FN.
If this claim does not hold, there exists at least one robot that has no FN, say s(i).

In the sequence of s(i), s(i − 1), s(i − 2), . . ., pick the first robot that has no FN but
at least one RN, called � = s(i − �). Such a robot always exists because we consider
the case that at least one robot has at least one neighbor. As a result,

∑

k∈N∗
�

β(〈�, k〉) =
∑

k∈V,〈�,k〉∈(0,γ )

β(〈�, k〉) < 0,

which contradicts (2.36). The claim is proved.
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Claim ii: For every i ∈ V, 〈s(i + 1), s(i)〉 ≥ γ /2.
If this claim does not hold, suppose 〈s(0), s(n − 1)〉 < γ/2 without loss of gener-

ality. Let s(a0), s(a1), . . . , s(am) be the longest sequence satisfying a0 = 0 < a1 <

· · · < am < am+1 = n and 〈s(ai ), s(ai − 1)〉 < γ/2, i = 0, . . . ,m. We consider two
cases.

Case 1: If 〈s(ai+1), s(ai )〉 < γ/2, there is no robot between s(ai+1) and s(ai ),
that is, ai+1 − ai = 1.

Case 2: If 〈s(ai+1), s(ai )〉 ≥ γ /2, then ai+1 − ai ≥ 2 and 〈s(ai + 1), s(ai )〉 >

γ/2. Due to 〈s(ai ), s(ai − 1)〉 < γ/2 and 〈s(ai + 1), s(ai )〉 > γ/2, s(ai ) has at least
two FNs, that is, 〈s(ai + 2), s(ai )〉 < γ . Otherwise,

∑

k∈N∗
s(ai )

β(〈s(ai ), k〉) ≤β(〈s(ai ), s(ai + 1)〉) + β(〈s(ai ), s(ai − 1)〉)

= − β(〈s(ai + 1), s(ai )〉) + β(〈s(ai ), s(ai − 1)〉)
< − β(γ /2) + β(γ /2) = 0,

noting that β(|s|) is a strictly increasing function of |s| for |s| ∈ (0, γ ). It is a contra-
diction to (2.36). From 〈s(ai + 2), s(ai )〉 < γ and 〈s(ai + 1), s(ai )〉 > γ/2, one has
〈s(ai + 2), s(ai + 1)〉 < γ/2. As a result, ai+1 − ai = 2 and 〈s(ai+1), s(ai )〉 < γ .

The conclusions in the two cases can be unified as 〈s(ai+1), s(ai )〉 < (ai+1 −
ai )γ /2. As a result,

2π =
m

∑

i=0

〈s(ai+1), s(ai )〉 <

m
∑

i=0

(ai+1 − ai )γ /2 = nγ /2,

which is a contradiction to C3. Claim ii is thus proved.
Claim iii: Every robot i ∈ V has exactly one FN and one RN.
Every robot si has at least one FN, as stated in Claim i. However, it cannot have

two FNs due to 〈s(i + 2) − s(i)〉 = 〈s(i + 2) − s(i + 1)〉 + 〈s(i + 1) − s(i)〉 ≥ γ

according to Claim ii. Consequently, each robot has exactly one FN, which also
implies that each robot has exactly one RN.

Finally, according to Claim (iii), one has, for any si , for any robot, it holds that

∑

k∈N∗
s(i)

β(〈s(i), k〉) = β(〈s(i), s(i + 1)〉) + β(〈s(i), s(i − 1)〉) = 0

according to (2.36), which further implies 〈s(i + 1), s(i)〉 = 〈s(i), s(i − 1)〉 for
all i ∈ V, and hence 〈s(i + 1), s(i)〉 = 2π/n. This is equivalent to (2.37). Thus,
property P2 is proven. �

Remark 2.4 The collision avoidance property P3 ensures that solutions
such as ρi = M and 〈s(i + 1), s(i)〉 = 0 for the conditions α(ρi (t)) = 0 and
∑

k∈Ni(t) β(θ i, k(t)) = 0 are not feasible. Furthermore, another solution where
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〈si+1, si 〉 = γ for i ∈ V to
∑

k∈Ni(t) β(θ i, k(t)) = 0 is ruled out due to the con-

tradiction with
∑n−1

i=0 〈s(i + 1), s(i)〉 = 2π and condition C3. Thus, it follows
that ρi and 〈s(i + 1), s(i)〉 converge to the unique equilibrium point of ρo and
2π/n, respectively, as time approaches infinity. Specifically, limt→∞ ρi (t) = ρo

and limt→∞〈s(i + 1), s(i)〉 = 2π/n, which results from limt→∞ α(ρi (t)) = 0 and
limt→∞

∑

k∈Ni(t) β(θ i, k(t)) = 0.

2.4 Simulation Results

In this section, we consider a setup with n = 7 robots using the structure defined
by (2.1), (2.10), and (2.13), and a target described by (2.2) with an unknown
constant velocity. The controller parameters are chosen as follows: k1 = 40, 000,
k2 = 1.5, k3 = 0.006, k4 = 0.2, ρo = 30, and M = 20. According to Remark2.2,
the observer (2.13) meets condition C1 with φ1 = 1 and φ2 = 0.2. The initial posi-
tions of the robots are set to x1(0) = [0, 30]�, x2(0) = [0, 80]�, x3(0) = [30, 0]�,
x4(0) = [0, 50]�, x5(0) = [60, 0]�, x6(0) = [10, 0]�, x7(0) = [0, 10]�, and the ini-
tial target position is xd(0) = [75, 85]�, which satisfies condition C2. The ini-
tial velocities for both robots and the target are vi (0) = [0, 0]� for i ∈ V, and
vd = [0.7, 0.7]�. The parameter γ = 2.2π/7 fulfills condition C3.

According to Theorem2.1, the objective of fencing a moving target with a regular
polygon formation while avoiding collisions is achieved if the properties P1, P2,
and P3 are all guaranteed. Precisely, Fig. 2.1 presents the trajectories of the robots
starting from various initial positions and the target with a simulation period of 100s.
Here, the dashed black polygon indicates the convex hull of the robots, and the red
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Fig. 2.1 a, b Moving-target-fencing trajectories of seven robots from different initial positions in
a 2D plane. (Black rectangle: robot position with a solid line trajectory; red circle: target position
with a dashed line trajectory)
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circles represent the positions of the moving target. As shown in Fig. 2.1, a regular
polygon is formed by the robots around the target. Then, we take Fig. 2.1a as an
illustrative example, where the distance ρi (t) between the robots and the target, along
with the angle θi (adjusted using +2κπ for an integer κ such that θi ∈ (−π, π ] for
clearer presentation), is shown inFigs. 2.2 and2.3, respectively. Thesefigures confirm
properties P1 and P2, with limt→∞ ρi (t) = 30 and limt→∞ |θi,k(t)| ≥ 2π/7 for all
i �= k ∈ V. Additionally, Figs. 2.2 and 2.3 demonstrate that ρi (t) > 20 and θi,k(t) �=
0 for all i �= k ∈ V throughout the process t ∈ [0, 100], validating the collision
avoidance aspect of property P3. Finally, Figs. 2.2 and 2.3 illustrate the convergence

Fig. 2.2 Time evolution of
the relative distance ρi and
the line velocity ηi between
each robot and the target in
Fig. 2.1a for instance

Fig. 2.3 Time evolution of
the relative phase θi and the
angle velocity ωi between
each robot and the target in
Fig. 2.1a for instance
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Fig. 2.4 Time evolution of
the inter-robot distances
‖xi − x j‖, i, j ∈ V, in
Fig. 2.1a for instance

0 20 40 60 80 100

Time(sec)

0

50

100

150

of the linear velocityηi and the angular velocityωi to zero for all i ∈ V, as expected in
the proof of Theorem2.1. As shown in Fig. 2.4, the inter-robot distances satisfy |xi −
x j | > 0 for all i, j ∈ V, confirming that the robots successfully avoid collisions.

2.5 Conclusion

In this chapter, we have introduced a distributed fencing controller that enables a
network of robotswith second-order dynamics to enclose amoving target of unknown
velocity within their convex hull. This approach establishes a solid foundation for
more complex fencing missions to be explored in subsequent chapters. The proposed
control scheme integrates three key functionalities: estimation of the target’s velocity,
regulation of the distance between the robots and the target, and angle repulsion
among the robots. These ensure both the formation of a regular polygon and collision
avoidance. The effectiveness of the control strategy has been demonstrated through
simulation results. Future research could extend this method to accommodate more
complex robot dynamics and practical scenarios such as obstacle avoidance. Potential
applications of this algorithm include convoy protection using multiple unmanned
surface vessels, dynamic target encirclement byunmanned systems, and collaborative
monitoring of designated areas. These applications offer promising directions for
further exploration.
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Chapter 3
Distributed Fencing Control via
Input-to-State Stability

3.1 Introduction

In Chap.2, we introduced a distributed fencing controller via neighboring angle
repulsion to achieve cooperative fencing of a constant-speed target, establishing
the fundamental task of fencing. This chapter considers the more complex fencing
problem that ensures evenly rotational formation during the fencing process, which
is distinct from the previous fencing work in Chap.2. Moreover, it also considers
the disturbances induced by intermittent topologies during the fencing process. A
distributed cooperative fencing control algorithm via input-to-state stability is pro-
posed, which aims to solve the more complex fencing problemwith evenly rotational
formation. In what follows, we will introduce the related background.

Over the years, coordinated control technologies formultipleUSVshave advanced
significantly, driven by the growing demands for aquatic resource exploration, rescue
operations, and waterway logistics. Compared to single USVs, multi-USV systems
offer notable benefits, including higher efficiency, greater flexibility, adaptability to
challenging environments, wider operational coverage, and lowermaintenance costs.
These features are crucial for undertaking complex tasks such as ocean resource
exploration, water quality monitoring, and maritime logistics. Despite these advan-
tages, much of the existing research has focused on single-vessel operations, address-
ing challenges like path planning and obstacle avoidance [1–3], trajectory tracking
[4–6], and stabilization and anchoring [7]. However, single USVs are limited in both
capability and coverage, making them unsuitable for more demanding tasks such as
coordinated patrolling, rescue missions, and exploration. This highlights the critical
need for the development of distributed cooperative control strategies specifically
designed for multi-USV systems.

In this endeavor, some initial efforts have been devoted to the formation strategies
of multi-USV systems, such as the leader–follower frameworks [8–10]. While these
methods are effective, they rely heavily on leader information to achieve shared
objectives, making them less adaptable to environmental uncertainties and more
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B.-B. Hu and H.-T. Zhang, Multi-Robot Systems, Cognitive Intelligence and Robotics,
https://doi.org/10.1007/978-981-97-9214-6_3

35

http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-97-9214-6_3&domain=pdf
https://doi.org/10.1007/978-981-97-9214-6_3


36 3 Distributed Fencing Control via Input-to-State Stability

vulnerable to external disturbances. Additionally, efforts have been made in col-
lective formation control, where USVs are coordinated to form desired geometric
patterns while following prescribed trajectories [11–13]. Due to the complexity of
designing interaction protocols for specific formations, only a limited number of
studies have focused on containment control, in which USVs are guided to a convex
hull surrounding multiple targets or leaders [14, 15].

To accomplish the collective protection of a specified target, effective fencing
control strategies are required for multi-agent systems (MASs). Some studies have
addressed scenarios where all agents have complete knowledge of the target’s states.
Yamaguchi [16] introduced a feedback control law that allows multiple robots to
fence in a target robot. Ni and Yang [17] proposed a neural network-based con-
trol approach for collective pursuit and capture. Sepulchre et al. [18] developed
distributed control protocols to organize unicycles into a circular formation using
all-to-all communication. Marshall et al. [19] extended circular fencing formation
control for practical task execution. Sinha and Ghose [20] designed a circulation
formation control strategy tailored for heterogeneous MASs. Kim and Sugie [21]
developed a cyclic controller to achieve the desired pattern for a moving target in 3D
space. Ceccarelli and Macro et al. [22] introduced a cyclic pursuit strategy consid-
ering the limited visibility of onboard sensors. Li et al. [23] presented a cooperative
circumnavigation control protocol that guides a group of micro-satellites to maintain
a planar elliptical orbit with a specified radius.

In light of the significant maintenance costs involved in real-world applications,
there has been a shift in research towardMAS control approacheswhere only a subset
of vessels have information about the target(s). For instance, a hybrid control scheme
for full cyclic formation was proposed in [24], while [25] introduced a distributed
cooperative control law where just one agent is informed of the target’s location. In
[26], a cycle formation control strategy based solely on bearing measurements was
presented. Moreover, a global-orientation-free approach was developed in [27] to
guide MASs in circumnavigating an unknown target in 3D space. To tackle scenar-
ios involving dynamically switching topologies, [28] proposed a distributed control
protocol for hunting a moving target, which was later refined into a more practical
distributed dynamic controller in [29] that operates using only intermittent neighbor
information.

Although most existing MAS fencing studies focus on scenarios where target
information is fully accessible to all agents [16–23], the substantial maintenance
costs limit their broader application, particularly in complex maritime operations.
A few studies have explored MAS fencing control where only a limited number of
agents have access to the target [24–29]. However, these approaches mainly address
static targets using agents with first-order or second-order dynamics. The challenge
of developing a fencing control strategy for more practical moving targets, espe-
cially involving underactuated USVs, remains unresolved. Furthermore, intermittent
communications among USVs, which is common in real-world applications, pose
additional challenges. Experimental studies in multi-USV fencing control are still
scarce, though they are essential for bridging the gap between theoretical models
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and real-world deployment. As a result, it is both crucial and demanding to create an
advanced distributed control protocol for multi-USV systems to effectively encircle
a moving target.

In this chapter, we present a distributed fencing control framework tested on
an actual multi-USV setup, which includes three HUSTER-12 USVs, each 1.6m
in length, along with a differential GPS station and a dock at Songshan Lake in
Dongguan City, Guangdong Province, China. The framework features a two-stage
control strategy for multi-USV systems, where only a subset of the vessels has
information about the moving target. An observer is utilized to estimate the tar-
get’s state. In the first stage, the target is enclosed by a convex hull formed by the
USVs positioned at the vertices. In the second stage, the vessels capture the target
and rotate uniformly around it at its geographical center. Experimental results con-
firm the effectiveness of this approach. The main contributions of this chapter are
two-fold.

1. Propose a two-stage fencing controller for multi-USV systems with underactu-
ated dynamics that rely solely on local information and intermittent inter-USV
communications.

2. Demonstrate the effectiveness of the proposed control framework with a practical
experiment involving a setup of three 1.6-meter-longUSVs and a differential GPS
station at a dock on a lake.

The remainder of this chapter is structured as follows: Sect. 3.2 presents the formu-
lation of the fencing control problem forUSVs and introduces the proposed two-stage
fencing control framework. In Sects. 3.3 and 3.4, an estimator for themoving target is
designed, and a two-stage distributed fencing control protocol is developed. Stability
conditions are derived to ensure the proposed controller’s functionality. Section3.5
includes experimental results to validate the effectiveness of the control framework.
Finally, Sect. 3.6 provides the conclusions.

3.2 Problem Formulation of Fencing with an Evenly
Rotating Formation

In this section, we consider a multi-USV system with n vessels, where the positions
are given by q := [q�

1 , q�
2 , . . . , q�

n ]� ∈ R
2n , with qi = [xi , yi ]� ∈ R

2 representing
the 2D coordinates of vessel i . The communication network among the USVs is
defined by the graph G(V,E), whereV = {1, . . . , n} denotes the set of vessels, and
ε represents the edges connecting them. Let Ni be the neighborhood of vessel i
within this graph. The symmetric adjacency matrix A = [ai j ] ∈ R

n×n characterizes
the undirected communication graph, where ai j = a ji . Specifically, ai j = 1 if there
is an edge between vessels i and j , and ai j = 0 otherwise. Self-loops are not allowed,
henceaii = 0. The connectionmatrix B(t) = diag{bi } ∈ R

n×n defines the interaction
between the vessels and the target, with bi = 1 if vessel i detects the target q0, and
bi = 0 otherwise.
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Fig. 3.1 Illustration of USV
velocities and neighbors

Now, we introduce a dynamic model for the multi-USV system and proceed to
describe the concept of fencing control. First of all, the kinetic model of USV i is

q̇i = J (ψi )vi , (3.1)

with

J (ψi ) = [sψi , tψi ], sψi =
[
cos(ψi )

sin(ψi )

]
, tψi =

[− sin(ψi )

cos(ψi )

]
. (3.2)

According to Fig. 3.1, ψi represents the phase angle of vessel i relative to the earth
frame, and vi = [ui , vi ]� ∈ R

2 is the velocity vector in the body-fixed coordinate
system, where ui denotes the surge velocity and vi denotes the sway velocity. The
neighbor relationships in themulti-USVsystemare established based on their relative
positions in a clockwise sequence around the target, as depicted in Fig. 3.1 as well.
Therefore, vessel i’s pre-neighbor is labeled i+, while its next-neighbor is labeled i−.

Then, we introduce the dynamics model of each vessel (see, e.g., [4])

ψ̇i = ri ,

u̇i = m22

m11
viri − d11

m11
ui + τiu

m11
,

ṙi = m11 − m22

m33
uivi − d33

m33
ri + τir

m33
,

v̇i = − m11

m22
uiri − d22

m22
vi , (3.3)

where i ∈ V, mii and dii are the mass and damping coefficients, respectively, τ i =
[τiu, τir ]� denotes the control inputs, and ri is the rate of yaw.
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Let ψr
i , u

r
i , and vri represent the desired values for ψi , ui , and vi , respectively.

Define
ψ̂i := ψi − ψr

i , ûi := ui − uri , v̂i := vi − vri . (3.4)

Substituting (3.4) into (3.1) yields

q̇i = uri + ei , (3.5)

with

uri := J (ψr
i )

[
uri
vri

]
,

ei := [J (ψr
i + ψ̂i ) − J (ψr

i )]
[
uri
vri

]
+ J (ψi )

[
ûi
v̂i

]
. (3.6)

Let co(V) be the convex hull of q1, q2, . . . , qn , i.e.,

co(V) :=
{

n∑
i=1

λiqi

∣∣∣∣λi ≥ 0,
n∑

i=1

λi = 1

}
. (3.7)

Define Dq0(p) := minp∈co(V) |q0(t) − p| as the distance from the target to the con-
vex hull co(V), where q0(t) := [x0(t), y0(t)]� represents the target’s position (see,
e.g., [30]).

Next, we define fencing control and equal fencing control as follows.

Definition 3.1 ([30] Fencing) The multi-USV system G(V,E) with individual
dynamics described by (3.5) achieves fencing status if all the USVs are positioned
such that they form a convex hull enclosing the target vessel, i.e.,

lim
t→∞ Dq0(t) := min

p∈co(V)
‖q0(t) − p(t)‖ = 0, (3.8)

where co(V) is given in (3.7).

Definition 3.2 ([30] Equal Fencing) The multi-USV system G(V,E) with individ-
ual dynamics given by (3.5) achieves equal fencingwhen the fencing status is fulfilled
and all the USVs rotate evenly around the target vessel, i.e.,

lim
t→∞ ρi := ‖qi − q0‖ = r,

lim
t→∞ θi+ − θi + ξi = lim

t→∞ θ j+ − θ j + ξ j , (3.9)

with

ξi :=
{
0, θi+ − θi ≥ 0,
2π, θi+ − θi < 0,

(3.10)
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and i, j ∈ V, i �= j . Here, r represents the radius of encirclement, and θi ∈ [0, 2π)

denotes the relative angle of vessel i with respect to the target q0, as illustrated in
Fig. 3.1.

So far, many multi-USV control strategies have been based on the assumption of
a consistently connected communication network. In practice, however, factors such
as waves, tides, andwinds can disrupt inter-vessel communication, leading to periods
of intermittent connectivity. To tackle this challenge, we introduce the definition of
jointly dwelling connection.

Definition 3.3 ([31] Jointly dwelling connection) The condition is met if Tc ≥ μT
for a given rate 0 < μ < 1 and T > 0. Here, Tc represents the minimum duration
of time intervals [Tj , Tj+1), where T0 = t0 and Tj+1 = Tj + T . Within each interval
[Tj , Tj+1), T c

j denotes the total duration during which the communication graphs are
connected. These intervals are composed of several subintervals [t j , t j+1), where the
interconnection graph remains constant. It is assumed that each subinterval satisfies
t j+1 − t j ≥ τ , with τ defined as the dwell time.

We are now ready to present three technical problems addressed in this paper.

Problem 3.1 (Fencing Control) Develop a control protocol

uri = f (qi , q j ), i ∈ V, j ∈ Ni , (3.11)

for vessel i in a multi-USV system G(V,E) described by (3.5). The objective is to
achieve fencing (as shown in Definition3.1) around a moving target q0(t) ∈ R

2 with
a constant velocity q̇0(t) = v0, ensuring that the error ei (t) converges to zero as t
approaches infinity.

Problem 3.2 (Equally Fencing Control) Design a control protocol

uri = f (qi , q j ), i ∈ V, j ∈ Ni , (3.12)

for vessel i in a multi-USV system G(V,E) governed by (3.5). The objective is
to achieve an equal fencing configuration with an evenly rotating formation (as
defined in Definition3.2) around a target q0(t) ∈ R

2 moving with a constant velocity
q̇0(t) = v0, ensuring that the error ei (t) converges to zero as t approaches infinity.

For the condition of v0 = 0, Problems3.1 and 3.2 specifically address fencing
control and equally fencing control for a stationary target, respectively. To solve the
overarching collective fencing control problem, each vessel must be regulated to
achieve the target velocities ψr

i , u
r
i , v

r
i .

Problem 3.3 (Individual Regulation) Develop a control protocol τ = (τiu, τir )
� for

each vessel in the multi-USV system described by (3.3), ensuring that limt→∞ ψi =
ψr
i , limt→∞ ui = uri , limt→∞ vi = vri , and limt→∞ ei = 02.
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Since Problem3.3 has been previously solved in our earlier research [30], this
study will focus on addressing the high-level collective fencing control challenges
posed by Problems3.1 and 3.2, specifically finding the desired control signals uri :=
[ψr

i , u
r
i , v

r
i ]T for each vessel in the multi-USV system.

3.3 Distributed Target Estimation Under Intermittent
Topologies

To address Problem3.1, we need to develop a distributed estimator for each vessel
that can estimate the state of the moving target, given its constant velocity q̇0(t) =
v0 ∈ R

2, using intermittent information from neighboring vessels. The estimated
states, q̂ i

0 and v̂i0, will then be used to design the feedback control uri for vessel i .
The distributed controller is depicted in Fig. 3.2. In Step 1, the control inputs uri ,

which include the desired velocities uri and vri and the heading ψr
i , are determined

using f (qi , q j ) and the estimated target position q̂ i
0. In Step 2, an individual control

law is developed to address Problem3.3. To continue, the following two assumptions
must be established.

Assumption 3.1 Initially, all USVs in the system G(V,E) are positioned within a
circle of sensing radius R, meaning that for any pair of vessels i and j in V, the
distance between them satisfies |qi (0) − q j (0)| ≤ 2R.

Assumption 3.2 In the multi-USV system G(V,E), there is always at least one
vessel that has access to the target q0, meaning that the communication matrix B(t)
always contains at least one entry bi (t) �= 0.

Fig. 3.2 Two-level fencing controller structure of the multi-USV system, where USV i has access
to the target q0 but USV j does not
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Let q̂ i
0(t) and v̂i0(t) represent the estimated position and velocity of the target

q0(t), respectively, as determined by USV i . These estimates are obtained following
the methodology outlined in [31], where they are given by

˙̂qi
0(t) = − k1[

∑
j∈Ni

(q̂ i
0(t) − q̂ j

0 (t)) + bi (t)(q̂
i
0(t) − q0(t))] + v̂i0(t),

˙̂vi0(t) = − γ k1[
∑
j∈Ni

(q̂ i
0(t) − q̂ j

0 (t)) + bi (t)(q̂
i
0(t) − q0(t))]. (3.13)

Let q̂0(t) := [̂q1
0 (t)

T
, q̂2

0 (t)
T
, . . . , q̂n

0 (t)
T]T, v̂0(t) := [̂v10(t)T, v̂20(t)T, . . . , v̂n0 (t)T]T ∈

R
2n , and rewrite (3.13) in a compact form as

˙̂q0(t) = − k1(LG(t) + B(t)) ⊗ I2q̂0 + (k1B(t) ⊗ I2)1n ⊗ q0 + v̂0,

˙̂v0(t) = − γ k1(LG(t) + B(t)) ⊗ I2q̂0 + (γ k1B(t) ⊗ I2)1n ⊗ q0. (3.14)

Lemma 3.1 ([31]) For a first-order MAS with a moving target q0(t) and estimator
governed by (3.14) with 0 < γ < 1 and

k1 ≥ 1

4γ (1 − γ 2)λ
, (3.15)

where λ = min{λ(LG + B(t)), if Assumption3.2 holds and G(V,E) is jointly
dwelling connected (see Definition3.3), then the error of estimators converges to
zero:

lim
t→∞ q̃ i

0(t) = 04, lim
t→∞ ṽi0(t) = 04 (3.16)

with q̃i
0 := q̂ i

0 − q0 and ṽi0 := v̂i0 − v0.

Based on Lemma3.1, the estimates q̂ i
0(t) and v̂

i
0(t) for the target’s position and veloc-

ity, respectively, will converge to the actual values of q0(t) and v0, even when the
network G(V,E) experiences causal disconnections. This enhancement in robust-
ness addresses communication failures more effectively compared to previous work
such as [30].

3.4 Controller Design and Convergence Analysis

3.4.1 Target Fencing Control—Stage 1

According to the estimates q̂ i
0 and v̂i0 in (3.14), the objective is to design a control

law uri = f (qi , q j , q̂ i
0, v̂

i
0,G), i, j ∈ V, that guides vessel i into a convex hull co(V)

surrounding the moving target q0(t), while ensuring limt→∞ ei (t) = 0. To achieve
this, a distributed control law uri is proposed as follows:
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uri = q̂ i
0 + δi − qi + v̂i0, (3.17)

where δi := δ[cos (2π i/n + θ0), sin (2π i/n + θ0)]T, and δ = max |qi (0) − q j (0)|,
i, j ∈ V.

Now, we present the main technical result related to Problem3.1.

Theorem 3.1 Under the systemdynamics described byEqs. (3.5), (3.13), and (3.17),
and given Assumptions3.1 and 3.2, Problem3.1 for a moving target with q̇0(t) =
v0 is resolved if limt→∞ ei (t) = 0 and the network G(V,E) is jointly dwellingly
connected.

Proof Let zi := qi − q0 − δi . Then, one has

żi = q̇i − v0. (3.18)

Substituting (3.5) into (3.18) yields

żi = uri + ei − v0. (3.19)

Then, the closed-loop system (3.19) can be written as

żi = q̂ i
0 + δi − qi + v̂i0 + ei − v0 = q0 + δi − qi + ẽi = −zi + ẽi , (3.20)

where ẽi = q̃ i
0 + ṽi0 + ei and q̃ i

0 := q̂ i
0 − q0, ṽi0 := v̂i0 − v0 are estimated errors.

It follows from Lemma3.1 that limt→∞[̃qi
0(t)

T, ṽi0(t)
T]T = 04, which implies that

limt→∞ ẽi (t) = 02. Rewrite (3.20) in a compact form as

ż = −z + ẽ, (3.21)

with z = [z1, z2, . . . , zn]T and ẽ = [̃e1, ẽ2, . . . , ẽn]T ∈ R
n . Pick a Lyapunov function

V (z) = 1
2 z

Tz, satisfying

V̇ (z) = − zTz + zTẽ

≤ − ‖z‖2 + ‖z‖ · ‖̃e‖
≤ − (1 − c1)‖z‖2 + ‖z‖(‖̃e‖ − c1‖z‖), (3.22)

with c1 ∈ (0, 1). Then, one has V̇ (z) ≤ −(1 − c1)‖z‖2,∀‖z‖ ≥ ‖̃e‖/c1. If ‖z(0)‖ ≥
‖̃e‖/c1, then V̇ (z) ≤ 0, which implies that ‖z(t)‖ converges into the ball of radius
‖̃e‖/c1. If ‖z(0)‖ < ‖̃e‖/c1, it is clear that ‖z(0)‖ has already been in the ball of
radius ‖̃e‖/c1. Both cases satisfy the definition of input-to-state stability (ISS) [32],
which implies that ‖z(0)‖ could be randomly picked. Accordingly, the closed-loop
system (3.21) is ISS with respect to ẽ that satisfies

‖z(t)‖ ≤ β(‖z(0‖, t)) + γ
(
sup
0≤τ≤t

‖̃e(τ )‖),∀t > 0, (3.23)
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where β(·) is a KL function and κ1 = 1/c1 is the gain of the system (see [33]).
Due to limt→∞ ẽi (t) = 0 and the KL function satisfying limt→∞ β(‖z(0‖, t)) = 0,
it follows that limt→∞ zi (t) = 0 in (3.23). Moreover, one has

lim
t→∞

n∑
i=1

1

n
qi = lim

t→∞
1

n

n∑
i=1

(zi + q0 + δi ) = lim
t→∞

n∑
i=1

1

n
q0 = q0, (3.24)

which implies that the target q0 is enclosed by n USVs within a convex hull co(V),
thereby solving Problem3.1. This completes the proof. �
Remark 3.1 The estimator q̂ i

0(t) and v̂i0(t) in (3.13) will converge to the moving
target q̇0(t) = v0 along with the target’s position q0(t) if the connection network
G(V,E) is jointly dwelling connected, i.e., Tc ≥ μT . Otherwise, the estimator q̂ i

0(t)
and v̂i0(t) will be unstable. It is important to note that each leader USV (a USV with
potential access to the target based on the communication topology) transmits its
estimated leader states (velocity and position information) to its neighbors, though
this information is not necessarily exact. This communication is continuous and suf-
ficient for controller design. As a result, the convergence of the target state estimator
and the asymptotic stability of the closed-loop system can be achieved.

3.4.2 Equal Fencing with Evenly Rotating
Formation—Stage 2

Problem3.1 is resolved in Stage 1 for the moving target q0(t), where all vessels
form a convex hull surrounding the target q0(t). Next, to address Problem3.2, a
second-stage control law uri = f (qi , q j , q̂ i

0, v̂
i
0,G) is introduced as follows:

uri = k2(r − ρ̂i )sθ̂i + ρ̂i (θ̂i+ − θ̂i + ξi )tθ̂i + v̂i0, (3.25)

where the parameter k2 > 0, and the values of r and ξi are specified in Definition3.1.
Additionally, ρ̂i := |qi − q̂ i

0| represents the distance between vessel i and the esti-
mated target q̂ i

0, while θ̂i denotes the relative angle from vessel i to the estimated
target q̂ i

0. The angle θi+ is accessible since the target is already encircled by the
USVs, allowing each vessel to detect its next-neighbor as illustrated in Fig. 3.1.

The main technical result related to Problem3.2 is established as follows.

Theorem 3.2 For the system governed by Eqs. (3.5) and (3.25), Problem3.2 for a
moving target q̇0(t) = v0 is solved, i.e.,

(i) lim
t→∞ ρi = r, i = 1, 2, . . . , n;

(i i) lim
t→∞ θi+ − θi + ξi = lim

t→∞ θ j+ − θ j + ξ j , i, j ∈ V, i �= j,

if limt→∞ ei (t) = 0 and the network G(t) is jointly dwellingly connected.
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Proof According to the definitions of ρi , θi in Fig. 3.1, one has

qi = ρi sθi + q0. (3.26)

Meanwhile, it follows from (3.18) that

żi = ρ̇i sθi + ρi tθi θ̇i = J (θi )

[
ρ̇i

ρi θ̇i

]
. (3.27)

Since qi can also be rewritten as qi = ρ̂i sθ̂i + q̂ i
0, which implies

lim
t→∞ ρ̂i = ρi , lim

t→∞ θ̂i = θi , lim
t→∞ θ̂i+ = θi+,

if limt→∞ q̂ i
0(t) = q0(t). Substituting (3.25) into the closed-loop system (3.19) yields

żi = uri + ei
= k2(r − ρi + ρi − ρ̂i )(sθi + sθ̂i − sθi ) + (ρi + ρ̂i

− ρi )(θi+ − θi + ξi + θ̂i+ − θ̂i − θi+ + θi )(tθi + tθ̂i − tθi ) + v̂i0 + ei − v0
= k2(r − ρi )sθi + ρi (θi+ − θi + ξi )tθi + ẽi , (3.28)

where ẽi := k2(r − ρi )(sθ̂i − sθi ) + k2(ρi − ρ̂i )sθ̂i + ρi (θ̂i+ − θ̂i − θi+ + θi )tθ̂i +
(ρ̂i − ρi )(θ̂i+ − θ̂i + ξi )tθ̂i + v̂i0 + ei − v0. From Lemma3.1, it follows that
limt→∞ q̂ i

0(t) = q0(t), limt→∞ v̂i0(t) = v0, which implies that limt→∞ sθ̂i (t) −
sθi (t) = 0, limt→∞ ρi (t) − ρ̂i (t) = 0, limt→∞ θ̂i (t) − θi (t) = 0, and limt→∞
θ̂i+(t) − θi+(t) = 0. Therefore, one has limt→∞ ẽi (t) = 0. Analogously, denoting

ẽi := J (θi )

[
η̂i

ρi ω̂i

]
, (3.29)

with limt→∞ η̂i (t) = 0, limt→∞ ω̂i (t) = 0 (see, e.g., [30]), it follows from
Eqs. (3.19), (3.25), and (3.29) that

zi = J (θi )

[
k2(r − ρi ) + η̂i

ρi (θi+ − θi + ξi ) + ρi ω̂i

]
. (3.30)

Besides, from Eqs. (3.27) and (3.28), one has

{
ρ̇i = k2(r − ρi ) + η̂i ,

θ̇i = θi+ − θi + ξi + ω̂i .
(3.31)

Define the equally cyclic fencing errors as

{
ρ̃i := r − ρi ,

θ̃i := 2π
n − (θi+ − θi + ξi ),

(3.32)
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with

ρ = [ρ1, ρ2, . . . , ρn]T, ρ̃ = [ρ̃1, ρ̃2, . . . , ρ̃n]T, θ = [θ1, θ2, . . . , θn]T,
θ̃ = [θ̃1, θ̃2, . . . , θ̃n]T, ξ = [ξ1, ξ2, . . . , ξn]T, η̂ = [̂η1, η̂2, . . . , η̂n]T.

Then, (3.32) can be rewritten in a compact form, as

ρ̃ = 1n ⊗ r − ρ,

θ̃ = 1n ⊗ 2π

n
− (−Lθ + ξ), (3.33)

with

L =

⎡
⎢⎢⎣

1 −1 0 . . . 0
0 1 −1 0 . . .

0 0 . . . . . . . . .

−1 0 . . . . . . 1

⎤
⎥⎥⎦ . (3.34)

Its derivative is { ˙̃ρ = −k2ρ̃ + η̃,
˙̃θ = −L θ̃ + ω̃,

(3.35)

with η̃ = −η̂, ω̃ = −Lω. Condition limt→∞ η̂i (t) = 0 togetherwith limt→∞ ω̂i (t) =
0 implies limt→∞ η̃i (t) = 0, limt→∞ ω̃i (t) = 0.

It follows from (3.10) that 1T
nξ = 2π . Moreover, from (3.32), the equality holds,

giving

1T
n θ̃ = 1T

n

(
1n ⊗ 2π

n
− (−Lθ + ξ)

)
= 2π − 2π = 0. (3.36)

According to [34], one has

min
1Tn θ̃=0,θ̃ �=0

θ̃ TL θ̃

‖θ̃‖2 = λ2(L) > 0, (3.37)

with λ2(L) being the second smallest eigenvalue of L . Let χ = min{k2, λ2(L)} > 0,
and define

ε :=
[
ρ̃

θ̃

]
, γ̃ :=

[
η̃

ω̃

]
. (3.38)

Clearly, one has limt→∞ γ̃ (t) = 0 if limt→∞ η̃(t) = 0 and limt→∞ ω̃(t) = 0. Pick a
Lyapunov function V (ε) = εTε/2, satisfying
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V̇ (ε) = ρ̃T ˙̃ρ + θ̃ T ˙̃θ
= − k2ρ̃

Tρ̃ + ρ̃Tη̃ + θ̃ T
( − L θ̃ + ω̃

)
≤ − k2

∥∥ρ̃
∥∥2 − λ2(L)

∥∥θ̃
∥∥2 + εTγ̃

≤ − χ
( ∥∥ρ̃

∥∥2 + ∥∥θ̃
∥∥2 ) + ∥∥ε

∥∥ · ∥∥γ̃
∥∥

≤ − χ(1 − c2)
∥∥ε

∥∥2 + ∥∥ε
∥∥ ( ∥∥γ̃

∥∥ − χc2
∥∥ε

∥∥ )
(3.39)

with c2 ∈ (0, 1). Then, one has that V̇ (ε) ≤ −χ(1 − c2)
∥∥ε

∥∥2
, ∀ ∥∥ε

∥∥ ≥
∥∥∥γ̃

∥∥∥
χc2

.
Analogously, the closed-loop system of ε is ISS with respect to γ̃ and satisfies

‖ε(t)‖ ≤ β(‖ε(0‖, t)) + γ
(
sup
0≤τ≤t

‖γ̃ (τ )‖), ∀t > 0, (3.40)

where β(·) is a KL function and κ2 = 1/χc2 is the gain of the system (see [33]). It
follows from KL function β(‖ε(0‖, t)) and (3.38) that

limt→∞ β(‖ε(0‖, t)) = 0, limt→∞ ‖γ̃ (t)‖ = 0. (3.41)

Accordingly, one has limt→∞ ε(t) = 0, i.e.,

lim
t→∞ ρ̃i (t) = 0, lim

t→∞ θ̃i (t) = 0, (3.42)

which implies that limt→∞ ρi = r and limt→∞(θi+ −θi + ξi ) = 2π
n , i.e.,

lim
t→∞ θi+ − θi + ξi = lim

t→∞ θ j+ − θ j + ξ j , i, j ∈ V, i �= j, (3.43)

subject to limt→∞ η̂i (t) = 0 and limt→∞ ω̂i (t) = 0. This completes the proof. �

Remark 3.2 Note that the conditions limt→∞ η̂i (t) = 0 and limt→∞ ω̂i (t) = 0, i.e.,
limt→∞ ẽi (t) = 0, ensure the decoupling of high-level collective behavior control
from low-level underactuated dynamics control, which are assumed to be satisfied
for Problems3.1 and 3.2. Consequently, Problem3.3 can be addressed using the
previously proposed controller from [30].

Remark 3.3 Theorem3.1 indicates that vessels switch to Stage 2 if Problem3.2 is
resolved, i.e., limt→∞ zi = 0. To speed up this process in real-world experiments, the
switching condition between Stages 1 and 2 should be triggeredwhen |zi | ≤ σ for i ∈
V, where σ > 0 is a predefined threshold that ensures the asymptotic convergence
of |zi | in (3.19).
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3.5 Algorithm Verification

In this section, the proposed fencing control scheme (3.13), (3.17), and (3.25) has
been implemented on our lake-based multi-USV platform, which consists of three
HUSTER-12 vessels: a base control station (BCS), a virtual moving target vessel,
and a USV dock.

As depicted in Fig. 3.3, each HUSTER-12 USV is 1.6m in length, with
dynamic model parameters in (3.3) defined as follows: m11 = 1000.00 kg, m22 =
0.60 kg, m33 = 263.16 kg · m2, d11 = 980.40 kg · s−1, d22 = 0.59 kg · s−1, d33 =
257.61 kg · m2 · s−1. Each vessel is equipped with an onboard differential GPS
(DGPS) receiver (NovAtel-OEM615), a DGPS wireless sensor (E32-400T20S),
two DGPS antennas, a 433M wireless sensor (E32-433T30S), an accelerometer–
gyroscope (AG) chip (MPU6050), an embedded controller (STM32F407VGT6), a
motor driver (SEAKING-V3), a high-power battery (RUIYI-48), and a waterjet pro-
peller (HJ-064). The AG chip is integrated for vessel navigation. Typically, using the
onboard DGPS receiver and DGPS station, each USV determines its heading angle
and position with an accuracy of ±2 cm, which is sent to the embedded controller to
generate actuator signals. Through the communication of intermittent neighboring
information via the 433M wireless sensor and receiver, each USV calculates its con-
trol signals, which are executed by themotor driver. This driver regulates the waterjet
engine (2 kW) and rudder (with a range of±15◦) to accomplish the two-stage fencing
controlmission. The status trajectories of the vessels and the corresponding controller

Fig. 3.3 Hardware structure of the multi HUSTER-12s USVs
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Table 3.1 Main components in the multi-USV system

Component/hardware Parameter

NovAtel-OEM615 Accuracy: ±2cm

E32-400T20S Power: 10–20dBm, distance: 3km

E32-433T30S Power: 21–30dBm, distance: 8km

MPU6050 Gyroscope range: ±250, 500, 1000, 2000◦/s, acceleration range:
±2 g,±4 g,±8 g,±16 g

STM32F407VGT6 Flash: 1024 kB, frequency: 72 M, pin:100

SEAKING-V3 Voltage: 5–12 s Lipo (21–50.4 V), current: 130 A

RUIYI-48 Capacity: 48 V, 30 Ah

HJ064 Power: 3.6 kW, thrust: 115 N

Fig. 3.4 Switching inter-vessel communication topologies of the multi-USV system. Circles 1, 2,
and 3 are the vessels, and red rectangle 0 is the virtual motional target

parameters are logged by an onboard SD card (32GB). Table3.1 provides a summary
of the main components and hardware specifications for the multi-USV system.

In this experiment, the three vessels start from random positions within a
[20 × 20] m2 lake area. The sensing radius R is set to 18 m, and the encircling
radius r is also set to 18 m. Initially, the vessels have states of ui = 0 m/s, vi = 0
m/s, and ri = 0 rad/s. The control signals are calculated and updated by the embed-
ded controller at a frequency of 4 Hz. For the moving target q0(t), the initial position
is set to q0 = [−9510, 12010]T cm, and the velocity is v0 = [−50, 50]T cm/s, both
defined in the East–North coordinate system. The intermittent communication net-
work topology among the USVs is illustrated in Fig. 3.4, which periodically switches
between configurations (a), (b), and (c) with a switching rate of μ = 0.9. When the
distance between the visual target and any followerUSVexceeds r , the follower loses
direct access to the virtual moving target. In such cases, the follower USVs exchange
their estimated positions q̂ i

0 with neighboring vessels via the onboard 433 M wire-
less communication network if the target is outside their sensing range. The con-
troller parameters for (3.13), (3.17), and (3.25) are set to k1 = 0.1, k2 = 2, c2 = 0.2,
c3 = 0.2, and γ = 0.5, ensuring they meet the conditions given in (3.15).
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Fig. 3.5 Two-stage fencing process of a virtual moving target with the multi-USV system. The
colored lines are the moving trajectories of the three vessels. a Initial position of the USVs; bUSVs
begin to chase the virtual motional target; c The target has been fenced in Stage 1; d USVs evenly
rotate around the moving target in Stage 2

The trajectories of the vessels during the two-stage fencing control process while
following the moving target q0(t) are shown in Fig. 3.5. As seen in Fig. 3.6, the dis-
tance between each vessel and the target stabilizes around 12 m. Additionally, the
relative angle between each pair of neighboring vessels uniformly converges to 120◦
within 115 s, indicating that the three vessels effectively capture and rotate symmet-
rically around the moving target at the center within the intermittent communication
network. Regarding estimation errors, the evolution of the estimated state errors q̃ i

0
and ṽi0 for each vessel (i = 1, 2, 3), as determined by the observer in (3.13), is plotted
in Fig. 3.7. The estimation errors are observed to settle to zero within 20 s, which
validates the effectiveness of the designed observer in (3.13).
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(a) (b)

(c) (d)

Fig. 3.8 A real snapshot of the two-stage equally surrounding control to follow the virtual moving
target

To provide a visualization of the fencing control performance, a real snapshot of
the vessels in an equally cyclic fencing formation is shown in Fig. 3.8. These exper-
iments demonstrate the effectiveness of the proposed two-stage control laws (3.17)
and (3.25), aswell as the feasibility of Theorems3.1 and 3.2.Notably, since the exper-
iments were conducted with intermittent communication (as depicted in Fig. 3.4),
which is not addressed by existing studies such as [8–15], the proposed control
method’s superiority is further validated in achieving the target encircling mission
with evenly rotating phases, unknown target velocities, and dynamic communication
topologies.

It is important to note that it typically takes a longer time for the USVs to achieve
an even encirclement of a moving target, and the fencing trajectories exhibit more
oscillations. This is mainly due to the increased external disturbances from water
currents and a higher communication packet loss rate caused by the need to contin-
uously fence the moving target. Despite these challenges, the overall performance
remains satisfactory.
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3.6 Conclusion

In this chapter, a distributed fencing controller via input-to-state stability is proposed
to address a two-stage equal fencing problem of multi-USV systems. The key advan-
tage of the proposed controller is its ability to handle joint dwelling connectivity in
the inter-agent communication graph, making it more practical and reducing com-
munication costs between vessels. Importantly, the chapter establishes conditions
that ensure the asymptotic stability of the closed-loop multi-USV system under this
control strategy. The effectiveness of the proposed controller is validated through
real-world lake experiments involving three HUSTER-12 USVs, demonstrating sat-
isfactory performance. This work bridges the gap between theoretical design and
practical implementation of multi-USV systems by addressing challenges faced in
real-world scenarios. Future research will focus on extending the fencing control
strategy to handle multiple moving targets with significant velocity variations.
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Chapter 4
Distributed Fencing Control via Output
Regulation Theory

4.1 Introduction

In Chaps. 2 and 3, we have explored the themes of “basic fencing” and “complex
fencing” with an evenly rotating formation based on the neighboring angle repulsion
and input-to-state stability, respectively. Although Chaps. 2 and 3 addressed a mov-
ing target fencing and formation evolution, they only are applied to a constant-speed
target. However, in practical applications, the varying-velocity target is more com-
mon, which has a more practical value in extremely dangerous situations. Therefore,
this chapter continues to focus on the theme of “complex fencing”. Following the
direction of the previous two chapters, we further propose a distributed controller via
output regulation theory, which aims at solving a more general problem of coopera-
tive fencing of targetswith a time-varying velocity. Inwhat follows,wewill introduce
the related background.

Inspired by the highly coordinated behaviors of bird flocks, fish schools, insect
colonies, and mammal herds in nature, recent research into the cooperative control
of MRSs has gained momentum. Such natural coordination offers key advantages
like efficiency, broad coverage, and cost-effectiveness, making it applicable to indus-
tries, engineering, and social network systems. The emergence of strong cooperative
behaviors has long been a focal point inMRS control research. Noteworthy advance-
ments have been made in recent years, particularly in formation control [1, 2], syn-
chronization/consensus methods [3, 4], containment strategies [5, 6], and circular
motion control [7, 8].

In the realm of collective circular motion control, the issue of target fencing has
garnered growing interest. Early research on the target-fencing problem in multi-
robot systems (MRS) primarily concentrated on confining a target within the trajec-
tories of well-informed robots [9–11] that had direct access to target information.
However, this scenario is not common in practical applications. To address this, a
more realistic cooperative strategy was proposed in [12], where only a subset of the
robots has access to the target.

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2025
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While previousworks like [9–12] have achieved target encirclement usingmoving
trajectories, they do not consistently ensure that the target remains fully enclosed at
every instant. This observation inspires another research avenue known as the target-
fencing problem, where the goal is to continuously enclose the target within the
convex hull of the entire group of robots. In early studies on fencing control for multi-
robot systems (MRS), all robots had fixed labels, with predetermined neighbors and
relative positions. This problem has been addressed for first-order MRSs [13] and
second-order MRSs [14]. Later, this concept was expanded to multi-target fencing
scenarios for second-order nonlinearMRSs [15] and evenmultiple unmanned surface
vessels [16].

However, label-fixed fencing controllers often struggle with increasingly com-
plex tasks in unpredictable environments. As missions grow more intricate, these
controllers must constantly recalculate the fixed relative positions among robots,
which adds to the computational burden and reduces overall efficiency. In unpre-
dictable settings, these controllers may also take longer and consume more energy
to achieve effective cooperation. For example, if a robot starts in a position that
is significantly different from its designated location, it must navigate through the
formation to reach its assigned spot, which can be inefficient. Moreover, if a robot
fails during the process, the predefined positions make it impossible to maintain the
fencing formation. This highlights the need for more adaptable label-free fencing
controllers, where robots do not have predefined labels [17]. Various solutions have
been proposed to address this challenge: a limit-cycle-based approach for maintain-
ing a stationary target [18], a hierarchical structure with an output regulation method
for surrounding a stationary target [19], and a cooperative controller using attractive,
repulsive, and rotational forces to enclose a specified stationary target [20]. Addi-
tionally, research has extended to fencing a moving target with constant velocity for
first-order MRSs [21], second-order MRSs [22, 23], and multiple unmanned surface
vessels [24].

To date, most research [18–20] on label-free fencing has focused on first-order
MRSs and has not thoroughly addressed the evolution of the formation throughout
the entire fencing process. This consideration is crucial for practical applications
such as unmanned system convoy protection, reconnaissance, and patrol. Although
some recent studies [21–24] have explored rigid formations for constant-velocity
targets, the more complex problem of fencing a moving target with varying velocity
remains unresolved. Therefore, it is both urgent and challenging to develop a label-
free controller for second-order MRSs that ensures collision-free rigid-formation
fencing for targets with variable velocities. The main contribution of this chapter is
two-fold.

1. Design a label-free controller for a second-order MRS to collaboratively fence a
complex target of changing velocitywithin their convex hull, allwhilemaintaining
a fixed formation.

2. Ensure both collision avoidance between robots and convergence for a nonlinear
MRS that is subject to complex dynamics, strong inter-robot couplings, and time-
varying network topologies.
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The primary challenge addressed in this chapter is the strong nonlinear couplings
introduced by the label-free nature of the system combined with a varying-velocity
target, which makes two significant contributions. (i) It extends beyond previous
studies that focused on label-free fencing for static targets [18–20] and constant-
velocity targets [21–24] by treating the target as an exosystem. This approach leads to
the development of a novel label-free controller that incorporates a dynamic regulator
and inter-robot repulsion to tackle themore complex problem of fencing a target with
variable velocity. (ii) Second, by integrating inter-robot repulsion into the internal
model, this chapter ensures both rigid formation and collision avoidance. Notably,
the method can also address the constant-velocity target fencing problem as a special
case by using the dynamic regulator within the internal model.

Theorganizationof this chapter is as follows. Section4.2 outlines the preliminaries
and defines the primary problem tackled in this chapter. Section4.3 formulates the
target-fencing control law and presents the principal technical results. Section4.4
conducts numerical simulations to demonstrate the effectiveness of the proposed
approach. Section4.5 provides the concluding remarks.

4.2 Problem Formulation of Fencing a Varying-Velocity
Target

In this section, we first consider an MRS comprising n robots, where each robot
operates under second-order dynamics in Cartesian coordinates,

ẋi (t) = vi (t)

v̇i (t) = ui (t), (4.1)

where xi (t) and vi (t) indicate the position and velocity of robot i , respectively, while
ui (t) represents the control input. The MRS topology is represented by G = (V,E),
whereV = {1, 2, . . . , n} denote the set of nodes and E ⊆ V × V denotes the set of
edges. Ni is defined as the sensing neighborhood set of robot i inV, i.e.,

Ni (t) := {k ∈ V, k �= i | ‖xi,k(t)‖ ≤ R} (4.2)

with a detectable range R ∈ (r,∞) and a specified safe distance r ∈ R
+. The relative

positionbetween robots i and k is givenby xi,k(t) := xi (t) − xk(t),where i �= k ∈ V.
From the condition that the relative distances |xi,k | are both limited and variable, one
has that the neighborhood set Ni for robot i changes over time. As a result, the
topology G may also vary dynamically. This situation is more complex than cases
with fixed topologies and predetermined robot labels (see, e.g., [13–16]).

Then, we consider a moving target satisfying

[
ẋd(t)
v̇d(t)

]
= S

[
xd(t)
vd(t)

]
(4.3)
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with the dynamic matrix

S =
[
0 1
s1 0

]
⊗ I2 (4.4)

where s1 ≤ 0 is a constant, and xd ∈ R
2, vd ∈ R

2 represent the position and velocity
of the target, respectively. When s1 = 0 in (4.4), the target in (4.3) moves with a
constant velocity, as discussed in [22]. For s1 < 0, the target moves periodically
with a varying velocity.

Let co(x) be the convex hull of all the robots x = [x1, . . . , xn]T, i.e.,

co(x) :=
{∑

i∈V
λi xi : λi ≥ 0,∀i and

∑
i∈V

λi = 1

}
, (4.5)

which implies that the distance from the target to the convex hull co(x) is given
by Pxd (x) := mins∈co(x) ‖xd − s‖ (see, e.g., [20]). Accordingly, we can give the
following definition.

Definition 4.1 (Label-free rigid-formation fencing [20]) An MRSV with dynamic
(4.1) asymptotically fences a target governed by the dynamic (4.3) into a convex hull
(4.5) formed by the arbitrarily labeled robots, while ensuring a collision-free rigid
formation, if the following three claims are met:

(1) lim
t→∞ Pxd (t)(x(t)) = 0,

(2) lim
t→∞ vi (t) − vd(t) = 0,∀i ∈ V,

(3) ‖xi,k(t)‖ > r,∀t ≥ 0, ∀i �= k ∈ V. (4.6)

In Definition4.1, Claim (1) asserts that the target xd is enclosed within the
convex hull co(x) formed by arbitrarily labeled robots xi , i ∈ V. From Claim
(2), where limt→∞(vi (t) − vd(t)) = 0, it follows that limt→∞(xi (t) − xd(t)) = di ,
with a constant vector di ∈ R

2. This indicates that the relative positions between
the robots and the target remain consistent, thereby ensuring that the MRS main-
tains a fixed formation. Finally, Claim (3) guarantees that the distance |xi,k(t)|
between any pair of robots always exceeds r , ensuring collision avoidance among
the robots. Combining Claims (1) and (3) together yields the fencing formation.
Claim (2) introduces an additional condition needed to maintain a rigid forma-
tion during fencing. Furthermore, note that Claims (1)–(3) do not explicitly pre-
define fixed labels or inter-robot relative positions for specific robots, indicating that
the labeling of robots in the fencing formation is flexible, resulting in label-free
fencing.

To illustrate the main problem addressed in this chapter more clearly, an example
of label-free fencing is presented in Fig. 4.1. In this figure, all patterns 1–3 demon-
strate successful fencing of a moving target, highlighting that no specific labels are
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Fig. 4.1 Example of label-free fencing for a motional target

needed for individual robots. Now, the main problem addressed in this chapter can
be formally introduced as follows.

Problem 4.1 The objective is to design a cooperative label-free controller

ui := f (xi , vi , xd , xk), i ∈ V, k ∈ Ni , (4.7)

for an MRS (4.1) and a target of variational velocity in (4.3) to achieve label-free
rigid-formation fencing, as shown in Definition4.1.

4.3 Internal-Model Controller Design and Convergence
Analysis

Let the relative position between an arbitrary robot i ∈ V and the target be given by

ei (t) := xi (t) − xd(t). (4.8)

Now, by omitting (t) for simplicity, a cooperative fencing controller with dynamic
feedback regulation for i ∈ V is proposed as follows:

ui = −
( [

k1 k2
] ⊗ I2

) [
xi
vi

]
−

( [
k3 k4

] ⊗ I2
) [

εi
ζi

]
+ k5

∑
k∈Ni

α(‖xi,k‖) xi,k
‖xi,k‖ ,

[
ε̇i
ζ̇i

]
=

([
0 1
s1 0

]
⊗ I2

) [
εi
ζi

]
+

( [
0
1

]
⊗ I2

)(
ei − k5

∑
k∈Ni

α(‖xi,k‖) xi,k
‖xi,k‖

)
, (4.9)

where k1, k2, k3, k4, k5 ∈ R
+ are positive parameters, and εi , ζi ∈ R

2 represent the
states of the internal model in (4.9) for robot i . The neighborhood set Ni is defined
in (4.2). The term

∑
k∈Ni

{α(‖xi,k‖)xi,k/‖xi,k‖} represents the inter-robot repulsion,
where the continuous function α(·) (see, e.g., [20]) satisfies

α(s) = 0,∀s ∈ [R,∞), lim
s→r+

α(s) = ∞. (4.10)
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Fig. 4.2 Illustration of the potential function α(s) in (4.12)

Here, the detectable range R ∈ (r,∞) and the specified safe distance r are given in
(4.2). In the following discussions, for conciseness of presentation, we denote

ηi :=
∑
k∈Ni

{α(‖xi,k‖) xi,k
‖xi,k‖}. (4.11)

Remark 4.1 Note that the function α(s) in (4.10) is monotonically decreasing
for s ∈ (r, R] and equals 0 for s ∈ (R,∞). This indicates that α(s) is Lipschitz
continuous over (r,∞). An example of α(·) that satisfies (4.10) is illustrated in
Fig. 4.2:

α(s) =
{ 1

s−r − 1
R−r , r < s ≤ R,

0, s > R.
(4.12)

Remark 4.2 As shown in the controller (4.9), the position state xd , although known
to each robot, does not represent the final convergent steady state, which is different
from some centralized controllers (such as those using a star topology). Instead, the
steady states of the robots in (4.9) are determined through a distributed approach,
based on the attraction domain of the target and local interactions among the robots.
This approach is commonly used in label-free fencing studies [18–22]. Additionally,
if the target position xd is only accessible to a subset of the robots in practical
scenarios, it can be communicated to all robots through a network within finite time,
as discussed in [25].

Remark 4.3 Note that the internal model εi and ζi in Eq. (4.9) serves as a
dynamic compensator to address the varying velocity of the target vd(t) which
only uses position measurements, ensuring that the solution to the augmented sys-
tem remains valid. Furthermore, by incorporating the inter-robot repulsion term
k5

∑
k∈Ni α(|xi,k |)xi,k/|xi,k | into the internal model states εi and ζi , such kind of

design provides a critical component needed tomaintain a rigid formationwhile fenc-
ing a target with a changing velocity, as demonstrated in Lemma4.6. The dynamics
matrices G1 and G2 in Eq. (4.9) can be computed from the minimal characteristic
polynomial of the dynamic matrix S in (4.4), as outlined in Lemma4.2.
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Remark 4.4 In the label-free controller ui given by (4.9), labels are merely used for
identification purposes among the robots. Since every robot uses the same controller
structure, swapping labels between robots does not impact the system’s operation.
In contrast, label-fixed designs involve controllers that set specific, predetermined
relative positions between robots, resulting in unique controllers for each robot.

Next, we will demonstrate that the closed-loop MRS governed by (4.1), (4.3),
(4.4), and (4.9) satisfies the following property.

P1: The collision-free rigid-formation fencing in terms of Claims (1)–(3) can be
achieved by the MRS V (see Definition4.1).

Moreover, we still require the following three conditions:

C1: The initial positions of the robots in V fulfill ‖xi,k(0)‖ > r, ∀i �= k ∈ V.
C2: The parameters k1, k2, k3, k4 ∈ R

+ in (4.9) satisfy

k2 = k4
k1 + s1 − 1

k3
, k1 − k3 + s1 − 1 > 0. (4.13)

C3: The dynamic matrix S from (4.4) for the target is accessible to all the robots.

Remark 4.5 Here, we illustrate the meaning of the aforementioned three condi-
tions C1–C3. Precisely, Condition C1 is essential for ensuring collision avoidance.
Condition C2 simultaneously ensures the fencing property, collision avoidance, and
the maintenance of a rigid formation. Condition C3 is necessary for designing the
internal model in (4.9), as explained below. Each robot must know the matrix S
to compute the dynamic matrices G1 and G2 for the internal model, as outlined in
Lemma4.2. Additionally, since the robots have access to the matrix S of the target,
they can also determine the modal characteristics of the target’s velocity vd , such
as its structure and frequency of variation (e.g., f = 1/

√−s1 Hz when s1 < 0, and
f = 0 Hz when s1 = 0). This allows the robots to calculate the real-time varying
velocity vd(t) based on the matrix S and the target’s position xd(t). The dynamics
of the target, as given in Eq. (4.3), show how xd(t) and vd(t) evolve:

[
xd(t)
vd(t)

]
=�(t)

[
xd(0)
vd(0)

]
(4.14)

with the initial position and velocity xd(0), vd(0), and

�(t) =
[

cos(
√−s1t)

sin(
√−s1t)√−s1−√−s1 sin(

√−s1t) cos(
√−s1t)

]
⊗ I2, if s1 < 0,

�(t) =
[
1 t
0 1

]
⊗ I2, if s1 = 0. (4.15)

Here, the modal characteristics of the target velocity vd(t) are described by the struc-
ture of �(t) in Eq. (4.15) and its frequency, which is f = 1/

√−s1 Hz if s1 < 0,
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and f = 0 Hz if s1 = 0. Equations (4.14) and (4.15) show that the initial velocity
vd(0) can be calculated using �(t), xd(0), and xd(t). This calculation allows for
determining the real-time velocity vd(t) from�(t), xd(0), and vd(0). By considering
the moving target as an exosystem, the cooperative target fencing problem in Prob-
lem 1 is transformed into a cooperative regulation problem. Condition C3 is a widely
accepted assumption in the design of cooperative regulation strategies [26, 27].

To set the stage for the main technical results, we first need to cover some
preliminary concepts.

Lemma 4.1 ([28]) To lay the groundwork for the main technical results, we first
consider a linear time-invariant system governed by

ẋ = Ax + Bu + Eν,

e = Cx + Du + F ν,

ν̇ = Sν,

and a dynamic state feedback controller

u = K1x + K2z, ż = G1z + G2e,

where x ∈ R
n, u ∈ R

m, e ∈ R
p, z ∈ R

nz , and v ∈ R
q represent the system state,

input, regulated output, internal model state, and exosystem signal, respectively. The
matrices A ∈ R

n×n, B ∈ R
n×m, C ∈ R

p×n, D ∈ R
p×m, E ∈ R

n×q , F ∈ R
p×q , S ∈

R
q×q ,K1 ∈ R

m×n,K2 ∈ R
m×nz , G1 ∈ R

nz×nz , and G2 ∈ R
nz×p are system matrices.

Assume that the matrix S has no eigenvalues with negative real parts. If (G1,G2)

represents a minimal p-copy internal model of the matrix S and the matrix

Ac =
[ A + BK1 BK2

G2(C + DK1) G1 + G2DK2

]

is Hurwitz, then the Sylvester matrix equation has a unique solutionX ∈ R
n×q ,Z ∈

R
nz×q as

XcS =AcXc + Bc,

0 = CcXc + Dc (4.16)

with

Xc =
[X
Z

]
,Bc =

[ E
G2F

]
,Cc = [C D]

,Dc = [F ]
.

Lemma 4.2 ([28]) For a regulated output e ∈ R
p and an arbitrary square matrix

S ∈ R
q×q , one has that a pair of matrices (G1,G2) is said to represent a minimal

p-copy internal model of the matrix S if they are structured as follows:
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G1 = block diag[β1, β2, . . . , βp] ∈ R
pq×pq ,

G2 = block diag[σ1, σ2, . . . , σp] ∈ R
pq ,

where p is the dimension of the regulated output e, block diag denotes a block diago-
nalmatrix,βi ∈ R

q×q are constant squarematrices, andσi ∈ R
q are constant column

vectors, satisfying the following two conditions: (i) (βi , σi ) are controllable. (ii) The
minimal characteristic polynomial of S divides the characteristic polynomial of βi .
Moreover, we define the minimal characteristic polynomial of S to be

S(λ) := λnm + α1λ
nm−1 + · · · + αnm−1λ + αnm ,

which implies that βi , σi , i = 1, 2, . . . , p can be designed as follows:

βi =

⎡
⎢⎢⎢⎢⎢⎣

0 1 · · · 0
0 0 · · · 1
...

...
...

...

0 0 · · · 1
−αnm −αnm−1 · · · −α1

⎤
⎥⎥⎥⎥⎥⎦

, σi =

⎡
⎢⎢⎢⎢⎣

0
0
. . .

0
1

⎤
⎥⎥⎥⎥⎦ ,

where the aforementioned conditions (i), (ii) of the p-copy internal model are
naturally satisfied.

Remark 4.6 According to Lemma4.2, the matrix G1 incorporates all the eigenval-
ues of the matrixS, while the matrixG2 ensures that the pair (G1,G2) is controllable.
This configuration allows for a guaranteed solution to the Sylvester matrix equation
given in Eq. (4.16) of Lemma4.1.

Lemma 4.3 (Schur Complement [29]) For the linear matrix inequality

[
T (p) W (p)
W T(p) R(p)

]
> 0

with T (p) = T T(p) and R(p) = RT(p), one has that it is equivalent to the following
equation:

1. T (p) > 0, R(p) − W T(p)T−1(p)W (p) > 0,

2. R(p) > 0, T (p) − W (p)R−1(p)W T(p) > 0.

To facilitate understanding, the main technical results are broken down into three
steps: fencing, inter-robot collision avoidance, and rigid formation. We begin with a
lemma addressing the fencing property in Step 1.

Lemma 4.4 For an MRSV governed by (4.1) and (4.9) to collectively fence a mov-
ing target governed by (4.3) (i.e., satisfying Claim (1) in Eq. (4.6)) under condition
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C3, it is both necessary and sufficient that the control gains k1, k2, k3, k4 ∈ R
+ in

(4.9) meet specific criteria:

k4 − s1k2 − k22(k3 − s1k1)

k1k2 − k4
> 0,

k1k2 − k4
k2

> 0. (4.17)

Proof We define x̄ and v̄ to be the position and velocity centers of the robot set V,
respectively,

x̄ := 1

n

n∑
i=1

xi , v̄ := 1

n

n∑
i=1

vi . (4.18)

Based on the definitions of xi , vi in Eq. (4.1), we formulate the dynamics of x̄, v̄ in
(4.18) in the Cartesian coordinates,

˙̄x(t) = v̄(t), ˙̄v(t) = ū(t), (4.19)

where ū = 1
n

∑n
i=1 ui represents the acceleration of the collective center of the robots.

Given the definition of ηi in Eq. (4.11), it follows that
∑n

i=1 ηi = 0, leading to the
result that

ū = −
( [

k1 k2
] ⊗ I2

) [
x̄
v̄

]
−

( [
k3 k4

] ⊗ I2
) [

ε̄

ζ̄

]
(4.20)

where ε̄ := 1/n
∑n

i=1 εi , ζ̄ := 1/n
∑n

i=1 ζi are the internal model states of the
robots’ centers. By defining ς := [x̄T, v̄T]T and χ := [ε̄T, ζ̄ T]T and substituting
Eq. (4.20) into Eq. (4.19), one has that the dynamic of the center of robots has the
following structure:

ς̇ = Aς + BK2χ, (4.21)

where K2 = [−k3 − k4] ⊗ I2, B = [0 1]T ⊗ I2

A =
[

0 1
−k1 −k2

]
⊗ I2. (4.22)

According to the condition k5
∑n

i=1 ηi = 0 andχ = [ε̄T, ζ̄ T]T inEq. (4.21), it, together
with (4.20) and internal model in (4.9), gives that the dynamics of χ become

χ̇ = G1χ + G2ē (4.23)

where ē := 1/n
∑n

i=1 ei is the center of the relative position error and
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G1 =
[
0 1
s1 0

]
⊗ I2,G2 =

[
0
1

]
⊗ I2. (4.24)

Let σ := [xT
d , v

T
d ]T, the dynamics of the target, as given in Eq. (4.3) be expressed

compactly as

σ̇ = Sσ. (4.25)

Following from the definitions of ei := xi − xd and ς := [x̄T, v̄T]T, one has that

ē = x̄ − xd = Cς + Dσ (4.26)

with

C = [
1 0

] ⊗ I2, D = [−1 0
] ⊗ I2. (4.27)

Let � := [ς T, χ T]T; it, together with Eqs. (4.21), (4.23), (4.25), (4.26), gives that the
augmented system of the center states is

�̇ = Ac� + Bcσ, σ̇ = Sσ, ē = Cc� + Dσ (4.28)

with

Ac =
[

A BK2

G2C G1

]
, Bc =

[
0

G2D

]
,Cc = [

C 0
]
.

According to the definitions of matrices A, B, K2,C, D,G1,G2 in (4.21), (4.24),
(4.27), one has

Ac =

⎡
⎢⎢⎣

0 1 0 0
−k1 −k2 −k3 −k4
0 0 0 1
1 0 s1 0

⎤
⎥⎥⎦ ⊗ I2, Bc =

⎡
⎢⎢⎣

0 0
0 0
0 0

−1 0

⎤
⎥⎥⎦ ⊗ I2, (4.29)

which implies that the characteristic polynomial of matrix Ac becomes λ4 + k2λ3
2 +

(k1 − s1)λ2 + (k4 − s1k2)λ + k3 − s1k1 = 0. Given the condition of s1 ≤ 0, it indi-
cates that all coefficients of the polynomialmeeting k2 > 0, k1 − s1 > 0, k4 − s1k2 >

0, k3 − s1k1 > 0, which further implies that Ac is Hurwitz iff

k4 − s1k2 − k22(k3 − s1k1)

k1k2 − k4
> 0,

k1k2 − k4
k2

> 0

according to Routh stability criterion [30]. Meanwhile, with the dynamic matrix S
given in Eq. (4.4), the minimal characteristic polynomial of S(λ) is calculated as
λ2 − s1 = 0. Since the regulated output ē := x̄ − xd in (4.23), one has that p = 1.
Moreover, by Lemma4.2, one has that
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β1 =
[
0 1
s1 0

]
, σ1 =

[
0
1

]
,

which satisfies the Conditions (1) and (2) of the minimal p-copy internal model in
Lemma4.2. Since x̄ ∈ R

2 and xd ∈ R
2, the matricesG1 andG2 of the internal model

are thus expanded by the Kronecker product as follows:

G1 =
[
0 1
s1 0

]
⊗ I2,G2 =

[
0
1

]
⊗ I2,

which aligns with Eq. (4.24). This indicates that thematricesG1 andG2 in (4.24) rep-
resent a minimal p-copy internal model of the matrix S [28]. Consequently, accord-
ing to Lemma4.1, the closed-loop system described in (4.28) satisfies a Sylvester
equation with a unique matrix Xc ∈ R

4×4 as follows:

XcS = AcXc + Bc, 0 = CcXc + D (4.30)

where Ac, Bc,Cc, D are given in (4.28). Let �̃ := � − Xcσ be the errors between
the center states� and the solution statesXcσ ; it follows from Eqs. (4.28) and (4.30)
that ˙̃� = Ac�̃, ē = Cc�̃, which implies that limt→∞ �̃(t) = 0, limt→∞ ē(t) = 0
because Ac is Hurwitz.

Bearing in mind (4.18) and (4.26), one has limt→∞ x̄(t) − xd(t) =
1/n

∑n
i=1 xi (t) − xd(t) = ē(t) = 0, which thus proves that limt→∞ Pxd (t)(x(t)) =

0, i.e., the fencing property in P1. �

Remark 4.7 The condition in (4.17) solely guarantees the fencing property of an
MRSV. Moreover, this condition (4.17) can be satisfied when condition C2 is met,
as will be shown in Theorem4.1.

Lemma 4.5 Given conditions C1 and C2, an MRS controlled by (4.1) and (4.9)
ensures inter-robot collision avoidance, i.e., ‖xi,k(t)‖ > r,∀t ≥ 0, ∀i �= k ∈ V.

Proof Let �i := [xT
i , v

T
i , ε

T
i , ζ

T
i ]T; it, together with Eqs. (4.1), (4.3), (4.9), (4.11),

(4.28) gives that the derivative of �i is

�̇i = Ac�i + Bcσ + k5Eηi (4.31)

where Ac, Bc in (4.29) and ηi are defined in (4.11), and E = [0, 1, 0,−1]T ⊗ I2 ∈
R

8×2. Define �̃i := [̃xT
i , ṽ

T
i , ε̃

T
i , ζ̃

T
i ]T to be the fencing error �̃i := �i − Xcσ ; one has

that the time derivative of �̃i along (4.28) and (4.31) becomes

˙̃�i = Ac�̃i + (AcXc + Bc − XcS)σ + k5Eηi .

Combining with Eq. (4.30), one has that

˙̃�i = Ac�̃i + k5Eηi . (4.32)
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Equation (4.32) shows that the inter-robot repulsion ηi of robot i is present in the
dynamics of �̃i , affecting the convergence of the closed-loop error system (4.32).

Furthermore, the integration of the inter-robot repulsion
∑

i∈V
∑

k∈Ni

∫ |xi,k |R
α(τ)dτ is introduced as a potential function within a Lyapunov candidate to ensure
collision avoidance among robots. Let

Vp :=
∑
i∈V

∑
k∈Ni

∫ R

‖xi,k‖
α(τ)dτ (4.33)

the integration of inter-robot repulsion be denoted for simplicity. Then, the derivative
of Vp is given by

dVp

dt
= −

∑
i∈V

∑
k∈Ni

α(‖xi,k‖)d‖xi,k‖
dt

= −
∑
i∈V

∑
k∈Ni

α(‖xi,k‖)
xT
i,k

‖xi,k‖
(

∂xi,k
∂xi

ẋi + ∂xi,k
∂xi

ẋk

)

= − 2
∑
i∈V

∑
k∈Ni

α(‖xi,k‖)
xT
i,k

‖xi,k‖ ẋi . (4.34)

According to ηi given in Eq. (4.11), one has that
∑

i∈V ηT
i vd = vT

d

∑
i∈V ηi = 0,

which follows from Eq. (4.34) that

dVp

dt
= − 2

∑
i∈V

ηT
i ẋi = −2

∑
i∈V

ηT
i (ẋi − vd) = −2

∑
i∈V

ηT
i ṽi (4.35)

with ṽi := vi − vd and ẋi = vi . Consequently, ηi is intertwined with the error state
ṽi in Eq. (4.35).

We consider a Lyapunov candidate composed of the error states �̃i and the
potential function Vp, which is defined below

V1(�̃i , xi,k) =
∑
i∈V

{
�̃T

i P�̃i

}
+ γ k5Vp, (4.36)

where P ∈ R
8×8 is a positive-definite symmetric matrix, and γ is the parameter

associated with P . Then, using the derivative of Vp in (4.35), the time derivative of
V1(�̃i , xi, k) along the trajectories of (4.32) becomes

dV1(�̃i , xi,k)

dt
=

∑
i∈V

{
�̃T

i (PAc + AT
c P)�̃i + k5

(
�̃T

i PEηi + ηT
i E

TP�̃i

)}

− 2γ k5
∑
i∈V

ηT
i ṽi . (4.37)
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To express the term �̃

i PEηi + η


i E

P�̃i on the right-hand side of Eq. (4.37) in

the form of η

i ṽi , which can be canceled out by the derivative of Vp in Eq. (4.35),

the matrix P is designed below

P =

⎡
⎢⎢⎣
p1 p6 p7 p6
p6 p2 p5 p4
p7 p5 p3 p5
p6 p4 p5 p4

⎤
⎥⎥⎦ ⊗ I2 (4.38)

where the parameters pi , i = 1, . . . , 7, are designed later. By comparing thematrices
E and P in Eqs. (4.31) and (4.38), we obtain

k5
(
�̃T

i PEηi + ηT
i E

TP�̃i

)
= 2k5(p2 − p4)̃viηi , (4.39)

which implies that the parameter γ in Eq. (4.36) can be set to γ = p2 − p4.
Consequently, from Eqs. (4.37), (4.35), and (4.39), it follows that

dV1(�̃i , xi,k)

dt
=

∑
i∈V

{
�̃T

i (PAc + AT
c P)�̃i

}
=

∑
i∈V

{
�̃T

i Q�̃i

}
(4.40)

with

Q =

⎡
⎢⎢⎣
q1 q5 q6 q7
q5 q2 q8 q9
q6 q8 q3 q10
q7 q9 q10 q4

⎤
⎥⎥⎦ ⊗ I2, (4.41)

q1 = −2k1 p6 + 2p6, q2 = 2p6 − 2k2 p2, q3 = −2k3 p5 + 2s1 p5, q4 = −2k4 p4 +
2p5, q5 = p1 − k2 p6 − k1 p2 + p4, q6 = −k3 p6 + s1 p6 − k1 p5 + p5, q7 = p4 +
p7 − k4 p6 − k1 p4, q8 = −k3 p2 + s1 p4 + p7 − k2 p5, q9 = −k4 p2 + p5 + p6 −
k2 p4, andq10 = −k4 p5 + p3 − k3 p4 + s1 p4.

To establish the convergence of ṽi and ζ̃i in Eq. (4.40), the parameters qi for
i = 1, 3, 5, 6, 7, 8, 10 in (4.41) can be set to 0. This leads to the following conditions:
p5 = 0, p6 = 0, p1 − k1 p2 + p4 = 0, p4 + p7 − k1 p4 = 0,−k3 p2 + s1 p4 + p7 =
0, and p3 − k3 p4 + s1 p4 = 0. Then it derives that

p1 = k21 + (s1 − 1)k1 − k3
k3

p4, p2 = k1 + s1 − 1

k3
p4,

p3 = (k3 − s1)p4, p7 = (k1 − 1)p4 = (k3 − s1)p2, (4.42)

which implies that
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P =

⎡
⎢⎢⎢⎣

k21+(s1−1)k1−k3
k3

0 k1 − 1 0
0 k1+s1−1

k3
0 1

k1 − 1 0 k3 − s1 0
0 1 0 1

⎤
⎥⎥⎥⎦ p4 ⊗ I2. (4.43)

Given that k3 > 0, s1 ≤ 0, and p4 > 0, it follows that the last two diagonal terms of
P satisfy k3 − s1 > 0 and 1 > 0. Then, in accordance to Lemma4.3, one has

[
k21+(s1−1)k1−k3

k3
0

0 k1+s1−1
k3

]
−

[
(k1−1)2

k3−s1
0

0 1

]
> 0 (4.44)

if P > 0. By directly calculating (4.44), we obtain

[
ξ1 0
0 ξ2

]
> 0 (4.45)

with

ξ1 = (s1 + 1)k1k3 − k23 − s1k21 − (s1 − 1)s1k1 + (s1 − 1)k3
k3(k3 − s1)

,

ξ2 = k1 − k3 + s1 − 1

k3
.

As k3 > 0, k3 − s1 > 0, we only need to consider the numerators of ξ1 and ξ2 to
ensure that P > 0.

Case 1: If s1 = 0, it is derived that (k1 − k3 + s1 − 1)/k3 > 0 for P > 0.
Case 2: If s1 < 0, rewrite the numerator of ξ1 in (4.45) in descending order of

k1 as

f (k1) = − s1k
2
1 + (

(s1 + 1)k3 − (s1 − 1)s1
)
k1 − k23 + (s1 − 1)k3,

which implies that f (k1) is a quadratic function of k1. From the fact that

k3 + 1 − s1 − (s1 + 1)k3 − (s1 − 1)s1
2s1

= 2s1k3 + 2s1 − 2s21 − (s1 + 1)k3 + (s1 − 1)s1
2s1

= s1k3 + s1 − s21 − k3
2s1

= (s1 − 1)(k3 − s1)

2s1
> 0,

it can be observed that f (k1) increases monotonically when k1 > k3 + 1 − s1.
Substituting k1 = k3 + 1 − s1 into f (k1) yields
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f (k1) = − s1(k3 + 1 − s1)
2 + (

(s1 + 1)k3 − (s1 − 1)s1
)

× (k3 + 1 − s1) − k23 + (s1 − 1)k3 = 0,

which implies that f (k1) > 0 (i.e., P > 0) if k1 > k3 + 1 − s1.
Accordingly, it concludes that ξ1 > 0, ξ2 > 0 (i.e., P > 0) if (k1 − k3 + s1 −

1)/k3 > 0. Note that k21 + (s1 − 1)k1 − k3 = k1(k1 + s1 − 1) − k3 > 0 with k1 >

1 and k1 − 1 − k3 + s1 > 0 in (4.43). Moreover, the condition k1 + s1 − 1 > k3
implies p2 − p4 > 0 with (4.42), which guarantees V1 in Eq. (4.36) is positive
definite.

Next, it follows from the fact p5 = 0, p6 = 0, and Eq. (4.42) that

dV1(�̃i , xi,k)

dt
=

∑
i∈V

{ [̃
vi
ζ̃i

]T

Q̄

[̃
vi
ζ̃i

] }
(4.46)

with

Q̄ =
[ −2k2 p2 −k4 p2 − k2 p4
−k4 p2 − k2 p4 −2k4 p4

]
⊗ I2.

Since the leading principal minors of Q̄ satisfy −2k2 p2 < 0 and

−2k2 p2 × −2k4 p4 − (−k4 p2 − k2 p4)
2 = −(k4 p2 − k2 p4)

2,

it follows from Eq. (4.42) that k4 p2 − k2 p4 = 0 if

k4
k1 + s1 − 1

k3
= k2, (4.47)

which then implies that the matrix Q̄ is negative semidefinite. It follows from
Eq. (4.42) that

k4
k1 + s1 − 1

k3
= k2. (4.48)

Combining the condition k1 > k3 + 1 − s1 and Eq. (4.47) together gives C2. More-
over, one has that

dV1(�̃i , xi,k)

dt
=

∑
i∈V

{−2(
k1 + s1 − 1

k3
)2k4 p4̃v

2
i − 2k4 p4 (̃εi )

2 − 4
k1 + s1 − 1

k3
k4 p4̃vi ε̃i }

= −
∑
i∈V

2p4
k4

(
(k1 + s1 − 1)k4

k3
ṽ2i + k4̃εi )

2

= −
∑
i∈V

2p4
k4

‖(k2̃vi + k4ζ̃i )‖2 ≤ 0. (4.49)
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To simplify, let V1(t) := V1(�̃i(t), xi, k(t)) denote the function V1 at time t . It then
follows from Eq. (4.49) that

V1(T ) = V1(0) +
∫ T

0

dV1(�̃i , xi,k)

dt
dt ≤ V1(0) (4.50)

for an arbitrary constant time T > 0. Combining this with the definition of V1 in
Eq. (4.36), we obtain that

k5(p2 − p4)
∑
i∈V

∑
k∈Ni

∫ R

‖xi,k (T )‖
α(s)ds ≤ V1(T ) ≤ V1(0). (4.51)

Under condition C1, one has that V1(0) is bounded, so is
∑

i∈V
∑

k∈Ni

∫ R
‖xi,k (T )‖

α(s)ds, ∀ T ≥ 0 in Eq. (4.51). However, using the fact

lim
‖xi,k (T )‖→r+

∑
i∈V

∑
k∈Ni

∫ R

‖xi,k (T )‖
α(s)ds = ∞, (4.52)

where α is defined in (4.12) and r+ represents the right-hand limit of r , we conclude
that |xi,k(T )| > r for all i ∈ V, i, k ∈ V, and T > 0. This proves collision avoidance.
�

Remark 4.8 Lemma4.5 aims to demonstrate inter-robot collision avoidance
through the boundedness of the Lyapunov function V1 in (4.36), which is com-
posed of two terms. The first term relates to the error states �̃i between robot i and
the target, while the second term represents the integration of inter-robot repulsion,
Vp. These two terms in V1 cannot converge to zero but only to an invariant set of
partial states, k2̃vi + k4ζ̃i = 0, due to (4.49). Moreover, if both terms were to con-
verge to zero, it would imply that all robot positions coincide, resulting in V1 = ∞,
which contradicts the condition that dV1(t)/dt ≤ 0 in (4.49). It is also noteworthy
that the chosen function V1 and the invariant set k2̃vi + k4ζ̃i = 0 contribute to the
rigid formation described in Lemma4.6.

4.4 Rigid Fencing Pattern and Analysis

Lemma 4.6 Under conditions C1–C3, anMRS governed by (4.1) and (4.9) achieves
a rigid formation while moving with the target described by (4.3), i.e.,

lim
t→∞ (vi (t) − vd(t)) = 0.
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Proof From Eq. (4.49) in the proof of Lemma4.5, we see that dV1/dt = 0 occurs if
and only if k2̃vi + k4ζ̃i = 0. This implies that the largest invariant set {̃xi , ṽi , ε̃i , ζ̃i |
dV1/dt = 0} consists of the line defined by k2̃vi + k4ζ̃i = 0. Since any line segment
between two points on this line remains on the line, the invariant set is compact. By
the LaSalle invariant set theorem [31], it follows that the trajectories of x̃i , ṽi , ε̃i , ζ̃i
converge to

lim
t→∞ k2̃vi (t) + k4ζ̃i (t) = 0. (4.53)

Then, we will demonstrate that

If k2̃vi + k4ζ̃i = 0, then vi (t) − vd(t) = 0,∀i ∈ V. (4.54)

According to the dynamics of ˙̃vi , ˙̃ζ i in (4.32), one has
˙̃ζi = x̃i + s1̃εi − k5ηi . Taking

the derivative of ˙̃vi yields that
¨̃vi = − k2 ˙̃vi − k4 ˙̃εi − (k1 − 1)̃vi − (k3 − s1)̃εi − ¨̃εi

= − (k2 ˙̃vi + k4 ˙̃ζ i ) −
(
k1 − 1 − (k3 − s1)k2

k4

)
ṽi − (k3 − s1)

(
k2
k4
ṽi + ζ̃i

)
− ¨̃ζ i .

(4.55)

Subtracting k2/k4 ¨̃vi at both sides of (4.55), it then follows from Eq. (4.48) that

¨̃vi = s1̃vi + k4
k2 − k4

(k2 ˙̃vi + k4 ˙̃ζ i ) + (k3 − s1)

k2 − k4
(k2̃vi + k4ζ̃i ) + 1

k2 − k4
(k2 ¨̃vi + k4 ¨̃ζ i ).

(4.56)

Utilizing the fact that ˙̃vi , ˙̃ζ i , ¨̃vi , and ¨̃ζ i are uniformly continuous, it follows from
(4.54) that

k2 ˙̃vi + k4 ˙̃ζ i = 0, k2 ¨̃vi + k4 ¨̃ζ i = 0. (4.57)

Comparing (4.54), (4.56), (4.57) gives

¨̃vi = s1̃vi , (4.58)

and one has that ¨̃ζ i = s1ζ̃i . From the condition of ˙̃εi = ζ̃i , it gives that

˙̃ζ i (t) = s1̃εi (t) − mi (4.59)

with a suitable constant vectormi ∈ R
2, and considering the fact that ˙̃ζ i = s1̃εi (t) +

x̃i − k5ηi from (4.32), it follows that
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x̃i (t) − k5
∑
k∈Ni

{
α(‖xi,k‖) xi,k

‖xi,k‖
}

= mi ,∀i ∈ V. (4.60)

Case 1:When s1 = 0, the problem simplifies to a fencing problemwith a constant-
velocity target (see, e.g., [22]). According to Eq. (4.58), we have limt→∞ ¨̃vi (t) =
0. Therefore, it is sufficient to show by contradiction that limt→∞ ˙̃vi (t) = 0 and
limt→∞ ṽi (t) = 0, which follows a similar approach to [22]. Thus, we conclude that
limt→∞ ṽi (t) = vi (t) − vd(t) = 0 for all i ∈ V.

Case 2: If s1 < 0, it follows from Eq. (4.58) and the differential equation from
[32] that the solution for ṽi is given by

ṽi (t) = ci,1 cos(
√−s1t) + ci,2 sin(

√−s1t) (4.61)

where ci,1 and ci,2 are parameters determined by the initial states. Next, we will prove
by contradiction that ci,1 = 0 and ci,2 = 0. It follows from Eqs. (4.32), (4.61) that x̃i

x̃i (t) = ci,1√−s1
sin(

√−s1t) − ci,2√−s1
cos(

√−s1t) + di (4.62)

with a constant vector di ∈ R
2. It can be deduced that x̃i in (4.62) is a periodic

function if ci,1 �= 0or ci,2 �= 0,which contradictswith the condition of (4.60). Then, it
derives that ci,1 = 0, ci,2 = 0,∀i ∈ V, which implies that ṽi (t) = vi (t) − vd(t) = 0
with (4.61) (i.e., the proof of (4.54) is thus completed).

Since the term k2̃vi + k4ζ̃i is uniformly continuous, according to (4.54), for any
δ1 > 0, there exists δ2 > 0 such that

∥∥k2̃vi + k4ζ̃i
∥∥ < δ2, ∀i ∈ V,

which leads to the conclusion that

∥∥vi − vd
∥∥ < δ1,∀i ∈ V.

Since limt→∞(k2̃vi (t) + k4ζ̃i (t)) = 0 as given in (4.53), there exists a constant T > 0
such that for all t ≥ T , |k2̃vi + k4ζ̃i | < δ2 for all i ∈ V. This implies that |vi − vd | <

δ1 for all i ∈ V. Consequently, we conclude that lim t → ∞(vi (t) − vd(t)) = 0 for
all i ∈ V, indicating a rigid formation. This completes the proof. �

With Lemmas4.4–4.6, it is ready to present the main technical results.

Theorem 4.1 Under Conditions C1, C2, and C3, an MRSV, governed by (4.1) and
(4.9), and interacting with a moving target described by (4.3), satisfies property P1.
Therefore, Problem 1 is successfully addressed.

Proof Firstly, Lemma4.4 demonstrates that the fencing property is achieved if the
control gains k1, k2, k3, and k4 satisfy the condition given in (4.17).
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Secondly, according to the collision avoidance and rigid-formation properties
established in Lemmas4.5 and 4.6, the control gains must also satisfy Condition C2
from (4.63), specifically

k2 = k4
k1 + s1 − 1

k3
> 0, k1 − k3 − 1 + s1 > 0. (4.63)

Substituting (4.63) into (4.17) from Lemma4.4, one has that

k4 − s1k2 − k22(k3 − s1k1)

k1k2 − k4
= (k1 + s1 − 1 − k3)k24

k3(k1k2 − k4)
> 0,

k1k2 − k4
k2

= k1 + s1 − 1 − k3
k1 + s1 − 1

> 0,

which implies that condition C2 is sufficient to satisfy (4.17) (i.e., Remark4.7).
Therefore, Problem 1 is solved under conditions C1–C3, completing the proof. �

Remark 4.9 In contrast to label-fixed strategies, the label-free approach outlined in
(4.9) can be applied directly without additional calculations or design adjustments
when increasing the number of robots. Furthermore, this label-free design offers
greater flexibility in varying environments and specific scenarios, facilitating a more
straightforward achievement of fencing formation. Additionally, it is more robust in
the event of robot failures. An illustrative example will be presented in the following
section.

4.5 Simulation Results

In this section, we consider an MRS governed by (4.1), (4.9) with n = 4 robots
and a moving target described by (4.3) with a variable velocity. We set the sensing
range and safe distance to R = 10 and r = 2, respectively. Accordingly, the potential
function α(·) in (4.12) is defined with these values: r = 2 and R = 10.

Additionally, we set s1 = −0.1 to ensure the target moves periodically, start-
ing from the initial position xd(0) = [2, 8]
 and with the initial velocity vd(0) =
[0.5, 0.5]
. The target’s trajectories are shown by the red dashed curves in Fig. 4.3.
The parameters in (4.9) are chosen as k1 = 2.2, k2 = 6, k3 = 0.1, k4 = 3, and
k5 = 20, ensuring that condition C2 is met. Figure4.3a–d depicts the evolution of
robots from various initial states (blue circles), meeting condition C1, toward their
final rigid-formation states (yellow circles) while tracking the moving target (green
square) with Pxd (x) = 0. These figures illustrate that the robots successfully achieve
fencing formation from any starting point, independent of their labels. To demon-
strate the advantages of the label-free strategy, Fig. 4.4 compares this with simula-
tions using a label-fixed approach, starting from the same initial positions as Fig. 4.3.
In this approach, specific desired relative positions for each robot with respect to the
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Fig. 4.3 a–d Trajectories of the robots from random initial positions and velocities to collision-
free rigid-formation target fencing with the proposed label-free controller (4.9) (here, the blue and
yellow circles denote the initial and final states of the robots, respectively, whereas the green square
the target)

target are pre-set as [−7,−7]
, [7,−7]
, [7, 7]
, and [−7, 7]
. The results shown
in Fig. 4.4a–d reveal that, with fixed labels and relative positions, the robots achieve
rigid-formation fencing from their initial states (blue circles) to their final positions
(yellow circles).

Comparing Fig. 4.3a–d with Fig. 4.4a–d, it is evident that the label-fixed approach
results in more oscillations during the fencing process, as shown in Fig. 4.4. This
highlights the label-free method’s greater flexibility and efficiency in minimizing the
robots’ movement. Figure4.5a demonstrates the robustness of the label-free fencing
controller (4.9). When robot 4 fails at t = 20 s, the remaining robots 1, 2, and 3
successfully maintain a triangular formation to continue fencing the moving target.
In contrast, the label-fixed strategy fails to maintain the formation under the same
conditions, as shown in Fig. 4.5b. This confirms the label-free design’s robustness in
handling robot breakdowns.
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Fig. 4.4 a–d Trajectories of the robots from the same initial positions and velocities in Fig. 4.3 to
collision-free rigid-formation target fencingwith a label-fixed strategy (here, the blue and yellow cir-
cles denote the initial and final states of the robots, respectively, whereas the green square the target)

Fig. 4.5 A special case when robot 4 suddenly breaks down at t = 20 s. Trajectory comparison
of the robots and the target between the proposed label-free fencing controller (4.9) (see subfigure
(a)) and a label-fixed strategy (see subfigure (b))
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Fig. 4.6 Temporal evolution of the fencing error ē (see Eq. (4.26)) and the relative distances ‖xi −
x j‖, i �= k, i, k ∈ V among robots in Fig. 4.3b for example

In the label-free fencing simulation depicted in Fig. 4.3b, we examine the state
evolution. Figure4.6 shows the state evolution where limt→∞ ē(t) = 0 achieves
Pxd (x) = 0 implicitly in P1. The pairwise distances between robots remain greater
than 2, ensuring inter-robot collision avoidance with r = 2. To compare the label-
free approach quantitatively, Fig. 4.7 presents the state evolution for the label-fixed
strategy, corresponding to Fig. 4.4b. Both approaches converge to zero fencing errors
within 110s, indicating similar efficiency in achieving the fencing goal. However, the
pairwise distance oscillations in Fig. 4.7b are 60% larger than those in Fig. 4.6b for the
label-free strategy. Additionally, the convergence time for the distances in the label-
fixed strategy is 50 s longer compared to the label-free approach. Figure4.8 illustrates
that limt→∞ xi (t) − xd(t) = di �= 0 and limt→∞ vi (t) − vd(t) = 0 for the simula-
tion in Fig. 4.3b, confirming that the rigid formation described in Definition4.1 is
achieved.This demonstrates the feasibility ofTheorem4.1 andverifies the advantages
of the label-free fencing controller.
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Fig. 4.7 Temporal evolution of the fencing error ē (see Eq. (4.26)) and the relative distances ‖xi −
x j‖, i �= k, i, k ∈ V among robots in Fig. 4.4b for example

Fig. 4.8 Temporal evolution of the position error xi − xd and velocity error vi − vd , i = 1, 2, 3, 4,
in Fig. 4.3b for example
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4.6 Conclusion

In this chapter, we have introduced a label-free control strategy that enables second-
order MRSs to cooperatively fence a moving target with variable velocity within a
convex hull. This approach ensures both inter-robot collision avoidance and rigid
formation without the need for pre-assigned labels for specific robots. The effective-
ness of the proposed cooperative control protocol has been demonstrated through
numerical simulations.
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Chapter 5
Distributed Fencing Control via
Long-Term Task Execution

5.1 Introduction

The previous Chaps. 3 and 4 introduced complex fencing with an evenly rotating
formation and a varying-velocity target in 2D space, however, they still lack a for-
mal method to develop the fencing control with general dynamics and even higher-
dimensional Euclidean space. To this end, in this chapter, we propose a long-term
task term algorithm (LTTE) algorithm for a multi-robot system to fence a moving
target into an ordering-flexible convex hull resiliently in the n-dimensional Euclidean
space. In what follows, we will introduce the related background.

Over the years, the concept ofmulti-robot target fencing, where a group of robots
collectively provides protection for a target, has gained increasing importance in
complex urban scenarios, such as highway vehicle conveyance [1], marine vessel
escort [2], andmulti-UAV protection [3]. In these applications, the primary challenge
lies in designing a coordinated fencing strategy that allows the robots to collectively
form a convex hull, effectively ensuring that the target remains secured within the
interior of the formation.

A straightforward and convenient approach to forming such a convex hull involves
predefining the desired robot-target relative positions (or displacements) with a
fixed spatial ordering, known as ordering-fixed target fencing. Early studies focused
on achieving fixed-order fencing formations for static targets [4], which was later
extended to moving targets [5, 6]. For more complex scenarios involving multiple
moving targets, a distributed fencing controller was introduced in [7], relying on the
estimation of the targets’ center. However, these ordering-fixed approaches [4–7]
inherently require predesignated positions and a fixed ordering of robots within the
controller, limiting their flexibility in dynamic environments. This lackof adaptability
can lead to inefficiencies in energy usage and even deadlock situations.

Alternatively, a more adaptable and efficient method known as the ordering-
flexible strategy has gained attention in recent studies. Unlike the ordering-fixed
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methods [4–7], this approach enables target fencingwithin a convex hull without pre-
defining the spatial order of robots [8]. The robot positions naturally emerge through
interactions during fencing rather than being rigidly assigned beforehand, thereby
addressing issues like deadlock and inefficiency. Initial efforts focusedon this concept
include an output-regulation algorithm for static target fencing [9] and a limit-cycle-
based structure that adds collision avoidance to static target scenarios [10]. These
methodswere later expanded to constant-velocity targets in an ordering-flexibleman-
ner [11–13]. A dynamic regulator incorporating an internal model was developed for
targets with variable velocities to maintain a rigid fencing formation [14]. However,
while these studies [8–14] havemade significant strides in realizing ordering-flexible
fencing, they still fall short of providing a comprehensive framework that guarantees
the feasibility of this approach in dynamically changing conditions. Moreover, these
methods have primarily been applied in 2D environments, leaving the challenge
of higher-dimensional ordering-flexible target fencing in more complex scenarios
largely unexplored.

Drawing inspiration from the long-term task execution frameworks in [15, 16],
this chapter addresses the challenge of ensuring the feasibility of ordering-flexible
fencing by integrating it into an online constraint-based optimization strategy. The
proposed LTTE algorithm enables amulti-robot system to effectively fence amoving
target within an ordering-flexible convex hull in n-dimensional Euclidean space, even
in dynamic environments. The approach involves defining the target-approaching and
sensing-neighbor collision-avoidance subtasks as constraints within the optimiza-
tion process, ensuring continuous adaptability during long-term operations. Slack
variables are incorporated to manage potential conflicts between these constraints,
balancing the attraction forces driving the robots toward the target and the repulsion
forces from collision-avoidance requirements. This mechanism allows the robots to
naturally form a fencing configuration with flexible spatial orderings. The efficacy,
adaptability across dimensions, robustness, and obstacle avoidance of the proposed
LTTE algorithm are demonstrated through 2D experiments and 3D simulations. The
main contributions of this chapter are three-fold.

1. Propose an LTTE algorithm to build an online constraint-based optimization
framework that enables multi-robot long-term target fencing with arbitrary spatial
orderings in evolving environments.

2. Introduce slack variables to accommodate the relaxation of various subtask con-
straints and ensure rigorous asymptotic convergence to ordering-flexible tar-
get fencing despite the strong nonlinear interactions imposed by time-varying
collision-avoidance constraints.

3. Showcase the effectiveness of the proposed method with 2D ordering-flexible
target-fencing experiments involving three AMRs. Additionally, validate its
multi-dimensional adaptability, robustness, and obstacle avoidance capabili-
ties through 3D simulations addressing various initial positions, sudden robot
breakdowns, and static obstacles.
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The structure of this chapter is as follows: Sect. 5.2 introduces the definitions
and formulations for long-term task execution and ordering-flexible target fencing.
Section5.3 covers the analysis of asymptotic convergence. Section5.4 presents the
results of 2D experiments and 3D simulations. Finally, Sect. 5.5 summarizes the
conclusions.

5.2 General Fencing Problem Formulation

5.2.1 Long-Term Task Execution

Assume a task set T is characterized by an implicit function φ(σ) [17]

T := {σ ∈ R
d | φ(σ) ≤ 0}, (5.1)

whereσ = [σ1, · · · , σd ]� ∈ R
d represents the dummycoordinateswithd ∈ R

+ indi-
cating the dimensionality, and φ(·) : R

d → R is a twice continuously differentiable
function (i.e., φ(·) ∈ C2). The condition φ(σ) ≤ 0 in Eq. (5.1) defines the region of
the target set T , encompassing all possible states within T .

Remark 5.1 The formulation in Eq. (5.1) enables describing the target set T as
either a point or a 1D (or 2D) manifold region, depending on the selection of φ(σ).
As illustrated in Fig. 5.1, for example, a point-target set can be defined byφ(σ, p0) :=
|σ − p0| with p0 = [0.5, 0.5, 0.5]�, while a target ball is defined by φ(σ) := σ 2

1 +

Fig. 5.1 a A point-target set T : φ(σ) := (σ1 − 0.5)2 +(σ2 − 0.5)2 + (σ3 − 0.5)2 ≤ 0 only con-
tains a red point p0 = [0.5, 0.5, 0.5]T. b A ball-target set T : φ(σ) = σ 2

1 +σ 2
2 + σ 2

3 − 1 ≤ 0
contains both the surface and interior of the green ball
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σ 2
2 + σ 2

3 − r2 with radius r = 1. Instead of using the complex distance calculation
dist(p1,T ) := inf |p − p1| | p ∈ T to measure the distance between a point p1 ∈
R

d and the target setT , φ(p1) provides a simpler implicit method for measuring this
distance. For instance, with the target ball φ(σ) := σ 2

1 + σ 2
2 + σ 2

3 − r2, the value
φ(p1) is positive if the point p1 is outside the ball and φ(p1) ≤ 0 if p1 is on or within
the ball.However, there are somepathological caseswhere this implicitmethodmight
not be sufficient, such as when limt→∞ φ(p1(t)) ≤ 0 does not necessarily imply that
limt→∞ dist(p1(t),T ) = 0. To address these issues, the following assumption will
be introduced.

Assumption 5.1 ([17]) For any given κ > 0 and a point p1(t) ∈ R
d , it follows that

inf φ(p1(t)) : dist(p1(t),T ) ≥ κ > 0.

Assumption5.1 guarantees that the implicit function φ(p1(t)) can be used to
accurately represent the distance from the point p1 to the target setT . This condition
can be fulfilled by certain polynomial functions [17].

Defining x ∈ R
d to represent the state vector of the robot and substituting x into

the parameterization ofT in Eq. (5.1), one has thatφ(x) provides an implicit measure
of the distance between the state x and the target set T . Specifically, x is outside
the set T if φ(x) > 0, and x is within the set T if φ(x) ≤ 0. When x is not in the
set T (i.e., φ(x) > 0), we can introduce the minimization of φ(x) to ensure that x
converges to T : Then, when x is not in the set T (i.e., φ(x) > 0), we are ready to
introduce the minimization of φ(x) to make x converge to T ,

min
u

φ(x) s.t. ẋ = f (x) + g(x)u (5.2)

where u ∈ R
q is the control input, and f (·) : R

d → R
d and g(·) : R

d → R
d×q are

locally Lipschitz continuous functions. The constraint ẋ = f (x) + g(x)u in Eq. (5.2)
represents a standard control affine dynamic structure that applies to a broad range
of robots [18]. Essentially, φ(x) decreases along the optimal input u in Eq. (5.2),
indicating that the robot will eventually approach the target set T .

Remark 5.2 The dimension of the state vector d ∈ R
+ in Eq. (5.2) can be greater

than the dimension of the robot’s operational space n ∈ R
+ (i.e., d ≥ n). This allows

x ∈ R
d to include additional states, such as orientation, linear velocities, and angular

velocities ofUAVs [19]. However, for this chapter, this extended representation is less
pertinent sinceEq. (5.2) primarily offers a general optimization approach for ensuring
that the state vector x converges to the target set T . In the context of the ordering-
flexible target fencing problem discussed in this chapter, our focus is specifically on
the n-dimensional Euclidean spacewhere the robot operates, rather than the extended
state space. This is because the position information xi ∈ R

n , governed by the single-
integrator dynamics in Eq. (5.5), suffices for formulating the position-based subtasks
outlined in Eqs. (5.9) and (5.12). The issue of underactuated dynamics is addressed
by external low-level tracking modules, such as output regulation control and sliding
mode control [9],which are beyond the scopeof this chapter. For details onorientation
regulation, please see Remark5.10 for details.
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Remark 5.3 At each time step, Eq. (5.2) is solved to find the optimal input u∗. In
this framework, φ(x) is treated as a cost function, and u∗ can be determined using
a standard gradient-descent method [20]. The optimal input is computed as u∗ =
g+(− f (x) − ∂φ(x)/∂x), where g+ ∈ R

q×d denotes the Moore–Penrose inverse of
g(x), satisfying gg+ = Id , with Id ∈ R

d×d representing the d-dimensional identity
matrix. By differentiating φ(x) with respect to time t and substituting u∗, we get

φ̇(x) = ∂φ(x)

∂xT
ẋ = ∂φ(x)

∂xT

(
f (x) + g(x)g+

(
− f (x) − ∂φ(x)

∂x

))
= −

∥∥∥∥∂φ(x)

∂x

∥∥∥∥
2

≤ 0.

In this case, the functionφ(x)will explicitly decrease along the optimal trajectories as
long as |∂φ(x)/∂x | 	= 0. However, when φ(x) is not a convex function, convergence
to local minima is a typical outcome that cannot be avoided.

However, the traditional task execution in (5.2) only tries the best tomake the states
x approach the target setT because the functionφ(x) is minimized as a cost function,
which may fail to work any longer in dynamic environments (i.e., x(T1) ∈ T �

x(t) ∈ T ,∀t > T1 > 0). To rigorously guarantee the task performance for long-term
autonomy, a recent work [16] has proposed an approach of long-term task execution
by incorporating φ(x) into the constraint rather than the cost function.

Definition 5.1 (Long-term task execution [15]) For a target set T in Eq. (5.1), a
robot governed by Eq. (5.2) achieves the long-term task execution if the following
constraint-based optimization is solved, i.e.,

min
u,δ

‖u‖2 + |δ|2 s.t. L f h(x) + Lgh(x)u ≥ −γ (h(x)) − δ, (5.3)

where h(x) = −φ(x) satisfying the inequality in (5.3) is a control barrier function
(CBF) [22], L f h(x), Lgh(x) denote the Lie derivatives of h(x) along the functions
f and g in Eq. (5.2), respectively, and δ ≥ 0 represents a slack variable to measure
the violation extent of execution to target setT . Here, γ (·) : (−b, a) → (−∞,+∞)

for some a, b > 0, referred to as the extended classK function, is strictly increasing,
and satisfies γ (0) = 0, which can determine how fast the states x approaching the
target set T by setting γ (h(x)) := h(x)Q with different odd positive integer Q [21].

In Definition5.1, the long-term task execution (5.3) ensures robust task perfor-
mance in dynamic environments by explicitly constraining the state evolution of
h(x) := −φ(x). Fundamentally, this long-term behavior is guaranteed because the
CBF h(x) provides resilient forward invariance of the states x with respect to the
target set T in a constrained manner [22], meaning that

x(T1) ∈ T ⇒ x(t) ∈ T ,∀t > T1 > 0. (5.4)
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5.2.2 Ordering-Flexible Target Fencing

In this subsection, we consider a multi-robot system consisting of N robots, labeled
as V = 1, 2, . . . , N (N ≥ 3), where each robot follows a single-integrator dynamic
model [17]:

ẋ i = ui , i ∈ V, (5.5)

with xi ∈ R
n and ui ∈ R

n representing the position and control input of robot i in
the n-dimensional Euclidean space, respectively. The control input ui is bounded by
a common value ζ ∈ R

+, satisfying |ui |∞ ≤ ζ . For broader applicability, the input
ui in Eq. (5.5) can be interpreted as the high-level desired guidance velocity, making
it relevant for robots with higher-order dynamics. This model can be extended to
various platforms, including UAVs, AGVs, and USVs [23–28].

Assumption 5.2 Weassume that the low-level velocity-trackingmodule can asymp-
totically track the high-level desired velocity u∗

i of robot i , i ∈ V, in Eq. (5.5), which
implies that limt→∞ vi (t) = u∗

i , where vi is the actual velocity of robot i .

Since theROScontrollers1 embedded inmany commercially available robotic sys-
tems are typically simple PID controllers that only achieve asymptotic convergence,
Assumption5.2 is both practical and necessary.

Then, the neighbor set of robot i is defined as follows:

Ni := { j ∈ V, j 	= i,
∣∣ ‖xi, j (t)‖ ≤ R}, (5.6)

where the collision radius r ∈ R
+ and the sensing radius R ∈ R

+ share the same
center, where R > r . The relative position between robots i and j is denoted as
xi, j := xi − x j . Since |xi, j (t)| varies with time, the robots in the neighbor setNi are
also time-varying. This dynamic nature facilitates the ordering-flexible fencing but
presents challenges in the subsequent convergence analysis.

We also consider a moving target governed by the following dynamics,

ẋd = vd , (5.7)

where xd ∈ R
n and vd ∈ R

n denote the position and velocity of the target. According
to Eq. (5.7), the target may move with either a constant velocity (i.e., v̇d = 0) or a
non-constant velocity (i.e., v̇d 	= 0). It is important to note that |vd |∞ < ζ ; otherwise,
the robots will be unable to keep up with the moving target.

Assumption 5.3 We assume that the robots have access only to the target’s posi-
tion xd(t), not to its velocity vd . Therefore, each robot i ∈ V has a local velocity
estimator v̂i

d , where v̂i
d , i ∈ V, ‖̂vi

d‖∞ < ζ , such that limt→∞{̂vi
d(t) − vd(t)} = 0n

exponentially.

1 ROS controller: https://slaterobotics.medium.com/how-to-implement-ros-control-on-a-custom-
robot-748b52751f2e.

https://slaterobotics.medium.com/how-to-implement-ros-control-on-a-custom-robot-748b52751f2e
https://slaterobotics.medium.com/how-to-implement-ros-control-on-a-custom-robot-748b52751f2e
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Remark 5.4 Assumption5.3 outlines the practical feasibility of estimating themov-
ing target’s velocity vd from position-only measurements, assuming each robot is
equipped with position sensors. While the design of such local estimators v̂i

d is well-
documented in the literature, such as through output regulation theory [29–31], these
specific methods are beyond the scope of this article. Nonetheless, it’s important to
note that the vanishing estimation errors v̂i

d − vd can impact the convergence of the
ordering-flexible target fencing task. To illustrate, we provide an example of a local
estimator for the case where v̇d = 0 below.

˙̂xid = −χ1(̂x
i
d − xd) + v̂i

d ,
˙̂vi
d = −χ1χ2(̂x

i
d − xd), (5.8)

with the i th estimator 
̂i = [̂xid , v̂i
d ]� and the estimation gainsχ1 ∈ R

+ andχ2 ∈ R
+,

let 
̃i = 
̂i − [xd , vd ]�. It follows that ˙̃
i = A
̃i , where A is a Hurwitz matrix
below

A =
[ −χ1 1
−χ1χ2 0

]
,

which thus implies limt→∞ 
̃i (t) = 02n , i.e., limt→∞{̂vi
d(t) − vd(t)} = 0n .

To define ordering-flexible target fencing, we first introduce the spatial ordering
sequence s[i], for i ∈ Z

N
1 , of robots arranged within a convex hull. Different rules

can determine this spatial ordering. For instance, in 2D, one approach is to start with
the smallest relative angle between each robot and the centroid of all robots, and then
establish the ordering sequence s[1], . . . , s[N ] in an anticlockwise direction around
the centroid. This is illustrated in Fig. 5.2: in subfigure (a), the ordering sequence
is s[1] = 2, s[2] = 6, s[3] = 1, s[4] = 3, s[5] = 4, s[6] = 5, and in subfigure (b), it
is s[1] = 5, s[2] = 3, s[3] = 2, s[4] = 4, s[5] = 6, s[6] = 1. For 3D coordination,
analogous ordering rules can be applied.

Definition 5.2 (Ordering-flexible target fencing) For a multi-robot system V gov-
erned by Eq. (5.5) to achieve ordering-flexible fencing for a moving target (5.7), the
following three objectives must be fulfilled,

Fig. 5.2 Two spatial ordering sequences of a 6-robot hexagonal formation in 2D. (The circles
represent the robots, and the red node is the centroid)
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1. (Convex-hull fencing) The moving target is fenced into the interior of the
convex hull formed by all the robots, i.e.,

lim
t→∞

{ ∑
i∈V

xi (t)/N − xd(t)

}
= 0n

where xi is the position of robot i , and N is the number of robots.
2. (Flexible-ordering formation) The robots’ fencing formation converges to a

stable region with a consistent spatial ordering, i.e.,

(a) lim
t→∞

{
ẋs[i](t) − ẋs[i+1](t)

} = 0n,

(b) r ≤ lim
t→∞

∥∥xs[i](t) − xs[i+1](t)
∥∥ < R,

∀i ∈ Z
N
1 (If i = N , then s[i + 1] = s[1]),

where s[1], s[2], . . . , s[N ] denote the spatial ordering sequence of the robots in
the convex hull, calculated by a bijection s[i] : Z

N
1 → Z1N from the robot labels

V = 1, . . . , N ; xs[i] represents the position of the s[i]th robot; and R is the sensing
radius as defined in (5.6).

3. (Collision & Overlapping avoidance) The avoidance of both inter-robot
collisions and robot-target overlaps is ensured simultaneously, i.e., ‖xi, j (t)‖ ≥
r, ‖xi,d(t)‖ > 0,∀i 	= j ∈ V, t > 0 with xi, j given in Eq. (5.6) and xi,d := xi − xd
the relative position between robot i and the target.

In Definition5.2, Objective (1) ensures the fundamental requirement of target
fencing. Condition (a) in Objective (2) describes the implicit rigid formation, while
condition (b) highlights the concept of flexible-ordering formation by maintaining a
steady ordering according to a specified rule. Notably, no specific spatial ordering is
predetermined for the robots. Objective (3) addresses the prevention of undesirable
collisions and overlapping between robots and the target, thereby ensuring that the
robots eventually form the desired convex hull. Illustrative examples of this are
provided in Fig. 5.3, where circle robots with varying orderings fence a triangular
target in both 2D and 3D Euclidean spaces.

5.2.3 Encoding Long-Term Target Fencing

To encode the long-term ordering-flexible target fencing, we design two subtasks
based on Definitions5.1 and 5.2: sensing-neighbor collision avoidance and target
approaching.

FromAssumption5.1, it follows that the target approaching subtaskTi,0 for robot i
is described as

φi,0(xi ) = ‖xi − xd‖, i ∈ V. (5.9)
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Fig. 5.3 Illustration of four kinds of ordering-flexible target fencing in 2D and 3D. (The circles in
different colors represent the robots, and the red triangle is the target)

It can be seen that φi,0(xi ) in (5.9) involves only the point xd from the target set T0

and is twice differentiable, provided that |xi,d(t)| 	= 0,∀t > 0, a condition which
Lemma5.2 will ensure later. Thus, given the long-term execution framework in
Eq. (5.3) and the dynamics in Eqs. (5.5) and (5.7), the derivative ofφi,0(xi ) in Eq. (5.9)
satisfies

∂φi,0(xi )

∂xT
i

(ui − v̂i
d) ≤ −γ1(φi,0(xi )) + δi,0, (5.10)

where δi,0 ≥ 0 represents the slack variable, v̂i
d is the i th local estimator for target’s

velocity vd in Assumption5.3, and γ1(ψi,0(xi )) is designed to be

γ1
(
φi,0(xi )

) = η1‖xi,d‖ (5.11)

with the parameter η1 ∈ R
+ and xi,d = xi − xd as given in Definition5.2, Eq. (5.11)

includes η1, an arbitrary positive constant that dictates the approach speed of the robot
toward the target. Increasing η1 leads to a faster approach speed ui for the robot, up
to the maximum input norm ζ , i.e., |ui |∞ ≤ ζ in (5.15d). The simple formulation of
the function γ1(·) in Eq. (5.11) will be used in Lemma5.3 to demonstrate convex-hull
fencing.

Similarly, the sensing-neighbor collision-free subtask Ti, j for robot i , where j ∈
Ni , is designed to be

φi, j (xi ) = r − ‖xi, j‖, i ∈ V, j ∈ Ni , (5.12)



90 5 Distributed Fencing Control via Long-Term Task Execution

whereNi , the specified collision radius r ∈ (0, R), and xi, j are defined in (5.6). It is
observed that the target set in Eq. (5.12) is positioned outside the circle, i.e., |xi, j | > r ,
which alignswith the collision avoidance definition. Furthermore,Moreover,φi, j (xi )
is also twice differentiable for ‖xi, j (t)‖ 	= 0,∀t > 0, which will be guaranteed in
Lemma5.2 as well.

Note that the radius r is stipulated to be larger than actual distance for inter-
robot collision avoidance, which will be utilized to eliminate the influence of
target-attracting force in Eq. (5.9) later. Moreover, from Definition5.1, one has that
φi, j (xi ), j ∈ Ni , in Eq. (5.12) satisfy

∂φi, j (xi )

∂xT
i

(ui − v̂i
d) ≤ − γ2(φi, j (xi )), (5.13)

where γ2(φi, j (xi )) is another kind of extended class K function

γ2
(
φi, j (xi )

) = 2ζφi, j (xi )

η2
(5.14)

where η2 ∈ R
+ is a constant, and ζ is given in (5.5). The function γ2(φi, j (xi )) in

Eq. (5.14) is designed using ζ and will be used to demonstrate that collision-free
subtasks for non-neighboring robots are inherently met, as shown in Lemma5.1. The
constant η2 ∈ R

+ in Eq. (5.14) determines the minimum value of the sensing radius
R in Assumption5.4. Specifically, increasing η2 results in a larger sensing radius
R. Conversely, if η2 is too small, the collision-free constraints for non-neighboring
robots in Lemma5.1 might not be satisfied.

Inspired by Eq. (5.3) for long-term task execution, multi-robot long-term target
fencing is formulated as a decentralized constraint-based optimization problem for
robot i . This formulation is derived from Eqs. (5.9), (5.10), (5.12), and (5.13).

min
ui ,δi,0

{
‖ui − v̂i

d‖2 + lδ2i,0
}

(5.15a)

s.t.
∂φi,0

∂xT
i

(ui − v̂i
d) + γ1(φi,0) − δi,0 ≤ 0, (5.15b)

∂φi, j

∂xT
i

(ui − v̂i
d) + γ2(φi, j ) ≤ 0, j ∈ Ni , (5.15c)

‖ui‖∞ ≤ ζ,∀i ∈ V, (5.15d)

where the position xi , the input ui , the i th velocity estimator v̂i
d , and the slack vari-

able δi, 0 ∈ R
+ are specified in Eqs. (5.5) and (5.10), while l ∈ R

+ denotes the corre-
spondingweight. For clarity, the functionsφi,0 = φi,0(xi ),φi, j = φi, j (xi ), γ1(φi,0) =
γ1(φi,0(xi )), and γ2(φi, j ) = γ2(φi, j (xi )) are given in Eqs. (5.10), (5.13), (5.11), and
(5.14), respectively.

The cost function in (5.15a) aims to minimize two objectives simultaneously. The
minimization of |ui − v̂i

d |2 focuses on tracking the target’s velocity,whileminimizing
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δ2i,0 aims to reduce the distance between robot i and the target xd . The weight l is set
to l > 1, indicating that reducing the robot-target distance is prioritized over velocity
tracking. The constraint in (5.15b) represents the CBF constraint for performing the
target-approaching subtaskTi,0 for robot i . The inclusion of δi,0 ensures the feasibility
of this constraint at the initial time, given that xi (0) is not in the target set Ti,0 (i.e.,
xi (0) /∈ Ti,0), otherwise, the constraint might not be satisfied initially. The constraint
in (5.15c) represents the CBF constraint for ensuring collision avoidance between
robots i and j , where j ∈ Ni . The absence of slack variables in this constraint
guarantees that |xi, j | ≥ r will be strictlymaintained. Finally, the constraint in (5.15d)
ensures that the control input remains within the bounded limit.

Remark 5.5 To ensure the feasibility of Eq. (5.15), a feasible solution always exists,
which can be expressed as

{ui = v̂i
d , δi,0 > 0 is sufficiently large}. (5.16)

This solution can satisfy all the constraints (5.15b)–(5.15d). Specifically, for the
solution provided in Eq. (5.16), constraint (5.15b) is satisfied when δi,0 is sufficiently
large. From the condition of |xi, j (0)| ≥ r , as detailed in Assumption5.5 later, one
has that γ2(φi, j (0)) ≤ 0. This ensures that constraints (5.15c) are satisfied due to the
forward-invariance property discussed in Lemma5.2 later. Additionally, constraint
(5.15d) is naturally satisfied since |̂vdi |∞ < ζ , as shown in Assumption5.3.

Remark 5.6 Similar to the LTTE algorithm in Definition5.1, the proposed frame-
work in Eq. (5.15) focuses on minimizing the energy consumption associated with
tracking the target’s velocity within the cost function. Furthermore, by incorporat-
ing time-varying target-fencing subtasks into the rigorous constraints (5.15b) and
(5.15c), the long-term property of Eq. (5.15) accommodates ordering flexibility to
address varying environmental factors. These factors include different initial posi-
tions, potential sudden breakdowns of some robots, and static obstacles, which will
be illustrated through experiments and simulations in Sect. 5.4 later.

Now, we are ready to introduce the main problem addressed in this chapter.

Problem 1 (Long-term target fencing) We design a coordinated optimized controller

[uT
i , δi,0]T := 


(
φi,0, γ1(φi,0),

φi, j , . . . , γ2(φi, j )
)
, i ∈ V, j ∈ Ni , (5.17)

for achieving multi-robot long-term ordering-flexible target fencing in changing
environments, the constraint-based optimization problem (5.15) is utilized. Here,

(·) : R → R

n+1 represents an unknown implicit function.
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5.3 Long-Term Task Execution Controller Design and
Convergence Analysis

In this section, we present the technical results related to Objectives 1–3 of ordering-
flexible fencing as defined in Definition5.2. This is necessary because these three
objectives are not directly intuitive from the long-term target fencing described in
(5.15).

Before proceedingwith the detailed analysis, we first need to ensure that collision-
free constraints between non-neighboring robots (i.e., j /∈ Ni

∣∣ |xi, j | > R) are satis-
fied. Although these constraints are not explicitly shown in (5.15), they are crucial
due to the discontinuity of ∂φi, j/∂xT

i when |xi, j | > R.

Assumption 5.4 The sensing radius R is chosen to be at least as large as a specified
value, i.e., R ≥ r + η2, where r is given in Eq. (5.12) and η2 ∈ R

+ is a positive
parameter.

Assumption5.4 specifies a minimal sensing radius that will be used to ensure the
collision-free constraints for non-neighboring robots, as demonstrated in Lemma5.1.

Lemma 5.1 Under Assumption5.4, all robotsV governed by (5.5) naturally satisfy
the collision-free constraints (5.13) for non-neighboring robots with arbitrary input,
i.e.,

− xT
i, j

‖xi, j‖ (ui − v̂i
d) ≤ −γ j (φi, j ),∀‖ui‖∞ ≤ ζ, ‖̂vi

d‖∞ ≤ ζ, i ∈ V, j /∈ Ni ,

with η2 ∈ R
+ given in Eq. (5.14).

Proof For arbitrary non-neighboring robots i 	= j ∈ V satisfying |xi, j | > R, it
follows from Assumption5.4 and the definition of φi, j in Eq. (5.12) that

φi, j = r − ‖xi, j‖ ≤ −η2 < 0. (5.18)

Using γ2(φi, j ) in Eq. (5.14), it follows from Eq. (5.18) that

γ2(φi, j ) ≤ −2ζ. (5.19)

Meanwhile, the constraints in Eq. (5.13) satisfy

∂φi, j

∂xT
i

(ui − v̂i
d) = − xT

i, j

‖xi, j‖ (ui − v̂i
d) ≤ 2ζ (5.20)

with arbitrary inputs |ui |∞ ≤ ζ and |̂vi
d |∞ ≤ ζ . By combining Eqs. (5.19) and

(5.20), we get (∂φi, j/∂x�
i )(ui − v̂i

d) < −γ2(φi, j ), which implies that the collision-
free constraints in Eq. (5.13) are naturally satisfied when |xi, j | > R. Thus, the proof
is completed. �
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Remark 5.7 The elimination of non-neighboring collision-free constraints in
Lemma5.1 not only avoids the complex analysis of discontinuous situations when
robots just enter the sensing radius of another robot (i.e., |xi, j | = R), but also incor-
porates local sensing-only constraints. This approach can reduce communication
costs and is thus practical and economical, as noted in [21].

Based onLemma5.1,we can concentrate on the collision-free constraints in (5.15)
where |xi, j | ≤ R. However, singular cases of inter-robot collisions and robot-target
overlapping (i.e., |xi, j (t)| < r or |xi,d(t)| = 0, for some i ∈ V and j ∈ Ni ) may
still occur, making the constraint-based optimization in (5.15) infeasible. Therefore,
we will first address undesired collisions and overlapping (i.e., |xi, j (t)| ≥ r and
|xi,d(t)| > 0, for all i 	= j ∈ V and t > 0) and then demonstrate convex-hull fencing
and flexible-ordering formation in Lemmas5.2–5.4, respectively.

Assumption 5.5 The initial values of inter-robot and robot-target distances are
assumed to satisfy |xi, j (0)| ≥ r and |xi,d(0)| > 0 for all i 	= j ∈ V.

Assumption5.5 is essential to avoid undesired scenarios;without it, the constraint-
based optimization (5.15) would lack a feasible solution from the start.

Assumption 5.6 The optimal inputs u∗
i in the constraint-based optimization (5.15)

are assumed to be locally Lipschitz continuous concerning their arguments within
the target set Ti, j defined in Eq. (5.12).

Assumption5.6 is crucial for proving inter-robot collision avoidance via forward
invariance in Lemma5.2, as discussed in [22]. This assumption is necessary because
the local Lipschitz continuity of u∗

i in (5.15) is not guaranteed with the additional
input constraints (5.15d), which differs from the traditionalQP-based problems (refer
to the comment below Eq. (42) in [22]).

Lemma 5.2 Given Assumptions5.5 and 5.6, all robots inV controlled by the long-
term target fencing strategy in (5.15) ensure avoidance of inter-robot collisions and
prevent robot-target overlap, i.e., |xi, j (t)| ≥ r and |xi,d(t)| > 0 for all i 	= j ∈ V
and t > 0.

Proof Let mi − 1 ∈ Z
+ represent the number of neighbors in the setNi for robot i ,

and we first rewrite the variables and functions in (5.15) as follows:

δi = [
δi,0,

mi−1︷ ︸︸ ︷
0, . . . , 0

]T ∈ R
mi ,�i = [

φi,0,

mi−1︷ ︸︸ ︷
. . . , φi, j

]T ∈ R
mi ,

γ (�i ) = [
γ1(φi,0),

mi−1︷ ︸︸ ︷
. . . , γ2(φi, j )

]T ∈ R
mi , (5.21)

which implies that the decentralized constraint-based optimization problem (5.15)
can thus be reformulated

min
ui ,δi

‖ui − v̂i
d‖2 + l‖δi‖2 s.t. gi ≤ 0mi , μi ≤ 0, (5.22)
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where 0mi = [0, . . . , 0]T ∈ R
mi , and gi , μi are given below

gi :=
[
∂�i

∂xT
i

(ui − v̂i
d) + γ (�i ) − δi

]
, μi := ‖ui‖∞ − ζ

with ζ being the input limit of robots in (5.5). Firstly, since φi, j = r − ‖xi, j (0)‖ ≤
0,∀i 	= j ∈ V in Assumption5.5, it follows from Eq. (5.12) that xi (0) ∈ Ti, j . Using
Assumption5.6, it follows from the forward-invariance property in Eq. (5.4) that all
the states xi (t) will stay in the set Ti, j all along, i.e., xi (t) ∈ Ti, j ,∀i ∈ V, t > 0,
which implies that ‖xi, j (t)‖ ≥ r,∀i 	= j, t > 0. The inter-robot collision avoidance
is thus proved.

Next, we aim to prevent robot-target overlapping, i.e., ensuring |xi,d(t)| > 0
for all t > 0. Let the corresponding Lagrangian function for robot i in Eq. (5.22)
be expressed as L(ui , δi , λi , ςi ) = ‖ui − v̂i

d‖2 + ‖δi‖2 + λT
i gi + ςiμi . with λi =

[λi,1, . . . , λi,mi ]T ∈ R
mi and ςi ∈ R. Using the KKT conditions [32], we take the

partial derivative of L(ui , δi , λi , ςi ) along the vector uT
i , δ

T
i ,

[
2(ui − v̂i

d)

2lδi

]
+

[
∂�T

i
∂xi

λi + ςi sgn(‖ui‖∞)

−λi

]
= 0n+mi ,

λT
i gi = 0, ςiμi = 0, λi,k ≥ 0,∀k ∈ Z

mi
1 , (5.23)

which implies that

ui = −l
∂�T

i

∂xi
δi + v̂i

d + ςi sgn(‖ui‖∞)

2
, λi = 2lδi . (5.24)

From λT
i gi = 0, ςiμi = 0 in Eq. (5.23), one has that λi = 0mi or gi = 0mi , and ςi = 0

or μi = 0.
From the fact that the constraints in (5.22) represent target-approaching and

collision-free subtasks that are eventually activated during the process, the con-
dition λi = 0mi can be ruled out after a certain time T1 > 0. This implies that
gi (t) = 0mi when t > T1. Additionally, the control-input constraint is activated (i.e.,
μi = 0) when the robots are far from the target, implying that there exists a time
T2 > 0 such that ςi = 0 holds when t > T2. Letting T3 := max{T1, T2}, it follows
that ‖xi, j (t)‖ ≥ r and |xi,d(t)| > 0 for all i 	= j ∈ V and t ∈ [0, T3] because ui is
bounded and the constraints gi are not activated. Next, we will prove the absence
of undesirable overlapping for t > T3. Given gi = 0mi and ςi = 0, it follows from
(5.24) that

−l
∂�i

∂xT
i

∂�T
i

∂xi
δi + γ (�i ) − δi = 0mi . (5.25)
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Combining with ∂�i/∂xT
i = (∂�T

i /∂xi )
T ∈ R

m×n and (5.25) yields

δi = �iγ (�i ) (5.26)

with

�i =
(
Im + l

∂�i

∂xT
i

(∂�i

∂xT
i

)T
)−1

∈ R
m×m . (5.27)

Substituting ςi = 0 and Eq. (5.26) into Eq. (5.24) yields the optimal input

u∗
i = −l

∂�T
i

∂xi
�iγ (�i ) + v̂i

d . (5.28)

According to the implicit function γ (�i ), i ∈ V in Eq. (5.21), a Lyapunov function
candidate is picked below

V =
N∑
i=1

γ1(φi,0)
2 + 1

2

N∑
i=1

∑
j∈Ni

γ2(φi, j )
2, (5.29)

whose derivative is

V̇ =
N∑
i=1

γ1(φi,0)
∂γ1(φi,0)

∂xT
i,d

(ẋi − ẋd) + 1

2

N∑
i=1

∑
j∈Ni

γ2(φi, j )
∂γ2(φi, j )

∂xT
i, j

(ẋi − ẋ j ).

(5.30)

Recalling the definition of φi, j in Eq. (5.13), one has that

N∑
i=1

∑
j∈Ni

γ2(φi, j )
∂γ2(φi, j )

∂xT
i, j

(ẋi − ẋ j ) = 2
N∑
i=1

∑
j∈Ni

γ2(φi, j )
∂γ2(φi, j )

∂xT
i, j

ẋi . (5.31)

Moreover, we have
∑N

i=1

∑
j∈Ni

γ2(φi, j )(∂γ2(φi, j )/∂xT
i, j ) vd = 0. Substituting

Eqs. (5.5), (5.7), (5.31) into Eq. (5.30) yields

V̇ =
N∑
i=1

{(
γ1(φi,0)

∂γ1(φi,0)

∂xT
i,d

+
∑
j∈Ni

γ2(φi, j )
∂γ2(φi, j )

∂xT
i, j

)
(ui − vd)

}
. (5.32)

Meanwhile, from the definition of φi,0, φi, j in Eqs. (5.9) and (5.12), one has that

∂γ1(φi,0)

∂xT
i,d

= ∂γ1(φi,0)

∂φi,0

∂φi,0

∂xT
i

,
∂γ2(φi, j )

∂xT
i, j

= ∂γ2(φi, j )

∂φi, j

∂φi, j

∂xT
i

. (5.33)
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Recalling γ1(·), γ2(·) in Eqs. (5.11) and (5.14) are locally Lpischiz, there exists a
constant B > 0 satisfying

∂γ1(φi,0)

∂φT
i,0

≤ B,
∂γ2(φi, j )

∂φT
i, j

≤ B,∀i ∈ V, j ∈ Ni , (5.34)

it then follows fromEqs. (5.21), (5.28), (5.33), and (5.34) that V̇ in Eq. (5.32) rewrites

V̇ ≤ − B
N∑
i=1

(
∂�T

i

∂xi
γ (�i )

)T(
l
∂�T

i

∂xi
�iγ (�i ) − ṽi

d

)
(5.35)

with ṽi
d := v̂i

d − vd . Meanwhile, according to Woodbury matrix identity [33], one
has that �i in (5.27) is rewritten as

�i = Imi − l
∂�i

∂xT
i

�̃i
∂�i

∂xT
i

(5.36)

with

�̃i :=
(
In + l

(∂�i

∂xT
i

)T ∂�i

∂xT
i

)−1

∈ R
n×n. (5.37)

By combining Eqs. (5.36) and (5.37), we obtain (∂�T
i /∂xi )�i = �̃i (∂�T

i /∂xi ). Since
the matrix �̃i in Eq. (5.27) is positive definite, it follows that the smallest eigenvalue
λmin(�̃i ) > 0, indicating that

(
∂�T

i

∂xi
γ (�i )

)T

�̃i

(
∂�T

i

∂xi
γ (�i )

)
≥ λmin(�̃i )

∥∥∥∥∂�T
i

∂xi
γ (�i )

∥∥∥∥
2

(5.38)

based on Courant–Fischer Theorem [34]. At the same time, one has

(
∂�T

i

∂xi
γ (�i )

)T

ṽi
d ≤ 1

κ

∥∥∥∥∂�T
i

∂xi
γ (�i )

∥∥∥∥
2

+ κ ‖̃vi
d‖2 (5.39)

with an arbitrarily selected constant κ > 0 satisfying 1/κ < lλmin(�̃i ), which then
follows from Eqs. (5.35), (5.38), (5.39) that V̇ ≤ −α + β where

α := B
∑
i∈V

(
lλmin(�̃i ) − 1

κ

)∥∥∥∥∂�T
i

∂xi
γ (�i )

∥∥∥∥
2

≥ 0, β := B
∑
i∈V

κ ‖̃vi
d‖2 ≥ 0.

(5.40)

By applying the comparison theorems from [35] and integrating V̇ from Eq. (5.35)
with respect to time t , we derive
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V (t) ≤ V (T3) −
∫ t

T3

α(s)ds +
∫ t

T3

β(s)ds, t > T3. (5.41)

Leveraging Assumption5.5, we can see from Eqs. (5.11), (5.14), and (5.29) that the
initial value ofV (T3) is constrained.According toEq. (5.40),we have− ∫ t

T3
α(s)ds ≤

0. Given that ṽi
d(t) approaches 0n exponentially as t → ∞, as noted in Remark5.4,

Eq. (5.40) indicates that limt→∞ β(t) = 0 exponentially. This implies that
∫ t
T3

β(s)ds
is bounded above, leading to the conclusion that V (t) is also bounded.

The function V (t) only becomes unbounded if |xi, j (t)| = 0 for all j ∈ Ni or if
|xi,d(t)| ≤ 0. However, this contradicts the result from Eq. (5.41) which shows that
V (t) is bounded. Consequently, we can conclude that |xi, j (t)| ≥ r and |xi,d(t)| > 0
for all i 	= j ∈ V and for all t > 0. Thus, the proof is completed. �

Remark 5.8 When a global reference frame is not available for the robots, it is
still feasible to apply the velocity estimation v̂i

d as discussed in Remark5.4 and
the long-term target fencing problem in Eq. (5.15). Specifically, suppose robot i
operates in its own local frame, which is obtained by rotating the global frame with
the matrixRi ∈ R

n×n and translating it by the vector pi ∈ R
n . In this local frame, the

states are (̂xid)
[i] = Ri x̂ id + pi , (̂vi

d)
[i] = Ri v̂

i
d , x

[i]
d = Ri xd + pi , v

[i]
d = Rivd , x

[i]
l =

Ri xl + pi , l ∈ Z
N
1 , u[i]

i = Ri ui , where the superscript [i] denotes the i th local frame.
Then, the example of velocity estimator in Eq. (5.8) becomes

( ˙̂xid)[i] = − χ1((̂x
i
d)

[1] − x [1]
d ) + (̂vi

d)
[i],

( ˙̂vi
d)

[i] = − χ1χ2((̂x
i
d)

[i] − x [i]
d ),

which also achieves that limt→∞{(̂vi
d)

[i](t) − v
[i]
d (t)} = 0n , exponentially. It follow

from Eqs. (5.9), (5.11), (5.12), and (5.14) that ‖ui − vi
d‖ = ‖u[i]

i − (̂vi
d)

[i]‖, φi,0 =
φ

[i]
i,0, φi, j = φ

[i]
i, j , which implies that the proposed framework in Eq. (5.15) can be

implemented in the i th local frame, i.e.,

min
u[i]
i ,δi,0

{
‖u[i]

i − (̂vi
d)

[i]‖2 + lδ2i,0
}

s.t.
∂φ

[i]
i,0

∂(x [i]
i )T

(u[i]
i − (̂vi

d)
[i]) + γ1(φ

[i]
i,0) − δi,0 ≤ 0,

∂φ
[i]
i, j

∂(x [i]
i )T

(u[i]
i − (̂vi

d)
[i]) + γ2(φ

[i]
i, j ) ≤ 0, j ∈ Ni ,

‖u[i]
i ‖∞ ≤ ζ,∀i ∈ V.

Lemma 5.3 Given Assumption5.1, the convex-hull fencing is achieved by all robots
V under the long-term target fencing problem in Eq. (5.15). Specifically, it holds that
lim
t→∞

{∑N
i=1 xi (t)/N − xd(t)

} = 0n.
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Proof Given that V (t) is upper bounded as shown in Lemma5.2, it follows from
Eqs. (5.21) and (5.29) that both γ (�i ) and �i are also bounded. Additionally, by
examining the definition of α in Eq. (5.40), V (t) in Eq. (5.41) can be expressed
below

∫ t

T3

α(s)ds ≤ V (T3) − V (t) +
∫ t

T3

β(s)ds, (5.43)

which implies that
∫ t
T3

α(s)ds is upper bounded and reaches a finite value as t → ∞.

Since α̇ depends on γ (�i ), γ̇ (�i ), �̇i , and �̈i , all of which are bounded, α is
uniformly continuous. Consequently, by applying Barbalat’s lemma [35], it follows
that limt→∞ α(t) = 0.According to the definition ofα in Eq. (5.40), it can be deduced
that

lim
t→∞

∂�T
i (t)

∂xi (t)
γ (�i (t)) = 0n,∀i ∈ V. (5.44)

It follows from �i , γ (�i ) in Eq. (5.21) that

lim
t→∞

{
∂φi,0(t)

∂xT
i (t)

γ1(φi,0(t)) +
∑
j∈Ni

∂φi, j (t)

∂xT
i (t)

γ2(φi, j (t))

}
= 0n. (5.45)

With φi,0 = −hi.0, φi, j = −hi, j , j ∈ Ni in Eqs. (5.9), (5.12), one has that

∂φi,0(t)

∂xT
i (t)

= xT
i,d

‖xi,d‖ ,
∂φi, j (t)

∂xT
i (t)

= −xi, j
‖xi, j‖ , j ∈ Ni . (5.46)

Combining with Eqs. (5.45) and (5.46) yields

lim
t→∞

{ xi,d(t)

‖xi,d(t)‖γ1
(‖xi,d(t)‖) −

∑
j∈Ni

xi, j (t)

‖xi, j (t)‖γ2
(
r − ‖xi, j (t)‖

)} = 0n, i ∈ V.

(5.47)

Note that for arbitrary two neighboring robots i 	= j ∈ V, one has γ2
(
r −

‖xi, j‖
)
xi, j/‖xi, j‖ = −γ2

(
r − ‖x j,i‖

)
x j,i/‖x j,i‖, which implies that

∑N
i=1

∑
j∈Ni

γ2
(
r − ‖xi, j (t)‖

)
xi, j (t) /‖xi, j (t)‖ = 0n,∀t > 0. Then, it follows from Eqs. (5.45)

and (5.47) that limt→∞
∑N

i=1{γ1
(‖xi,d(t)‖)xi,d/‖xi,d‖} = 0n.

Given that γ1(|xi,d(t)|) in Eq. (5.11) is an odd function, it follows that

lim
t→∞

N∑
i=1

xi,d(t) = 0n.
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Let the target-fencing errors be e := 1/N
∑N

i=1 xi − xd , one has that

lim
t→∞ e(t) = lim

t→∞
1

N

N∑
i=1

{
xi (t) − xd(t)

}
= 0n (5.48)

with 1/N
∑N

i=1 xd = xd . The proof of convex-hull fencing is thus completed. �

Lemma 5.4 Given Assumption5.5, the long-term target fencing described in (5.15)
ensures that all robots V achieve a flexible-ordering formation, which means that

(a) lim
t→∞ ẋs[i],s[i+1](t) = 0n,

(b) 0 < lim
t→∞ ‖xs[i],s[i+1](t)‖ < R,

∀i ∈ Z
N
1 (If i = N , then s[i + 1] = s[1]), (5.49)

where xs[i],s[i+1] := xs[i] − xs[i+1].

Proof According to (5.28) and (5.44) in Lemmas5.2 and 5.3 respectively, one has
that limt→∞ u∗

i (t) = v̂i
d ,∀i ∈ V. Combining with the condition of limt→∞ vi

d(t) =
vd(t) in Remark5.4, it can be deduced that the optimal input u∗

i of robot i satisfy
limt→∞ u∗

i (t) = limt→∞ u∗
j (t) = vd(t),∀i 	= j ∈ V, which follows from Eq. (5.5)

that limt→∞{ẋi (t) − ẋ j (t)} = 0n , (i.e., the relative position of xi against any other
x j , j 	= i converges to be time-invariant and a rigid pattern with a spatial sequence
s[1], s[2], · · · , s[N ] is formed). The condition (a) in (5.49) is thus verified.

The condition (b) in Eq. (5.49) will be established. According to Lemma5.2, it
follows that |xi, j (t)| ≥ r and |xi,d(t)| > 0 for all i 	= j ∈ V and t > 0. This implies
that

lim
t→∞ |xs[i],s[i+1](t)| ≥ r,∀i ∈ Z

N
1 (if i = N , then s[i + 1] = s[1]). (5.50)

Thus, the left-side inequality in Eq. (5.49) is satisfied. We will now prove the right-
side inequality of condition (b) in Eq. (5.49) by contradiction.

Intuitively, from Lemma5.3, we obtain that the target xd is asymptotically
fenced in the centroid of the convex hull

∑N
i=1 xi/N with a spatial sequence

s[1], s[2], · · · , s[N ]. Without loss of generality, we assume that there exists at least
one pair of adjacent robots labeled s[l], s[l + 1],∀l ∈ Z

N−1
1 such that ‖xs[l],s[l+1]‖ >

R, and then separate the robots V into two subgroups V1 := {s[l + 1], s[l +
2], · · · , s[k]} and V2 := {s[l − 1], s[l − 2], · · · , s[k + 1]} along the dashed line
(i.e., a dashed plane in 3D) formed by xs[l] and xd , as shown in Fig. 5.4. Then,
the contradiction is analyzed in the following two cases.

Case 1: {Robot s[k + 1] is not on the dashed line, seeFig. 5.4a}. For‖xs[l],s[l+1]‖ >

R, one has that ‖xs[l], j‖ > R, j ∈ V1, which implies that robot s[l] may only



100 5 Distributed Fencing Control via Long-Term Task Execution

Fig. 5.4 2D illustration of two-subgroup robots along the dashed line formed by xs [l] and xd

have neighbors fulfilling ‖xs[l],o‖ ≤ R, o ∈ V2. Moreover, the vectors xs[l],d and
xs[l],o, o ∈ V2, are not in same or opposite direction, i.e.,

−1 < lim
t→∞

xs[l],d(t) · xs[l],o(t)
‖xs[l],d(t)‖‖xs[l],o(t)‖ < 1, o ∈ V2, (5.51)

Let ϑo, o ∈ V2, be the repulsion term between robots s[l] and s[o], o ∈ V2 below,

ϑo = xs[l],o
‖xs[l],o‖γ2

(
r − ‖xs[l],o(t)‖

)
, o ∈ V2, (5.52)

it follows from Eq. (5.51) that there only exist left-side repulsion terms ϑ L
o , o ∈ V2,

perpendicular to xs[l],d below,

ϑ L
o = ϑo − xs[l],d

‖xs[l],d‖ · ϑo. (5.53)

However, ϑ L
o cannot be eliminated by the robot-target attraction term

(xs[l],d/‖xs[l],d‖) γ1
(‖xs[l],d‖). Then, one has

lim
t→∞

{
xs[l],d(t)

‖xs[l],d(t)‖γ1
(‖xs[l],d(t)‖) −

∑
o∈V2

ϑo

}
	= 0n.

Then, it contradicts the condition in Eq. (5.47).
Case 2: {Robot s[k + 1] is on the dashed line, see Fig. 5.4b}. Since robot

s[k + 1] is on the dashed line, one has that xs[l],s[k+1] and xs[l],d are in the oppo-
site direction, which follows from Eqs. (5.52) and (5.53) that ϑ L

s[k+1] = ϑs[k+1] −
(xs[l],d/‖xs[l],d‖) · ϑo = 0n . Then, the repulsion term ϑs[k+1] cannot eliminate the
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other left-side repulsion term ϑ L
o in Fig. 5.4b as well. The following contradic-

tion analysis is the same as Case 1, which is omitted. Finally, we obtain that
limt→∞ ‖xs[i],s[i+1](t)‖ ≤ R,∀i ∈ Z

N
1 (If i = N , then s[i + 1] = s[1]). The proof

is thus completed. �

Remark 5.9 In the optimization problem (5.15), the time-varying neighbor setNi (t)
makes the collision-free constraint (5.15c) time-dependent, implying that the repul-
sion forces between neighboring robots, dictated by these constraints, also vary over
time. At the same time, when combined with the attraction forces toward the tar-
get from constraint (5.15b), the system achieves a dynamic equilibrium similar to
physical forces. This results in a solution to the optimization problem (5.15) that is
flexible, thereby achieving ordering-flexible fencing.

Theorem 5.1 Under Assumptions5.1–5.6, amulti-robot system in (5.5) governed by
the constraint-based optimization problem (5.15) achieves the long-term ordering-
flexible target fencing.

Proof We draw the conclusion from Lemmas5.1–5.4 directly. �

Remark 5.10 Although the CBF constraints in Eqs. (5.15b)–(5.15c) are established
only based on position, where the implicit regulation of the robot’s orientation is
still possible. One common approach is to convert the high-level desired veloc-
ity u∗

i in Eq. (5.15) into the desired orientation, such as the desired yaw angle
θ∗
i = arctan 2(u∗

i,2, u
∗
i,1) in the 2D plane. This desired orientation can then be tracked

using an additional low-level trackingmodule [2].With all robots maintaining a rigid
pattern around the target, i.e., u∗

i = vd , i ∈ V, their orientations will converge to be
the same. For robots with simple unicycle dynamics, Sect. 5.4.1 will use near-identity
diffeomorphism (NID) [36] to regulate their orientation. Moreover, this chapter pri-
marily focuses on homogeneous robots as a preliminary exploration of ordering-
flexible target fencing. Although two types of AMRs are used in the experiments
of Sect. 5.4.1, their tracking capabilities are nearly identical, thereby they do not
affect the fencing performance. However, extending the proposed LTTE algorithm
(5.15) to heterogeneous multi-robot systems remains challenging due to the diverse
capabilities of different robots, and this will be addressed in future research.

Remark 5.11 The proposed framework in Eq. (5.15) offers three main benefits: (i)
Feasibility: The introduction of slack variables in the constraints ensures that a
feasible solution always exists for multi-robot long-term target fencing. For further
details, refer to Remark5.5. (ii) Forward Invariance: By incorporating different
target-fencing subtasks as constraints rather than cost functions, Eq. (5.15) retains
the forward-invariance property ofEq. (5.3) as defined inDefinition5.1. This property
ensures rigorous collision avoidance, as demonstrated in Lemma5.2. (iii) Robust-
ness: The use of a time-varying neighbor set Ni (t) allows the system to adapt even
if some robots suddenly break down. The remaining robots governed by Eq. (5.15)
can still achieve the ordering-flexible target fencing, as illustrated in Fig. 5.14.
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Remark 5.12 The potential undesired equilibria commonly observed in QP-CLF-
CBF andQP-CBF problems refer to scenarios where robots converge to the boundary
of the safe set rather than the minimum of the Lyapunov function [37]. Specifically,
these undesired equilibria in Eq. (5.15) are characterized by {‖xi, j‖ = r, ‖xi,d‖ =
δi,0/η1 > 0 with δi,0 > 0 remaining constant for i ∈ V and j ∈ Ni , and where
the constraints (5.15b) and (5.15c) are active. Despite these undesired equilibria,
they still satisfy the conditions for fencing formation and do not affect the perfor-
mance of the target-fencing tasks. Unlike traditional QP-CBF approaches [15, 16,
37] which focus on approaching the target point (i.e., |xi,d | = 0 in this article), the
proposed optimization problem (5.15) aims to achieve a fencing formation (i.e.,
(i.e.,

∑
i∈V xi/N = 0n, ‖xi, j‖ ≥ r, ‖xi,d‖ > 0 as defined in Definition5.2) by bal-

ancing the target-approaching and collision-free constraints (5.15b)–(5.15c). Thus,
the ordering-flexible fencing formation can still be realized even with the unde-
sired equilibria of {‖xi, j‖ = r, ‖xi,d‖ = δi,0/η1 > 0, δi,0 > 0 keeps invariant,∀i ∈
V, j ∈ Ni . It is illustrated in Fig. 5.5,where both triangle- and square-pattern fencing
formations are achieved under these undesired equilibria.

Remark 5.13 Based on the constraint-driven optimization setup in (5.15), we can
further tackle the static obstacle avoidance by seamlessly accommodating the cor-
responding robot-obstacle subtask T o

i,k, k ∈ O, to be φo
i,k = ‖xoi,k‖ − rok with xoi,k :=

xi − xok , the position xok and the radius rok to cover the kth circular obstacle in the
obstacle set O. More precisely, the condition of φo

i,k is encoded to be

∂φo
i,k

∂xT
i

(ui − v̂i
d) ≤ −γ2(φ

o
i,k), i ∈ V, k ∈ O, (5.54)

Fig. 5.5 a The triangle-pattern fencing is achieved under the undesired equilibria: {‖x1,2‖ =
‖x2,3‖ = ‖x1,3‖ = r , ‖xi,d‖ > 0, i = 1, 2, 3}. b The square-pattern fencing is achieved under the
undesired equilibria: {‖x1,4‖ = ‖x1,3‖ = ‖x2,4‖ = ‖x2,3‖ = r, ‖xi,d‖ > 0, i = 1, 2, 3, 4}. (All the
symbols have the same meaning as in Fig. 5.3)
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which can be added into the constraints of the optimization problem (5.15). For the
feasibility of Eq. (5.15) with the additional obstacle-avoidance constraints (5.54),
based on the initial condition of φo

i,k(0) > 0 and forward-invariance property in
Eq. (5.4), there also exists a feasible solution {ui = v̂i

d , δi,0 > 0 is sufficiently large},
such that all the constraints (5.15b)–(5.15d), and (5.54) are satisfied, which is simi-
lar to Remark5.5. For the undesired local equilibria of Eq. (5.15) with the additional
obstacle-avoidance constraints (5.54), robots cannot stay at the undesired equilib-
rium points and will finally leave them. Specifically, after adding the constraints
(5.54), it follows from [37] that the undesired equilibrium points become

{‖xoi,k‖ = rok , ‖xi, j‖ = r, ‖xi,d‖ = δi,0/η1 	= 0,

and δi,0 > 0 keeps invariant, i ∈ V, j ∈ Ni } (5.55)

with the constraints (5.15b), (5.15c) and (5.54) being active. We assume that robots
are already at the undesired equilibria when t = T3 > 0. (i) Since the target xd is
moving with the velocity vd , one has that xi will moving to satisfy ‖xi,d‖ = δi,0/η1
in Eq. (5.55). (ii) However, due to the obstacles being static, it follows from ‖xoi,k‖ =
xi − xok = rok in Eq. (5.55) that xi cannot deviate from the circle where the obstacle
xok is located, which contradicts (i). Hence, the undesired equilibrium points will be
excluded after some time t > T3. For more complex scenarios of moving obstacles,
the feasibility and undesired equilibrium are hard to analyze and will be investigated
in future works.

5.4 Algorithm Verification

In this section, we will conduct 2D experiments and 3D simulation for algorithm
verification.

5.4.1 2D Experiments

In this subsection, we present 2D experiments conducted with a multi-AMR plat-
form to assess the effectiveness of the long-term ordering-flexible target fencing
(5.15). We begin by describing the multi-AMR platform. As depicted in Fig. 5.6a,
the platform includes a 5m × 5m working space and three AMRs: the largest being
Hunter 1.0 and the other two being Scout Mini.2 In Fig. 5.6b, it is shown that the
Hunter-1.0 AMR measures 0.98m in length and 0.72m in width, while the Scout
Mini AMR measures 0.62m in length and 0.54m in width. Each AMR is equipped

2 AMRs: https://global.agilex.ai/.

https://global.agilex.ai/
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Fig. 5.6 a The multi-AMR platform consists of three AMRs and a working space. b Sizes of two
kinds of AMRs and detailed components. c The operation procedure of the target fencing consists of
localization, LAN network, and long-term task execution. (The solid arrows in subfigure c represent
the physical connection, and the dashed arrows in subfigure c are the virtual connection.)

with an onboard computer, the NVIDIA Jetson Xavier NX,3 a depth stereo cam-
era, the ZED2i ,4 which integrates depth detection and an inertial measurement unit
(IMU), and a ROS TCP-protocol communication component. Figure5.6c details the
operational procedure, where the AMR uses the ZED2i camera for position localiza-
tion via a VINS-Fusion SLAM algorithm [38], and then transmits this position data
to the onboard computer via a common WiFi LAN network. The onboard computer
calculates the desired signals based on its own position and those of its neighbors,
which are then communicated to the AMR actuators. It is noteworthy that AGILE·X
company has effectively implemented the tracking of these desired signals in the
AMR regulation module.

To adapt the optimal u∗
i in Eq. (5.15) for commercial AMRs with specified speeds

and rotation rates, we use the unicycle model for AMRs as described in [17]

ẋi,1 = vi cos θi , ẋi,2 = vi sin θi , θ̇i = uθi , i ∈ V, (5.56)

where xi = [xi,1, xi,2]� ∈ R
2 represents the position, θi ∈ R is the yaw angle in the

X-Y plane, and vi ∈ R and uθi ∈ R are the desired velocity and rotation rate for robot
i , respectively. Using near-identity diffeomorphism (NID) [36], the desired velocities

3 NVIDIA Jetson Xavier NX: https://www.nvidia.com/en-us/autonomous-machines/embedded-
systems.
4 ZED2i : https://www.stereolabs.com/zed-2i/.

https://www.nvidia.com/en-us/autonomous-machines/embedded-systems/jetson-xavier-nx/
https://www.nvidia.com/en-us/autonomous-machines/embedded-systems/jetson-xavier-nx/
https://www.stereolabs.com/zed-2i/
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u∗
i,1, u

∗
i,2 from Eq. (5.15) can be converted into the desired commands vi , uθi as given

in Eq. (5.56) below.

vi = u∗
i,1 cos θi + u∗

i,2 sin θi ,

uθi = − u∗
i,1

l
sin θi + u∗

i,2

l
cos θi , i ∈ V,

with l ∈ R
+ being an arbitrary small constant. In the experiments, l is set to be

l = 0.2 for convenience.
In the following, we address the ordering-flexible fencing task with three AMRs

and a constant-velocity virtual target, considering the constraints of the limited
working space. Based on Eq. (5.5), the input limit is set to ζ = 0.2, meaning
‖ui‖∞ ≤ 0.2, i ∈ Z

3
1. To prevent the Scout Mini and Hunter AMRs from exceed-

ing the working space and to accommodate their varying performance characteris-
tics, we set ξ = 0.2, which is much lower than the maximum speeds of the Scout
Mini (2.7m/s) and Hunter 1.0 (4.8m/s). This ensures that the AMRs operate at lower
speedswithminimal turning rates. Additionally, setting ξ uniformly across all AMRs
provides similar performance capabilities. The selection of parameters r , R, and η2
is as follows: (i) Considering the sizes of the Scout Mini and Hunter AMRs, we
choose the collision radius r = 1.5 m. (ii) Based on the effective range of the ZED2i
camera, we set the sensing radius to R = 4 m. (iii) According to Assumption5.4,
η2 is determined as R − r = 2.5. The gain η1 in Eq. (5.10) is set to 2.0, and the
initial value of the slack variable δi,0 is 100. Due to the large size of the AMRs and
the wide turning radius (1.6 m) of Hunter 1.0, which occupies significant space, the
virtual target’s velocity is set to a constant vd = [0.06, 0]Tm/s. A distributed velocity
estimator with an additional connected communication topology, as shown in [31],
is used to track the target’s velocity. Figure5.7 presents two experimental scenarios
(Cases 1 and 2) demonstrating the three AMRs collectively achieving the fencing
formation around the moving target. Specifically, Fig. 5.7a and b show that starting
from different initial positions (depicted as blue vehicles) and fulfilling Assump-
tion5.5, the AMRs successfully form a triangle-pattern target fencing (depicted as
red vehicles) with distinct orderings 2, 1, 3 and 3, 1, 2 in Cases 1 and 2, respectively.
The snapshots of the initial positions and final fencing formations for both cases are
provided in Fig. 5.7c through f, illustrating the effectiveness of the long-term target
fencing framework in Eq. (5.15).

Moreover, we focus on Fig. 5.7a to quantitatively analyze the state evolution.
As illustrated in Fig. 5.8, the fencing errors e = [ex , ey]T ∈ R

3 from Eq. (5.48) con-
verge to near zero by t = 20 s. This demonstrates that the virtual target is effectively
fenced by the three AMRs, fulfilling Objective (1) in Definition5.3. The distances
between robots and between each robot and the target, shown in Fig. 5.8, satisfy
‖x2,1(t)‖ > 1.5, ‖x1,3(t)‖ > 1.5, ‖x3,2(t)‖ > 1.5,∀t > 0, which prevents overlap-
ping as required by Objective (3) in Definition5.3. Figure5.8 reveals that the relative
distances between adjacent robots, following the ordering sequence s[1] − s[3] :=
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Fig. 5.7 Two experimental cases of ordering-flexible target fencing with different initial positions.
Subfigures a, b: Trajectories of three AMRs starting from different initial positions form a fencing
formation with distinct spatial orderings in Cases 1-2. Subfigures c, d: Snapshots of initial positions
of the three AMRs in Cases 1–2. Subfigures e, f : Snapshots of the final stable fencing formation
formed by the three AMRs in Cases 1–2. (Here, the blue and red vehicles in subfigures a, b denote
the initial and the final positions of the three AMRs, respectively. The green circle denotes the
moving target. Moreover, the larger AMR Hunter 1.0 is labeled 1, whereas the other two Scout
Mini are specified with labels 2, 3)

{2, 1, 3}, fall within the range 1.5 < limt→∞ ‖xs[i],s[i+1](t)‖ < 4. This ensures com-
pliance with Objective (2) in Definition5.3. Finally, Fig. 5.9 indicates that the desired
velocities ui = [ui,x , ui,y]T ∈ R

3, i = 1, 2, 3, for each robot i are consistently within
the bound ζ = 0.2, i.e., ‖ui (t)‖∞ ≤ 0.2 for all t > 0, which confirms the feasibility
of the long-term target fencing described in Eq. (5.15).

Remark 5.14 The velocity-tracking module used in the 2D experiments is pro-
vided by AGILE·X Company. This module is proprietary, so public users only have
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Fig. 5.8 Temporal evolution
of the fencing errors
e = [ex , ey]T ∈ R

2, the
robot-target distances
‖xi,d‖, i = 1, 2, 3, and the
relative distances between
adjacent robots
‖x2,1‖, ‖x1,3‖, ‖x3,2‖ with
an ordering sequence in a 2D
plane in Fig. 5.7a for
example

Fig. 5.9 Temporal evolution
of the AMR desired
velocities ui := [ui,x ,
ui,y]T ∈ R

2, i = 1, 2, 3, in
Fig. 5.7a for example. (The
dashed red lines are the
upper and lower limits of the
input)
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access to transmit desired command velocities to the AMRs, without insight into the
detailed tracking methods. Before using this module for fencing experiments, we
conducted several tests to verify its performance. The AMRs were able to track both
constant and varying velocities with only minimal disturbances. These tiny distur-
bances are further mitigated by the outer-loop target fencing described in Eq. (5.15),
as the velocity-tracking module operates within the inner loop of the closed-loop
system. Thus, the ordering-flexible target fencing experiments can be effectively
conducted with the encapsulated velocity-tracking module. It is important to note
that the proposed framework in Eq. (5.15) does not directly handle frequent tran-
sient changes in the commanded velocities ui , i ∈ V. If the velocities ui , i ∈ V,
experience transient changes, their derivatives may become infinite at some time
t = T f > 0 (i.e., limt→T f u̇i = ∞). This would contradict the boundedness of the
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states �̈i and compromise the convergence of convex-hull fencing as established in
Lemma5.3. Consequently, handling such transient behaviors will be the focus of
future research.

5.4.2 3D Simulations

In this subsection, we perform 3D simulations to assess the validity of Theorem5.1 in
the context of varying environmental factors within a higher-dimensional Euclidean
space. We analyze a multi-robot system comprising six robots, controlled by the
dynamics outlined in Eqs. (5.5) and (5.15), with an input limit set to ζi = 6. For
consistency, we use the same collision radius r , sensing radius R, and the parameters
η1 and η2 as specified in Sect. 5.4.1. In the following experiments, we examine
ordering-flexiblemulti-robot fencingwith two types ofmoving targets: one exhibiting
linear motion and the other circular motion.

For the line-motion target, we assume the target moves at a constant veloc-
ity vd := [1, 0, 0]Tm/s, tracked by a similar velocity estimator as described in
Sect. 5.4.1. Figure5.10a, b show the trajectories of six robots starting from various
initial positions (blue triangles) fulfilling Assumption5.5, leading to a hexahedron-
pattern target fencing (red triangles) with two different orderings: {1, 4, 6, 5, 2, 3}
and {3, 5, 1, 6, 4, 2} in 3D Euclidean space. For the circular-motion target, we set the
target’s velocity as vd := [2ω cos(θ + π/2), 2ω sin(θ + π/2, 0]Tm/s,where θ repre-
sents the angle between the target xd and the centroid of the desired circle [6, 10, 0]T,
and ω = 0.1 s−1 is the angular velocity. Figure5.10c, d depict the trajectories of
six robots starting from the same initial positions as in Sect. 5.4.1, leading to the
desired hexahedron-pattern fencing (red triangles) with orderings {1, 3, 6, 4, 2, 5}
and {3, 5, 1, 6, 4, 2}. These simulations validate the flexible-ordering property in
Objective 2 of Definition5.2.

Additionally, using Fig. 5.10b as an example, we analyze the state evolution of
the ordering-flexible multi-robot fencing in 3D space. As shown in Fig. 5.11, the
fencing errors e = [ex , ey, ez]T ∈ R

3 across all three axes converge to zero, indi-
cating that the target is eventually fenced by the six robots, fulfilling Objective
(1) in Definition5.2. The robot-target distances ‖xi,d‖, i ∈ V, and the inter-robot
distances ‖xi, j‖, i 	= j ∈ V, in Fig. 5.11 satisfy ‖xi, j (t)‖ ≥ 1.5, ‖xi,d(t)‖ > 0 for
all i 	= j ∈ V and t > 0, which thus prevents overlapping behavior as required by
Objective (3) of Definition5.2. Furthermore, Fig. 5.12 shows that the relative dis-
tances between adjacent robots in the ordering sequence {3, 5, 1, 6, 4, 2} satisfies
1.5 < limt→∞ ‖xs[i],s[i+1](t)‖ < 4, s[1] − s[6] := {3, 5, 1, 6, 4, 2}, ensuring Objec-
tive (2) of Definition5.2. Finally, Fig. 5.13 demonstrates that the control inputs
ui = [ui,x , ui,y, ui,z]T ∈ R

3, i ∈ V, for robot i are consistently bounded by ζ = 6,
i.e.,‖ui (t)‖∞ ≤ 6 for all t > 0, ensuring the feasibility of the long-term target fencing
(5.15).
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Fig. 5.10 Four cases of a six-robot system from twodifferent initial positions to theordering-flexible
hexahedron-pattern fencing for a target of different dynamics using the proposed constraint-based
optimization framework (5.15) in 3D. Subfigures a,b: A line-motion ordering-flexible target fencing
(i.e., a constant velocity vd := [1, 0, 0]Tm/s). Subfigures c, d: A circular-motion ordering-flexible
target fencing (i.e., a variational velocity vd := [2ω cos(θ + π/2), 2ω sin(θ + π/2, 0]Tm/s) with θ

being the relative angle between the target xd and the centroid of desired circle,ω the corresponding
angular velocity. (Here, the blue and red triangles represent the initial andfinal positions of the robots,
respectively. The green ball and red line denote the target and its trajectory, respectively)

To demonstrate the robustness of the ordering-flexible target fencing approach,
Fig. 5.14 shows scenarios where two robots fail unexpectedly at t = 0.5s during the
six-robot target fencing task. Specifically, as depicted in Fig. 5.14a, the remaining
four robots (i = 1, 2, 3, 5) successfullymaintain tetrahedron-pattern fencingwith the
ordering {5, 3, 1, 2} even after robots i = 4 and i = 6 fail. Similarly, in Fig. 5.14b,
the robots i = 1, 3, 4, 6 achieve the desired tetrahedron-pattern fencing with the
ordering {3, 1, 4, 6} when robots i = 2 and i = 5 break down. These results confirm
the robustness of the LTTE algorithm in 3D, demonstrating a capability that surpasses
previous methods [4–14].

Furthermore, to evaluate the obstacle-avoidance capability, we introduce two
static spherical obstacles into the six-robot system as described in Remark5.13.
The positions and radii of these obstacles are specified as xo1 = [2, 8, 0]T m with
ro1 = 1.2 m and xo2 = [2, 13, 0]T m with ro2 = 1 m, ensuring that no robots are ini-
tially inside them. Figure5.15 illustrates the trajectories of the six robots starting
from the same initial positions as in Fig. 5.10b (blue triangles), transitioning through
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Fig. 5.11 Temporal evolution of the fencing errors e = [ex , ey, ez]T ∈ R
3, the robot-target

distances ‖xi,d‖, i ∈ V, and the inter-robot distances ‖xi, j‖, i 	= j ∈ V in Fig. 5.10b for example
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Fig. 5.12 Temporal evolution of the relative distances between adjacent robots in the ordering
sequence ‖x3,5‖, ‖x5,1‖, ‖x1,6‖, ‖x6,4‖, ‖x4,2‖ in Fig. 5.10b for example

obstacle avoidance (yellow triangles), and finally forming the hexahedron-pattern
fencing (red triangles). As shown in Fig. 5.15a, the dashed trajectories demonstrate
that all six robots successfully avoid the obstacles (dark blue spheres), confirm-
ing that the obstacle-avoidance requirement is met. Figure5.15b provides a clearer
view of the final hexahedron-pattern fencing from another perspective. Additionally,
Fig. 5.16 shows that the fencing errors e = [ex , ey, ez]T ∈ R

3 converge to zero, and
the distances between the robots and obstacles satisfy xoi,1(t) > 1.2, xoi,2(t) > 1 for
all i ∈ V and t > 0, thereby confirming the obstacle-avoidance capabilitymentioned
in Remark5.13.
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Fig. 5.13 Temporal evolution of the robot inputs ui := [ui,x , ui,y, ui,z]T ∈ R
3, i ∈ V, in Fig. 5.10b

for example. (The dashed red lines are the upper and lower limits of the input)

Fig. 5.14 Special situations of two robots suddenlybreakdownat t = 0.5s in the six-robotordering-
flexible target fencing task. Subfigure a: The rest four robots i = 1, 2, 3, 5 form the successful
tetrahedron-pattern fencing when robots i = 4, 6 break down. Subfigure b: The rest four robots
i = 1, 3, 4, 6 form the successful tetrahedron-pattern fencing when robots i = 2, 5 break down.
(All the symbols have the same meaning as in Fig. 5.10)
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Fig. 5.15 a Trajectories of six robots and the target from the same initial positions in Fig. 5.10b
with two static ball obstacles. b Another view to better illustrate the desired hexahedron-pattern
fencing. (Here, the yellow triangles represent the obstacle-encountering positions of robots. All the
other symbols have the same meaning as in Fig. 5.10)

5.5 Conclusion

In this chapter, we have proposed an LTTE algorithm that enables ordering-flexible
multi-robot target fencing by integrating fencing subtasks as constraints within an
online constraint-based optimization framework. These constraints facilitate the exe-
cution of long-term target-fencing tasks in dynamic environments. The algorithm’s
global convergence is rigorously analyzed, accounting for time-varying collision
avoidance among neighbors and external disturbances that decay exponentially. The
effectiveness, adaptability across multiple dimensions, and robustness of the LTTE
approach are validated through 2D ordering-flexible fencing experiments with three
AMRs and 3D simulations.
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Part II
Multiple-Target Scenario



Chapter 6
Coordinated Multiple-Target Fencing
Control and Collision Avoidance

6.1 Introduction

The previous three Chaps. 3–5 focused on the theme of “complex fencing,” and
successively proposed cooperative fencing controllers that are based on input-to-
state stability, output regulation theory, and long-term task execution, respectively.
Although they covered various functions such as target fencing, pattern regulation,
andneighboring collision avoidance, the aforementionedmethods are only applicable
to a single target, which has not yet been studied with multiple varying-velocity tar-
gets. In practical scenarios involving the collaborative fencing of multiple unmanned
surface vehicles (USVs), there may be some situations requiring the fencing for mul-
tiple targets of varying velocities. However, fencing multiple targets with varying
velocities raises a series of new issues, such as how to reasonably define the fencing
of multiple varying-velocity targets and the topological connectivity between targets
and robots. Therefore, this chapter continues to focus on the theme of “complex
fencing” and aims to study the problem of cooperative fencing control for multiple
varying-velocity targets. In what follows, we will introduce the related background.

Over the decades, significant advancements have been made in the cooperative
control of MRSs [1–5], spanning fields such as biology, physics, systems science,
computer engineering, and swarm intelligence. Investigating the coordination mech-
anisms of MRSs sheds light on the dynamics of biological collective behavior and
provides insights for analyzing and designing networked scientific and engineering
systems. These mechanisms play a crucial role in applications like wireless sen-
sor networks, smart grids, wind farm networks, and unmanned systems, enhancing
cooperative efficiency, adaptability to system uncertainties, and robustness against
external disturbances.

Significant efforts have thus far been focused on developing and analyzing con-
sensus and flocking protocols for MRSs [6–10]. In recent years, growing attention
has been directed toward containment control, which aims to guide robots into the
convex hull defined by target positions [11–13]. Moreover, fencing control, which
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drives a team of robots to move around target(s) within a convex hull, has emerged
as the reverse problem of containment control. Both containment and fencing strate-
gies apply to tasks such as collaborative escort, and patrolling with USVs, as well as
formation control for UAVs, UGVs, and satellite or spacecraft clusters.

Due to the inherent challenges in stabilizing the collective behavior of robots
around multiple targets, most existing research has concentrated on single-target
scenarios [14–20]. Early studies primarily addressed single static targets. For exam-
ple, Lan et al. [14] introduced a hybrid control strategy for cyclically enclosing a
static target. Liu and Chen [15] proposed a hierarchical control structure with output
regulation to achieve target fencing. Later, Chen [16] tackled a fencing problem with
ensured collision avoidance. As target dynamics becamemore complex in real-world
marine applications, attention shifted toward fencing control for moving targets. For
instance, Lin and Dong [17] developed a robust real-time vision system for target
tracking, while Guo et al. [18] presented a distributed control method for surround-
ing a moving target based on relative neighbor positions. Zhang et al. [19] utilized
a game-theory framework to track a moving target while maintaining a specific dis-
tance. Yu and Liu [20] devised a dynamic distributed control law to form circular
formations of unicycles with switching interconnection topologies, with the target
accessible to only one unicycle. Subsequently, Li et al. [21] introduced a coopera-
tive fencing scheme with collision avoidance guarantees for networked MRSs with
nonlinear Lagrangian dynamics.

The primary difficulty in addressing the multiple-target fencing control problem
is the need for robots to estimate the center of multiple moving targets without direct
access to their information. Among the limited research on this topic, Chen and
Ren [22] focused on enclosing a group of stationary targets and proposed a fenc-
ing control law within an estimation-and-control framework with a fixed topology.
Following this work, Shoja et al. [23] introduced an adaptive approach to tackle the
fencing control of non-identical robots with unknown system parameters. Most ear-
lier studies have concentrated on first-order MRSs due to the complexities involved
in controller design. However, many real-world systems, such as unmanned vehi-
cles and sensor networks, have at least second-order dynamics. To address this, Shi
et al. [24] explored the collective fencingproblem for linear second-orderMRSsusing
LaSalle’s Invariance Principle [25], considering both stationary and moving targets.
Despite these contributions, current research on multiple-target fencing control is
largely confined to simulations of linear MRSs, with little progress in real-world
experiments involving actual robots, which limits the practical application of these
potentially effective protocols.

As a key example of nonlinear second-order systems, USVs are increasingly vital
for marine activities such as resource exploration, rescue operations, naval attacks,
and water area surveillance. While some studies [15, 26] have addressed collective
fencing control for single target vessels, the development of fencing protocols for
multiple target vessels is still ongoing. This is due to the complexities of design-
ing distributed state estimator-based controllers and the difficulties of implement-
ing these protocols in real-world scenarios. Furthermore, the challenge of collision
avoidance adds to the difficulty. With the growing demands from the modern marine
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industry and the need for advanced resource exploration, it has become essential
and advantageous to develop a systematic distributed protocol for controlling mul-
tiple moving targets with collision avoidance. In response to this need, this chapter
presents a collective approach for second-order nonlinear MRSs to fence multiple
moving targets with guaranteed collision avoidance. The main contributions of this
chapter are two-fold:

1. Design a quasi-equal-distance fencing strategy for a second-order nonlinearMRS
to fence multiple moving targets while ensuring collision avoidance, utilizing a
state estimator to track the center of the targets.

2. Implement this distributed fencing control strategy inour established indoormulti-
USV system to validate its effectiveness.

The rest of this chapter is organized as follows: Sect. 6.2 provides preliminaries
and outlines the main problem. Sections6.3–6.5 present a fencing strategy for encir-
cling multiple targets and derive the conditions for asymptotic stability. Section6.6
discusses experimental results to validate the effectiveness of the proposed method.
Finally, conclusions are drawn in Sect. 6.7.

6.2 Problem Formulation of Fencing Multiple
Varying-Velocity Targets

In this section, we consider an MRS consisting of n follower robots: Iv =
ςi | i = 1, 2, . . . , n, where ςi denotes the follower robot i with the following
second-order dynamics:

{
ẋi (t) = vi (t),
v̇i (t) = fi (vi , t) + ui (t),

(6.1)

where i ∈ Iv, xi (t), vi (t) ∈ R
2 represent the position and velocity of follower robot i ,

respectively, ui (t) ∈ R
2 is the control input, and fi (vi , t) ∈ R

2 is a nonlinear function
assumed to be of the form:

fi (vi , t) = φT
i (vi , t)θi . (6.2)

where φi (·) : R2 × R → R
p×2 is a nonlinear vector function of the input vi , t and

θi ∈ R
p, i ∈ Iv constant coefficients. Moreover, there exists m targets It = {τ j | j =

n + 1, n + 2, . . . , n + m} with τ j set as target j in the MRS, each of which moving
with a variable velocity described as,

ṙ j (t) = v j (t), (6.3)
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where r j (t), v j (t) ∈ R
2 represent the position and velocity of target j , respectively.

Assume that v j (t) in Eq. (6.3) can be expressed as

v j (t) = φT
L(t)η j , (6.4)

whereφL(·) : R → R
p×2 is a nonlinear vector function of t with constant coefficients

η j ∈ R
p, j ∈ It .

For the multi-robot-multi-target MRS, let G(V,E) be the communication
graph, where V = 1, 2, . . . , n + m = Iv ∪ It represents the vertex set, and E =
(Vi ,Vk) ⊆ V × V denotes the edge set. Here, (Vi ,Vk) indicates that vertexVi is
a neighbor of vertex Vk . The connections within the follower set Iv are undirected
if, for any two vertices i, k ∈ Iv, both (Vi ,Vk) ∈ E and (Vk,Vi ) ∈ E hold. Let
Ni ⊆ Iv denote the neighbor(s) of follower robot i . The matrix B = [bi j ] ∈ R

n×m ,
where i ∈ Iv and j ∈ It , represents the connection between the follower robot set Iv
and the target set It . In this matrix, bi j = 1 if target j is a neighbor of follower robot i ,
and bi j = 0 otherwise. The undirected connection within the follower set is consid-
ered connected if there is at least one path between any two vertices Vi ,Vk ∈ Iv.
The following assumptions are made for further derivations.

Assumption 6.1 The connection G(V,E) among the follower robot set Iv is
assumed to be undirected and connected. Furthermore, the connection between
the target set It and the follower robot set Iv satisfies the following conditions:∑n

i=1 bi j = 1,
∑n+m

j=n+1 bi j ≤ 1, i ∈ Iv, j ∈ It .

Under Assumption6.1, each target in It is linked to exactly one unique follower robot
in Iv, and each follower robot in Iv can be connected to no more than one target in It .
Connections betweenmultiple targets and a single follower, ormultiple followers and
a single target, are not permitted. It is important to note that the practical significance
of Assumption6.1 is its role in estimating the center of targets when only partial
information about the targets is available.

Lemma 6.1 ([23]) Under Assumption6.1, one has

bi j

n+m∑
k=n+1

bik = bi j , j, k ∈ It .

Additionally, it is assumed that the distance between each target and the center of
It is bounded, as specified in the following assumption.

Assumption 6.2 There exists M ∈ R
+ such that

M = sup{‖r j (t) − r̄(t)‖}, j ∈ It ,

with r̄(t) := ∑n+m
j=n+1 r j (t)/m.

With Assumptions6.1 and 6.2, we can give the following definition.
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Initial state Equal-distance surrounding 

:Follower Agent

:Target

Initial states Equal-distance fencing

Fig. 6.1 A equal-distance fencing scenario for a four-target six-robot MRS

Definition 6.1 (Equal-distance fencing [15]) A set of m targets is asymptotically
surrounded by n follower robots if each follower robot i ∈ Iv satisfies

lim
t→∞ ‖xi (t) − r̄(t) − ρi‖ = 0, (6.5)

where ρi = [
ρ cos 2π i

n , ρ sin 2π i
n

]	 ∈ R
2 is the relative fencing vector for follower

robot i ∈ Iv, with ρ > M representing a constant radius.

Definition6.1 indicates that the follower robots are arranged at equal distances around
the center of the targets, as shown in Fig. 6.1. Additionally, if ρ > M is suitably
selected, the set of robots Iv will effectively encircle the set of targets It , thus
addressing the equal-distance fencing control problem.

Definition 6.2 (Quasi-equal-distance fencing) A set of m targets is asymptotically
fenced by n follower robots if each follower robot i ∈ Iv satisfies

lim
t→∞ ‖xi (t) − r̄(t) − ρi‖ ≤ σ, (6.6)

with the threshold σ > 0, quasi-equal-distance fencing is achieved.

Obviously, Definition6.2 is more practical and less stringent than the equal-distance
fencing described in Definition6.1.

Definition 6.3 (Collision avoidance) For any two follower robots i, k ∈ Iv, the
collision is avoided if

‖xi,k(t)‖ > r, t ≥ 0,

where xi,k := xi − xk and r > 0 is a safe distance.

It is important to note that the targets have varying velocities and are assumed to be
free of collisions. With this in mind, we can now present the main technical issues
addressed in this chapter.

Problem 6.1 Design a control signal

ui = f (xi , xk, r j ), i ∈ Iv, k ∈ Ni , j ∈ It
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for robot i in amulti-targetmulti-robotMRS Iv ∪ It , governed byEqs. (6.1) and (6.3),
to achieve a quasi-equal-distance fencing configuration.

Problem 6.2 Design a control signal

ui = f (xi , xk, r j ), i ∈ Iv, k ∈ Ni , j ∈ It

to address Problem6.1 while ensuring guaranteed collision avoidance (as defined in
Definition6.3) among the follower robot set Iv.

6.3 Estimation of the Center of Targets and Analysis

Let x̂i (t) and v̂i (t), for i ∈ Iv, denote the estimated center position and velocity of
the target set for follower robot i , respectively, as given below

⎧⎪⎨
⎪⎩

˙̂xi (t) = v̂i (t),
ω̇i (t) = βp

∑
j∈Ni

sig
(̂
x j (t) − x̂i (t)

)
,

x̂i (t) = ωi (t) + r̃i (t).

(6.7)

Here, ωi (t) represents the consensus part with an initial state of ωi (0) = 0, βp ∈ R
+

is the estimator gain, and r̃i (t) = n
m

∑n+m
j=n+1 bi jr j (t), i ∈ Iv, j ∈ It is derived from

the target group. It follows from Eq. (6.7) that

1

n

n∑
i=1

x̂i (t) = 1

n

n∑
i=1

r̃i (t) = 1

m

n∑
i=1

n+m∑
j=n+1

bi jr j (t) = r̄(t) (6.8)

by the virtue of Assumption6.1.

Lemma 6.2 ([27]) For the estimator governed by Eq. (6.7), it follows that

d‖ep‖2
dt

≤
n∑

i=1

∑
j∈Ni

{‖x̂ j − x̂i‖((n − 1)α1 − βp‖x̂ j − x̂i‖)},

where
‖ep‖2 = ∑n

i=1(̂xi − r̄)2 (6.9)

is the estimated position error and α1 = sup{‖˙̃r i (t)‖
∣∣i ∈ Iv, t ≥ 0}.

To estimate the center state r̄i (t) and ˙̄ri (t) of the target set It , an additional
assumption is required.
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Assumption 6.3 There exist upper bounds of ‖˙̃r i (t)‖, ‖¨̃r i (t)‖, ‖...r̃ i (t)‖, i ∈ Iv
defined in Eq. (6.7).

Note that | ˙̃r i (t)|, |¨̃r i (t)|, and |...r̃ i (t)| for i ∈ Iv are accessible to the followers with
the aid of Assumption6.1. In practice, Assumption6.3 implies that the motional
targets do not undergo sharp braking or turning, which corresponds to the bounded
inter-distance among the targets.

Lemma 6.3 For the positive real numbers σp and σa ∈ R
+, the estimates of position

x̂i and acceleration ˙̂vi converge to the center of It under Assumption6.3, adhering
to specified bounds, such that

n∑
i=1

(̂xi − r̄)2 ≤ σ 2
p ,

n∑
i=1

( ˙̂vi − ¨̄r)2 ≤ σ 2
a

provided that there exists an estimated gain βp > 0 in Eq. (6.7) satisfying

βp > β̄ (6.10)

with β̄ = max

{
2(n − 1)α1, 2(n − 1)α2,

(n−1)2α1
2σp

, (n−1)2α2
2σa

, 3

√
(n2−2)(n−1)3α2

1
4σp

,

3

√
(n2−2)(n−1)3α2

2
4σa

}
, where α1 := sup{‖˙̃r i (t)‖

∣∣i ∈ Iv, t ≥ 0} and α2 := sup{‖...r̃ i (t)‖
∣∣i

∈ Iv, t ≥ 0}.
Proof Let a Lyapunov function be V1(t) = (‖ep‖2 − σ 2

p)
2, whose derivative is

V̇1(t) = 2(‖ep‖2 − σ 2
p)
d‖ep‖2
dt

.

According to Lemma6.2, one has

d‖ep‖2
dt

≤
n∑

i=1

∑
j∈Ni

{‖x̂ j − x̂i‖((n − 1)α1 − βp‖x̂ j − x̂i‖)} (6.11)

with α1 = sup{‖˙̃r i (t)‖
∣∣i ∈ Iv, t ≥ 0}. Moreover, in accordance to Eq. (6.8), one has

‖ep‖2 =
n∑

i=1

(̂xi − r̄)2 =
n∑

i=1

(
x̂i − 1

n

n∑
j=1

x̂ j

)2

.

It can be derived that

‖ep‖ =
√√√√ n∑

i=1

(̂xi − 1

n

n∑
j=1

x̂ j )2 ≤
n∑

i=1

‖x̂i − 1

n

n∑
j=1

x̂ j‖ ≤ (n − 1)max{‖x̂i − x̂ j‖, i, j ∈ Iv},
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which implies max{‖x̂i − x̂ j‖, i, j ∈ Iv} >
σp

n−1 if ‖ep‖2 > σ 2
p . Furthermore, if

(n − 1)α1

2βp
<

σp

n − 1

(
i.e., βp >

(n − 1)2α1

2σp

)
,

one has the following inequality

d‖ep‖2
dt

<(n2 − 2)
(n − 1)2α2

1

4β2
p

+ 2
σp

n − 1

(
(n − 1)α1 − βp

σp

n − 1

)
,

< − 2σp

n − 1
βp + (n2 − 2)(n − 1)2α2

1

4β2
p

+ 2σpα1.

with the virtue of Eq. (6.11). Note that

f p(βp) = − 2σp

n − 1
βp + (n2 − 2)(n − 1)2α2

1

4β2
p

+ 2σpα1

is monotonically decreasing with respect to βp, which implies that

d‖ep‖2
dt

< − σp

n − 1
βp + (n2 − 2)(n − 1)2α2

1

4β2
p

− σp

n − 1
βp + 2σpα1

< − 2σp

n − 1
βp + (n2 − 2)(n − 1)2α2

1

4β2
p

+ 2σpα1

< 0,

if βp > max

{
2(n − 1)α1,

3

√
(n2−2)(n−1)3α2

1
4σp

, (n−1)2α1
2σp

}
is picked. Accordingly, the

derivative V̇1(t) < 0 if ‖ep‖2 > σ 2
p and d‖ep‖2

dt < 0, which implies that V1(t)
decreases if ‖ep‖2 ≥ σ 2

p . Thereby, ‖ep‖ eventually converges into a set {ep
∣∣ ‖ep‖2 ≤

σ 2
p}.
We will next demonstrate the boundedness of

∑n
i=1(

˙̂vi − ¨̄r)2. To begin, we con-
sider the dynamics of the estimated acceleration for the center of the targets to
be

˙̂vi (t) = ω̈i (t) + ¨̃r i (t), i ∈ Iv,

with ω̈i (t) = βp
∑

j∈Ni
(̂v j − v̂i ). Note that

‖ea‖2 =
n∑

i=1

(
˙̂vi − 1

n

n∑
j=1

˙̂v j

)2

,
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one thus has ‖ea‖2 = ∑n
i=1(

˙̂vi − ¨̄r)2 according to Eq. (6.8). Then, let a Lyapunov
function be V2(t) = (‖ea‖2 − σ 2

a )2 with σa > 0, one has

V̇2(t) = 2(‖ea‖2 − σ 2
a )

d‖ea‖2
dt

,

and

d‖ea‖2
dt

<

n∑
i=1

∑
j∈Ni

{| ˙̂v j − ˙̂vi |((n − 1)α2 − βp| ˙̂v j − ˙̂vi |)
}

with α2 = sup{|...r̃ i (t)|
∣∣i ∈ Iv, t ≥ 0}. If ‖ea‖2 > σ 2

a , the following inequality holds
σa
n−1 < max{|˙̂vi − ˙̂v j ||i, j ∈ Iv}. Furthermore, if (n−1)α2

2βp
< σa

n−1 (i.e., βp > (n−1)2α2
2σa

),
one has

d‖ea‖2
dt

< − 2σa

n − 1
βp + (n2 − 2)(n − 1)2α2

2

4β2
p

+ 2σaα2 < 0,

if βp > max{2(n − 1)α2,
3

√
(n2−2)(n−1)3α2

2
4σa

, (n−1)2α2
2σa

} is picked. It thus follows

that V̇2(t) < 0 when ‖ea‖2 > σ 2
a and d‖ea‖2

dt < 0. Therefore, ‖ep‖, ‖ea‖ will
eventually converge into the set {ep, ea

∣∣ ‖ea‖ ≤ σa, ‖ep‖ ≤ σp} if βp > β̄ is

picked with β̄ = max

{
2(n − 1)α1, 2(n − 1)α2,

(n−1)2α1
2σp

, (n−1)2α2
2σa

, 3

√
(n2−2)(n−1)3α2

1
4σp

,

3

√
(n2−2)(n−1)3α2

2
4σa

}
. The proof is thus completed. �

Remark 6.1 The convergence speed of the estimation errors ep and ea is influenced
by the estimator gain βp in Eq. (6.7). A sufficiently large value ofβp can helpmitigate
the effects of the upper boundary of the target’s dynamic variations. Furthermore, β̄
indicates the practical upper limit of the dynamic variations of the targets.

6.4 Equal-Distance Fencing and Convergence Analysis

We are now set to introduce a distributed fencing controller to tackle Problem6.1.
Before presenting the specifics of the controller, we first establish the following
assumption regarding θi and η j for i ∈ Iv and j ∈ It as used in Eqs. (6.2) and (6.4).

Assumption 6.4 There exist positive real numbers θM and ηM such that for any
follower robot i ∈ Iv and any target j ∈ It , the following holds: |θi | ≤ θM and |η j | ≤
ηM .

The Assumption6.4 is reasonable in practical scenarios, the nonlinear function
fi (vi , t) and the target velocities are bounded, ensuring the existence of θM and
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ηM . These upper bounds on the uncertain parameters are critical for understanding
and controlling the fencing errors.

Prior to introducing the control protocol, let us define the equal-distance fencing
error ei (t) for the i th follower robot. This definition uses the estimator provided in
Eq. (6.7) and is expressed as below

ei (t) := xi (t) − x̂i (t) − ρi , (6.12)

where i ∈ Iv and ρi are given in Definition6.1. Accordingly,

{
ėi = δi ,

δ̇i = ui + φT
i θi − ˙̂vi , (6.13)

where δi := vi − v̂i is the velocity error between the follower robot i and the estimated
center v̂i of It . From Eq. (6.13), it immediately follows that

{
ėi = −ki1ei + zi ,
żi = ui + φT

i θi − ˙̂vi + ki1zi − k2i1ei
(6.14)

with zi := δi + ki1ei . An adaptive controller is thus proposed as below

ui = k2i1ei − ki2zi − φT
i θ̂i +

n+m∑
j=n+1

bi j φ̇T
L(t )̂η

i
j ,

˙̂θi = φi zi − ki3θ̂i ,

˙̂ηi
j = −φ̇L zi − ki4

n+m∑
k=n+1

bik η̂i
k,

(6.15)

where ki1, ki2, ki3, ki4 ∈ R
+, i ∈ Iv, are the control gains of robot i to be designed

afterwards.

Theorem 6.1 Given Assumptions6.1 through 6.4, the closed-loop MRS governed
by the dynamics in Eqs. (6.1), (6.3), and (6.14), along with the controller specified
in Eq. (6.15), is able to achieve quasi-equal-distance fencing.

Proof Let θ̃i , η̃i
j be the parameter errors to be

θ̃i := θ̂i − θi , η̃i
j :=

n+m∑
k=n+1

bik η̂i
k − η j (6.16)

with i ∈ Iv, j, k ∈ It . The first part of (6.16) implies that ˙̃θi = ˙̂θi . ByAssumption 6.1,
it is obtained that bi j bik = bi j , if j = k, and bi j bik = 0, otherwise, with k, j ∈ It .
Then, the derivative of η̃i

j in (6.16) becomes
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˙̃ηi
j =

n+m∑
k=n+1

bik ˙̂ηi
k, i ∈ Iv, j, k ∈ It .

Consider Lemma6.1, one has

bi j ˙̃ηi
j = bi j

n+m∑
k=n+1

bik ˙̂ηi
k = bi j ˙̂ηi

j . (6.17)

Substituting (6.15) and (6.17) into (6.16) yields

˙̃θi = φi zi − ki3θ̂i ,

˙̃ηi
j = −φ̇L zi − ki4

n+m∑
k=n+1

bik η̂i
k .

(6.18)

Let a Lyapunov function be

V (t) = V1(t) + V2(t) + V3(t), (6.19)

where

V1(t) := 1

2

n∑
i=1

{eTi ei + zTi zi }, V2(t) := 1

2

n∑
i=1

θ̃Ti θ̃i , V3(t) := 1

2m

n∑
i=1

n+m∑
j=n+1

(̃ηij )
Tη̃ij .

It thus follows from Eq. (6.16) that

2θ̂T
i θ̃i ≥ θ̃T

i θ̃i − θT
i θi ,

2
n+m∑

k=n+1
bik (̂ηi

k)
Tη̃i

j ≥ (̃ηi
j )
Tη̃i

j − η j
Tη j .

Accordingly, one has the derivative of Vi (t), i = 1, 2, 3 fulfill

V̇1(t) ≤
n∑

i=1

{
−

(
ki1 − 1

2

)
eTi ei + 1

2
zTi zi − (ki2 − ki1)z

T
i zi + zTi (−φT

i θ̃i +
n+m∑
j=n+1

bi j φ̇
T
L η̂ij − ˙̂vi },

V̇2(t) ≤
n∑

i=1

{
zTi φT

i θ̃i − ki3
2

θ̃Ti θ̃i + ki3
2

θTi θi

}
,

V̇3(t) ≤ −
n∑

i=1

zTi φ̇T
L

n+m∑
k=n+1

bik η̂
i
k + 1

m

n∑
i=1

n+m∑
j=n+1

zTi φ̇T
Lη j − ki4

2m

n∑
i=1

n+m∑
j=n+1

(̃ηij )
Tη̃ij

+ ki4
2m

n∑
i=1

n+m∑
j=n+1

ηTj η j ,
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which thus implies that

V̇ (t) ≤
n∑

i=1

{
−

(
ki1 − 1

2

)
eTi ei − (ki2 − ki1 − 1)zTi zi − ki3

2
θ̃Ti θ̃i − ki4

2m

n+m∑
j=n+1

(̃ηij )
Tη̃ij

}

+
n∑

i=1

{
ki3
2

θTi θi + ki4
2m

n+m∑
j=n+1

ηTj η j + 1

2
κTi κi

}
(6.20)

with κi = 1
m

∑n+m
j=n+1 φ̇T

Lη j − ˙̂vi .
Furthermore, it follows from Eq. (6.7) that

∑n
i=1 βp

∑
j∈Ni

sig
(̂
x j (t) − x̂i (t)

) =
0. Considering Eq. (6.8), one has 1

n

∑n
i=1 v̂i = 1

m

∑n+m
j=n+1 φT

Lη j , which implies that
1
n

∑n
i=1

˙̂vi = 1
m

∑n+m
j=n+1 φ̇T

Lη j . Therefore, it follows from Lemma6.3 that

n∑
i=1

(
1

m

n+m∑
j=n+1

φ̇T
Lη j − ˙̂vi

)2

=
n∑

i=1

(
1

n

n∑
j=1

˙̂v j − ˙̂vi
)2

≤ σ 2
a ,

which implies that
∑n

i=1
1
2κ

T
i κi ≤ σ 2

a
2 . Then, Eq. (6.20) directly leads to that

V̇ (t) ≤ −
n∑

i=1

{(
ki1 − 1

2

)
eTi ei + (ki2 − ki1 − 1)zTi zi + ki3

2
θ̃Ti θ̃i + ki4

2m

n+m∑
j=n+1

(̃ηij )
Tη̃ij } + ε∗

with

ε∗ =
n∑

i=1

⎧⎨
⎩
ki3
2

θT
i θi + ki4

2m

n+m∑
j=n+1

ηT
j η j

⎫⎬
⎭ + σ 2

a

2
.

It is clear that

ε∗ ≤ εM =
n∑

i=1

⎧⎨
⎩
ki3
2

θ2
M + ki4

2m

n+m∑
j=n+1

η2
M

⎫⎬
⎭ + σ 2

a

2

according to Assumption6.4. Let

mi1 := ki1 − 1

2
> 0, mi2 := ki2 − ki1 − 1 > 0,

mi3 := ki3
2

> 0, mi4 := ki4
2m

> 0, (6.21)

and define γ as
γ = [eT, zT, θ̃T, η̃T]T (6.22)
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with e := [eT1 , eT2 , . . . , eTn ]T, z := [zT1 , zT2 , . . . , zTn ]T, θ̃ := [θ̃T
1 , θ̃T

2 , . . . , θ̃T
n ]T, η̃ :=

[(̃η1
1)

T, (̃η2
1)

T, . . . , (̃ηn
1)

T, . . . , (̃η1
m)T, (̃η2

m)T, . . . , (̃ηn
m)T]T, it is derived that

V̇ (t) ≤ −γ TQγ + εM

with Q := diag{m11,m21, . . . ,mn1,m12,m22, . . . ,mn2,m13, m32, . . . ,mn3,m14 ⊗
1Tm,m24 ⊗ 1Tm, . . . ,mn4 ⊗ 1Tm} 
 0. Accordingly, γ TQγ ≥ λmin(Q)‖γ ‖2 with
λmin(Q) > 0. Then, it is obtained that

V̇ (t) ≤ −λmin(Q)‖γ ‖2 + εM .

From Eq. (6.19), one has that V (t) = γ TPγ , where

P = diag

{
1

2
,
1

2
, . . . ,

1

2︸ ︷︷ ︸
3n

,
1

2m
,

1

2m
, . . . ,

1

2m︸ ︷︷ ︸
n×m

}

 0

with λmax(P) = 1/2 and λmin(P) = 1/2m. It immediately leads to

V̇ (t) ≤ −λmin(Q)‖γ ‖2 + εM ≤ −2λmin(Q)V (t) + εM .

Direct calculation gives

V (t) ≤ V (0)e− ∫ T
0 ξds + e− ∫ T

0 ξds
∫ t

0
εMe

ξsds ≤ V (0)e−ξ t + εM

ξ
(1 − e−ξ t )

with ξ = 2λmin(Q). In accordance to definition of V (t) in Eq. (6.19), one has

lim
t→∞ ‖γ ‖ ≤ lim

t→∞

√
V (t)

λmin(P)
≤

√
mεM

λmin(Q)
,

which implies that ei , zi , θi , ηi
j , i ∈ Iv, j ∈ It , are all bounded by γ defined in

Eq. (6.22). Taking into account the boundedness of the estimated position error |ep|
as established by Lemma6.3, the proof is thereby concluded. �

Remark 6.2 The equal-distance fencing error ei (t) for i ∈ Iv, as defined in
Eq. (6.12), can be minimized by adjusting the upper boundary

√
mεM/λmin(Q),

which is controlled by the gains ki1, ki2, ki3, ki4. This boundary also satisfies the
inequality in Eq. (6.21). Similarly, the estimation errors for θ̃i (for i ∈ Iv) and η̃ j (for
j ∈ It ) can be managed, effectively reducing the boundary εM .
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6.5 Equal-Distance Fencing with Collision Avoidance and
Convergence Analysis

Next, we will tackle Problem6.2. Define a potential function Ui,k between two
follower robots i and k as follows

Ui,k :=
{

0 , ‖xi,k‖ > R,( ‖xi,k‖2−R2

‖xi,k‖2−r2
)2

, r < ‖xi,k‖ ≤ R,
(6.23)

where R represents the radius of the detection region and r is the safe radius defined
in Definition6.3. Clearly, Ui,k approaches ∞ as |xi − xk | → r . Taking the partial
derivative of Ui,k with respect to xi , we obtain

∂Ui,k

∂xi
=

{
0 , ‖xi,k‖ > R,

xTi,k
4(R2−r2)(‖xi,k‖2−R2)

(‖xi,k‖2−r2)3 , r < ‖xi,k‖ ≤ R.
(6.24)

Note that

lim
‖xi,k‖→R−

Ui,k = lim
‖xi,k‖→R+

Ui,k = 0, lim
‖xi,k‖→R−

∂Ui,k

∂xi
= lim

‖xi,k‖→R+

∂Ui,k

∂xi
= 0

with R−, R+ representing the left and right limit of R. Apparently, both Ui,k and
∂Ui,k

∂xi
are continuous for ‖xi,k‖ > r . It follows from Eq. (6.24) that

∂Ui,k

∂xi
= −∂Ui,k

∂xk
= ∂Uk,i

∂xi
= −∂Uk,i

∂xk
.

Analogously, an adaptive fencing control law with collision avoidance is designed
to be

ui = − ki1ei − ki2δi − φT
i θ̂i + ˙̂vi − ki3

n∑
k=1

∂Ui,k

∂xk
,

˙̂θi = φiδi , (6.25)

where ki1, ki2, ki3 ∈ R
+ are the control gains for follower robot i , and ei and δi

are defined in Eq. (6.13), respectively. The last term on the first line of Eq. (6.25) is
responsible for collision avoidance.

To continue with the analysis, we provide the following assumption.

Assumption 6.5 Initially, for each pair of follower robots i and k, it holds that
|xi,k(0)| > r , where i, k ∈ Iv.
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Assumption6.5 is essential for ensuring collision avoidance. It mandates that
the follower robots begin from a configuration where no collisions occur. With this
assumption in place, we can now present the main technical result.

Theorem 6.2 Under Assumptions6.1–6.3, 6.5, the closed-loopedMRS with dynam-
ics (6.1), (6.3), (6.13), (6.24), and (6.25) is able to achieve quasi-equal-distance
fencing with guaranteed collision avoidance.

Proof (i) (Collision avoidance) We will prove collision avoidance by contradiction.
Let a Lyapunov function be

V (t) = V1(t) + V2(t) + V3(t), (6.26)

where

V1(t) = 1

2

n∑
i=1

{ki1eTi ei + δTi δi }, V2(t) = 1

2

n∑
i=1

θ̃T
i θ̃i , V3(t) = 1

2

n∑
i=1

n∑
k=1

ki3Ui,k .

It follows from Eq. (6.24) that

n∑
i=1

n∑
k=1

v̂Ti
∂Ui,k

∂xi
= v̂Ti

n∑
i=1

n∑
k=1

∂Ui,k

∂xi
= 0, (6.27)

and

V̇1(t) =
n∑

i=1

{
−ki1δ

T
i ei − ki2δ

T
i δi + δTi

(
− φT

i θ̃i − ki5

n∑
k=1

∂Ui,k

∂xk

)}
,

V̇2(t) =
n∑

i=1

(φi δi )
T θ̃i ,

V̇3(t) = 1

2

n∑
i=1

n∑
k=1

ki3

(
ẋTi

∂Ui,k

∂xi
+ ẋTk

∂Ui,k

∂xk

)
,= ẋTi

n∑
i=1

n∑
k=1

ki3
∂Ui,k

∂xi
= δTi

n∑
i=1

n∑
k=1

ki3
∂Ui,k

∂xi
.

Accordingly, it together with Eq. (6.26) that

V̇ (t) = −
n∑

i=1
ki2δTi δi ≤ 0,

which implies that V (t) is non-increasing and bounded for all t ∈ [0,∞). Addition-
ally, we have

1

2

n∑
i=1

n∑
k=1

ki3Ui,k ≤ V (t),
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which indicates thatUi,k , for any pair of follower robots i and k in Iv, is bounded. This
is inconsistent with lim|xi,k (t)|→r+ Ui,k = ∞, where r+ denotes the limit approaching
r . Therefore, ‖xi,k‖ must stay greater than r , preventing any collisions among the
follower robots in Iv.

(ii) (Quasi-equal-distance fencing )
In part (i), we have demonstrated that V (t) is uniformly bounded. Consequently,

this implies that ei , δi , θ̃ i , and Ui, k for i ∈ Iv are all uniformly bounded. Addition-
ally, the fencing position error ei (t) remains bounded. According to Lemma6.3, the
estimated position error ‖ep‖ for the targets’ center is also bounded. This resolves
Problem6.2, which completes the proof. �

Remark 6.3 The equal-distance fencing problem can also be addressed with the
availability of the acceleration ˙̂vi (t) of the estimated center (6.7). The proof for this
is analogous to that of Theorem6.2 and is therefore omitted here for brevity.

6.6 Algorithm Verification

In this section, we present experiments on our indoor multi-USV system, focusing on
quasi-equal-distance fencing with multiple moving targets while ensuring collision
avoidance.

6.6.1 A Multi-USV Experiments Platform

Figure6.2a shows our indoor multi-USV system, which features a USV motion cap-
ture system (MCS), a control station (CS), six 300mm-long 3D-printedHUSTER-0.3
vessels, and a 3000mm×4000mm pool. The MCS is equipped with eight infrared
cameras and optical motion capture software, allowing for the creation of a spatial
Cartesian coordinate system in the pool and precise measurement of vessel positions
with an accuracy of ±3mm. Each vessel includes two DC motors, speed encoders,
an onboard wireless device, infrared emitters, indicators, and an LI-PO battery, all
managed by a microcontroller unit (MCU).

As depicted in Fig. 6.2b, the system employs an infrared emitter mounted on each
vessel along with the USV motion capture system to monitor the relative positions
and velocities of the vessels. This data is transmitted to the control station, which
then communicates with eachHUSTER-0.3 vessel over a wireless network operating
at 100 Hz. Each vessel uses this information to generate control signals aimed at
achieving quasi-equal-distance fencing. Furthermore, the control station tracks the
status trajectories and controller parameters to analyze performance. It is important
to note that the control strategy is decentralized, with each vessel only interacting
with its neighboring vessels.
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Fig. 6.2 An indoormulti-USVsystem for quasi-equal-distance fencing experiments.aComponents
of the indoor multi-USV system. b The operating procedure of the indoor multi-USV system

6.6.2 Setup and Results

In this subsection, we detail the experimental results of the fencing control with our
multi-USV system. Recent advancements in USV dynamic control have been well
achieved [13, 15]. A key practical approach involves reducing the USV dynamics
to a second-order model and designing a two-level control system (see, for instance
[15]). This methodology allowed us to implement and test the control law (6.25),
which guarantees collision avoidance, using our 3D-printed HUSTER-0.3 vessels.

In the experiments, the multi-target-multi-robot system denoted as V = Iv ∪ It ,
includes six vessels. The sensing radius R is set to 600mm, and the safe radius r is set
to 200 mm. Here, the first four vessels are designated as follower vessels (Iv), and the
last two are target vessels (It ). According to Assumption6.1, the inter-robot commu-
nication topology is illustrated in Fig. 6.3, with targets only partially known to the fol-
lower vessels. Initially, the four follower vessels are randomly positioned in the pool,
and their initial velocities are set to vi = 0 mm/s for i = 1, 2, 3, 4. The target ves-
sels are also placed randomly, with their velocities defined as v5 = [−10 sin(0.2t +
1) − 40, 0]	mm/s and v6 = [−10 cos(0.4t + 1) − 40, 0]	mm/s, respectively, under
Assumption6.3. The fencing radius ρ is set to 600 mm. Given these target veloc-
ities, the estimator gain βp for the estimator (6.7) is chosen as 2.5, with σp = 30
mm, which ensures compliance with the inequality (6.10) as stated in Lemma6.3.
Additionally, following Theorem6.2, the controller parameters for (6.25) are set to
k1 = 0.5, k2 = 5, and k3 = 0.01.



134 6 Coordinated Multiple-Target Fencing Control and Collision Avoidance
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Fig. 6.3 The topology of the multi-robot-multi-target USVs
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Fig. 6.4 A quasi-equal-distance fencing process of motional target USVs with the follower USVs,
where the colored lines are the moving trajectories of the four vessels, while the red dashed lines
are two targets. a Initial positions. b Chasing stage. c Catching up stage. d Target fencing

The results of the multi-target-multi-robot system V = Iv ∪ It are shown in
Fig. 6.4, where the four follower vessels (Iv) successfully encircle the two mov-
ing targets. For a detailed view of the fencing operation, refer to the snapshot in
Fig. 6.5, which corresponds to Fig. 6.4d. Figure6.6a illustrates that the estimated
errors x̂i for i = 1, 2, 3, 4 converge to the target center r̄ within 5 s, adhering to
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Target Vessels

Target Center

Follower Vessels

Fig. 6.5 A snapshot of the equally fencing behavior with multiple vessels, which corresponds to
Fig. 6.4d. The four white vessels form a follower set and the two red vessels are the targets

the specified boundary. This confirms the effectiveness of the estimator (6.7). Simi-
larly, Fig. 6.6b shows that the fencing errors ei for i = 1, 2, 3, 4 reduce to within 200
mm in less than 20 s, validating the proposed control scheme (6.25). In Fig. 6.7a,
the distances between the USVs consistently remain above 200 mm, ensuring that
collisions are avoided. Additionally, Fig. 6.7b demonstrates that the phase of the
inter-USV arrangement shifts toward the center of the targets and converges to 90◦,
which verify the practical application of Theorem6.2.

6.7 Conclusion

In this chapter, we have developed a distributed control strategy for a nonlinear
second-order MRS designed to fence a group of moving targets while ensuring
collision avoidance. Our approach has demonstrated that the robots can successfully
surround multiple moving targets with an even distribution around a common circle.
By incorporating potential functions to manage interactions among robots and with
the estimated target center, the strategy has also ensured obstacle avoidance.We have
detailed the conditions for maintaining the stability of the closed-loop system and
provided experimental results from our multi-HUSTER-0.3 USV system to illustrate
the practical effectiveness of the proposed method, which shows significant potential
for real-world applications, including marine resource management and multi-USV
system operations.
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Chapter 7
Coordinated Multiple-Scattered-Targets
Fencing via Flexible Subgrouping and
Ordering

7.1 Introduction

In the previous Chap.6, we studied the multi-target fencing via adaptive controller,
where the dynamics of the targets are always limited to cluster together. Such kind
of scenario inevitably limits the application of the designed controller. A straight-
forward idea is to form a big circle of robots to fence the small circle formed by the
target. However, there still exist some challenging scenarios where the targets may
be scattered at different positions, which motivates the fencing controller design via
flexible subgrouping and ordering in this chapter. In what follows, we will introduce
the related background.

In recent years, substantial progress has been made in multi-robot research across
various domains, such as robotics, control systems, and autonomous driving [1–4],
largely due to its inherent efficiency and wide-ranging applications. Coordinated
target fencing, a critical problem within multi-robot research, involves guiding a
group of robots to form one or more convex hulls to protect a target(s) [5], and it has
gained significant attention. Approaches to target fencing can be broadly classified
into two categories—fixed-ordering and flexible-ordering—depending on whether
the convex hull is formed with a predetermined spatial sequence or not.

In fixed-ordering strategies, robots are controlled to reach designated relative
positions within the convex hull, resulting in a fixed spatial sequence among the
robots. Such kind of method is simple and suitable for many practical applications.
Early studies concentrated on target fencing for stationary targets [5, 6], and these
were later extended to address moving targets [7] under varying network topologies.
However, these approaches [5–7] primarily deal with single-target scenarios, leaving
the more complex cases involving multiple targets largely unexplored, mainly due to
the unpredictable and random nature of target motion. To tackle this challenge, some
works have confined multiple targets within a bounded area and then enclosed them
within a larger convex hull using estimators for the targets’ centers [8–11], reducing
the need for complex dynamic tracking. For more difficult cases where multiple tar-
gets are dispersed across different regions, robots are typically grouped in advance
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and then tasked with fencing each target individually using fixed-ordering meth-
ods [12, 13]. Nevertheless, these fixed-ordering approaches [5–13] predetermine the
robots’ desired positions and orderings, limiting adaptability and potentially increas-
ing the robots’ travel distances. Additionally, the pre-assignment of robot subgroups
in [12, 13] further restricts flexibility, as it locks in the number and indices of robots,
making it difficult to adjust to dynamic environments.

Meanwhile, a different line of research has focused on more efficient flexible-
ordering strategies for target fencing, allowing robots to form a convex hull without
enforcing a fixed spatial sequence [14]. For instance, a cooperative controller was
proposed in [15] to fence a stationary target, while an output-regulation-based con-
troller was designed in [16] for fencing a target using unmanned surface vessels.
This approach was later adapted to constant-velocity targets [17]. For more chal-
lenging cases involving targets with varying velocities, a distributed control law was
introduced in [18] to achieve circular fencing. More recently, a cooperative label-
free controller using a dynamic regulator was developed in [19] for fencing targets
with periodic dynamics. However, most existing flexible-ordering approaches [15–
19] focus exclusively on single-target scenarios and have yet to address the critical
yet complex problem of multiple scattered targets (MSTs). While some studies [20,
21] explored multi-robot allocation strategies that could potentially be integrated
with existing flexible fencing techniques [15–19] to divide robots into subgroups,
this two-step allocation-control design treats each stage separately, leading to high
computational complexity and limiting the practical application of these methods.

Drawing inspiration from minimum-energy task execution [22] and the flexible-
ordering fencing approach for a single target [19], we develop an FSOC algo-
rithm to manage a team of robots tasked with fencing multiple scattered targets
(MSTs) of varying speeds within distinct convex hulls formed by different robot
subgroups in dynamic environments. The proposed FSOC method encodes the three
key subtasks—flexible subgrouping, target convergence, and neighboring collision
avoidance–into CBF constraints, framing the problem as a decentralized constraint-
based task-execution optimization. By incorporating fencing matching conditions
into both hard integer constraints and soft cost functions, the algorithm allows for
adaptive subgrouping with flexible sizes and member assignments. Within each
subgroup, the interplay between target-convergence constraints and neighboring
collision-avoidance constraints results in the formation of a convex hull with an
arbitrary spatial ordering for each target. The main contributions of this chapter can
be summarized as follows.

1. Design the FSOC algorithm to guide a team of robots in dynamically dividing
into subgroups with flexible sizes and compositions to handle multiple scattered
targets. Each target is then enclosed within a rigid convex hull formed by its
corresponding subgroup, allowing for flexible spatial orderings among the robots
within the formation.

2. Rigorously ensure that each target’s fencing formation converges asymptotically,
despite the strong nonlinear interactions resulting from flexible subgrouping and
spatial orderings.
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3. Optimize the process by simultaneously computing both the optimal subgrouping
vector and control inputs, which reduces computational costs and eliminates the
need for separate planning steps.

4. Conduct comprehensive 2Dand 3D simulations to verify the proposed algorithm’s
flexibility across different starting configurations, which includes its robustness
to sudden robot breakdown and unexpected target appearances, its adaptability in
obstructed environments, and its scalability for complexhigh-dimensional fencing
tasks.

The remainder of this chapter is structured as follows: Sect. 7.2 provides the neces-
sary preliminaries. Section7.3 formulates the problem. Section7.4 details the FSOC
optimization process. Section7.5 presents the convergence analysis. Section7.6 dis-
cusses the simulation results. Finally, Sect. 7.7 concludes the chapter.

7.2 Preliminaries

In this section, we will introduce the necessary ingredients for MST convoying
missions.

7.2.1 Task Set

We consider a desired task set T ⊆ R
n to be

T := {ξ ∈ R
n | φ(ξ) ≤ 0}, (7.1)

where ξ := [ξ1, . . . , ξn]T denotes the dummy coordinates in the n-dimensional
Euclidean space, and φ : Rn → R is a twice continuously differentiable function
[22]. By substituting a specific point p0 ∈ R

n into φ(ξ), the resulting value φ(p0)
provides a rough approximation of the distance dist(p0,T ) between the point p0 and
the set T . Consequently, φ(p0) can be used to represent the task-convergence errors
at p0 when φ(p0) > 0.

Assumption 7.1 ( [23]) For any κ ∈ R
+ and for any point p0 located outside the

set T as defined in Eq. (7.1), it holds that inf φ(p0) : dist(p0,T ) ≥ κ > 0.

Assumption7.1 rigorously ensures that limt→∞ dist(p0(t),T ) = 0 if limt→∞
φ(p0(t)) ≤ 0.
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7.2.2 Multi-robot Task Execution

The initial component of theMST fencing mission is a multi-robot system consisting
of N robots, with indices in the setV = {1, . . . , N }. Each robot operates according to
single-integrator dynamics as outlined in [23], represented by the following equation,

ẋi = ui , i ∈ V. (7.2)

Here, xi ∈ R
n and ui ∈ R

n denote the position and control input of robot i , respec-
tively, where i ∈ V. The complexity of the MST fencing primarily resides in the
coordination among multiple robots, rather than in the intricate dynamic control. For
simplicity, we use a basic single-integrator model as specified in Eq. (7.2). In (7.2),
the input ui can be viewed as the upper-level velocity command assigned to each
robot, applicable when interacting with robots that have distinct dynamics [23]. For
further details, see Remark7.3.

Definition 7.1 (Minimum-energy task execution [22]) To achieve minimum-energy
task execution for a desired task set T as specified in (7.1), the multi-robot system
V governed by (7.2) solves the following constraint-based optimization problem

min
ui ,δi

‖ui‖2 + |δi |2 (7.3a)

s.t.
∂h(xi )

∂xTi
ui ≥ −γ

(
h(xi )

) − δi , i ∈ Z
N
1 , (7.3b)

where xi and ui are defined in Eq. (7.2). The function h(xi ) = −φ(xi ), which adheres
to constraint (7.3b), represents a CBF [24]. The slack variable δi ∈ R

+ measures the
extent of task violation when xi /∈ T . Moreover, γ (·) : (−b, a) → R is an extended
class K function with a, b ∈ R

+, which is strictly increasing and satisfies γ (0) = 0
[24].

Definition7.1 outlines a core framework for encoding both flexible subgroup-
ing and flexible-ordering fencing, which will be detailed further in Definitions7.2
and 7.3.

Remark 7.1 According to the Karush–Kuhn–Tucker (KKT) conditions [26] for the
minimum-energy task execution problem in (7.3), [22] demonstrates that the opti-
mal solutions for u∗

i , δ
∗
i , along with the optimal Lagrange multiplier λ∗ ≥ 0, are

determined by the constraint gi := −(∂h(xi )/∂xTi )ui − γ
(
h(xi )

) − δi in (7.3b).

u∗
i = −γ

(
h(xi )

)

1 + ∥∥ ∂h(xi )
∂xTi

∥∥2

∂h(xi )

∂xi
, λ∗ = −2γ

(
h(xi )

)

1 + ∥∥ ∂h(xi )
∂xTi

∥∥2 . (7.4)

Due to the properties of the extended class K function γ (·) in Eq. (7.3), it follows
from Eq. (7.4) that
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(1) λ∗ > 0 ⇐⇒ h(xi ) < 0 ⇐⇒ xi /∈ T ,

(2) λ∗ = 0 ⇐⇒ h(xi ) = 0 =⇒ xi ∈ T . (7.5)

According to the complementary slackness condition λ∗gi = 0, if λ∗ > 0, then the
boundary of the constraint (7.3b) must be active, which implies gi = 0. Furthermore,
given that h(xi ) = −φ(xi ) andT := {σ ∈ R

n
∣∣ φ(σ) ≤ 0} in Eq. (7.1), it follows that

λ∗ > 0 ⇐⇒ xi (t) /∈ T =⇒ gi = 0,

λ∗ = 0 =⇒ xi (t) ∈ T =⇒ gi ≤ 0. (7.6)

The connection between λ∗ and xi (t) ∈ Ti , as outlined in Eq. (7.6), will be used in
proving Lemmas7.1 and 7.2 later in this chapter.

7.2.3 Multiple Scattered Targets

The second component of the MST fencing mission consists of M scattered targets,
indexed by the set M = 1, . . . , M . Each target moves with a distinct velocity as
described below

ṙk = vk, k ∈ M, (7.7)

where rk ∈ R
n and vk ∈ R

n represent the position and velocity of target k, respec-
tively. It is assumed that vk is continuously differentiable.

Assumption 7.2 For any pair of distinct targets, the distance between them satisfies
|rk(t) − rl(t)| � R for all k 
= l ∈ M and for all t > 0, where R ∈ R

+ denotes the
sensing radius.

Assumption7.2 ensures that each scattered target k ∈ M is independently fenced
by different subgroups. However, this assumption has a limitation: in practical sce-
narios, the distance between any two scattered targets may not always be adequately
maintained. When targets are close to each other, collision avoidance measures for
robots can impact the convex-hull fencing.

Assumption 7.3 The number of targets M and the number of robots N satisfy the
condition M(n + 1) ≤ N .

Assumption7.3 is valid because n + 1 robots are required to form a convex hull
around each target in an n-dimensional Euclidean space. If there are fewer than
n + 1 robots, some targets might not be properly enclosed within the convex hull.
For example, in a 2D space, n = 2 robots can only create a line, and in a 3D space,
n = 3 robots can only form a plane, not a full convex body. The limitation arises if
M(n + 1) > N , which means there may be insufficient robots to effectively fence
all the scattered targets in practice.
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7.3 Problem Formulation of Fencing Multiple Scattered
Targets

7.3.1 Flexible Subgrouping for MSTs

We start by defining a subgrouping vector αi for robot i as αi := [αi,1, . . . , αi,M ]� ∈
R

M [25] where each entry αi,k, k ∈ M satisfies

αi,k =
{
1, if robot i is assigned to fence target k,

0, otherwise.
(7.8)

Then, we can define M subsets Vk ⊂ V for the corresponding M targets to be

Vk := {i ∈ V
∣∣ αi,k = 1}, (7.9)

and α := [α1, . . . , αN ]T ∈ R
N×M to be the subgrouping matrix for the robot group

V, respectively.

Definition 7.2 (Multi-robot flexible subgrouping) All robotsV in Eq. (7.2) are flex-
ibly divided into M subgroups Vk as described in (7.9) for M scattered targets if the
following two mild conditions are met,

1. Each robot fences only one target, i.e., α1M = 1N .
2. Each target is fenced by at least n + 1 robots in the n-dimensional Euclidean

space, i.e., 1TNα ≥ (n + 1)TM with (n + 1)M := [n + 1, . . . , n + 1]T ∈ R
M .

In Definition7.2, Condition (1) ensures that each robot is assigned to only one
subsetVk in Eq. (7.9), meaning that∪M

k=1Vk = V, Vk ∩ Vl = ∅,∀k 
= l ∈ M.Con-
dition (2) specifies only the minimum number of robots needed to form a convex
hull, without dictating the exact number or indexing of robots, i.e., |Vk | ≥ n + 1 for
all k ∈ M. Combining Conditions (1) and (2) allows Definition7.2 to be flexible
for the number and indices of subgroups. Examples illustrating this flexibility are
provided in Fig. 7.1.

7.3.2 Flexible-Ordering Fencing for Each Specific Target

Next, we will introduce flexible-ordering fencing, which adds further flexibility to
the algorithm by allowing for varied spatial ordering sequences.

Let co(Vk) denote the convex hull formed by the robot subgroupVk [15], defined

as co(Vk) := {∑i∈Vk
λi xi

∣∣∣ λi ≥ 0, i ∈ Vk, and
∑

i∈Vk
λi = 1}, where xi represents

the position of robot i ∈ Vk . The distance from a specific target k to the convex hull
co(Vk) is given by: dist

(
rk, co(Vk)

) = inf{‖rk − s‖ ∣∣ s ∈ co(Vk)}.
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Fig. 7.1 Three examples of the flexible subgrouping for a seven-robot two-target system in Defi-
nition7.2, where the blue circles, red triangles, and black arrows denote the robots, targets, and the
robots assigned to the targets, respectively. a Subgroups 1: V1 = {1, 3, 4} and V2 = {2, 5, 6, 7}.
b Subgroups 2: V1 = {2, 5, 6} and V2 = {1, 3, 4, 7}. c Subgroups 3: V1 = {2, 3, 4, 7} and V2 =
{1, 5, 6}

Definition 7.3 (Flexible-ordering rigid-formation fencing [19]) For each target k ∈
M, governed by Eq. (7.7), the robot subgroupVk , following Eqs. (7.2) and (7.9), will
asymptotically establish flexible-ordering rigid-formation fencing if the following
three conditions are satisfied

1. (Flexible-ordering fencing) The robots in subset Vk fence the scattered tar-
get k within the interior of co(Vk), using an arbitrary ordering sequence, i.e.,
limt→∞ dist

(
rk(t), co(Vk(t))

) = 0 with rk given in (7.7).
2. (Rigid-formation maneuvering) The robots in subset Vk establish and main-

tain a rigid formation around the moving target k, i.e., limt→∞{ui (t) − vk(t)} =
0n, i ∈ Vk, where vk is given in (7.7).

3. (Collision avoidance) The robots in subset Vk continuously avoid undesired
inter-robot collisions, i.e., ‖xi (t) − x j (t)‖ > r,∀t > 0, i 
= j ∈ Vk,

where r ∈ R
+ is a collision radius.

In Definition7.3, Objective (1) does not impose a predetermined spatial ordering
for the robots in the convex hull co(Vk). Consequently, co(Vk) can be formed with
robots arranged in any flexible ordering.

Problem 7.1 To simultaneously determine the optimal subgrouping vector and con-
trol inputs α∗

i , u
∗
i for each robot i governed by Eq. (7.2), such that flexible subgroup-

ing and ordering fencing for the scattered targets (MSTs) governed by Eq. (7.7) is
achieved, satisfying Conditions (1)–(2) in Definition7.2 and Objectives (1)–(3) in
Definition7.3.
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7.4 FSOC Optimization

To solveProblem7.1,webegin by encoding the subtasks related to target convergence
and neighboring collision avoidance. For robots i ∈ Vk assigned to target k ∈ M,
we introduce the desired target-convergence task set T r

i,k , analogous to the set T in
Eq. (7.1), as follows:

T r
i,k = {

ξi := [ξi,1, . . . , ξi,n]T ∈ R
n

∣∣ φr
i,k(ξi ) := ‖ξi − rk‖ ≤ 0

}
, i ∈ Vk, k ∈ M,

(7.10)

where ξi is the i th dummy coordinates and rk is the position given in Eq. (7.7). Com-
bining with xi in Eqs. (7.2) and (7.10) together, one has that the target-convergence
error becomes

φr
i,k(xi ) = ‖xi − rk‖, i ∈ Vk, k ∈ M. (7.11)

Based on the subgrouping entry αi,k in Definition7.2 and the CBF constraint from
Definition7.1, the target-convergence CBF constraints for T r

i,k are given as follows
(Fig. 7.2):

∂φr
i,k(xi )

∂xTi
(ui − vk) ≤ −γ

(
φr
i,k(xi )

) + δri,k + (1 − αi,k)η, (7.12)

(a) Convoying 1 (b) Convoying 2 (c) Convoying 3 

2

7

3
1

4

7

3 2

4

1 1
2

4

3

7

(d) Convoying 4 (e) Convoying 5 (f) Convoying 6

7

4

3

2

73

4

2

2

4

7

3

Fig. 7.2 The same-shape fencing formations for the specific target 1 and V1 = {2, 3, 4, 7} with
three different ordering sequences in Fig. 7.1c. Here, a–c and d–f are the fencing formations in 2D
and 3D, respectively
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where δri,k ∈ R
+ is a slack variable that accounts for cases where xi 
= rk , since the set

T r
i,k contains only the single point rk . The term η ∈ R

+ � δri,k serves as a penalty for
αi,k = 0, and γ (·) represents the extended classK functions defined inDefinition7.1.

Based on the different values ofαi,k , we can categorize the constraints in Eq. (7.12)
into two distinct cases: (i ∈ Vk for αi,k = 1) and (i ∈ V\Vk = {i ∈ V|i /∈ Vk} for
αi,k = 0). Specifically, when robot i satisfies i ∈ Vk, the constraint in Eq. (7.12) is
strictly enforced by a positive variable δri,k as follows:

∂φr
i,k(xi )

∂xTi
(ui − vk) ≤ − γ

(
φr
i,k(xi )

) + δri,k, i ∈ Vk . (7.13)

Here, for robot i , the remaining |V\Vk| constraints in Eq. (7.12) are governed by a
higher slack value of δi, kr + η, which can be expressed by

∂φr
i,k(xi )

∂xTi
(ui − vk) ≤ −γ

(
φr
i,k(xi )

) + δri,k + η, i ∈ V\Vk .

Let Ni denote the set of sensing neighbors defined as follows:

Ni (t) = { j 
= i ∈ V
∣∣ ‖xi (t) − x j (t)‖ ≤ R} (7.14)

where R ∈ R
+ ∈ (r,∞] is defined in Assumption7.2, we define the collision-

avoidance task set T c
i, j for the neighboring robots j ∈ Ni as follows:

T c
i, j = {

ξi := [ξi,1, . . . , ξi,n]T ∈ R
n

∣∣ φc
i,k(ξi ) := 1

‖ξi − x j‖ − r
− 1

ρ − r
≤ 0

}
, i ∈ V,

(7.15)

where ρ ∈ R
+ satisfies ρ ∈ (r, R] with R, r given below (7.14). Analogously, sub-

stituting xi for ξi in Eq. (7.15) yields the neighboring collision-avoidance error

φc
i, j (xi ) = 1

‖xi − x j‖ − r
− 1

ρ − r
, j ∈ Ni , (7.16)

which implies that

φc
i, j (xi ) ≤ 0, if ‖xi − x j‖ ≥ ρ, φc

i, j (xi ) → ∞, if ‖xi − x j‖ → r. (7.17)

Next, we can define the corresponding collision-avoidance CBF constraint for T c
i, j

to be

∂φc
i, j (xi )

∂xTi
(ui − vk) ≤ −γ

(
φc
i, j (xi )

) + δci, j , j ∈ Ni , (7.18)
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where δci, j ∈ R
+ is a slack variable to alignwith the constraint inEq. (7.13).Moreover,

it follows from the definition of Ni in Eq. (7.14) that the collision avoidance is
naturally satisfied for robot j /∈ Ni . Based on Definitions7.1–7.3 and the constraints
given in Eqs. (7.12) and (7.18), theMST fencing problem is framed as a decentralized
optimization problem with constraints for each robot i .

min
ui ,δri,k ,δ

c
i, j ,αi

{
b‖1TNα − (n + 1)TM‖2 + c

( ∑

k∈M
(δri,k)

2 +
∑

j∈Ni

(δci, j )
2
)

+
∑

k∈M
αi,k‖ui − vk‖2

}
(7.19a)

s.t. C1 :∂φr
i,k(xi )

∂xTi
(ui − vk) + γ

(
φr
i,k(xi )

) − (1 − αi,k)
 − δri,k ≤ 0, k ∈ Z
M
1 ,

(7.19b)

C2 :∂φc
i, j (xi )

∂xTi
(ui − vk) + γ

(
φc
i, j (xi )

) − δci, j ≤ 0, j ∈ Ni (t), (7.19c)

C3 :αT
i 1N = 1, αi,k ∈ {0, 1} (7.19d)

where b, c ∈ R
+ represent the weights of different cost terms, the cost function in

Eq. (7.19a) comprises three components. The first term, ‖1TNα − (n + 1)TM‖2 , is
designed to satisfy Condition 2 in Definition7.2. The second term,

∑
k∈M(δri,k)

2 +∑
j∈Ni

(δci, j )
2, aims to construct a flexible-ordering convex hull for the assigned tar-

get k. The third term, αi,k‖ui − vk‖2, focuses on maneuvering toward the assigned
target k. Regarding the constraints, details of C1 and C2 in Eqs. (7.19b) and (7.19c)
are outlined in Eqs. (7.12) and (7.18), respectively. Constraint C3 in Eq. (7.19d)
aligns with Condition 1 in Definition7.2. Note that the subgrouping vector αi =
[αi,1, . . . , αi,M ]T in Eq. (7.19a) ensures that robot i is assigned to target k since
αT
i 1N = 1 in C3. Meanwhile, the control input ui in Eq. (7.19a) is responsible for

the robot’s movement. By incorporating αi into the CBF constraints (Eq. (18b)), ui
can be regulated to drive robot i toward target k.

Assumption 7.4 The initial positions of any two robots and targets are such that
‖xi (0) − x j (0)‖ > r, ‖xi (0) − rk(0)‖ > 0 for all i 
= j ∈ V and k ∈ M.

Assumption 7.5 The cost weights b, c in Eq. (7.19) satisfy b � c.

Assumption7.5 implies‖1TNα − (n + 1)TM‖dominates in the cost function (7.19a),
which is necessary for Assumption7.6 later.

Remark 7.2 Unlike traditional collision-avoidance constraints found in previous
works [22, 24], which do not incorporate slack variables and achieve collision
avoidance through forward invariance, the constraints C2 in Eq. (7.19c) introduce
an additional slack variable δci, j . This adjustment helps align with the constraint
C1 and ensures strong duality and the existence of a solution that meets the KKT
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Fig. 7.3 Structure illustration of the FSOC optimization in Eq. (7.19)

conditions. Consequently, by using such slack variables, we will later demonstrate
that flexible-ordering fencing can be proven in Lemma7.2. However, introducing
these slack variables δci, j may lead to issues where inter-robot distances might not
fully satisfy the desired collision-avoidance requirements as defined by the task set
T c
i, j (i.e., ‖xi − x j‖ > ρ ⇔ xi /∈ T c

i, j ). As a result, the traditional forward invariance
approach might not be sufficient to prove collision avoidance. Nevertheless, we will
show later that collision avoidance is still ensured through a new proof technique.
Specifically, we use the boundedness of a Lyapunov function to demonstrate that
collisions among robots will not occur. For technical details, refer to the proof of
Lemma7.1 (Fig. 7.3).

7.5 Convergence Analysis

Due to the presence of mixed-integer constraints in Eqs. (7.19b) and (7.19d), which
complicate the direct analysis, we will break down the main results into two steps
to facilitate understanding for the readers. In Step 1, we prove that the robots V
will be flexibly and stably separated into M subgroups for M scattered targets, i.e.,
Conditions (1)–(2) in Definition7.2. In Step 2, we prove that each target will be
fenced by a flexible-ordering convex hull, i.e., Objectives (1)–(3) in Definition7.3.
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7.5.1 Subgrouping Convergence

Assumption 7.6 The cost term ‖1TNα − (n + 1)TM‖ in Eq. (7.19)will ultimately con-
verge to itsminimumvalue and remain constant after a finite time T > 0. Specifically,
we have limt→T ‖1TNα(t) − (n + 1)TM‖ = ‖1TNα∗ − (n + 1)TM‖, and ‖1TNα(t) −
(n + 1)TM‖ = ‖1TNα∗ − (n + 1)TM‖,∀t > T, with the optimal α∗.

Assumption7.6 is reasonable and can be satisfied under Assumption7.5. Given
that Condition 1 of flexible subgrouping is always met in Eq. (7.19d), it suffices to
prove Condition 2 as defined in Definition7.2.

Proposition 7.1 Under Assumptions7.3 and 7.6, the robot group V will become
separated after a finite time T > 0, ensuring that each target is fenced by at least
n + 1 robots. Specifically, this is expressed as

1TNα(t) ≥ (n + 1)TM ,∀t ≥ T, (7.20)

in Condition (2) of Definition7.2 is achieved.

Proof First, we define the row vector ζ := [ζ1, . . . , ζm] = 1TNα. It follows that ζk ≥
n + 1 for all k ∈ M, which is equivalent to 1TNα ≥ (n + 1)TM ⇐⇒ ζk ≥ n + 1,∀k ∈
M.

Wewill prove by contradiction.Without loss of generality, assume that there exists
at least one target l such that, for t ≥ T , it is fenced by fewer than n + 1 robots, i.e.,

|Vl(t)| = ζl(t) < n + 1,∀t ≥ T . (7.21)

Then, the contradiction is analyzed below. For one thing, fromAssumption7.6, there
exists a corresponding α∗

1 such that

‖1TNα∗
1(t) − (n + 1)TM‖ is minimized,∀t ≥ T . (7.22)

Furthermore, according to the condition of M(n + 1) ≤ N in Assumption7.3, it fol-
lows from Eq. (7.21) that there exists at least one target h 
= l such that |Vh(t)| =
ζh(t) > n + 1,∀t ≥ T . Therefore, by reassigning at least one robot from the sub-
group Vh to Vl , we can always find another subgrouping matrix α2 such that
‖1TNα∗

2 − (n + 1)TM‖ < ‖1TNα∗
1 − (n + 1)TM‖, which contradicts Eq. (7.22). Hence,

we conclude that 1TNα ≥ (n + 1)TM holds under Assumptions7.3 and 7.6. �

Proposition 7.2 Under Assumption7.6, the MST fencing optimization problem in
Eq. (7.19) ensures that robots do not experience infinite switching behaviors between
different subgroups Vk for k ∈ M. In other words, there cannot be multiple optimal
solutions α∗ that repeatedly oscillate while achieving the minimum value of ‖1TNα −
(n + 1)TM‖.
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Proof To prove this by contradiction, we start by assuming that there is a finite time
T1 > T such that the optimal α∗

1 keeps invariant for t ∈ (T, T1) but not at t = T1,
which implies that there exist at least two optimal α∗

1 
= α∗
2 such that α∗

1 → α∗
2 at

t = T1 and satisfy the same minimum value, i.e.,

‖1TNα∗
1(T1) − (n + 1)TM‖ = ‖1TNα∗

2(T1) − (n + 1)TM‖. (7.23)

For the elements α1∗
i,k in α∗

1(t), when t = T−
1 (i.e., t → T−

1 ), one has that the cost

terms
∑M

k=1(δ
r
i,k)

2 in Eq. (7.19a) are minimized to be

δri,k(T
−
1 ) > 0, (since α1∗

i,k(T
−
1 ) = 1), δri,q(T

−
1 ) = 0, ∀ q 
= k, (7.24)

while adhering to the constraints C2 in Eq. (7.19b). At this time, δri,k(T
−
1 ) > 0 sig-

nifies that robot i has approached the target k but has not yet fully converged to
it.

However, ifα∗
1 → α∗

2 at t = T1, some robots are reallocated to different subgroups.
For simplicity, assume that only robot i is reassigned to target l, such that {α1∗

i,k(t) =
1, α1∗

i,l (t) = 0} transitions to {α2∗
i,l (t) = 1, α2∗

i,k(t) = 0}. Meanwhile, since robot i is
closer to target k than to target l, it implies that robot i will require more energy ui
and a larger δri,l to meet the constraints C2 in Eq. (7.19b) again. Thus,

δri,l(T1) > δri,k(T
−
1 ), (since α2∗

i,l (t) = 1), δri,q(T1) = 0, ∀ q 
= l

with α2∗
i,l being a component of α∗

2. Although the values of ‖1TNα∗
2(T1) − (n + 1)TM‖

and the collision-avoidance slack variables
∑

j∈Ni
(δci, j )

2 remain constant, the cost
terms (δri,k)

2 + ‖ui − vk‖2 in Eq. (7.19) will increase at t = T1. This contradicts the
objective of minimizing the MST fencing optimization in Eq. (7.19). Therefore, the
proof is concluded. �

7.5.2 Fencing Convergence

Given the MST fencing optimization in Eq. (7.19), once the optimal subgrouping
matrix α∗ is established, the constraintsC1 andC3 in Eq. (7.19b) for αi,q = 0 where
q 
= k ∈ M, as well as the constraints in Eq. (7.19d), can be omitted, which sim-
plifies the cost function to c

(
(δri,k)

2 + ∑
j∈Ni

(δci, j )
2
) + ‖ui − vk‖2. Therefore, the

optimization problem for robot i, i ∈ Vk) reduces to the following minimum-energy
problem
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min
ui ,δri,k ,δ

c
i, j

{
c
(
(δri,k)

2 +
∑

j∈Ni

(δci, j )
2
)

+ ‖ui − vk‖2
}

(7.25a)

s.t.
∂φr

i,k(xi )

∂xTi
(ui − vk) + γ

(
φr
i,k(xi )

) − δri,k ≤ 0, (7.25b)

∂φc
i, j (xi )

∂xTi
(ui − vk) + γ

(
φc
i, j (xi )

) − δci, j ≤ 0, j ∈ Ni (t). (7.25c)

Lemma 7.1 The robots within subgroup Vk , as managed by the minimum-energy
optimization problem in Eq. (7.25), achieve the Objective 3 of Definition7.3, which
guarantees that collisions between robots are consistently avoided, i.e., ‖xi (t) −
x j (t)‖ > r,∀t > 0, i 
= j ∈ Vk .

Proof Let Ni represent the number of elements in the set Ni , i.e., Ni = |Ni |. We
define

δi =[δri,k,
j∈Ni︷ ︸︸ ︷

. . . , δci, j , . . .]T ∈ R
Ni+1,

�i =[φr
i,k(xi ), . . . , φ

c
i, j (xi ), . . .]T ∈ R

Ni+1,

γ (�i ) =[
γ
(
φr
i,k(xi )

)
, . . . , γ

(
φc
i, j (xi )

)
, . . .

]T ∈ R
Ni+1. (7.26)

Combining with Eqs. (7.25) and (7.26) yields

min
ui ,δi

{
cδTi δi + ‖ui − vk‖2

}
, s.t. gi ≤ 0Ni+1, (7.27)

with gi := [gi,1, . . . , gi,Ni+1]T = ∂�i (xi )
∂xTi

(ui − vk) + γ (�i (xi )) − δi ∈ R
Ni+1. Let

λi := [λi,1, . . . , λi,Ni+1] where each entry is nonnegative, one has that the cor-
responding Lagrangian function for Eq. (7.27) is Li (ui , δi ,λi ) = cδTi δi + ‖ui −
vk‖2 + λT

i gi . Using Remark7.2, it follows from the KKT conditions [26] and
Eq. (7.27) that

∂Li (u∗
i , δ

∗
i ,λ

∗
i )

∂[uTi , δTi ]T
= 0n+Ni+1, (λ

∗
i )

Tgi = 0,λ∗
i ≥ 0Ni+1, gi ≤ 0Ni+1, (7.28)

where u∗
i , δ

∗
i ,λ

∗
i are the optimal parameters. Since theLagrangianmultipliersλi,1 and

λi,l, l ∈ Z
Ni+1
2 are designed for the different constraints (7.25b)–(7.25c), respectively,

we will analyze the collision avoidance in the following four cases.
Case 1: λ∗

i = 0Ni+1, i ∈ V.
If Case 1 holds, it follows from (λ∗

i )
Tgi = 0 in Eq. (7.28) that the boundary of the

constraints gi ≤ 0Ni+1 are not necessarily activated.Additionally, one has that 2(u∗
i −

vk) = 0n, 2cδ∗
i = 0Ni+1, which implies that u∗

i = vk, δ
∗
i = 0Ni+1. Recalling (7.26)

and substituting u∗
i , δ

∗
i into the constraints (7.25b)–(7.25c) yields γ

(
φr
i,k(xi )

) ≤
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0 ⇒ φr
i,k(xi ) ≤ 0, and γ

(
φc
i, j (xi )

) ≤ 0, j ∈ Ni ,⇒ φc
i, j (xi ) ≤ 0, which then follows

fromEqs. (7.11), (7.16) and (7.17) that xi = rk, i ∈ Vk, ‖xi − x j‖ ≥ ρ > r, j ∈ Ni .

Then, the neighboring inter-robot collision avoidance is naturally guaranteed in
Case 1.

Case 2: λ∗
i,1 > 0, λ∗

i,l = 0,∀l ∈ Z
Ni+1
2 (λ∗

i 
= 0Ni+1).
If Case 2 holds, it follows from the relationships of λi,l and xi in (7.6) that λ∗

i,l =
0,∀l ∈ Z

Ni+1
2 ⇒ φc

i, j (xi ) ≤ 0,∀ j ∈ Ni ,which implies that ‖xi − x j‖ ≥ ρ > r, j ∈
Ni , i.e., the neighboring collision avoidance is guaranteed in Case 2.

Case 3: λ∗
i,1 = 0, λ∗

i, j > 0, ∃ j ∈ Z
Ni+1
2 (λ∗

i 
= 0Ni+1).

For λ∗
i,q = 0, q 
= j ∈ Z

Ni+1
2 , analogous to Case 2, it follows from Eq. (7.6) that

‖xi − xq‖ ≥ ρ > r, q ∈ Ni , then collision avoidance between robots i and q is sat-
isfied.

For λ∗
i, j > 0, letAi 
= ∅ ⊆ Ni for which λ∗

i, j > 0, and ai be the cardinality of the
set Ai . We define λ̃i := [λi,1, . . . , λi,l , . . .]T ∈ R

ai+1, g̃i := [gi,1, . . . , gi,l, . . .]T ∈
R

ai+1, δi = [δi,k, . . . , δci, j ]T ∈ R
Ni+1, �̃i (xi ) = [φr

i,k, . . . , φ
c
i, j , . . .]T ∈ R

ai+1, γ (�̃i

(xi )) = [
γ
(
φr
i,k(xi )

)
, . . . , γ

(
φc
i, j (xi )

)
, . . .

]T ∈ R
ai+1 one has that the

Lagrangian function for Eq. (7.27) becomesLi (ui , δ̃
[3]
i , λ̃

[3]
i ) = c(̃δ

[3]
i )T̃δ

[3]
i + ‖ui −

vk‖2 + (̃λ
[3]
i )Tg̃[3]

i , which implies that the stationarity condition in Eq. (7.28) becomes

[
2(u∗

i − vk)

2c̃δ
[3]∗
i

]
+

[
∂(�̃

[3]
i )T

∂xi
λ̃

[3]∗
i

−λ̃
[3]∗
i

]

= 0n+Ni+1, (7.29)

which implies that

u∗
i =vk − ∂(�̃

[3]
i )T

∂xi

λ̃
[3]∗
i

2
, δ̃

[3]∗
i = 1

2c
λ̃

[3]∗
i . (7.30)

Substituting u∗
i in Eq. (7.30) into g̃i = 0ai+1 in Eqs. (7.27), (7.29) yields δ̃

[3]∗
i =

�
[3]
i γ (�̃

[3]
i ) with

�
[3]
i =

(
Iai + c

∂�̃
[3]
i

∂xTi

∂(�̃
[3]
i )T

∂xi

)−1

∈ R
ai×ai . (7.31)

It, together with Eq. (7.30), gives that u∗
i

u∗
i =vk − c

∂(�̃
[3]
i )T

∂xi
�

[3]
i γ (�̃

[3]
i ). (7.32)

Based on u∗
i in Eq. (7.32) and γ (�̃

[3]
i ) in Eq. (7.29), we pick a Lyapunov function

candidate
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V1(t) = 1

2

∑

i∈Vk

∑

j∈Ai

γ (φc
i, j (xi ))

2. (7.33)

By choosing γ (φ) = φ as a simple choice, the derivative of V (t), as described in
Eq. (7.33), can be derived from Eqs. (7.11), (7.16), and (7.33), as follows:

V̇1(t) =
∑

i∈Vk

∑

j∈Ai

φc
i, j (xi )

∂φc
i, j (xi )

∂xTi
(ui − u j ) (7.34)

with ∂φc
i, j (xi )/∂x

T
i = ∂φc

i, j (xi )/∂(xi − x j )
T. Using the fact that

∑

i∈Vk

∑

j∈Ai

φc
i, j (xi )

∂φc
i, j (xi )

∂xTi
(ui − u j ) = 2

∑

i∈Vk

∑

j∈Ai

φc
i, j (xi )

∂φc
i, j (xi )

∂xTi
(ui − vk),

(7.35)

it, together with Eqs. (7.29), (7.34), gives that

V̇1(t) =2
∑

i∈Vk

(�̃
[3]
i )T

∂�̃
[3]
i

∂xTi
(ui − vk). (7.36)

Substituting u∗
i in Eq. (7.32) into Eq. (7.36) yields

V̇1(t) = − 2c
∑

i∈Vk

(�̃
[3]
i )T

∂�̃
[3]
i

∂xTi

∂(�̃
[3]
i )T

∂xi
�

[3]
i �̃

[3]
i (7.37)

with γ (�̃
[3]
i ) = �̃

[3]
i . Additionally, based on Woodbury matrix identity [27], �[3]

i in
Eq. (7.31) is formulated to be

�
[3]
i = Iai − c

∂�̃
[3]
i

∂xTi
�̃

[3]
i

∂(�̃
[3]
i )T

∂xi
(7.38)

with

�̃
[3]
i =

(
In + c

∂(�̃
[3]
i )T

∂xi

∂�̃
[3]
i

∂xTi

)−1

∈ R
n×n, (7.39)

which follows from Eqs. (7.38) and (7.39) that

∂(�̃
[3]
i )T

∂xi
�

[3]
i = �̃

[3]
i

∂(�̃
[3]
i )T

∂xi
. (7.40)

Substituting Eq. (7.40) into Eq. (7.37) yields
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V̇1(t) = − 2c
∑

i∈Vk

(�̃
[3]
i )T

∂�̃
[3]
i

∂xTi
�̃

[3]
i

∂(�̃
[3]
i )T

∂xi
�̃

[3]
i . (7.41)

Given that �̃[3]
i in Eq. (7.39) is positive definite, it follows that its smallest eigenvalue

is strictly positive, i.e., λmin(�̃
[3]
i ) > 0, which indicates that

V̇1(t) ≤ − 2cλmin(�̃
[3]
i )

∑

i∈Vk

∥
∥∥∥(�̃

[3]
i )T

∂�̃
[3]
i

∂xTi

∥
∥∥∥

2

≤ 0. (7.42)

From Assumption7.4 and the definition of V1 in Eq. (7.33), it is evident that the
initial value of V1(0) is bounded. Combined with the fact that V̇1 ≤ 0 as given in
Eq. (7.42), this implies that V (t) is bounded for all t > 0 in Case 3. Consequently,
φc
i, j (xi ) is also bounded. Furthermore, from Eqs. (7.17) and (7.33), it follows that

φc
i, j (xi ) → ∞, if ‖xi − x j‖ → r, j ∈ Ai . This indicates that‖xi − x j‖ > r,∀ j ∈

Ai at all times, which thereby ensures neighboring inter-robot collision avoidance
in Case 3.

Case 4: λ∗
i,1 > 0, λ∗

i, j > 0, ∃ j ∈ Z
Ni+1
2 (λ∗

i 
= 0Ni+1).
The approach to neighboring collision avoidance in Case 4 mirrors that of Case

3. In particular, when λ∗
i,q = 0 for q 
= j ∈ Z

Ni+1
2 , and if ‖xi − xq‖ ≥ ρ > r for

q ∈ Ni , then the collision avoidance between robots i and q is assured.
For λ∗

i,1 > 0, λ∗
i, j > 0, we define λ̃

[4]
i := [λi,1, . . . , λi,l , . . .]T ∈ R

ai+1, l ∈ Ai ,

g̃[4]
i := [gi,1, . . . , gi,l, . . .]T ∈ R

ai+1, δ̃
[4]
i = [δri,k, . . . , δci, j , . . .]T ∈ R

ai+1, �̃
[4]
i :=

[φr
i,k(xi ), . . . , φ

c
i, j (xi ), . . .]T ∈ R

ai+1, γ (�̃
[4]
i ) := [

γ
(
φr
i,k(xi )

)
, . . . , γ

(
φc
i, j (xi )

)
, . . .

]T ∈ R
ai+1 with Ai and ai given in Case 3, which then formulates the Lagrangian

function in Eq. (7.27) to be

Li (ui , δ̃
[4]
i , λ̃

[4]
i ) = c(̃δ

[4]
i )T̃δ

[4]
i + ‖ui − vk‖2 + (̃λ

[4]
i )Tg̃[4]

i .

Analogous to Eq. (7.29), one has that the optimal u∗
i is calculated to be

u∗
i =vk − c

∂(�̃
[4]
i )T

∂xi
�

[4]
i γ (�̃

[4]
i ) (7.43)

with

�
[4]
i =

(
Iai+1 + c

∂�̃
[4]
i

∂xTi

∂(�̃
[4]
i )T

∂xi

)−1

∈ R
(ai+1)×(ai+1). (7.44)

Then, we pick a Lyapunov function candidate
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V2(t) =
∑

i∈Vk

γ (φr
i,k(xi ))

2 + 1

2

∑

i∈Vk

∑

j∈Ai

γ (φc
i, j (xi ))

2. (7.45)

Similarly to the proof in Case 3, from Eqs. (7.34) to (7.42), the derivative of V2(t) in
Eq. (7.45) is given by

V̇2(t) ≤ − 2cλmin(�̃
[4]
i )

∑

i∈Vk

∥
∥∥∥(�̃

[4]
i )T

∂�̃
[4]
i

∂xTi

∥
∥∥∥

2

(7.46)

with the positive-definite matrix �̃
[4]
i being

�̃
[4]
i =

(
In + c

∂(�̃
[4]
i )T

∂xi

∂�̃
[4]
i

∂xTi

)−1

∈ R
n×n . (7.47)

Since V̇2 ≤ 0 as shown in Eq. (7.46), the analysis for neighboring collision avoidance
in Case 4, which requires ‖xi − x j‖ > r for all j ∈ Ai , is analogous to that in Case
3 and is therefore not repeated. Consequently, by integrating the results from Cases
1 through 4, the proof for collision avoidance is completed. �

Lemma 7.2 The robots in subgroup Vk , optimized through the minimum-energy
approach in Eq. (7.25), will ultimately achieve Objective 1 as defined in
Definition7.3. Specifically, each target rk will be fencedwithin the convex hull co(Vk),
i.e., limt→∞ dist

(
rk(t), co(Vk(t))

) = 0,∀k ∈ M.

Proof Similar to the proof of Lemma7.1, we will analyze the convergence of the
flexible-ordering convex hull by considering four distinct cases.

Case 1: λ∗
i = 0Ni+1, i ∈ V.

In Case 1, referring to Case 1 of Lemma7.1, we have xi = rk for i ∈ Vk, ‖xi −
x j‖ ≥ ρ > r, j ∈ Ni . This indicates that robot i approaches target k and remains
there. However, this scenario cannot be sustained continuously for all robots in Vk ,
as it would inevitably conflict with the collision avoidance requirements of the other
robots. Therefore, Case 1 is excluded.

Case 2: λ∗
i,1 > 0, λ∗

i,l = 0,∀l ∈ Z
Ni+1
2 (λ∗

i 
= 0Ni+1).
In Case 2, it follows from (λ∗

i )
Tgi = 0 in Eq. (7.28) that only the boundary of the

constraint gi,1 ≤ 0 is activated, i.e., gi,1 = 0. Then, from the stationarity condition
in (7.28) and λi , δi in (7.26), one has that

2(u∗
i − vk) = −∂φr

i,k(xi )

∂xi
λ∗
i,1, 2cδ

r∗
i,k = λ∗

i,1, 2cδc∗i, j = 0,∀ j ∈ Ni . (7.48)

Substituting u∗
i , δ

r∗
i,k in (7.48) into gi,1 = 0 yields

−c
∂φr

i,k(xi )

∂xTi

∂φr
i,k(xi )

∂xi
δr∗i,k + γ

(
φr
i,k(xi )

) − δr∗i,k = 0,
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one has that δr∗i,k = γ
(
φr
i,k(xi )

)
ς−1
i with

ςi := c
∂φr

i,k(xi )

∂xTi

∂φr
i,k(xi )

∂xi
+ 1 > 0.

Therefore, it can be deduced that the optimal input u∗
i is formulated to be

u∗
i = vk − c

∂φr
i,k(xi )

∂xi
γ
(
φr
i,k(xi )

)
ς−1
i ,

which implies that robot i , for i ∈ Vk , converges to the target k such that xi = rk .
Consequently, Case 2 would essentially be reduced to Case 1, which has already
been excluded. Thus, Case 2 is also excluded.

Case 3: λ∗
i,1 = 0, λ∗

i, j > 0, ∃ j ∈ Z
Ni+1
2 (λ∗

i 
= 0Ni+1).
In Case 3, given that λ∗

i,1 = 0 and fromEq. (7.6), we have xi ∈ T r
i,k , indicating that

robot i is positioned exactly at target k. However, this condition cannot be sustained
for the entire robot subgroup Vk . At least one other robot, q 
= i ∈ V, would also
need to be at the position of target k, which directly conflicts with the collision
avoidance requirements between robots i and q. Thus, Case 3 is also not feasible,
analogous to Case 1.

Case 4: λ∗
i,1 > 0, λ∗

i, j > 0, ∃ j ∈ Z
Ni+1
2 (λ∗

i 
= 0Ni+1).

In Case 4, recalling V̇2(t) in (7.46), integrating both sides of Eq. (7.46) in the time
interval t ∈ [T,∞) yields V2(t) ≤ V2(T ) − ∫ ∞

t2
σ(s)ds with

σ := 2cλmin(�̃
[4]
i )

∑

i∈Vk

∥∥
∥∥(�̃

[4]
i )T

∂�̃
[4]
i

∂xTi

∥∥
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2

. (7.49)

RecallingLemma7.1, it follows from (7.46) thatV2(T ) is bounded.Meanwhile, since
− ∫ ∞

t2
σ(s)ds ≤ 0, one has that the states γ (φr

i,k(xi )), γ (φc
i, j (xi )), φ

r
i,k(xi ), φ

c
i, j (xi )

are bounded as well, which further implies that
∫ ∞
t2

σ(s)ds is upper bounded. Then,
it follows from Eqs. (7.11), (7.16), (7.49) that σ̈ are bounded as well, which implies
that σ̇ is uniformly continuous in t ∈ [T,∞). According to Barbalat’s Lemma [28],
one has that limt→∞ σ(t) = 0, i.e.,

lim
t→∞

∥∥∥
∥(�̃

[4]
i (t))T

∂�̃
[4]
i (t))

∂xTi (t)

∥∥∥
∥ = 0. (7.50)

With �̃
[4]
i given in Eq. (7.43), it follows from Eqs. (7.11) and (7.16) that
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lim
t→∞

{
xi (t) − rk(t) −

∑

j∈Ai

(
1

‖xi (t) − x j (t)‖ − r
− 1

ρ − r
‖
)

xi (t) − x j (t)

‖xi (t) − x j (t)‖3
}

= 0n,∀i ∈ Vk . (7.51)

From the fact that

∑

i∈Vk

∑

j∈Ai

(
1

‖xi (t) − x j (t)‖ − r
− 1

(ρ − r)

)
xi (t) − x j (t)

‖xi (t) − x j (t)‖3 = 0n,

summing (7.51) in the subgroup of Vk yields

lim
t→∞

∑

i∈Vk

{
xi (t) − rk(t)

} = lim
t→∞

∑

i∈Vk

(xi (t) − rk(t))

N
= 0n .

Let co(Vk) = 1/N
∑

i∈Vk
xi (t), it follows from

∑
i∈Vk

rk/N = rk that

lim
t→∞ dist

(
rk(t), co(Vk(t))

) = lim
t→∞

{
1

N

∑

i∈Vk

xi (t) − rk(t)

}
= 0n,

which implies that rk will be enclosed within the convex hull co(Vk) = 1/N
∑

i∈Vk

xi (t), fulfilling Objective 1 as defined in Definition7.3. Therefore, by considering
Cases 1 through 4, the proof is completed. �

Lemma 7.3 The robots in the subgroup Vk , managed by the minimum-energy opti-
mization (7.25), will eventually accomplish Objective 2 as defined in Definition7.3.
In particular, the relative velocities between any robot i (where i ∈ Vk) and the target
vk will asymptotically diminish to zero, i.e., limt→∞{ui (t) − vk(t)} = 0n, i ∈ Vk .

Proof Analogous to the proof of Lemma7.2, we can exclude Cases 1–3 and focus
on the convergence analysis in Case 4. On one hand, analogous to Eq. (7.40) in
Lemma7.2, one has that (∂(�̃

[4]
i )T/∂xi )�

[4]
i = �̃

[4]
i (∂(�̃

[4]
i )T/∂xi ) with �

[4]
i , �̃

[4]
i ,

�̃
[4]
i given in (7.43), (7.44), (7.47),which implies thatu∗

i in (7.43) can be reformulated
to be

u∗
i = vk − c�̃[4]

i

∂(�̃
[4]
i )T

∂xi
γ (�̃

[4]
i ). (7.52)

On the other hand, it follows from Eqs. (7.47) and (7.50) that

lim
t→∞ �̃

[4]
i (t)

∂(�̃
[4]
i (xi (t)))T

∂xi (t)
γ (�̃

[4]
i (xi (t))) = 0n. (7.53)
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Combining Eqs. (7.52) and (7.53) together, one has that limt→∞ u∗
i (t) = vk , which

implies that Objective (2) in Definition7.3 is achieved. The proof is thus completed.
�

Theorem 7.1 Under Assumptions7.1–7.6, all robots governed by (7.2) and (7.19)
successfully achieve the flexible subgrouping and flexible-ordering fencing of the
moving targets governed by (7.7). In other words, Conditions (1)–(2) inDefinition7.2
and Objectives (1)–(3) in Definition7.3 are satisfied.

Proof Wedraw the conclusionbyPropositions7.1–7.2, andLemmas7.1–7.3directly.
�

Remark 7.3 Although the FSOC algorithm (7.19) may not be directly suitable for
vehicles with general affine dynamics, it can be extended to various types of vehicles
through a hierarchical control approach, such as unicycles, unmanned aerial vehi-
cles (UAVs), and unmanned surface vessels (USVs) [23]. In this setup, the optimal
commands u∗

i from (7.19) serve as higher-level guidance velocities. As long as the
low-level velocity tracking systemcan effectively follow the desired velocities in real-
time, the FSOC algorithm remains applicable to many real-world robotic systems.
Moreover, by defining obstacle sets and incorporating obstacle-avoidance constraints
similar to those in Eqs. (7.15) and (7.18), the proposed FSOC algorithm (7.19) can be
adapted for MST fencing in environments with obstacles. This will be demonstrated
through subsequent 2D and 3D simulations.

Remark 7.4 The FSOC algorithm (7.19) has a few notable limitations. (i)When tar-
gets are positioned very close to one another, the robots’ collision-avoidance behavior
may disrupt the convex-hull fencing process. (ii) If the robots’ dynamics are mod-
eled as general affine systems, the algorithm could become ineffective due to the
complexity in choosing suitable CBFs. (iii) The algorithm might not perform well
in environments with polygonal obstacles instead of circular ones, as the current
CBF constraints are designed for smooth obstacle boundaries. (iv) Unpredictable
target dynamics could hinder the robots’ ability to fence the targets effectively. As
a preliminary approach to the MST fencing problem, further research is needed to
overcome these challenges and improve the algorithm’s robustness.

7.6 Simulation Results

This section presents a series of simulations to verify the flexibility, robustness, adapt-
ability, and scalability of the FSOC algorithm. Initially, we employ single integrator
dynamics in Eq. (7.2) within the control barrier function framework to guarantee the
asymptotic convergence of the FSOC algorithm (7.19). Although these dynamics
may not directly suit robots with more complex models, the FSOC algorithm (7.19)
can still be applied to a practical unicycle model for the robot group V, as demon-
strated below [23].
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ẋi,1 = vi,l cos θi , ẋi,2 = vi,l sin θi , θ̇i = vi,a,

(ẋi,3 = vi,c, if robots are in 3D), i ∈ V, (7.54)

where [xi,1, xi,2, xi,3]T ∈ R
3 and θi ∈ R represent the position andX-Yheading angle

of robot i , respectively,while vi,l ∈ R, vi,a ∈ R, and vi,c ∈ Rdenote its linear, angular,
and climbing velocities. Utilizing the near-identity diffeomorphism [29], the optimal
FSOC control inputs u∗

i derived in (7.19) can be efficiently mapped to the desired
velocities vi,l , vi,a, vi,c for the practical unicycle model presented in (7.54) below

vi,l =u∗
i,1 cos θi + u∗

i,2 sin θi , vi,a = −u∗
i,1

l
sin θi + u∗

i,2

l
cos θi ,

(vi,c =u∗
i,3 if robots are in 3D), i ∈ V,

where u∗
i = [u∗

i,1, u
∗
i,2, u

∗
i,3]T, and l ∈ R

+ represents a small positive constant. The
sensing, desired, and collision radii are chosen as R = 6 m, ρ = 4 m, and r =
1.5 m, respectively. Under Assumption7.5, the weights in the FSOC optimiza-
tion (7.19) are set to b = 100,000 and c = 100.

To demonstrate the flexibility of the proposed FSOC algorithm (7.19), we run
a simulation involving ten robots starting from different initial positions and two
scattered targets. As shown in Fig. 7.4a, b, the robots successfully form pentagon
formations around the targets. Although the overall shapes are similar, the specific
subgroups and ordering sequences differ, highlighting the flexibility and high effi-
ciency of the FSOC algorithm (7.19).

In addition, Fig. 7.4a provides a detailed view of the state evolution. As illustrated
in Fig. 7.5, the flexible-ordering fencing errors, 1/N

∑
i∈Vk

xi − rk for k = 1, 2, con-
verge to zero, which means that limt→∞ dist

(
rk(t), co(Vk(t))

) = 0n , thereby ensur-
ing the achievement of Objective (1) in Definition7.3. Figure7.6 shows that the
velocity-tracking errors, ui − vk for all i ∈ Vk , also converge to zero, confirming that
Objective (2) inDefinition7.3 ismet. Furthermore, Fig. 7.7 reveals that the inter-robot
distances, ‖xi − x j‖ > 1.5 for i 
= j ∈ V, which ensures that the collision avoid-
ance requirement in Objective (3) of Definition7.3 is satisfied. For comparison, we
also simulated the fixed subgroup + fencing algorithm [19], as shown in Fig. 7.4c,
d. These results show that robots under the fixed subgroup method travel longer
distances compared to those using the FSOC algorithm in Fig. 7.4a, b.

To demonstrate the robustness of the proposed FSOC algorithm (7.19), we ana-
lyze two scenarios: one where some robots suddenly break down and another
where a new target appears during the fencing process. In the first scenario, we
use the same initial robot positions and velocities as in Fig. 7.4b. Initially, the con-
vex hull is maintained through a balance between the attraction forces from target-
convergence constraints (7.19b) and the repulsion forces from neighboring collision-
avoidance constraints (7.19c).When some robots break down and stop, as depicted in
Fig. 7.8a, b, the remaining robots adjust by deviating away from the malfunction-
ing robots. They continue interacting with the operational neighbors, leading to the
formation of quadrilateral and triangular patterns with different ordering sequences.
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Fig. 7.4 First simulation: flexibility of the FSOC algorithm (7.19) to different initial positions
and comparison with fixed subgrouping and fencing algorithm [19]. a, b Trajectories of ten
robots from different initial positions to flexible fencing of two scattered targets with different
subgroups and orderings. c, dComparison trajectories under fixed subgrouping + fencing algorithm
[19]. Here, the blue and yellow triangles denote the initial and final positions of robots, respectively;
the dashed lines are the trajectories. The green circles denote two targets

In the second scenario, we simulate the appearance of a new target. In Fig. 7.9a, b,
when a new target emerges at the bottom or top at t ≥ 3s, the ten robots initially
form two subgroups to create pentagon formations around the original targets. Subse-
quently, they reconfigure into three subgroups to incorporate and successfully fence
the new target, which demonstrates the algorithm’s ability to adapt to new targets
while maintaining the overall fencing strategy.

To evaluate the adaptability of the proposed FSOC algorithm (7.19) in environ-
ments with obstacles, we explore how different obstacle configurations affect the
robots’ behavior in the fourth set of simulations. We define and apply obstacle-
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Fig. 7.5 Temporal evolution of the errors of flexible-ordering fencing 1/N
∑

i∈Vk
xi − rk , k = 1, 2

in Fig. 7.4a for example

avoidance constraints similarly to those in Eqs. (7.15) and (7.16). In Fig. 7.10, as
obstacles are introduced into the environment, robots must navigate around them,
which can increase their travel distances. In Fig. 7.10a, b, we see that ten robots, start-
ing from the same initial positions (marked as blue triangles), adjust their formations
into three subgroups to efficiently circumvent obstacles. This reconfiguration not
only demonstrates the algorithm’s flexibility but also its efficiency in energy con-
servation. Additionally, Fig. 7.10c, which features a more densely packed obstacle
field, shows the FSOC algorithm’s ability to adaptively respond to complex and
challenging environments.

To demonstrate the high-dimensional scalability of the proposed FSOC algo-
rithm (7.19),weperformMSTfencing simulations in a3Denvironment. InFig. 7.11a,
we observe that targets 1 and 2 are fenced by five and four robots, respectively, with
ordering sequences {7, 3, 2, 5, 9} and {1, 8, 4, 6}. These sequences differ from the
subgroups and ordering sequences {2, 8, 1, 4} and {5, 6, 3, 7, 9} shown in Fig. 7.11b,
which confirms the scalability of the FSOC algorithm in 3D environments. Addition-
ally, Fig. 7.11c incorporates scenarios with robot breakdowns and obstacles, further
validating the algorithm’s robustness and adaptability in complex settings. Thus, the
FSOC algorithm’s ability to handle high-dimensional and dynamic environments is
effectively demonstrated.
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Fig. 7.6 Temporal evolution of the velocity-tracking errors ui − vk ,∀i ∈ Vk , in Fig. 7.4a for exam-
ple

Fig. 7.7 Temporal evolution of the inter-robot distance ‖xi − x j‖, i 
= j ∈ V, in Fig. 7.4a for
example
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Fig. 7.8 Second simulation: robustness to robots suddenly breaking down. aRobots i = 1, 6, 8
break down at T = 1s. b Robots i = 2, 3, 4, 5 break down at T = 1s. (The blue, yellow triangles,
green circles, and the dashed and solid green lines have the samemeaning as in Fig. 7.4. Themagenta
triangles denote the final positions of the broken robots)

7.7 Conclusion

In this chapter, we have developed the FSOC algorithm, which allowsmultiple robots
to dynamically organize into distinct subgroups and fence multiple scattered targets
within their respective convex hulls, accommodating flexible ordering sequences.
We have established conditions to ensure that the closed-loop multi-robot system
asymptotically converges when using the FSOC algorithm. The algorithm’s flexibil-
ity, adaptability, robustness, and scalability have been demonstrated through com-
prehensive 2D and 3D simulations. Future work will explore extending the FSOC
algorithm to handle vehicles with general affine dynamics, manage polygonal obsta-
cles, and address complex dynamics of targets.
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Fig. 7.9 Third simulation: robustness to a new target suddenly appearing. a The target 3
appears at the bottom with a velocities v3 = [0, 2]m/s at T = 3. b The target 3 appears at the
top with a velocities v3 = [0,−2]m/s at T = 3. (The blue, yellow triangles, green circles, and the
dashed and solid green lines have the same meaning as in Fig. 7.4. The dark blue triangles denote
the positions of robots at T = 3s)
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Fig. 7.10 Four simulation:
adaptability in obstacle
environments. a, b Same
initial positions of robots,
same positions, and
velocities of three scattered
targets with different two
obstacles result in the
flexible fencing formations
of different subgroups and
ordering sequences.
c Trajectories of ten robots
from the same initial
positions in Fig. 7.4a to the
flexible fencing formations
with different ordering
sequences. (Most of the
symbols have the same
meaning as in Fig. 7.4. The
red disks denote the
obstacles. The purple
numbers denote the different
ordering sequences
compared with Fig. 7.4)
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Fig. 7.11 Fifth simulation:
scalability in 3D. a, b
Trajectories of nine robots
from different initial
positions to 3D flexible
fencing of two scattered
targets with different
subgroups and orderings. c A
special situation when robot
2 suddenly breaks down at
t = 1s, and the rest of the
eight robots from the same
initial positions in Fig. 8a
can spontaneously form
regular tetrahedron fencing
formations in the obstacle
environments. (Most of the
symbols have the same
meaning as in Fig. 7.4. The
dark blue balls denote the
obstacles in 3D. The
magenta triangle denotes that
robot 2 is broken at t = 1s)
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Part III
Bearing-Only Scenario



Chapter 8
Bearing-Only Fencing via
Persistent-Exciting Condition

8.1 Introduction

In the previous Chaps. 2–7, we have conducted detailed research on two themes for
the cooperative control of multi-robot systems, namely, “basic fencing” and “com-
plex fencing.” However, the cooperative methods in these studies rely on the relative
position between the robot and the target. However, such kind of information usually
depends on distance or position sensors in practice which are costly and challeng-
ing to implement on a large-scale system. Considering the usage of simple and
cheap orientation sensors can significantly reduce costs and is of great importance
for large-scale scenarios. However, the incompleteness and constraints of orientation
information lead to issues in distributed cooperative fencing. Therefore, based on the
previous “basic fencing” and “complex fencing,” this chapter proposes a distributed
cooperative bearing-only fencing control algorithm via the persistent-exciting con-
dition, which aims to delve into the distributed cooperative fencing problem. In what
follows, we will firstly introduce some related works.

Over the years, the control of USVs has garnered increasing attention due to
their effectiveness, versatility, and ability to adapt to complex environments, which
has been extended to applications such as trajectory tracking [1–5], path following
[6–9], and collective exploration [10–14]. Cooperative target-fencing missions using
multiple vessels are particularly important for tasks such as surveillance, detection,
and escort formations. Therein, the study of USV target-fencing problems originated
from multi-agent systems (MASs), where theoretical challenges initially focused
efforts on strategies involving both position and velocity measurements. Chen and
Ren et al. [15] developed an estimation-and-control framework with a fixed topology
for surrounding stationary targets. Lan et al. [16] proposed a hybrid control strategy
for static target fencing. Later, Liu and Chen et al. [17] introduced a hierarchical
output regulation scheme for target fencing, while Chen [18] offered a cooperative
control approach incorporating attractive, repulsive, and rotational components to
handle specific target-fencing problems with assured collision avoidance.
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As aquatic missions become increasingly complex, more focus has been placed
on encircling moving targets. For instance, Guo et al. [19] proposed a distributed
protocol that relies only on neighboring positions to fence a moving target. Yu and
Liu developed a distributed dynamic controller for surrounding a moving target
under both fixed [20] and switching [21] inter-agent topologies. Shoja et al. [22]
later introduced an adaptive method to handle the fencing of multiple moving targets
by non-identical agents. However, the above studies [19–22] mainly addressed first-
order MASs due to the significant difficulties associated with fencing control in
higher-order MASs. To address more practical scenarios, Shi et al. [23] investigated
a second-order MAS fencing problem using Lasalle’s Invariance Principle [24]. Li
et al. [25] introduced a cooperative fencing strategy that ensures collision avoidance
for networked MASs with nonlinear Lagrangian dynamics. Hu et al. [26] designed
a distributed equal-distance fencing controller for second-order nonlinear MASs.
Peng et al. [27] later presented an event-triggered dynamic surface controller for a
USV to encircle a dynamic target. Xu [28] proposed a novel fault-tolerant control
scheme for a fleet of USVs using only line-of-sight range and angle to track a target.
Hu et al. [29] developed a distributed fencing controller for multiple USVs with
varying interconnection topologies. Kou et al. [30] studied the problem of multiple
second-order vehicles fencing a moving target with an unknown constant velocity.

However, the high cost of onboard sensors makes it challenging for USVs to
consistently obtain both the position and velocity of targets in real-world scenarios.
This challenge has prompted research into approaches that rely solely on bearing
measurements (e.g., bearing vectors or subtended bearing angles), which only require
more affordable sensors like pinhole cameras and wireless sensor arrays. Among the
pioneering works in this area, Zheng et al. [31] introduced a control strategy that
depends purely on local bearingmeasurements to achieve the enclosure of a stationary
target. Li et al. [32] developed a distributed bearing-only controller for targeting
stationary objects in 3D environments. Deghat et al. [33] investigated the localization
and circumnavigation of a moving target with unknown velocity. Yang et al. [34]
explored a target-entrapping problem using only bearing data, while Dou et al. [35]
proposed a distributed controller that enables agents to encircle a moving target and
form desired collective patterns based exclusively on bearing measurements.

Despite these advancements, the above-mentioned bearing-based methods [31–
35] primarily focus on first-order MASs and do not account for more complex
USV scenarioswith significant nonlinearity and strong coupling dynamics. Although
position-based target-fencing strategies for USVs have been studied in [17, 26, 27,
29], addressing the theoretical challenges of controlling USV groups using only
bearing measurements remains an unresolved issue [33–35].

From a technical standpoint, the key difficulties lie in the presence of bounded
errors and the limited availability of target velocity information to the USVs, which
hinders the broader implementation of multi-USV cooperative control strategies. In
response, this chapter introduces a tailored distributed protocol for multi-USV sys-
tems that effectively reduces fencing errors to zero using only bearing feedback.
Beyond enabling the fencing of a moving target, the proposed controller ensures
the USVs continuously rotate around the target vessel with dynamically changing
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topologies, essential for the asymptotic convergence of bearing-only target estima-
tion. In contrast to most existing studies that rely solely on simulations [32–35], this
work includes experiments conducted on a real-worldmulti-USVplatform consisting
of a USV motion capture system, a monitoring station, three 3D-printed HUSTER-
0.3 vessels, and a target vessel, thereby validating the proposed framework. The
contribution of the chapter is two-fold.

1. Propose a distributed bearing-only controller for the multi-USV systems to col-
lectively fence and rotate evenly around a motional target vessel, with the design
of a bearing-only target estimator, an upper-level fencing protocol, and a single
vessel regulator.

2. Conduct indoor experiments with three HUSTER-0.3 USVs to verify the
effectiveness of the proposed algorithm.

The rest of this chapter is structured as follows. Section8.2 presents the problem
formulation. Section8.3 details themain technical results, along with comprehensive
mathematical proofs. In Sect. 8.4, experimental validation is carried out on a real
multi-USV platform. Finally, Sect. 8.5 concludes the chapter.

8.2 Problem Formulation of Bearing-Only Target Fencing

In this section, we firstly consider amulti-USV systemwith n USVs, each of which is
characterized by its kinematic equations in Cartesian coordinates, as detailed in [36].

ẋi = ui cosψi − vi sinψi ,

ẏi = ui sinψi + vi cosψi ,

ψ̇i = ri , (8.1)

where the position of USV i is represented as qi (t) = [xi (t), yi (t)]T ∈ R
2, while

ψi (t) ∈ R denotes its yaw angle. Additionally, ui (t), vi (t), and ri (t) ∈ R corre-
spond to the surge, sway, and yaw velocities of USV i in its own coordinate frame,
respectively.

Moreover, The dynamics of USV i typically adhere to a practical model (see, e.g.,
[17]) given as

u̇i = k1ui + k2viri + k3τi,1,

ṙi = k4ri + k5τi,2,

v̇i = k6vi + k7uiri . (8.2)

Here, k1, k2, k3, k4, k5, k6, k7 ∈ R are parameters determined via zig-zag tests, while
τi,1 and τi,2 ∈ R denote the control inputs for USV i .
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Fig. 8.1 Illustration of the
bearing angle in the
multi-USV system

X

Y

O

: Target Vessel
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Secondly, we consider a motional target to be qd(t) = [xd(t), yd(t)]T ∈ R
2

satisfies

q̇d = pd (8.3)

where pd = [vdx , vdy ]T ∈ R
2 is a constant velocity.

As illustrated in Fig. 8.1, it is assumed that only the relative bearing angle αi

is measured between the i th USV and the target within the i th USV’s coordinate
frame, which is not necessarily alignedwith the coordinate frames of the other USVs.
The position qd and the velocity pd of the target vessel are not directly measured.
Considering the yaw angle ψi , one obtains

σi := qd,i

‖qd,i‖ (8.4)

where ∠σi := ψi + αi and qd,i := qd − qi in Eq. (8.18).
Note that the communication topology of the multi-USV system is typically

characterized by G(V,E), where V := {1, 2, . . . , n} is the set of nodes, and E :=
{(i, j), j ∈ Ni , i ∈ V} represents the set of edges. The neighbor set of USV i is
defined as Ni = { j ∈ V| min j �=i�i, j ,min j �=i� j,i }, where �i, j ∈ [0, 2π), i �= j ∈
V is the forward separation angle from USV i to USV j , obtained by rotating σi

counterclockwise until it coincides with σ j . Conversely, � j,i ∈ [0, 2π) denotes the
backward separation angle from USV j to USV i , as illustrated in Fig. 8.2 (see,
e.g., [35]). Note that Ni may encompass more than two neighbors, and both the
pre-neighbor i+ and the next-neighbor i− of USV i can be randomly chosen
from Ni .
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Fig. 8.2 Illustration of the
forward and backward
separation angles �i, j and
� j,i , respectively, between
vector σi of USV i and
vector σ j of USV j

We define the relative distance ρi and the bearing angle θi between USV i and
the target vessel to be

ρi =
√

(xi − xd)2 + (yi − yd)2,

θi = arctan2(yi − yd , xi − xd) + 2κπ ∈ [0, 2π) (8.5)

where κ is an integer selected to ensure that θ ∈ [0, 2π). The function arctan2(y, x)
computes the angle of the vector (x, y), returning a value between−π and π radians.
Consequently, one has

θi = ψi + αi + π (8.6)

where αi and ψi are shown in Fig. 8.1. The separation angle ςi between USV i and
its pre-neighbor i+, with respect to the target vessel, is defined as

ςi := θi+ − θi + ξi (8.7)

with

ξi =
{

0, θi+ − θi ≥ 0,
2π, θi+ − θi < 0.

Based on the target and neighboring information provided, the following
assumptions are needed for the subsequent analysis.

Assumption 8.1 The target’s velocity pd ∈ R
2 in (8.3) is constrained by an upper

bound p∗
d ∈ R

+, such that ‖pd‖ ≤ p∗
d .

Assumption8.1 is valid because, in practice, the target vessel’s energy is inherently
finite, which means that there is an upper limit on the target’s velocity.

Assumption 8.2 For each USV i ∈ V, the communication neighbor set Nc
i =

{i+, i−}.
Assumption8.2 illustrates that each USV is capable of communicating with its

pre-neighbor i+ and next-neighbor i−. The communication topologyG(V,E), which
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is derived from the minimal-neighbor strategy, maintains strong connectivity even
when neighbors change over time [37]. One will have a cost-effective communica-
tion topology, which is beneficial for real-world applications. To proceed, it is also
essential to define target fencing.

Definition 8.1 (Target fencing) Target fencing by the USVs is achieved asymptoti-
cally with the following characteristics:

lim
t→∞ ρi (t) = ρd , lim

t→∞ ςi = 2π

n
, (8.8)

where ρd ∈ R
+ denotes the desired radius, and ςi represents the separation angle as

given in (8.7).

Definition8.1 demonstrates that theUSVsevenly surround the target vessel,mean-
ing that the target vessel lies within the convex hull created by the USVs [17, 18].
Thus, one has that

lim
t→∞ Pxd (t)(x(t)) = 0

where x := [xT1 , . . . , xTn ]T, Pxd (x) := mins∈co(x) ‖xd − s‖ and

co(x) :=
{

∑

i∈V
λi xi : λi ≥ 0,∀i and

∑

i∈V
λi = 1

}

.

Taking the temporal derivative of ρi along the dynamics of Eq. (8.5) yields

ρ̇i = (xi − xd)(ẋi − vdx ) + (yi − yd)(ẏi − vdy )√
(xi − xd)2 + (yi − yd)2

= [
cos θi sin θi

] [
ẋi − vdx
ẏi − vdy

]
. (8.9)

Analogously, one has that the temporal derivative of θi is

θ̇i = (xi − xd)2

ρ2
i

(xi − xd)(ẏi − vdy ) − (yi − yd)(ẋi − vdx )

(xi − xd)2

=
[− sin θi cos θi

]

ρi

[
ẋi − vdx
ẏi − vdy

]
. (8.10)

Rewriting Eqs. (8.9) and (8.10) into a compact form yields

[
ρ̇i

ρi θ̇i

]
=

[
cos θi sin θi

− sin θi cos θi

] [
ẋi − vdx
ẏi − vdy

]
, (8.11)
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which implies

[
ẋi
ẏi

]
=

[
cos(−θi ) sin(−θi )

− sin(−θi ) cos(−θi )

] [
ρ̇i

ρi θ̇i

]
+

[
vdx
vdy

]
. (8.12)

Together with Eq. (8.1), one has

[
ui
vi

]
=

[
cosψi sinψi

− sinψi cosψi

] [
ẋi
ẏi

]
, (8.13)

which follows from Eq. (8.13) and (8.12) that

[
ui
vi

]
=

[
cos(ψi − θi ) sin(ψi − θi )

− sin(ψi − θi ) cos(ψi − θi )

] [
ρ̇i

ρi θ̇i

]
+

[
cosψi sinψi

− sinψi cosψi

] [
vdx
vdy

]
. (8.14)

From the condition that ψi − θi = −αi − π in (8.6), it can be deduced that

[
ui
vi

]
=

[− cosαi sin αi

− sin αi − cosαi

] [
ρ̇i

ρi θ̇i

]
+

[
cosψi sinψi

− sinψi cosψi

] [
vdx
vdy

]
. (8.15)

Define uri , v
r
i as the upper-level signals for ui , vi , respectively, in the kinematics (8.1),

we can further define the signal errors to be

ũi := ui − uri , ṽi := vi − vri , (8.16)

it, together with Eqs. (8.15) and (8.16), gives that the dynamics of ρi , θi is formulated
to be

[
ρ̇i

ρi θ̇i

]
=

[− cosαi sin αi

− sin αi − cosαi

] [
uri
vri

]
+

[
ūi
v̄i

]
−

[
cos θi sin θi

− sin θi cos θi

] [
vdx
vdy

]
(8.17)

where ūi := − cosαi ũi + sin αi ṽi and v̄i := − sin αi ũi − cosαi ṽi . We are now
prepared to present the two main problems addressed in this chapter.

Problem 8.1 (Target fencing) Design an upper-level fencing protocol

uri , v
r
i := f (αi , θi , θ j ), j ∈ Ni

for themulti-USV systemdescribed by (8.1), (8.3), and (8.17) to achieve themotional
target-fencing (see Definition8.1), while ensuring that ũi and ṽi approach zero.

Problem 8.2 (Vessel Regulation) Design an actuator input

τ1, τ2 := f (ur , vr , u, v, r)
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for a single vessel, as describedby (8.2)without the subscript i , such that the velocities
u and v converge to the upper-level signals ur and vr from Problem8.1, i.e., ensuring
limt→∞ ũ(t) = 0 and limt→∞ ṽ(t) = 0.

8.3 Perturbed-Stable Controller and Convergence Analysis

8.3.1 Target Fencing Control

We define qd,i to be the relative position between the USV i and the target vessel
below

qd,i := qd − qi (8.18)

where qi , qd are given in Eqs. (8.1) and (8.3), respectively.
Due to the fact that the position qd,i and velocity pd of the target are not available,

we define q̂d,i and p̂d,i = [̂vx , v̂y]T as the estimates of qd,i and pd , respectively, and
design the estimates using the bearing-only measurements

˙̂qd,i (t) = − q̇i (t) − c1(I − σi (t)σi (t)
T)q̂d,i (t) − c2

∫ t

0
(I − σi (ε)σi (ε)

T)q̂d,i (ε)dε,

˙̂pd,i (t) = − c2(I − σi (t)σi (t)
T)q̂d,i (t)dt, (8.19)

with c1, c2 ∈ R
+ being the estimated gains and σi definedEq. (8.4). Then,we propose

a distributed bearing-only controller,

[
uri
vri

]
=

[− cosαi − sin αi

sin αi − cosαi

] [
c3(ρd − ρ̂i ) + cos θi v̂x + sin θi v̂y

c4(ςi − ςi−) + β − sin θi v̂x + cos θi v̂y

]
, (8.20)

where c3, c4 ∈ R
+ represent the control gains, ρd denotes the desired radius in Def-

inition8.1, ρ̂i := ‖q̂d,i‖ is the estimated radius in Eq. (8.19), and ςi , ςi− are the sep-
aration angles between the unmanned surface vehicle (USV) i and its next-neighbor
i−, respectively.

Remark 8.1 In contrast to target information that is available only to a subset of
agents (e.g., position-based target-fencing controllers [20–22]), each USV in this
chapter has access to the bearing information σi between itself and the target vessel,
where such kind of bearing is an integral part of the bearing-only target estimator
(8.19). The key reason is that σi is measured in each USV’s coordinate system and
cannot be directly shared among USVs, where this assumption is widely accepted
in the literature on bearing-only methods (see, e.g., [33–35]).

To lay the groundwork for the main technical result, we first need to introduce the
following lemmas.
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Lemma 8.1 ([35]) Consider a perturbed system

ẋ = A(t, d(t))x + h(t), (8.21)

where x ∈ R
n, h(t) ∈ R

n, d(t) ∈ D denotes a time-varying function, and A : R+ ×
D → R

n×n is a continuous and globally bounded function. If the nominal system
ẋ = A(t, d(t))x is uniformly globally exponentially stable and h(t) is bounded with
limt→∞ h(t) = 0, one has that limt→∞ x(t) = 0.

Lemma 8.2 ([37]) For a connected and symmetric matrix L ∈ R
n×n, the following

holds:

min
1Tx=0,x �=0

xTLx

‖x‖2 ≥ λ2(L) > 0. (8.22)

Lemma 8.3 ([35]) Consider a nominal system

˙̃qd,i = −σ̄i σ̄
T
i q̃d,i , (8.23)

where q̃d,i := q̂d,i − qd,i ∈ R
2 denotes the estimated error given in (8.26), and σ̄i , i ∈

V, is a unit vector perpendicular toσi with respect to the angle∠σ̄i = ψi + αi − π/2
in Fig.8.1. Then, one has that

lim
t→∞ q̃d,i (t) = 0,

i.e., σ̄i (t), i ∈ V, is persistently exciting [38], if β in (8.20) fulfills the following
condition

β > 2πc4 + p∗
d + β∗ (8.24)

where β∗ ∈ R
+ is a constant and c4 ∈ R

+ denotes the control gain in (8.20).

Lemma 8.4 Consider the estimator of the state qd,i , pd given by (8.1), (8.3), (8.18),
(8.19), it holds that

lim
t→∞ q̂d,i (t) = qd,i , lim

t→∞ p̂d,i (t) = pd , (8.25)

if β in (8.20) satisfies (8.24) in Lemma8.3.

Proof We define q̃d,i , p̃d to be the estimated errors,

q̃d,i :=q̂d,i − qd,i , p̃d,i := p̂d,i − pd . (8.26)

which implies that

˙̃qd,i =˙̂qd,i − q̇d,i , ˙̃pd,i = ˙̂pd,i . (8.27)
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It follows from Eqs. (8.3), (8.19) and (8.27) that

˙̃qd,i = − c1(I − σiσ
T
i )(q̃d,i + qd,i ) + p̃d,i ,

˙̃pd,i = − c2(I − σiσ
T
i )(q̃d,i + qd,i ). (8.28)

From the condition that

(I − σiσ
T
i )qd,i = qd,i − qd,i

‖qd,i‖
qT
d,i

‖qd,i‖qd,i = 0

and
σ̄i σ̄

T
i = I − σiσ

T
i ,

it can be deduced that
[ ˙̃qd,i˙̃pd

]
=A

[ ˙̃qd,i˙̃pd
]

(8.29)

with

A =
[−c1σ̄i σ̄

T
i I

−c2σ̄i σ̄
T
i 0

]
. (8.30)

Here, σ̄i represents the unit vector perpendicular to σi , with an angle ∠σ̄i = ψi +
αi − π

2 as depicted in Fig. 8.1. The convergence of the error dynamics given by (8.29)
is ensured if the matrix A is Hurwitz. This is equivalent to demonstrating that σ̄i for
i ∈ V is persistently exciting [38].

According to Lemma8.3, it follows that σ̄i is persistently exciting for a suitably
chosen β in (8.24). Consequently, the estimated errors q̃d,i , p̃d,i will converge.

lim
t→∞ q̃d,i (t) = 0, lim

t→∞ p̃d,i (t) = 0, (8.31)

the proof is thus completed. �

Remark 8.2 The inequality β > 2πc4 + p∗
d + β∗ in Eq. (8.24) ensures that all

USVs continuously orbit the moving target vessel under the bearing-only protocol
(8.20). This condition guarantees that σ̄i (t), i ∈ V, as given in (8.29), is persistently
exciting, which is necessary for the convergence of the estimator (8.19) as shown in
Lemma8.4. This differs from conventional fencing strategies, where agents simply
maintain fixed relative positions around the moving target (see, e.g., [17, 18, 26]).

Remark 8.3 Given that c4 in (8.24) is a control gain designed for the controller
(8.20) and β∗ ∈ R

+ is a predetermined constant, the parameter β can be set in
advance to meet the condition (8.24), ensuring all parameters are feasible in practice.
To mitigate the need for global information p∗

d , β can be estimated by using an
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overestimate p̂∗
d . Specifically, if each USV uses a value p̂∗

d > p∗
d , then β can be

chosen to satisfy β > 2πc4 + p̂∗
d + β∗, thus avoiding the requirement of knowing

p∗
d < p̂∗

d .Moreover, the controller (8.20) can be implemented in a distributedmanner
because all necessary parameters for condition (8.24) can be set before executing the
individual control laws.

Theorem 8.1 Given Assumptions8.1 through 8.2, the closed-loop system consisting
of (8.1), (8.3), (8.19), and (8.20) successfully solves Problem8.1, with the conditions
limt→∞ ũi (t) = 0, limt→∞ ṽi (t) = 0 being satisfied.

Proof It follows from the controller (8.20) and the closed-loop system (8.17) that

[
ρ̇i

ρi θ̇i

]
=

[
c3(ρd − ρ̂i ) + cos θi v̂x + sin θi v̂y

c4(ςi − ςi−) + β − sin θi v̂x + cos θi v̂y

]
+

[
ūi
v̄i

]
−

[
cos θi sin θi

− sin θi cos θi

] [
vdx
vdy

]

=
[

c3(ρd − ρ̂i ) + ηi
c4(ςi − ςi−) + β + ωi

]
(8.32)

where

ηi =ūi + cos θi (̂vx − vdx ) + sin θi (̂vy − vdy ),

ωi =v̄i − sin θi (̂vx − vdx ) + cos θi (̂vy − vdy ),

which implies that the closed-loop system is decoupled to be

ρ̇i =c3(ρd − ρ̂i ) + ηi ,

θ̇i =c4(ςi − ςi−) + β

ρi
+ ωi

ρi
. (8.33)

Based on the condition of limt→∞ ũi (t) = 0, limt→∞ ṽi (t) = 0, it, together
with (8.17) gives that

lim
t→∞ ūi (t) = 0, lim

t→∞ v̄i (t) = 0. (8.34)

Additionally, it follows from Lemma8.4 that (8.3) that

lim
t→∞ v̂x (t) − vdx = 0, lim

t→∞ v̂y(t) − vdy = 0. (8.35)

Then, according to Eqs. (8.34), (8.35) and ηi , ωi in Eq. (8.32) together, one has that

lim
t→∞ ηi (t) = 0, lim

t→∞ ωi (t) = 0. (8.36)

Define ρ̃i := ρi − ρd to be the radius error, and take the temporal derivative of ρ̃i

along the dynamics of (8.33)

˙̃ρi = c3(ρd − ρi ) + c3(ρi − ρ̂i ) + ηi = −c3ρ̃i + η̄i (8.37)
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where η̄i = c3(ρi − ρ̂i ) + ηi . Meanwhile, recalling the estimated q̂d,i and p̂d in
Lemma8.4, one has that

lim
t→∞ ρ̂i (t) = ‖q̂d,i (t)‖ = ρi (t), (8.38)

which further follows from Eqs. (8.36) and (8.38) that limt→∞ η̄i (t) = 0. By
formulating Eq. (8.33) in a compact form to be

˙̃ρ = −c3ρ̃ + η̄, (8.39)

with ρ̃ = [ρ̃1, ρ̃2, . . . , ρ̃n]T and η̄ = [η̄1, η̄2, . . . , η̄n]T ∈ R
n . We select a Lyapunov

function V (ρ̃) = 1
2 ρ̃

Tρ̃, satisfying

V̇ (ρ̃) = −c3ρ̃Tρ̃ + ρ̃Tη̄ ≤ −(1 − m1)c3‖ρ̃‖2 + ‖ρ̃‖(‖η̄‖ − m1c3‖ρ̃‖) (8.40)

with m1 ∈ (0, 1). In this way, it can be deduced that

V̇ (ρ̃) ≤ −(1 − m1)c3‖ρ̃‖2,

if ‖ρ̃‖ ≥ ‖η̄‖/(m1c3). If ‖ρ̃(0)‖ ≥ ‖η̄(0)‖/(m1c3), then V̇ (ρ̃) ≤ 0, which indicates
that ‖ρ̃(t)‖ approaches the ball of radius ‖η̄‖/(m1c3). Otherwise, or, ‖ρ̃(0)‖ <

‖η̄(0)‖/(m1c3), it is clear that ‖ρ̃(0)‖ has already been in the ball of radius
‖η̄‖/(m1c3). Both scenarios fulfill the definition of ISS [24], which implies that
for any initial condition ‖ρ̃(0)‖, V̇ (ρ̃) ≤ 0. Consequently, the closed-loop system
(8.39) is ISS with respect to |η̄|, satisfying the following condition

‖ρ̃(t)‖ ≤ β(‖ρ̃(0‖, t)) + γ
(
sup
0≤τ≤t

‖η̄(τ )‖),∀t > 0. (8.41)

Here, β(·) is aKL function with κ1 = 1/(m1c3) as the system gain (see [40]). Given
that limt→∞ η̄i (t) = 0 and the KL function satisfies limt→∞ β((‖ρ̃‖, t)) = 0, one
has that limt→∞ ρ̃(t) = 0 in Eq. (8.41).

Next, we will prove that the USVs are evenly distributed around the moving target
vessel. Referring to the definition of ςi in (8.7), it can be derived from (8.33) that

ς̇i = θ̇i+ − θ̇i =c4(ςi+ − ςi ) + β

ρi+
− c4(ςi − ςi−) + β

ρi
+ ωi+

ρi+
− ωi

ρi

=c4(ςi+ − 2ςi + ςi )

ρd
+ c4

ρd
εi + �i , (8.42)

where i+, i− denotes the pre-neighbor and next-neighbor of the USV i , respectively,
and
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εi := (ςi+ − ςi )(ρi+ − ρd)

ρi+
− (ςi − ςi−)(ρi − ρd)

ρi
,

�i :=β(ρi+ − ρi )

ρiρi+
+ ωi+ρi − ωiρi+

ρiρi+
. (8.43)

Rewrite (8.42) in a compact form to be

ς̇ = − c4
ρd

L(V)ς + c4
ρd

ε + �, (8.44)

where ς = [ς1, ς2, . . . , ςn]T, ε = [ε1, ε2, . . . , εn]T, � = [�1,�2, . . . ,�n]T and
L(V) ∈ R

n×n is a Laplacian matrix corresponding to the strongly connected graph
G(V,E).

Define ς̃ = [ς̃1, ς̃2, . . . , ς̃n]T ∈ R
n to be the error vector between the separation

angles and the desired angles as

ς̃ = 1 ⊗ 2π

n
− ς (8.45)

where a vector 1 ∈ R
n . Then, it follows from Eqs. (8.44) and (8.45) that

˙̃ς = c4
ρd

L(V)ς + c4
ρd

ε + � = c4
ρd

L(V)

(
1 ⊗ 2π

n
− ς̃

)
+ c4

ρd
ε + �. (8.46)

Note that εi ,�i is

εi := (ς̃i − ς̃i+)(ρi+ − ρd)

ρi+
− (ς̃i− − ς̃i )(ρi − ρd)

ρi
. (8.47)

From the fact that the matrix L(V) satisfies L(V)1 = 0, the dynamic of ˙̃ς in (8.46)
is

˙̃ς = − c4
ρd

L(V)ς̃ + c4
ρd

ε + �. (8.48)

At the same time, it, together with Eq. (8.41), gives that

ρi (t) ≥ρd − β(‖ρ̃(0‖, t)) − γ
(
sup
0≤τ≤t

‖η̄(τ )‖). (8.49)

Since β(‖ρ̃(0‖, t)) > 0, γ
(
sup ‖η̄(τ )‖) > 0 satisfies limt→∞ β((‖ρ̃‖, t)) = 0 and

limt→∞ η̄i (t) = 0, one has that there exists t1 > 0 such that ρi (t) > ρ̄, i ∈ V, t > t1
with a constant ρ̄ > 0 and ρd > 0. Due to ς̃i − ς̃i+ ≤ 2π, i ∈ V, it can be deduced
from Eqs. (8.43) and (8.47) that
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‖εi‖ ≤ 2π |ρi+ − ρd |
ρ̄

+ 2π |ρi − ρd |
ρ̄

, ‖�i‖ ≤ β|ρi+ − ρi |
ρ̄2

+ ωi+

ρ̄
+ ωi

ρ̄
, (8.50)

which indicates that ‖εi‖, ‖�i‖ are both bounded. Additionally, it can be deduced
from Eqs. (8.36) and (8.41) that limt→∞ ‖εi‖ = 0, limt→∞ ‖�i‖ = 0, which indi-
cates that

lim
t→∞

c4
ρd

‖ε(t)‖ + ‖�(t)‖ = 0, (8.51)

where 0 ∈ R
n is a zero vector. We consider a nominal system of (8.48) to be

˙̃ς = − c4
ρd

L(V)ς̃ . (8.52)

Since G(V,E) is time-changing during the target fencing mission, we select a
Lyapunov candidate to be

V (ς̃) =1

2
ς̃Tς̃ , (8.53)

which is piecewise continuously differentiable. Given that the topology G(V,E)

remains unchanged, the corresponding L(V) is symmetric and strongly connected.
Taking the right upperDini temporal derivative of V (ς̃) (see [19]) along the trajectory
described by (8.52), we obtain

D+V (ς̃) = 1

2
(ς̃T ˙̃ς + ˙̃ςT

ς̃ ) = − c4
ρd

ς̃TL(V)ς̃T. (8.54)

From the condition that 1Tς̃ = 2π − 1Tς = 2π − 2π = 0, ς �= 0 and Eqs. (8.7)
and (8.45), it, together with Lemma8.2, gives that

dV (ς̃)

dt
≤ − c4

ρd
λ2(L(V))‖ς̃‖2. (8.55)

Due to theminimal-neighbor strategy outlined in Assumption8.2, the graphG(V,E)

belongs to a finite set. Furthermore, there exists a lower bound χ > 0 such that
λ2(L(V)) > χ , which implies that

dV (ς̃)

dt
≤ − c4

ρd
χ‖ς̃‖2 ≤ 0,∀t > t1. (8.56)

Then, ς̃ in the nominal system (8.52) satisfies limt→∞ ς̃i (t) = 0, exponentially.
According to Lemma8.1 and (8.51), it follows that the perturbed system (8.48)

satisfies limt→∞ ς̃ (t) = 0, which means limt→∞ ςi (t) = 2π/n as stated in (8.8),
resulting in an even phase distribution. Thus, the proof is completed. �
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Remark 8.4 The proposed estimator (8.19) is more economical because it relies
solely on bearing information about the moving target vessel, without needing to
know the target’s velocity. This is in contrast to the frameworks discussed in [33–
35], where it is typically assumed that only a subset of agents can access the target’s
velocity. Bearing sensors are generally less expensive than velocity sensors, making
the proposed approach less costly.

8.3.2 Vessel Regulation Control

After completing the target fencing mission for the multi-USV system with upper-
level signals uri and vri , and ensuring that ũi , ṽi approach zero, we can proceed to
address Problem8.2. This involves designing the actuator inputs τi,1, τi,2 for the USV
i , governed by the dynamic system (8.2), so that ui and vi converge to uri and vri ,
respectively.

According to ũi , ṽi in Eq. (8.16), one has that the actuator inputs τi,1, τi,2 for USV
i are designed

τi,1 = 1

k3uri
(u̇ri ui − k1u

r
i ui − k2u

r
i viri − c1ui ũi ),

τi,2 = 1

k5
(−k4ri − c3̃ri + ṙ ri ), (8.57)

where c1, c2, c3 ∈ R
+ are positive parameters to be designed later, r̃i and rri the yaw

velocity error and the desired yaw velocity, respectively, to be formulated as

r̃i = ri − r̃ ri , rri = 1

k7ui
(−k6vi + v̇ri − c2̃vi ). (8.58)

Theorem 8.2 A USV dynamic system, governed by (8.2) and (8.57), will solve
Problem8.2 by ensuring limt→∞ ũi(t) = 0 and lim t → ∞ṽi (t) = 0 for the designed
signals uri and vri , only if the initial condition ui (0) > 0 is satisfied.

Proof From the definition of ũi in (8.16) and the dynamic equation u̇i in (8.2), one
has that

˙̃ui = k1ui + k2viri + k3τi,1 − u̇ri . (8.59)

Then, it follows from Eqs. (8.57) and (8.59) that

˙̃ui =k1ui + k2viri + k3

(
1

k3uri
(u̇ri ui − k1u

r
i ui − k2u

r
i viri − c1ui ũi )

)
− u̇ri ,

= u̇ri ui − u̇ri u
r
i − c1ui ũi

uri
. (8.60)
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Since the closed-loop system (8.60) is time-invariant, and according to the definitions
of non-autonomous and autonomous systems given in [24], this indicates that (8.60)
is an autonomous system. Then, we select a Lyapunov function candidate to be

V (ui , u
r
i ) =

(
ui − uri

ui

)2

, (8.61)

whose temporal derivative along the trajectory of (8.60) is

V̇ (ui , u
r
i ) =2ũi u2i (u̇i − u̇ri ) − 2ũ2i ui u̇i

u4i
= −2c1ũ2i

u2i
≤ 0. (8.62)

It follows that V̇ (ui , uri ) = 0 onlywhen ũi = 0. This implies that the largest invariant
set in {ui |V̇ (ui , uri ) = 0} consists solely of the point {uri }, making this invariant set a
compact (bounded and closed) set. According to LaSalle’s invariance principle [24],
the trajectory of ui converges to uri , i.e., limt→∞ ũi (t) = 0.

Additionally, V (ui , uri ) is also bounded. The initial condition ui (0) > 0 provided
in Theorem8.2 guarantees that ui (t) > 0 for all future times. This will be utilized in
the next proof to establish that limt→∞ ṽi (t) = 0.

Substituting the desired yaw velocity rri in Eq. (8.58) into the dynamic v̇i in (8.2)
yields

˙̃vi = k6vi + k7uir
r
i + k7ui r̃i − v̇ri = −c2̃vi + k7ui r̃i . (8.63)

From the dynamic equation ṙi in (8.2), it can be deduced that the derivative of r̃i in
(8.58) is

˙̃r i = k4ri + k5τi,2 − ṙ ri . (8.64)

Analogously, combining Eqs. (8.57) and (8.64) together yields

˙̃r i = k4ri + k5

(
1

k5
(−k4ri − c3̃ri + ṙ ri )

)
− ṙ ri = −c3̃ri , (8.65)

which indicates that limt→∞ r̃i (t) = 0 exponentially.
Due to the upper-level signals uri , v

r
i and the signal error ũi are all bounded,

one has ui is bounded, which implies that limt→∞ k7ui r̃i (t) = 0. Considering the
dynamic of ṽi in Eq. (8.63), one can conclude that limt→∞ ṽi (t) = 0 exponentially,
which completes the proof. �

Remark 8.5 The term τi,1 in (8.57) not only facilitates convergence to uri , but also
ensures that ui (t) > 0 as long as ui (0) > 0. This is essential for maintaining the
desired yaw velocity rri as defined in Eq. (8.58), thereby providing an improvement
over the existing work in [17].
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Fig. 8.3 Closed-loop structure of the bearing-only target-fencing controller for multi-USV systems

8.4 Algorithm Verification

In this section, we conduct bearing-only target-fencing experiments using our indoor
multi-USV platform, which includes a motion capture system with eight Optitrack
Flex 3 infrared cameras, a monitor station, three 300mm-long 3D-printed HUSTER-
0.3 USVs, a target vessel, and a pool measuring 4000 mm ×4000 mm ×500 mm, as
shown in Fig. 8.4. Each USV is equipped with two 5VDCmotors, two 150mm trans-
mission shafts, two Freescale Mini256ABC speed encoders, onboard 2.4GHz wire-
less components (NRF24L01), three infrared emitters (peak wavelength: 850nm),
two LEDs, and an LI-PO battery (7.4V, 1300mAh, 25C). All these components are
controlled by amicrocontroller (STM32F103CBT6). For detailed information on the
components and parameter settings, refer to [26].

The working principle of the platform is outlined as follows: First, the motion
capture system detects the embedded infrared emitters on each USV using multiple
infrared cameras, allowing it to calculate the positions and velocities of the USVs

Fig. 8.4 The real map of the
indoor multi-USV platform
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with high accuracy-±3mm for position and ±5mm/s for velocity. Next, the monitor
station calculates the bearing angles between the target vessel and the USVs based
on the detected positions and velocities. These bearing angles are then transmitted to
each USV via 2.4GHz wireless components at a frequency of 100Hz. Additionally,
using the neighboring bearing angles as described in Assumption8.2, the separation
angles between pre- and next-neighbors are also communicated among the USVs via
the wireless network. This enables each USV to estimate the target’s velocity based
on the neighboring bearing angles, allowing it to generate the individual control
signals needed to perform the target fencing mission.

Precisely, the multi-USV system includes three USVs and a target vessel. We
performed classical zigzag tracking experiments (refer to [17]) and collected data
with a sampling interval of 0.1s. Through least squares identification on this
data, the dynamic parameters ki for i = 1, 2, . . . , 7 were estimated as follows:
k1 = 0.9969, k2 = −0.0731, k3 = 0.00062, k4 = 0.2491, k5 = 0.00014, k6 =
0.9877 and k7 = 0.0081. At the start of the experiment, the three USVs were
randomly positioned within the pool area of [−1000, 0]mm × [−1500, 0]mm,
with the total pool size being [−1500, 2500]mm × [−2000, 2000]mm. The ini-
tial velocities for the USVs were set as ui (0) = 10mm/s, vi (0) = 0mm/s, and
ri (0) = 0 rad/s for i = 1, 2, 3. The target vessel’s position was randomly placed
within [0, 500]mm × [0, 500]mm, and its velocity was set to pd = [40, 40]�mm/s,
ensuring ‖pd‖ < p∗

d = 80mm/s according to Assumption8.1. The desired radius
was set to ρd = 500mm. Following Theorem8.1, we configured the estimator and
controller parameters as c1 = 1, c2 = 0.01, c3 = 1, and c4 = 1. Given these settings
and the desired radius, we selected β = 200 for (8.20), which satisfies the condition
in (8.24) with β∗ = 20. The actuator input parameters for (8.57) were chosen as
c5 = 2, c6 = 1.2, and c7 = 2, in accordance with Theorem8.2.

Based on the fencing behavior described in Theorem8.1, Fig. 8.5 demonstrates the
fencing trajectories of three USVs around a moving target vessel, which illustrates
that all USVs effectively fence and rotate evenly around the target using only bearing
measurements. Figure8.6 shows the convergence of the estimated relative position
errors q̃d,i , i = 1, 2, 3, and the estimated relative velocity errors p̃d,i , i = 1, 2, 3,
between theUSVs and the target vessel. Figure8.7 indicates that the relative distances
ρi , i = 1, 2, 3, converge to the desired radius ρd = 500mm, with the separation
angles approaching 120◦ within less than 30s. This demonstrates the successful
target fencing as defined in Definition8.1. Additionally, Fig. 8.8 captures a snapshot
of the steady-state target fencing at the 24th second, as shown in Fig. 8.5.

Remark 8.6 By applying least square identification to zigzag tracking datawith per-
sistently exciting (PE) input signals, the vehicle parameter errors remain generally
bounded. These errors are effectively managed by the vessel regulation law (8.57).
The framework depicted in Fig. 8.3 integrates a high-level multi-vessel target fenc-
ing control with a low-level single-vessel regulation. This hierarchical closed-loop
system benefits from robustness against bounded identification errors, as guaranteed
by Theorem8.1 and grounded in ISS theory. Consequently, experimental results
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Fig. 8.5 A bearing-only target fencing process of a motional target vessel with three USVs, where
the colored lines are the moving trajectories of the three USVs whereas the red dashed line is the
target vessel’s trajectory

Fig. 8.6 Temporal evolution of the estimated relative-position errors q̃d,i , i = 1, 2, 3, and the
estimated relative-velocity errors p̃d,i , i = 1, 2, 3, between the USVs and the target vessel
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Fig. 8.7 Temporal evolution of the relative distances ρi , i = 1, 2, 3, and the separation angles
ςi , i = 1, 2, 3

Fig. 8.8 A snapshot of the
target-fencing mission with a
motional target vessel at 24th
second from the start

demonstrate robustness against such errors (see Figs. 8.5, 8.6, 8.7 and 8.8). To fur-
ther enhance the multi-USV system’s robustness against larger identification errors,
one could incorporate terms for coefficient uncertainties and external noise into the
vessel dynamics model (8.2). Seeking robust formation controllers, as discussed in
recent developments (e.g., [39]), may provide additional support.

Remark 8.7 Note that the indoor multi-USV experimental platform incorporates
a collision avoidance mechanism. When the distance between any two USVs falls
below a specified safe threshold, the involved USV will enter a safe mode: the rear
USV will either slow down, deviate, or stop to avoid a collision until the distance
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exceeds the safe threshold again. After the safe distance is restored, the system will
revert to the original distributed fencing control laws (8.20) and (8.57). Collision
avoidance can be considered a disturbance to the closed-loop system, which makes
theoretical proof of motional target fencing convergence under these switching con-
ditions more challenging. Nevertheless, in a sufficiently large pool, each USV will
have enough space to perform collision avoidance maneuvers effectively. As the
USVs gradually form a near-circular arrangement, they will remain sufficiently sep-
arated, reducing the need for further collision avoidance. Consequently, the proposed
controllers (8.20) and (8.57) demonstrate robustness against disturbances caused by
collision avoidance, thereby ensuring the effectiveness of motional target fencing.

8.5 Conclusion

In this chapter, we have developed and demonstrated a distributed bearing-only con-
trol strategy for networked USVs to achieve target fencing around a moving vessel.
The proposed method has offered the advantage of calculating desired surge and
sway velocities at the upper level, enabling the USVs to rotate uniformly around the
moving target based solely on bearing measurements. Additionally, a single-vessel
regulation has been employed to track these upper-level commands. The effective-
ness of this control approach has been validated through experiments on an actual
multi-USV platform. Future work will focus on enhancing the multi-USV fencing
controller to handle challenges such as intermittent bearing measurements, commu-
nication delays, significant identification errors, strong external disturbances (like
waves and tides), and the management of multiple moving targets.
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Chapter 9
Summary and Future Work

In this chapter, we summarize the whole monograph and further discuss future
research topics of coordinated fencing missions.

9.1 Summary

This monograph has deeply explored the cooperative multi-robot fencing algorithm
design and experiments. Compared with previous multi-robot fencing formation
algorithms, the distinctive features of this monograph can be summarized as follows.

1. Firstly, most of the existing algorithms still focus on fixed-ordering fencing under
fixed topologies. In contrast, this monograph delves deeper into convex-hull fenc-
ing, theoretically exploring more complex time-varying topology fencing, and
achieving the flexible-ordering fencing formation.

2. Secondly, most of the existing fencing works remain at simple linear systems
and typically consider controllers based on position feedback. This monograph
integrates the complex USV dynamics, taking into account multiple factors such
as bearing constraints and rotating formations, which thus brings it closer to
practical applications.

3. Thirdly, most of the fencing works often remain in the stage of simulation vali-
dation. This monograph considers the cooperative fencing experiments using the
self-established multi-USV platform, which further validates the effectiveness of
the proposed algorithms, and thereby makes the conclusions more reliable and
practically valuable.
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Despite this monograph investigating a series of studies on the theory and
application of cooperative fencing control, it still has limitations.

1. In Chap.2, a distributed controller for the basic fencing problem of constant-speed
targets is proposed, but it is limited to a constant-speed target.

2. In Chap.3, we only focus on complex cooperative fencing control, primarily con-
sidering the uniform rotating formations and intermittent topology disturbances,
but the target remains a constant-speed target as well, without addressing the
challenging scenarios with a varying-velocity target.

3. In Chap.4, we further explore the complex fencing of a varying-speed target, but
the target dynamics are limited to some extent known, without considering the
cooperative fencing problemwhere the target dynamics are completely unknown.

4. In Chap.5, we propose the formal method for cooperative fencing of multi-robot
systems. However, due to the CBF functions requiring smooth boundaries of
functions, one has that such kinds ofmethods cannot apply to the polygon obstacle
environments, which requires further investigations.

5. In Chap.6, we leverage the adaptive controller for fencing multiple targets with
different speeds, but only consider bounded speed variations, and collision avoid-
ance between robots. It does not address the multiple targets with randomly
varying speeds and collision avoidance between robots and multiple targets.

6. InChap.7,we consider the flexible fencing and subgrouping formultiple scattered
targets. However, due to the introduction ofmixed-integer quadratic programming
(MIQP), such kind of methods require a high computation burden, which cannot
be extended to a large-scale scenario. Additionally, it also cannot be used in
polygon-obstacle environments as well.

7. In Chap.8, we propose a cooperative fencing algorithm relying solely on bearing
information. However, it only simulates bearing using multi-camera positioning
systems and differential GPS calculations, without using monocular cameras to
directly obtain bearing information. Meanwhile, the current work only considers
a single type of sensor, without involving heterogeneous sensors.

In general, Chaps. 2–8 focus on distributed cooperative fencing control in open
environments, achieving good simulation and experimental results. However, they
have not been combined with more complex fencing tasks and dynamically chang-
ing narrow environments, including moving obstacles, and irrelevant targets. The
limitations mentioned above will be further addressed and improved in future work.

9.2 Future Work

The research on cooperative fencing of multi-robot systems has been a hot topic in
the robotics community. Although this monograph has conducted some research on
the design and practical application of distributed cooperative fencing algorithms, it
is still in the initial stage. There are still various unresolved issues that require further
investigation in future work.



9.2 Future Work 199

1. (Heterogeneous Coordination) Currently, most of the works on multi-robot
cooperative fencing only consider the fencing tasks of homogeneous robots. These
algorithms focus on how to drive a single type of robot to complete the coopera-
tive fencing of a target, which is often only suitable for simple task scenarios. In
some real-world scenarios, multiple types of robots with different features may be
involved, which is necessary to fully utilize the different advantages of each type
of robot and coordinate the impacts of differences among them to complete the
corresponding fencing tasks. Therefore, one of the future directions can consider
the cooperative fencing of heterogeneous robots, which may include multi-task
allocation and real-time scheduling. Additionally, conducting multiple tasks in
parallel according to actual scenarios is another interesting topic.

2. (Cross-domainCoordination)Currently,most of theworks onmulti-robot coop-
erative fencing only focus on designing 2D fencing missions for USVs or UGVs,
which results in these algorithms being suitable for some unobstructed environ-
ments. However, in real environments, in addition to USVs and UGVs, there may
also be a requirement for the coordination of UAVs, involving cooperative fencing
control for the target in the air. Furthermore, other constraints such as obstacles,
ships, buoys, channels, and reefs can significantly impact the control signals,
making the fencing mission difficult to achieve. Therefore, one of the future
directions can consider distributed cross-domain planning and decision-making
of multi-robot systems, which is more challenging to design the distributed real-
time planning of each robot’s desired path and control signals in dynamic environ-
ments. It can enhance the practical application potential of cooperative operations
with unmanned vehicles.

3. (Game-Theoretic Fencing) Currently, most of the works on multi-robot cooper-
ative fencing only assume individual homogeneous intelligence, where the target-
fencing mission is always achieved through collective motion of robots. Therein,
the target’s position usually is available and the target behaves cooperatively as
well, typically being passively fenced without the awareness to actively escape. In
reality, due to different performances among individual robots, they may exhibit
individual intelligence while completing the overall fencing mission, aiming to
minimize their costs as much as possible. The target also possesses intelligence
and is capable of actively evading the fencing. One of the future directions can
consider relevant game theory, focusing on the competitive game situation among
individual robots during the fencing process, as well as the pursuit–escape game
between the individuals and the target, making cooperative fencing intelligent.
Moreover, due to the introduction of the game theory, there are some theoretical
directions such as Nash equilibrium searching and convergences analysis, which
are also very interesting.
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4. (Formal Feasibility Analysis)Currently, most of the works on multi-robot coop-
erative fencing mainly focus on how to achieve the fencing task as a coop-
erative control objective, without considering the problem feasibility. In other
words, there are few works considering whether the target-fencing mission can
be achieved or not. Specifically, when facing a complex fencing problem, one of
the future directions can consider how to quickly determine whether a feasible
solution exists, i.e., finding sufficient and necessary conditions for individuals to
achieve cooperative fencing.
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